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Question 1

Differentiate each of the following with respect to x:

a)y =e" b) y = 5e* )y
ﬂ — pX ﬂ — X

dx dx Se dx
Question 2

Differentiate each of the following with respect to x:

a)y =Inx b) y = 3lnx

y_1 4y _ dy _
dx  x dx dx
Question 3

Test Your Understanding 1

Differentiate the following with respect to x:

a)y =Vx +e3*
dy _ 1 3x
dx_2ﬁ+ge
Question 4

2
. Yy .
Find — if:

dx
a)y =x3 + 2e*
D= 3x2 + 2¢*
dx
£ gy g0
T2 = 6x+2e

Question 5

b)y =2+3Inx

dy 3 3

dx  x*  x
b)y =Inx —x
dy 1 1

dx  x 2Vx

d’y 1 1
dx2  x2 4/y3

4y _ gesx

c)y =In3x

d) y = 5e°*
ﬂ — 5x
= 25e

d)y =3e?* +4Ilnx

d 4
2 — e 4=
dx X

o)y = 2Vx —5e%5* — 4

dy 2

ax 332

-2, 580.5x

c)y = 5x* — 3e?* — 4inx

d 4
2= 20x3 — 6e2* - =
dx x
d’y 2 2x 4 4
— =60x° —12e“* + =
dx? x2



Find f'(x) when

a) f(x) = 3" b) f(x) = 3%
ﬂ — 12X ﬂ _ 22x

o 3*In3 o 3*(2In3)
Question 6

. dy o
Find the value of d— at the indicated value of x:
X

a)y=3x+e* whenx =0
D = 3+2e%
dx

dy_
AtO,E—S

Question 7

c)y = 2%

ﬂ — 23x
2 = 2%(3In2)

b)y =Inx — x* when x = 2

dy 1
- = 2x
dx x

dy 7
At 2, x 5

Show that the curve ¥y = (e* — e ¥)? has gradient 7.5 at the point where x = In 2.

y=e* —2+e %

dy_

2 2x_2 —2Xx
dx e e

At x = In2,

=2X4 2><1
B 4

=75

Question 8

Find the equation of the tangent to the curve y = e** — Inx at the point where x = 1, giving
your equation in the form y = ax + b, where a and b are given as exact values in terms of e.

d
2 = pe2x =
dx

=>m=2e*-1
When x =1,y = e?
sny—er=2e*-1)(x—-1)
y=2e?*—-1Dx+ (1-e?)

Question 9
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Given that y = 2x + ke?* where k is a constant, show that

d
& 2 4 2ke?*
dx

d?y
w = 4k62x

d*y ~ dy
A (1 —ZX)W-F‘I'XE—L}}/

2

dy dy
(1—2x)w+4x——4y=0

dx

= (1 —2x)(4ke?*) + 4x(2 + 2ke?*) — 4(2x + ke?®)

= 0 (after convincing intermediate steps!

Question 10

Find and classify the stationary point(s) on the curves with equation:

a)y =Ilnx —10x

d 1
2 =--10
dx x

1
> X = —

dy
At st.pt. ol 0

d’y 1

dx2 ~ x2
d2

Atx ==, 22 = 100
d 2

10’ dx

Therefore point is a maximum.

Question 11

b)y=7+2x—4Inx

dy 4
x

dx
Atstpt =0 =>x=2
stpt. ==0 =>x=

d’y 4

dx2 ~ x2
d2
Atx=2,"2=1>0
dx

Therefore point is a minimum.

Find an equation for the tangent to the curve y = 3Inx + % when x = 1.

dy 3 2

dx x x2

dy
dx
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Question 12
Find an equation for the normal to the curve y = 5 — 2e2* at the point where x = In 2.

dy

— 462x
dx

Wh = [n2, = -3, —=-16
enx =In y I

1
y+3=E(x—ln2)

Challenge Question
A curve has equation y = e?* — 3x.
a) Find the exact value of x for which the tangent to the curve is parallel to the line y = 7x.

b) Hence, find the exact equation of the tangent to the curve at this point.
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Test Your Understanding 2

Question 1

d
Find — if

dx
a)y = (1+3x)° b) y = Vax — 2 0)y=(x—1)7
2= 4 o _ 2 o _ 6
dx 15(1 + 3x) dx ~ Vax—2 dx ~ (2x-1)*

1

— _ _ 25\3 — p3x-5
d)y ) e)y = (x —3x%) fly=e
ay _ _ _2x ay _ _ _a.232 Y 5 3x-5
ol LY. = 3(1 — 6x)(x — 3x°) = 3e
Question 2

2

. dy
Find oz with respect to x when y = (4x — 3)3.

xZ
2 — 12(4x — 3)?
dx

d’y _
ﬁ = 96(4)( 3)

Question 3

Find the equation of the tangent to the curve y = (2x — 3)? at the point where x = 2.

d
= 6(2x - 3)?
dx

At (2,1), 2 =6

y=6x—11

Question 4

1
2+Inx

Find the equation of the normal to the curve y = at the point where x = 1.

dy 1

dx _x(2 + Inx)?
at (1,7), 2 =—-Zsomy =4

&y = 4x - (OF)
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Question 5

Find (you do not need to classify) any stationary points on the following curves:

a)y=(“4x—-1)>3 b)y = e*'~* c)y=2x+$
4 2 2
(0.25,0) (0.5,e7925) (—=0.5,—2) and (0.5, 2)
Question 6
Find the rate of change of x on the curve y = 2x — e3*~1 at the point where x = 2.
dy
—=2-3 3x-1
dx ¢

At x =22 =2 — 3¢5
dx

Question 7

Find the value of x for which f'(x) = 2 in the function f(x) = 2v4x — 1 (x > i).

P
X) = ——
4x — 1
5
X=y
Question 8
. 1
A curve has equation y = e X #* .

Find the equation of the normal to the curve at the point with x-coordinate 3, giving your
answer in the form ax + by + ¢ = 0 where a, b, c € Z.

3125x — 300y — 9339 =0
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Challenge Question
A population P of a species is modelled by the formula
P = ae*t,

where P is in thousands, t is in years, and a and k are constants.

At the start of measuring, the population was 20,000.

After 8 years, the population was 60,000.

a) Find the values of the constants a and k.
b) Find the population, to the nearest hundred, predicted by the model after 12 years.
c) The rate of increase of the population at 12 years.

d) Explain why the model may be unsuitable for large values of t.
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Test Your Understanding 3

Question 1

Find the derivative of each of the following functions using the product rule.

a)y = x(1+ 2x)3 b)y = 2x%e* o)y =Inx(1+x32)
ay _ 3 2 ay _ 5.3 x 2 x dy _ 1+x2
dx—(1+2x) + 6x(1 + 2x) dx—Zx e* + 6x°e dx—lenx+ .
d)y = e®*x e)y = x22% f)y = x31n2x
4y _ 5 2x e av _ x XY 42 v _ a2 2
— =2e \/§+2ﬁ —=2x(2%) + 2)x*In2  — =3xIn2x +x
Question 2

Differentiate y = (Inx)? using
I) the Chain Rule,
i) the Product Rule.

Show that your answers are equal.

Both should give Z—z = 21% after simplifying.

Question 3

For each of the following, find f'(x) and simplify your answer as far as possible:

a) f(x) =x(2x —1)3 b) f(x) =xvx—1 o) f(x) = (x +3)(x — 2)3
(%) = 2x — 1) + 6x(2x — 1)2 (%) =m+2% fl(x) = (x—2)%+3(0x+3)(x—2)?
[l =@x-1D*@x-1)  f'()= = 1) = (x = 2)%(4x + 7)

Question 4

Find the coordinates of any stationary points on the curves with equations:

a)y = xe** b)y = x?e3* o)y = (1+2x)(3x —1)?

2 = e (2x + 1) 2 = xe3*(3x + 2) 2 =2(3x — 1)? + (6 + 12x)(3x — 1)
1 1 2 4 1 2 175

(-3-3) (0.0)and (=352 (-0)and (=5 57)
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Question 5
Find the equation of the tangent to the curve y = x?e?* at the point where x = 1.

y = 4e?x — 3e?

Question 6
A curve has equation y = x*Vx + 6, x > —6.

Find the equation of the normal to the curve at the point where x = 10, giving your answer in
the form y = mx + c.

2 18404
185 37

Question 7
A curve has equation y = 8x*(4x — 1)3.
a) Show that

L = Ax(4x — 1)*(Bx + C)

dx
Where 4, B and C are integers to be determined.
dy 3 2 2
v 16x(4x — 1)° +96x°(4x — 1)

dy
— =1 4x — 1?(10x — 1
1y 6x(4x —1)*(10x — 1)

b) Hence find the coordinates of each of the stationary points on the curve. (You do not need
to classify these.)
(00)<1 54)(1 0)
77\10" 3125/ \4’

Find the derivative of y = x2e*(2x + 1)

Challenge

e.g.d—y =2xe*(2x + 1)3 + (e*(2x + 1)3 + 6(2x + 1)%e*)x?
dx
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Question 1

Test Your Understanding 4

Find the derivative of each of the following with respect to x, simplifying your answers where

possible.

. 3x
a)y =,
dy _ 3(x—2)-3x
dx ~ (x—2)2
@ _ __6
dx ~ (x—-2)2
q Inx

)y = 2x+1
dy ZXXH—Zlnx
dx  (2x+1)2

dy  2x+1-2xlnx
dx ~ x(2x+1)2

Question 2

x2

Differentiate y = ox using

) The Quotient rule,

i) The Product rule.

e

X

b)y=9c+2

dy _ (x+2)e*—e*
dx ~ (x+2)?

dy _ (x+1)e*

dx ~ (x+2)2

e)y

Vx +2

 (x-1)?

dy _ G0 (g5)-20x D)

dx

(x-1)*

dy _ (x—1)—4Vx(/x+2)

dx

(x-1)3

dy e*(2x) —x?e*

a - e2x
dy 2x—x?
dx  e*
d
% =x?(—e ™) + 2x(e™)

Show that your answers are equivalent.
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X
C =
)Y 1+eX
dy _ 2x(1+eX)—x2eX
dx (1+e%)2
(e¥-1)’

fy=-—""
)4 o

dy _ 4xe*(e*-1)-2(e*—1)2

dx

4x2

dy _ (e*-1)(2xe*—e*+1)

dx

2x2



Question 3

Find the coordinates of any stationary points on the curve:

x? o e* In x
a = = C = -
)y x+1 )y 2x+1 )Y 2x
(Hint: Remember to consider any restrictions on x)
1
ay _ 2x(x+1)—x> dy _ (2x+1)e*-2e* ay _ Zx(;)—zlnx
dx ~ (x+1)2 dx (2x+1)2 dx 4x2
ay _ x%42x dy _ (2x-1)e* dy _ 2-2inx
dx ~ (x+1)2 dx ~ (2x+1)2 dx ~ 4x?
d—y=0:>x=0,—2 L_ox=- Y_osx=e
dx dx 2 dx
11 1
(0,0) and (~2,—4) (5.3e) (e,
22 2e
Question 4

Find the equation of the tangent to each of the following curves at the given x-coordinate.

2x ) 5 5 e*+5 o 0
a)y—x_lw enx = )y—ex+2vv enx =0.
y=8-—2x y=2—§x
Question 5

X
Find the equation of the normal to the curve y = nx at the point where x = e, giving your

answer in the form ax + by + ¢ = 0 where a, b are integers and c is given as an exact real
value.

o2
4x+y—<7+4e2>=0

Question 6

3x 15x

You are given that f(x) = —
9 f ) x—3 x%2-x-6

3x
x+2

a) Show that f(x) =

b) Hence find the equation of the tangent to the curve y = f(x) at the point where x = 1.

2 1
Yy=3%T3
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Question 7

A curve has equation y = .

d Ae**(Bx + C
a) Show that 2= ( )

dx (x + 3)3 where 4,B,C € Z.

dy 2e**(2x+5)
dx  (x+3)3

b) Find the equation of the normal to the curve at the point where x = 0.

_ 1 27
Y=9 10"
Challenge Question
. . . 2vx -3 _ .
Given the curve with equation y = ~_2 show that any stationary points on the curve

satisfy the equation x — 3vx + 2 = 0, and hence find any stationary point(s) on the curve.
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