A2 Mathematics for WIEC

Unit 10A - Parametric Equations and

Coordinate Geometry

Exo\mloles dnd Practice Exercises



Unit Learning Objectives

mad icr

e Jo understand how curves can be defined parametrically;
e 7o solve coordinate geometry problems involving parametric equations;

i

Prerequisite atoms:

Coordinate Geometry, Equations and Inequalities (AS Mathematics)

Often, using parametric equations can simplify problems where trying to work in the Cartesian (x,y)
system would be challenging.

Parametric equations simply treat the x- and y- component as two separate equations, allowing us to
model each direction separately.

This can lead us to be able to plot and analyse all manner of weird and wonderful functions and
situations which would otherwise be too complicated.
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When you have completed the unit...

Objective Met Know | Mastered

| understand how parametric equations work, and
can plot a curve defined parametrically.

/ can convert parametric equations into Cartesian
form.

/ can solve coordinate geometry problems
involving parametric equations.

/ can differentiate curves defined parametrically.

Notes/Areas to Develop:
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Parametric Equations

Sometimes, it is useful to describe movement of x and y directions in terms of a third
parameter (often t for time, or 8 for angles). This is often the case in mechanics when
considering the movement of an object or the distribution of a force.

It can also be useful in pure mathematics, where to write the curve in Cartesian form (linking

et

x and y directly) may be too complex or messy.

Example 1: A curve is defined parametrically by the equations x = 3 cost,y = 2sint,
where 0 <t < 2m.

a) By completing the table of values below and plotting the graph, show that these equations
represent an ellipse.

b) Using the identity sin®t + cos?t = 1, find the Cartesian equation of the ellipse.

t o] % T ® [ In st | x| 77 awr | 3m | 5 Tir | 2n
6 3 2 3 6 6 3 2| 3 6
x=3cost 131260 \.s |0]|-l.8 |_260]|-3Fr2eo |-L.8 0 |1.85 [2.6p0 | 3
y=2sint 0| 1 | \.73]|2|1.73] 1 | 0| -1 |-1.73]| 2| -.73] -1 |0
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b) pearm@@ cost = %;' ond. sint > ;jz

Usino. siark + cosk =1

(Y~ &) = 5 9=kt =36

Investigate this curve at: https://www.desmos.com/calculator/c2wl8thyhu

Where the parametric equations are non-trigonometric, we can usually find the Cartesian
equation relatively simply by a combination of rearrangement and substitution.

Example 2: A curve is defined by parametric equations x = 3 —t, y = 2t? for —3 < t < 3.
a) Find the coordinates of the point where t = 1.

b) Find a Cartesian equation of the curve, stating the domain and range.

a) When {Z‘d\J >x=3—| D:.%(l)l

-2

(2,2
b) x=3-t > p-3-=
UZZEQ = 2(3 —x)

I,
br domain, consides 22 for -3 <t ¢3
O xx<h

for moe/c,o/\sia.( Y Jr),( 3 st<3 * Or Consldar

2
Yy < (8 w2l A 418 over

Key Point: To find the domain and range of a pardmetric curve, we can just consider the .Rh{

possible values of the x (domain) and y (range) parameters - it arguably makes life easier!o{pMa;a

of x.
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https://www.desmos.com/calculator/c2wl8thyhu

Example 3:

The curve shown in the image is defined parametrically
by equations x = pt? —t,y = t3>— 8, wherepis a
(4.0)

constant.

m wﬂv{*‘f‘ MTM

a) Given that the curve passes through (4, 0), find the
value of p.

b) Find the coordinates of the points where the curve
intersects the y-axis.

x4 \
0\) (L",O) I«:‘(/O X to {j
O=t-3 = L=2
f-e::{) ?.)’2 -2
6= ’«-r p= .5
b) Cerve ‘nersech roxis whon x. =0

y = ‘- - ,2-/2{1:0
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Example 4
The curve C is defined by parametric equations x = 3t, y = t%. The line with equation

x+y+ 2 =0 meets C at the points 4 and B. Find the coordinates of A and B.

lf $O|\/|® Pom{s oF m‘brse&nov\ Yro Q‘[b\a)('df\

must be satished for ot o . “Thurs

(v

X+ 0-\- 2 =0
=2 (3B)+ (,b:z) -+ 2:0 (5%5‘\1%@ \OOM/\ ]OO\fOLMQ,{TtC/

9 (ViKY m)
t 43+ 2=0

(b)) =0

L=~ y E=-2 So|ve fo ‘FA&‘H\O/ \/a(u\,o_/s df/

e Mo Ao cooro
AL £:-1 =3k U,el (530
At L--2, > 23(- ’ J-.,)
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Test Your Understanding 1

Question 1:
A curve is defined parametrically by the equations x = t*, y = 2t, for =3 < t < 3.

a) By creating a table of values for t, x and y, plot the curve on graph paper.

W]Jlmr-r MTM

b) Find a Cartesian equation for the curve in the form y = f(x), stating the domain and
range.

y=2t -6 -4 -2 o 2 4 <]

Explore this curve and other parametric curves further at
https://www.desmos.com/calculator/kxfzx9mkcd

b x=t? uw=2 5 4:=2

0o DC:(%)Z or L)c:v OF

=
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https://www.desmos.com/calculator/kxfzx9mkcd

Question 2:
a) Find the coordinates of the point on the curve x = 3t* y = 1 — 4t> where t = —2.

b) Find the coordinates of the points on the curve where x = 3.
2
Yhen 422 £:3(-D" ond yzl- 4D
(12, 33)

b) x-3 = 3t?-3
[N T4

t=t > b=|-—4(')3=’3 (3,-—3)
bl o v=l~u(..)3 =5 (3,5

Question 3

Determine Cartesian equations for the following curves defined parametrically.
a)x =cost,y =2sint

b)x = 3cost,y = sin’t

c)x=2t—3,y=5-3t

d)x=t,y=1+%

. 2
- A = ‘.. < .3, —
a) cost=x sl )2 x =+ | ) =

oY Ll‘xi-t-.o :‘-}
l)) cost= = gt D-t-(%z:\
2

v=1-24

00 'O:l4 ',_7, Lv swk&l"-l'ul-lm
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Question 4

The curve defined by parametric equations x =5 +t, y = 3 — t meets the x-axis at A and
the y-axis at B. Find the coordinates of 4 and B.

e A,@:O .3 -t-=o t=3
x=5+3 (80
pt B oc=O .- 5+b=0o t= -5

Question 5

Find the coordinates of the point_s_where the curve defined by the parametric equations

x=t>—-1,y= % — 1 meets the y-axis.
' 2
MQL‘& b'mus wL\cn XD e ls - =0
t=21

Question 6
A curve is defined parametrically as x = :—1 y =2t% t+ —1.

Find the coordinates of any points of intersection with the x- or y- axes.
Meoke Y axhS w‘mn xX=0 . %‘ ) =
% (0,2)
(o2

Med3 I/"alisl/-d\m D:O . ,2&2=0 > -0

:-7("/0)
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Question 7

Aline L, is defined parametrically by the equations x = 3t + 2,y =1 —t. The line L, has
Cartesian equation y = 2 — x. Find the point of intersection of L, and L,.

for poinky o 'mJ(e.rsecj'imJ sub arj}s F’f x ond Y e L,
b: Q.'X
(1-9)=2 -(3t+2)
|"{,’:’l"'u:-*2 | 2
2%=-l b= 7 (’2—1 /’~>
Question 8

Find the coordinates of the points of intersection of the line y = 6 — 3x and the curve with
parametric equations x = t* y = 3t.

=-2 t= At b=, x= () 4=3(1)
(1,3
At b2, x=(), v=3()

(L('/ ‘6)

© W]a/ﬂuE-V‘ mal Loy 2025



Question 9

The curve shown in the diagram on the right

is defined parametrically by the equations

x =2+ 3sin26,y = cos6 — 1 over the <
interval 0 < 6 < 2m.

a) Show that the curve meets the x-axis at
the point (2, 0).
T —

b) Find the coordinates of the points where
the curve meets the y-axis.

a) On x-axis , D:"o
o ma*", ity )
CosO = | 0= 0O

X=2+3sin(2:0) .
22+3(0) =2 % (20) 05 req

l)) Mbb Ay V\d"" xX=0
2+3510 20 = O
SIN29 = "’%
20 = ~0¥13, 7+0.73, 2x~073 35+0.72, kx-0.73
=337,5.59,10.15 , 1.8k
o =194, 2.78,5.03 51

O=\4at = a:w(l,qit)—(

= ~1,36 o (O, ~(.36)
02278 > yzco278)7! ot (o,-( )
= .94

0=5.0% S/ bzau(s 03) —| ad (0, —0.c4)

= ~0.-6k
9=592 9 W on(&%)‘l and (o,«o.o?)
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Question 10

Given that the line with equation y = 2x — k does not intersect the curve defined by
parametric equations x = 1 — t,y = 3t + 1, find the range of possible values for k.

in = -k'.
Sub oy =2 32+ = 2(1-4) —k

3} +2h +(k-) =0
for ro SO|uJ")mstz-LtM <o @)1 -'1(.(3)0("()<0

- 12k 412 <o
Question 11 k > L
Two curves are defined parametrically as follows:
Cp:x = 2t,y = t*
Co:x=t,y=3t

Find the coordinates of the points where C; and C, intersect.

Hint: For questions where two parametric equations meet, it is usually best to convert to
Cartesian equations first!

C:t= 2 Y=

2

2z

Gixst 3 YT

sz-m)=e =0, yze  (0,0)
X =12, w736 (12,36)
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