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Abstract

Quantum confinement in non-rectangular geometries has attracted considerable interest due
to its significant applications in nanotechnology, condensed matter physics, and quantum
computing. This paper presents a complete theoretical analysis of a non-relativistic particle
confined within a two-dimensional equilateral triangular infinite potential well. We
systematically derive the solutions to the time-independent Schrédinger equation by employing
an appropriate coordinate transformation and imposing strict boundary conditions along the
triangle’s edges. The eigenfunctions are constructed using sinusoidal components adapted to
triangular boundaries, leading to a quantized energy spectrum that markedly differs from those
of rectangular or circular wells. The resulting energy levels depend on two quantum numbers
with a specific constraint reflecting the triangular geometry. We analyze the properties of
eigenstates, their nodal patterns, and the influence of geometric symmetry on probability
distributions. Furthermore, we discuss the physical relevance of such systems in modern
applications, including graphene quantum dots, triangular nanomechanical resonators, and
molecular clusters exhibiting triangular confinement. Our study not only enriches the
fundamental understanding of quantum particles in reduced-symmetry domains but also
provides a foundation for investigating perturbations, external field effects, and potential
many-body interactions within triangular geometries. This work bridges theoretical concepts
with experimental possibilities, offering new avenues for future research.

Keywords: Quantum Confinement, Oblique Coordinates, Equilateral Triangle Potential well,
Schrodinger Equation in Non-orthogonal coordinates.

Quantum mechanics has profoundly transformed our understanding of the microscopic world,
especially through the study of systems where particles are confined in restricted geometries.
Traditional models such as the particle in a one-dimensional box, two-dimensional square well,
and circular well have been extensively studied both for their theoretical significance and
practical applications. However, less attention has been given to confinement in non-standard
geometries, such as triangular domains, despite their growing relevance in emerging quantum
technologies. Triangular quantum wells, especially equilateral triangular ones, represent a
fascinating playground where symmetry and boundary conditions interplay uniquely to affect
the energy eigenvalues and eigenfunctions of confined particles.

In recent years, advancements in nanofabrication techniques have allowed the realization of
quantum dots and nanostructures with triangular shapes, particularly in materials like graphene
and semiconductor heterostructures. These systems exhibit novel optical, electronic, and
mechanical properties, many of which originate from the peculiar nature of quantum
confinement in a triangle. The triangular confinement not only introduces complexity in the
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solution of the Schrodinger equation but also results in characteristic energy level spacings and
nodal structures that differ from those observed in rectangular or circular geometries.

The present work focuses on a detailed theoretical treatment of a non-relativistic particle
confined in a two-dimensional equilateral triangular infinite potential well. We derive the exact
form of eigenfunctions and eigenvalues, discuss their symmetry properties, and highlight
distinctive physical consequences of triangular confinement. Our approach lays the
groundwork for understanding more complex phenomena such as electron interactions,
external field perturbations, and spin-related effects in triangular geometries. By providing an
analytical framework, this study aims to contribute to the fundamental body of knowledge in
quantum chemistry and quantum physics while paving the way for practical applications in
nanoelectronics, quantum information processing, and materials science.

Mathematical Formulation

Problem Statement

Consider a particle of mass (m) confined within an equilateral triangular domain of side
length (a). The potential energy V(X, y) is defined as:

V(x, y) = 0 inside the triangle; V(X, y) = o outside the triangle.

Equilateral triangle
domain of side length a

00 A

Particle
of massm a

u=0 @

60°
0=0 u+v=a

The time-independent Schrodinger equation governing the system is:
-(0?2m)V2¥(x, y) = E¥(x, y)

with boundary condition ¥ = 0 along the edges of the triangle.
Choice of Coordinate System

Define oblique coordinates (u, v):

u=x,

v=(-x/2) + (32)y.

The triangle is bounded by u=0,v=0,and u + v = a.

Ansatz for Solution
We propose:
Y(u,v) = sin(nmu/a) sin(mmv/a)
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where n, m are positive integers.
Application of Boundary Conditions

Boundary condition at u + v = a implies:
n+ m = p (p is an integer).

Derivation of Energy Eigenvalues

Operating the Laplacian yields:

E(n, m) = (h*1?/2ma?)(n* + m? - nm).

Analysis of Eigenfunctions

The eigenfunctions ¥, myu,v) = sin(nmu/a) sin(mmnv/a) are subject to n + m = p.

The nodal lines form slanted patterns, with the probability density exhibiting triangular
symmetry.
Properties of Energy Spectrum
e Degenercy
Accidental degeneracies occur when distinct (n, m) yield the same E(n, m), but they
are rare due to the constraint n+m=p.
e Energy Ordering
For a given p, the lowest energy corresponds to n = m.

The theoretical framework of a particle confined in a two-dimensional equilateral triangular
box finds multiple applications across modern physical and chemical systems. In
nanotechnology, triangular quantum dots fabricated from materials like graphene exhibit
unique electronic properties such as valley polarization, quantum interference patterns, and
edge-dependent conductivity. These triangular confinements allow precise control over the
electronic states, making them suitable candidates for quantum computing and information
storage.

In optoelectronics, triangular nanostructures enhance light-matter interactions due to their
sharp corners and confined modes, leading to the development of highly sensitive
photodetectors and nanoscale lasers. Additionally, the study of vibrational modes in triangular
membranes serves as a prototype for understanding mechanical resonances in nanomechanical
resonators and sensors.

Molecular chemistry also benefits from triangular confinement models. Certain molecular
clusters, such as metal trimers, naturally exhibit triangular symmetries, and understanding their
quantum mechanical behavior is crucial for interpreting spectroscopic data and designing new
catalytic materials. Furthermore, the principles derived from triangular quantum systems can
extend to designing artificial molecules with tailored electronic properties.

Thus, beyond pure theoretical interest, the study of particles in triangular domains is
fundamentally linked to advancements in nanoelectronics, photonics, molecular engineering,
and quantum device fabrication, opening avenues for future experimental and technological
innovations.

Conclusion

In this study, we have presented a comprehensive theoretical analysis of a non-relativistic
quantum particle confined within a two-dimensional equilateral triangular infinite potential
well. By solving the time-independent Schrédinger equation under the imposed boundary
conditions, we derived explicit expressions for the eigenfunctions and corresponding energy
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eigenvalues. The triangular geometry introduces unique quantization conditions that are

distinct from those found in rectangular or circular systems, resulting in a rich and non-trivial

energy spectrum.

The symmetry inherent in the equilateral triangle leads to characteristic features in the spatial

distribution of the wavefunctions, including specific nodal patterns and degeneracies governed

by the triangular point group symmetries. These results highlight the strong influence of

geometric confinement on quantum behavior, emphasizing the critical role played by boundary

shape in determining physical observables.

Our theoretical findings have important implications in contemporary research areas such as

graphene-based quantum dots, nanoscale mechanical resonators, and triangular molecular

clusters. The detailed understanding of quantum states in triangular confinements provides a

foundation for exploring more complex systems, including the addition of external fields, spin-

orbit coupling, and many-body interactions.

Furthermore, the methodology employed here can be extended to study deformed triangles,

perturbative effects, and finite potential wells, thereby broadening the relevance of this work.

As nanotechnology continues to evolve, the ability to predict and engineer quantum behavior

within specific geometries will be vital. Thus, our study not only enriches the fundamental

landscape of quantum confinement theories but also serves as a stepping stone toward practical

applications in nanoelectronics, quantum optics, and material science. Future research can

build upon this framework to model realistic experimental systems, offering deeper insights

into quantum phenomena in low-dimensional, symmetry-restricted environments.
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