A2 Applied Mathematics for WIEC
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The (Continuous) Uniform Distribution
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Topics Guidance

2.4.2 Statistical distributions

Understand and use the continuous uniform distribution and
MNormal distributions as models.

Find probabilities using the Normal distribution. Use of calculator / tables to find probabilities.
Linear interpolation in tables will not be required.
Link to histograms, mean, standard deviation, points of inflection
and the binomial distribution.

Select an appropriate probability distribution for a context, with The distributions from which the selection can be made are:
appropriate reasoning, including recognising when the continuous Discrete: binomial, Poisson, uniform
uniform or Normal model may not be appropriate. Continuous: Normal, uniform

Learning Objectives

e Tounderstand the idea of a continuous probability distribution, and the idea of a probability
density function (PDF);

e To understand the contexts in which a Continuous Uniform Distribution is appropriate, and to
be able to find probabilities;

e Tounderstand and use the formulae for the mean and variance of the uniform distribution.
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The (Continuous) Uniform Distribution

Definition
The Continuous Uniform Distribution is the simplest continuous probability distribution. It models a

situation where a continuous random variable X is equally likely to take any value within a specific
interval [a, b].

Itis often referred to as the Rectangular Distribution because of the shape of its probability density
function (PDF).

Notation: We write X ~ U[a, b].

The Probability Density Function (PDF)

Since the total area under any PDF must equal 1, and the width of the intervalis (b—a), the height of
the rectangle must be

Therefore,

<x<
f(x): h—a fora_x_b

0 otherwise

Continuous Uniform Distribution PDF

Total Area =1

O_-___-—__________
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Calculating Probabilities

For a continuous uniform distribution, probability is simply the area of a rectangle.
Area = Width X Height

Therefore, to find the probability that X lies between x; and x5:

Xy —Xq

1
P X = — X =
(x1 <X <xz) = (X2 — x1) b—a_ b—a

Example 1

A random variable X has a continuous uniform distribution over the interval [3, 15]. Find:
@P(<X<9)

(b) P(X < 6)

(c) P(X > 10)
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Example 2

Arandom variable X has a continuous uniform distribution over the interval [a, 20].
(a) Given that P(X < 8) = 0.2, show thata = 5.

(b) Find P(10 < X < 15).

(c) A student claims that P(X = 14) = 0.6. Explain the mistake the student has made.
(d)Find P(X <1218 < X <18).
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Task 1

Giventhat W ~ U[2,6], find P(2.5 < W <5).

Task 2

The random variable X has the probability density function shown in the diagram below.

0.2 1

N
W————_—_————————————_

(a) Calculate the value of k.
(b) Hence find P(X < 3.5).
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Task 3

Three independent random variables A, B and C each have a continuous uniform distribution over the
interval [0, 10].

(@) Find P(A > 7).
(b) Find the probability that A, B and C are all greater than 7.
(c) Find the probability that exactly one of the variables is greater than 7.
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Example 3 (Contextual Problem)

A delivery truck is scheduled to arrive at a warehouse. The time T, in minutes past 10:00 AM, that the
truck arrives is modelled by a continuous uniform distribution over the interval [10,50].

(a) State the latest time the truck is expected to arrive.

(b) State an assumption made when using this model.

(c) What is the probability that the truck arrives before 10:25 AM?

(d) Given that the truck has not arrived by 10:20 AM, find the probability that it arrives after 10:40 AM.
(e) A second truck's arrival time Y is modelled as Y ~ U[15,45]. Which truck has the higher probability
of arriving within a 10-minute window?
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Test Your Understanding 1

Q1. The continuous random variable X is uniformly distributed over the interval [2, 10].
(a) Write down the probability density function f(x).

(b) Find P(X > 7).

(c)Find P(3 < X < 8).

Q2. Arandomvariable Y ~ U[5,17].
(a) Find P(Y < 8).
(b) Find the value of k such that P(Y < k) = 0.25.

Q3. A piece of string is 30cm long. Itis cut at a random point L cm from one end. The location of the
cut is modelled by the distribution L ~ U[0,30].

(a) Find the probability that the cut is made within the first 5cm.

(b) Find the probability that the longer piece of string is at least twice the length of the shorter piece.

Q4. Arandom variable X has a continuous uniform distribution over the interval [a, b]. The width of the
distribution is 12 units, and P(X < 7) = 0.25. Find the values of a and b.

Q5. The waiting time, W minutes, for a bus is uniformly distributed between 0 and 15 minutes.

(a) Find the probability that a passenger waits more than 10 minutes.

(b) Given that a passenger has already waited 5 minutes, find the probability that they will wait for at
least another 5 minutes.

Q6. Arandom variable X ~ U[-3,6].
Find the probability that X? < 4.
(Hint: Solve the inequality x? < 4 first to find the range of x values).

Q7. Two independent random variables X and Y are defined as X ~ U[0,5] and Y ~ U][0,5].
(a) Find the probability that X > 4.
(b) Find the probability that both X and Y are greater than 4.

Q8. The quadratic equation x? + 4kx + k = 0 has coefficients dependent on a parameter k.
The value of k is chosen randomly from the interval U[0,1].

Find the probability that the equation has real roots.

(Hint: Use the discriminant b?> — 4ac > 0).
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Q9. In a computer game, the length of time T seconds after the game begins before a booster appears
is modelled by a continuous uniform distribution over the interval [40,120].

a) State the longest time a player will have to wait for a booster to appear according to this model.
b) State an assumption that needs to be made in using this distribution.

c) What is the probability that a booster appears less than 60 seconds after the game begins?

d) Mike has been playing the game for one minute and a booster has not yet appeared. What is the
probability that Mike will have to wait more than 25 seconds for the booster to appear?

(
(
(
(

(e) James plays another computer game, in which boosters appear sometime between 1 minute and 4
minutes after the game begins. Letting X seconds denote the length of time after the game begins
before a booster appears, write down the distribution of X.

Q10. Adrinks machine dispenses hot drinks into cups. Itis programmed to cut off the flow of liquid
randomly at any value between 225 and 240ml.

Letting VV be the random variable “volume of liquid dispensed into a cup”,

(a) Write down both the distribution and the probability density function for V.
(b) Find the probability that the machine dispenses:
(i) Atmost236mL.
(ii) Exactly 236mlL.
(c) Calculate the 90" percentile of V.
(d) Find the value of x such that P(X > x) = 3P(X < x)
(e) Give an interpretation, in context, of your answer to part (d).
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Mean and Variance of the Uniform Distribution

The formulae for mean and variance of a Continuous Uniform Distribution are given in the WIEC
formula booklet.

If X~UJa, b], then

Mean: %(a + b)
; Lp N2
Variance: — (b—a)

Since the standard deviation is simply the square root of the variance, this means that

Standard Deviation: f%(b —a)?.

Whilst the result for the mean should be obvious (it is simply the halfway point of the rectangle), the
result for the variance is generally proven using results learnt in Further Mathematics Unit 2. Proofs
can easily be found online if you are interested in reading further.

Since the uniform distribution is symmetrical, it should be noted that the median and mean are equal.

Example 1:
A square has sides of length L cm, where L is a continuous random variable such that L~U[d, 9].

(a) Given thatthe 20™ percentile is 4.2cm, find the value of d.
(b) Find the mean and standard deviation of L.
(c) Find the probability that the area of the square is less than 50cm?.
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Example 2:

The continuous random variable X is such that X~U|a, b]. Given that the mean is 7.5 and the variance

is %, find the values of a and b.

Task 1:

A string of length 20cm is cut at a randomly chosen point. Let L be the length, in cm, of the longer
piece of string.

(a) Write down the distribution of L.

(b) State the mean and variance of L.

(c) Find the probability that the length of the longer piece will be less than 16cm.

(d) The longer piece of string is shaped to form a square. Find the probability that the area of the

square is greater than 9 cm?.
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Task 2:

Mr Evans arrives at the train station at a random point in time after school. The trains at the station are
scheduled to leave at 15 minute intervals.

(a) Assuming that Mr Evans gets on the next train,
i. Suggestan appropriate distribution to model his waiting time;
ii. State the mean and variance of this distribution;
(b) The probability that Mr Evans misses the next available train due to making a phone callis 0.25.
If he misses the first available train, he is certain to get on the next train.
i. Find the probability that Mr Evans waits between 12 and 20 minutes.
ii. Given that Mr Evans waits between 12 and 20 minutes, find the probability that he
catches the first train.
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Test Your Understanding 2

1. The continuous random variable X is uniformly distributed on [2,6]. Find:
(@) P(25<X<4)5)

(b) The value of k suchthat P(3X < k —X) = 0.3.

2. The continuous random variable X is uniformly distributed on the interval [2,8]. Find:
(@) P(3.5<X<6)

(b) P(X > 5| X > 3)

(c) The 80" percentile of X.

3. The continuous random variable X is uniformly distributed over the interval [10,20].
(a) State the mean and variance of X.

(b) Find the interquartile range of X.

(c)FindP(12< X <16 | X <18).

4. The continuous random variable Y ~ U|[a, b]. Given that P(Y < 8) = 0.2 and that P(Y > 12) = 0.4,
find the value of a and the value of b.

5. The continuous random variable Y ~ UJa, b]. Given that the mean of Y is 4 and the variance is 3,
find the value of a and the value of b.

6. The radius of a copper pipe, R cm, is modelled as a continuous uniform random variable
R ~ U[2,6].

(a) Find the mean and standard deviation of R.
(b) Let A denote the cross-sectional area of the pipe. Find P(4 < 16m).

7. The time in minutes that a customer waits on hold at a call centre follows a continuous uniform
distribution defined over the interval [1,9]. Find:

(a) The probability that a customer waits more than 6 minutes on one call.

(b) The probability that a customer waits less than 3 minutes on each of three successive calls.

(c) The probability that a customer waits less than 5 minutes, given that they have already waited 2
minutes.
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8. A cereal dispenser fills bowls with cornflakes. It is electronically controlled to cut off the flow
randomly between 40g and 60g. The random variable X is the mass of cereal dispensed.
(a) Specify the distribution of X.
(b) Find the probability that the machine dispenses:
(i) Less than 45g.
(ii) Exactly 45g.
(c) Calculate the interquartile range of X.
(d) Determine the value of x such that P(X = x) = 0.8.
(e) Sarah fills five bowls from the dispenser. Find the probability that exactly two bowls contain less
than 45g.

9. In the quadratic equation y? + ky + k + 3 = 0, the value of k is chosen at random from the
interval [—4,4].
Calculate the probability that the equation will have real roots.

10. A tour bus departs from a terminal every 20 minutes. A tourist arrives at the terminal at a random
pointin time.

a) Suggest an appropriate distribution to model the tourist's waiting time and give the parameters.

(a)

(b) State the mean and variance of this distribution.

(c) State an assumption you have made in suggesting this distribution.

(d) Now assume that the probability that the tourist misses the next available bus due to buying a
snack is 0.1. If they miss the first bus, they are certain to catch the next one.

(i) Find the probability that the tourist waits between 15 and 25 minutes.

(ii) Given that the tourist waits between 15 and 25 minutes, find the probability that they missed the

first bus.

11. A string PQ of length 12cm is cut at a random place C into two pieces PC and CQ.

(a) Write down the probability distribution of the random variable X, where X cm denotes the

length PC.

(b) Sketch the probability distribution of X.

(c) Find the probability that the shorter piece has length less than 4cm.

(d) If arectangle is drawn with side lengths equalto PC and CQ, find the probability that the area of the
rectangle is greater than 32cm?.
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12. An isosceles triangle ABC has AB = AC = 5cm. The angle BAC, denoted by 6, is a random
variable uniformly distributed on the interval (0' 5?”) The length BC is denoted by X cm.

(a) Show that X = 10sin (3).

(b) Find P(X <5).

(c) Find the probability that the area of the triangle is greater than %cmz.

13. (Challenge Q) A string of length L is cut at a point chosen at random on the string. Let A be the
area of a rectangle, whose sides are formed by these pieces.

(a) If X denotes the length of the longer piece of string, write down the distribution of X.

(b) Give an expression for the length of the shorter piece of string in terms of L and X.

2 2
(c) Show that 4 > %means that X? — LX + % < 0.

2
(d) Hence, find the probability that the area of the rectangle exceeds %.

14. (Challenge Q) The continuous random variable X represents the error, in mm, made when a
machine cuts iron sheeting to a target length. The distribution of X is uniform over the interval [-2, 2].

(a) Find P(X < —0.75)

(b) Find P(]X| < 1.8)

A supervisor takes a random sample of 10 lengths of sheeting cut by the machine.

(c) Find the probability that more than half of the sample are within 1.8mm of the target length.

On average, the machine produces 600 cuts per hour. If a cutis 1.8mm or more outside the target
length, it is disposed of.

(d) Show that, in a randomly selected hour, the chance that at least 90 cuts have to be rejected is
approximately 0.02%.
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Grade Enhancer ™ - Apply Your Knowledge

These ‘Grade Enhancer’ questions are designed in examination style, to test your understanding of
the content learnt.

You should complete this task and submit full solutions within one week of the end of unit.

Question 1 (WJEC Unit 4, Summer 2018 Q3)

Antonio arrives at a train station at a random point in time. The trains to his desired
destination are scheduled to depart at 12-minute intervals.

a) Assume that Antonio gets on the next train.

i) Suggest an appropriate distribution to model his waiting time and give the
parameters.

il) State the mean and the variance of this distribution
iii) State an assumption you have made in suggesting this distribution. [4]
b) MNow assume that the probability that Antonio misses the next available train
because he is distracted by his smartphone is 012. If he misses the next available

train, he is sure to get on the one after that.

i) Find the probability that he waits between 9 and 19 minutes.

ii) Given that he waits between 9 and 19 minutes, find the probability that he
gets on the first train. [6]

Question 2 (WJEC Sample Assessment Materials Q3)

A string of length 60 cm is cut a random point.

(a) Name a distribution, including parameters, that can be used to model the
length of the longer piece of string and find its mean and variance. (3]

(b) The longer string is shaped to form the perimeter of a circle. Find the
probability that the area of the circle is greater than 100 cm®. (4]
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Question 3 (Legacy Summer 2014 Q7)

The sides of a square are of length Lcm and its area is Acm”. Given that A is uniformly
distributed on the interval [15, 20], find

(al PIL<4) (3]
(b) E(L), [4]
©) Var(L). [3]

Note that E(L) just means the mean of L.

Question 4 (Legacy Summer 2013 Q6)

The radius & ol a circle is a continuous random variable that 1s uniformly distributed on the
interval |6, 8.

fu) Let O denote the circumlerence ol the circle, Determine

(i) the mean and the variance of C,

(i) PC < 49). [7]
{b) Let 4 denote the area of the cirele. Determine

() P4 = 150),

(i) E(A). [7]

Question 5 (Legacy Summer 2012 Q6)

The diagram shows an isosceles triangle ABC in which 4B = AC = 2cm.
The angle 4 B¢, denoted by 6. is a random variable that is uniformly distributed on the interval
(0, %). The length BC is denoted by Xcm.

(a) Show that X =4cos6. 2]
(b)  Evaluate
(1) E(X),
(i) P <3) (8]
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Question 6 (EdExcel)

A string AB of length 5 cm is cut, in a random place C, into two pieces. The random variable Y
1s the length of AC.

(@)  Write down the name of the probability distribution of X and sketch the graph of its
probability density function.
(3)
(b)  Find the values of E(X) and Var(.X).
@)
(c) Find P(X>3).
(1)
(d)  Write down the probability that AC 1s 3 cm long.
(D
(Total 8 marks)

Question 7 (WJEC 2022 Q3)

Rectangles with perimeter 40 cm are produced randomly. The length, in cm, of the
shorter side, X, is uniformly distributed across all possible values of X.

a) State the mean and variance of X.

(3]

b) Find the probability that the area of a rectangle is greater than 96 cm?.

(5]
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