


STARTER — REVIEW OF PRIOR LEARNING

A curve C is defined parametricallyby x = vt — 5,y =7 — 2t

a) Find the coordinates where the curve meets the x —and y — axes.

b) Find a Cartesian equation for C in the formy = ...




LEARNING OBJECTIVES: PARAMETRIC
DIFFERENTIATION

» To understand how to differentiate parametrically using the chain rule;

» To solve problems involving gradients, tangents, normals and stationary points on curves
parametrically.
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INTRODUCTION

« Since we have now looked at parametric curves, it makes sense
to consider how we would find their gradient, and to solve other
problems linked to our prior learning, such as those involving
tangents, normals and stationary points.

» Again, the chain rule is our friend!
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INTRODUCTION

* |f we have a curve C defined parametrically, that means | have two equations for x and y
given in terms of t.

d

» This means that | can (hopefully) easily find % and d—jt’.

* Then, by the chain rule:




PARAMETRIC DIFFERENTIATION

For example, if given a curve C defined parametrically suchthatx = ¢2 +t,y =3 — 2t

Y gt Y_
dt dt
dy_dyxdt
dx dt = dx
dy 1
FPAR R var
dy 2

dx  2t+1




QUICKFIRE DERIVATIVES - WHITEBOARDS

FiInd ay for each of:
dx

x =2ty =t3

x =sint,y = t?

x =tant,y =Int

x=el,y=t—t3

x=(t>-3)3y=Int

x =cos 3t,y =t — sint

dy _
dx—costordx—Ztsect

dy 1
dx tsec?t
dy 1-3t?
dx et
dy |
dx  6t2(t2 — 3)2

dy  1-—cost
dx  3sin3t

Differentiation Results:

tan x
secx
cotx
CoseCx

sin™ x

cos™ x

tan " Xx

Sf:C2 X
secxtanx

—COSCC2 X

—cosecxcot x




EXAMPLE 1

A curve C is defined parametrically by x = t3 — t, y = 2t — t*.

Find the equation of the tangent to C at the point P where t = 3.

dx dy

— =3t2-1 —=2-2

ar ot dt ‘
dy_dyxdt
dx dt  dx
dy 2-12t
Tdx  3t2-1
d 2—2(3 2

Whent = 3, Y 3 _ andx =24, y = -3

dx 3(3)2-1 13




TASK 1

A curve is defined by parametric equations
x = 2cosf,y = 3sinf. Find the equation of

the normal to the curve at the point where 8 =

dx 5 sind d)’_3 0
10 sin a0 COos
dy_dyde
dx df  dx
~dy  3cosf
“dx  2sin®
v 3(%)
Whel’l9=%; d—yz_ % :—1§
X 1 2
2(3)
SOHIN=%§ andx=\/§,y=%
~ equation of normalis: _; = %§(x —3)
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TASK 2

Find the coordinates of the stationary points on the

curve given by the parametric equations
x=2—t y=2t>—1t.

You do not need to determine the nature of these

points.
dx dy
—=-1  — = 4t— 3t?
dt ar st
dy dy o dt
dx dt dx
dy 5
- — — 4
0 3t t

At stationary points, Z—z =0
3t2 —4t =0 =>t=0,t=§

When t = 0, (2,0)
4 2 32
When ¢ =3, (— )

3’27



TEST YOUR UNDERSTANDING 2

Complete TYU 2 from your pack.

You can now complete the PPQ booklet on parametric and implicit
differentiation — DO [T!




TEST YOUR UNDERSTANDING 2 — GEMINI Al ANSWERS

Question 1 Question 5
d; 1 =
o) & = Question 6
o) o i
d 8cost  _ _Beost -
o &L = Ty = Tasreer = map = 2csct
e) ‘% =csct
f) du _ _sint 4
dz 10¢
« Coordinates: (30, 101)
Question 2 » Equation of the tangent: y = 2z + 41
a) Gradient = 1 « Proof: Substituting the parametric equations into the tangent equation gives (¢ + 6)2 = 0, which has only one solution (t=-6), confirming a
1
b) Gradient = -1 single intersection point.
Question 3
y=32z+2V2
Question 4

a)Att =1,z = 1% = land y = 3(1)® — 1 = 2. So P(1,2) is on the curve.
b)3z+5y—13=0




TEST YOUR UNDERSTANDING 2 — GEMINI Al WORKED
SOLUTIONS

Question 1

dz=c¢e',y=Int
Find an expression for % in terms of the parameter £.
. % =et
az=2ty=0*—t o Qv _1
dt 1t
o du _ Lt _ 1
dr = & T 1

e) r =sect,y = tant

, , o & _gecttant
b)x = 4t°,y =5t — ¢ d 2
o 3 =sec’t
o & ¢t _ 1lfcost _ 1 __
. 242 . %_mﬁmt—%_sﬁt,{mt—m—mt

cz=2"!= E=-22=-3
. %=3t2

o 3!2 o 4
cE2=3m=-3




TEST YOUR UNDERSTANDING 2 — GEMINI Al WORKED
SOLUTIONS

Question 2 Question 3

Find the gradient of the curve at the given value of £. Find the equation of the tangent to the curve x = 3 cost,y = 2sint at the point where t = 37', giving your answer in the form y = ax + b\/i.

1. Find the gradient of the tangent:

a)r =3t2,y =2+ 3twhent = 2 o MF = Saiunt
o ';‘;'{ = 2cost
e First, find %: o L= 2owb _ _Zeott
° %‘" = 6t o Att = ¥ the gradientm = —2 cot(¥) = —3(-1) = .
5 o 3 2. Find the coordinates of the point:
:‘ - oz =3cos(¥) =3(—%) = -2
dy _3 _ 1
CaTuT ™ o y=2sin(3) =2(F) = v2
* Now, substitute £ = 2 into the expression for gﬁ: 3. Determine the equation of the tangent (using y — y1 = m(z — x1)):
o Gradient = 55 = j o y—v2=3z-(-42))

o y-VZ=i+3)
°oy—-vV2=3%z+2

bz=1-1y=1+Iwhent=3
oy=13r+2/2

* First, find 55:

Ox:l—tl —— %=t2=

e

oy=1+t! = ®__¢2__1
d; 1/t
035:1‘ =—1

¢ The gradient is constant. At ¢t — 3, the gradient is -1.
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TEST YOUR UNDERSTANDING 2 — GEMINI Al WORKED
SOLUTIONS

Question 4

Acurve is defined by z = t*,y = 3t2 — t.
a) Verify that the point P(1, 2) lies on the curve.

o Ste=08=10=2=L
o Substitute £ = 1 into the equationfory:y = 3(1)? —1 =3 -1 = 2.

e Since z = 1 and y = 2 for the same value of ¢ (t=1), the point P(1, 2) lies on the curve.

b) Find the equation of the normal to the curve at P. 2. Find the gradient of the normal:
o The normal gradient m,, is the negative reciprocal of the tangent gradient.
1. Find the gradient of the tangent at P: ° m"=_%=_5_/‘l§=_%‘
o G =3t 3. Determine the equation of the normal:
° %’f =6f—1 o Using the point P(1, 2) and m,, = —%:
02:_%51 oy——2=—§(z—-1)

6(1) 1

O o 5(y—2)=-3(z—-1)

o 5y—10=-32+3
°o3z+5y—13=0(ry=—3z+ %)

o AtpointP, t = 1, so the tangent gradient my; =



TEST YOUR UNDERSTANDING 2 — GEMINI Al WORKED
SOLUTIONS

Question 5

A curve is defined by x = e‘,y = ¢' + e . Find the equation of the tangent to the curve at the point where ¢ = 0.

o Att =0, thegradientrn =1 —¢” =1—1=0.
2. Find the coordinates of the point:

o Att =0:z =¢€" =landy =€’ + €” = 1+ 1 = 2. The pointiis (1, 2).
3. Determine the equation of the tangent:

o The gradient is O, which indicates a horizontal line.

o The equationis y = 2.




TEST YOUR UNDERSTANDING 2 — GEMINI Al WORKED
SOLUTIONS

Question 6

A curve is defined by & = — cos(2t),y = 8sint. Show that 3¢ = 2e¢sct.

o 4 — _(—2sin(2t)) = 2sin(2t). Using the identity sin(2t) = 2sint cost, this becomes % = 4sint cost.
o % —8cost

dy/dt _  Beost
o =30 = e

ol 2

o Sincecsct = -, we have 9¢ = 2¢sct.




TEST YOUR UNDERSTANDING 2 — GEMINI Al WORKED
SOLUTIONS

Question 7

A curve is defined by & — 2+ t,y= t? — 10t + 5. Find the coordinates of the point where 55 = 2, the equation of the tangent at this point, and
show that the tangent does not intersect the curve at any other point.

1. Find t where 5/ — 2: 3. Find the equation of the tangent:

o % —2t+1 o The gradient is given as 2, and the point is (30, 101).

3 o y—101 = 2(z — 30)
o= o y—101 =2z — 60
& _ 210
R o y=2z+41

o Setf =2 — LW _9 4. Show the tangent intersects only at the point of tangency:

o 2 — 10=2(2t+ 1) = U =10=4t+2 —> =12 =9 —> t=—6, o Substitute the parametric equations for x and y into the tangent equation:
2. Find the coordinates of the point: o (£ - 10t +5) = 2(t* +t) + 41

o Substitute t = —6: o 2 —10t+5=2+2t+41

o = (—6)2 + (—6) = 36 — 6 = 30 °© 0=1t"+12t+36

°oy= (—6)2 —10(—6) + 5 = 36 + 60 + 5 = 101 o Factorise the quadratic: 0 = (£ + 6)°

o

This equation has a single, repeated root at £ = —6. Since this is the only value of ¢ for which the curve and the tangent line meet, they

o

The point is (30, 101).

intersect at only one point (the point of tangency).




