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Abstract

We investigate the subject of speed of mixing for operators on infinite dimensional Hilbert spaces
which are strongly mixing with respect to a nondegenerate Gaussian measure. We prove that
there is no way to find a uniform speed of mixing for all square-integrable functions. We give
classes of regular functions for which the sequence of correlations decreases to zero with speed
n~“ when the eigenvectors associated to unimodular eigenvalues of the operator are parametrized
by an a-Hélderian T-eigenvector field.
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1 Introduction

In this paper, we will be interested in the dynamics of a bounded linear operator T acting on a
complex separable infinite dimensional Hilbert space H from the measure-theoretic point of view,
and more precisely in the strong mixing property of T. The study of strongly mixing operators on
infinite dimensional spaces was begun in 2006 by Bayart and Grivaux in [2] where they give condi-
tions on T' so that T admits a nondegenerate Gaussian measure m with respect to which it defines
a strongly mixing transformation on (#,m). In a second work, they extended this result when the
underlying space is a complex separable Banach space of type different from 2 (see [3]). The idea
of studying a linear operator from the measure-theoretic point of view is that measurable dynamics
and topological dynamics are connected: if an operator T' acting on some complex separable infinite
dimensional Banach space X turns out to be ergodic with respect to some nondegenerate measure,
then the operator is hypercyclic, that is there exists a vector x in the space X such that the orbit
Orb(x,T) = {T"x; n > 0} of z under the action of T is dense in X. Building from the work in [2]
and [3], our aim is to study the convergence to zero of the correlations in the definition of the strong
mixing property.

All the definitions on ergodic theory can be found in [15]. The first important concept is that of
measure-preserving transformation.

Definition 1.1. Let (X, B, m) be a probability space. We say that a measurable map T : (X, B,m) —
(X, B, m) is a measure-preserving transformation if for any measurable set A in B, we have m(T~1(A)) =

m(A).
To begin with, we should recall the fundamental notion of ergodicity.

Definition 1.2. Let (X, B,m) be a probability space. We say that a measure-preserving transfor-
mation T': (X, B,m) — (X, B,m) is ergodic if one of the two equivalent conditions is satisfied:
(i) for every measurable set A in B, if T~1(A) = A, then m(A) = 0 or m(A) = 1;
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(ii) for every functions f, g in L*(X,B,m), — Z / f(T"x)g(xz)dm(x) — fdm/ gdm.
N~ Jx N—odoo Jx b's

We now define the central notion of the paper which is a stronger notion than ergodicity.

Definition 1.3. Let (X, B,m) be a probability space. We say that a measure-preserving transforma-
tion T : (X, B,m) — (X, B, m) is strongly mizing if one of the two equivalent conditions is satisfied:
(¢) for every measurable sets A, B in B, m(T~"(A) N B) "y m(A)m(B);
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(i1) for every functions f, g in L?(X, B, m), / f(Tmz)g(z)dm(z) — / fdm/ gdm.
X X X



By the speed of mixing, we refer to the speed with which the correlation of order n between f and g
L(f.9) = [ T g(w)dm(a) - [ fam [ gam (1)
X X X
converges to zero as n goes to infinity, where f and g belong to L?(X, B, m).

The fundamental notions of ergodicity, weak mixing (see the definition in [2]) or strong mixing in
ergodic theory are very studied when we deal with transformations on compact sets (for more on the
compact setting, see [9]). The notion of speed of mixing when the transformation is strongly mixing
on a compact set K is systematically studied and the way of computation depends on the structure
of the compact set K (see for instance [7], [8], [16] or [17]). Tt is proved in these papers that, in the
situations studied here, the sequences of correlations decrease to zero with exponential speed when
dealing with some classes of regular functions.

Troughout this paper, H is a complex separable infinite dimensional Hilbert space, with Borel
o-algebra B generated by the bounded real linear functionals Re(z, ) : H — R, where z is a vector
of H. Tt is equipped with a scalar product (u,v) which is assumed to be linear with respect to v and
conjugate-linear with respect to v and we adopt the convention that all the scalar products which
appear in the paper have this property. The algebra of bounded linear operators on the Hilbert space
‘H is denoted by B(#). Finally, T stands for the set of all complex numbers of modulus 1 and p is
the normalized Lebesgue measure on T, that is du = %.

The starting point of our investigation here is Theorem 3.29 of [2] which says that for a bounded
linear operator T' on H whose eigenvectors associated to unimodular eigenvalues are p-spanning (Def-
inition 2.3), there exists a Gaussian measure m on H (Definition 2.2) for which T : (H,B8,m) —
(H,B,m) is a strongly mixing transformation. It is the object of Section 2 to recall the main defini-
tions and ideas around this result which will be useful in our work. In particular, the parametrization
of these eigenvectors by T-eigenvector fields (Definition 2.6) in a regular way (Assumption 2.8) gives
us the first basic result about speed of mixing (Proposition 2.9) which is the kind of result we would
like to generalize to a broader class of functions than bounded linear functionals on H. We also
give examples of strongly mixing operators on Hilbert spaces where the T-eigenvector field is directly
given in a regular way (Examples 2.11, 2.12, 2.13 and 2.14) and where Assumption 2.8 is satisfied.
From the examples of a-Hdélderian T-eigenvector fields arises a natural question (Question 2.15): can
we find a Hilbert space and a bounded linear operator on it which admits a T-eigenvector field which
is Holderian for a fixed Holder exponent? We give a positive answer to it (Theorem 2.16). From now
on, let T' denote a bounded linear operator on the Hilbert space H whose eigenvectors associated to
unimodular eigenvalues are p-spanning (Definition 2.3) and are parametrized by a T-eigenvector field
E (Definition 2.6) which is a-Holderian (« € (0, 1]).

Our main problem is to study the convergence to zero of the sequence of correlations (1.1) for any
functions f and g in L?(H, B, m). A first natural question is to wonder if there exists a sequence of
positive real numbers (s,,),en going to zero as n goes to infinity such that

|Z.(f,g)| < Ctysn  for any functions f and g in L?(H, B, m), (1.2)

where the positive constant C'; 4 only depends on f and g. In this case, we will say that the correla-
tion Z,,(f, g) goes to zero with speed s,,.

In Section 3, we give an answer to the problem (1.2) and we prove that there is no way to have a
speed of mixing in the whole space L?(#,B,m) (Theorem 3.4).

Sections 4 and 5 are devoted to study the problem (1.2) for functions f and g which belong to
some classes of regular functions in L?(#H,B,m). In Section 4, we explain a way of computation
of the correlations by considering an orthogonal decomposition of the space L?(H,B,m) which is
given by the theory of Fock spaces. We then make some smoothness assumption on our functions
(condition (5.1)) and we prove that the Fourier coefficients of such a function f have an integral
representation (Lemma 5.2) which yields naturally a sequence of useful multilinear forms associated
to the components of f in its decomposition as Wiener chaos (4.1). After proving several useful
estimates involving these multilinear forms, we prove the main theorem of the paper (Theorem 5.19)
on the rate of mixing for some classes of regular functions. More precisely, we define two classes X
and Y of regular functions in L?(H, B, m) having the property that for any f € X and g € ) there
exists a positive constant Cy 4 such that for any n > 1, |Z,,(f, g)| < Cfgn~*. We finally give some
applications of this result by exhibiting concrete functions which belong to our classes X and ).



2 A known result about strongly mixing operators

We present here a result which is for us the starting point for the question of speed of mixing. It gives
a condition for an operator to admit a measure for which the operator is strongly mixing. Before
stating the theorem, we need to recall some definitions and facts about Gaussian measures on complex
Hilbert spaces. All the definitions and facts on Gaussian measures stated below can be found in one
of the references [5] or [10]. Even if the notion of Gaussian measure can naturally be developped in
the Banach space setting, we will stay in the Hilbert case since our method to get a speed of mixing
is purely Hilbertian (for the definitions in the Banach case, see for instance [5]). Furthermore, Bayart
and Matheron proved in a recent paper ([4]) that the result of this section we are going to present
(Theorem 2.4) is also true when the space is not a Hilbert space with the weaker conclusion that the
operator is a weakly mixing transformation.

2.1 Gaussian measures on Hilbert spaces

First, we have to introduce complex Gaussian distribution. For any ¢ > 0, let us denote by 7, the
centred Gaussian measure on R with variance o2, that is

dr. — 1
o = oV 2T

Definition 2.1. Let (2, F,P) be a probability space and f : (Q,F,P) — C be a complex-valued
measurable function. Then we say that f has complex symmetric Gaussian distribution if either f is
almost surely equal to zero or the real and imaginary parts RRe f and Jm f have independent centred
Gaussian distribution with the same variance.

e=t/20% gy,

In other words, a nonzero random variable f has a complex Gaussian distribution if and only if its
distribution is v, ® 7, for some o > 0.

It is important to note that if f has complex symmetric Gaussian distribution then so does A\ f for
any complex number \. In particular, f and Af have the same distribution when A is a complex
number of modulus 1.

Definition 2.2. A Gaussian measure on H is a probability measure m on H such that for every
vector z of H, the bounded linear functional (x,-) : y — (z,y) has complex symmetric Gaussian
distribution when considered as a random variable on (#, B, m).

For a random variable f : (H,B,m) — C, we denote by var,,(f) its variance with respect to m,

that is
var, (f / |£(2)]? dm(2) / f(z)dm(=

and in the special case where f = Re(x, ) is a bounded real linear functional, we denote the variance
of f by

o? ::/(%e(m,z>)2dm(z).
H

A fundamental result is that a Gaussian measure m on H has finite moments of all orders. In

particular, the quantity
[ Vel dn(z) 1)
H

is always finite.
In order to study the properties of a Gaussian measure m, we introduce its covariance operator R,
which is defined on H by the following equation:

(R, y) = /H (&, 27, 2) dm(z)

for every vectors z,y of H. According to (2.1), R,, is a bounded linear operator which is self-adjoint
and positive. Furthermore, R, is of trace class. In fact, the Gaussian measure m is completely
determined by its covariance operator R,,: if R is a bounded linear self-adjoint positive operator
which is of trace class, then there is a unique Gaussian measure on H whose covariance operator is
R (see [5], Chapter 5).

In the sequel, we need some factorization of the covariance operator R of a Gaussian measure m.
Since R is a positive operator, it admits a square root, that is there exists a unique pair (’H K)
consisting in a separable Hilbert space #H and a bounded linear operator K : H —» H such that
R = KK*. By the uniqueness we mean that if # is another Hilbert space and K : : H — H is such
that R = K; K7, then there is an isometry V : H — H such that K, =KV*.




2.2 The result

It is now time to state the result which provides strongly mixing operators with respect to a Gaussian
measure. We need to point out the main ideas of the proof which will be fundamental in the sequel.
The condition for the operator to be strongly mixing with respect to a Gaussian measure is to have
sufficiently many eigenvectors associated to unimodular eigenvalues. All the definitions and facts of
the present section can be found in [2], [3] (or the book [5] for a summary).

Definition 2.3. Let T' € B(H). We say that the eigenvectors of T" associated to unimodular eigen-
values are u-spanning if for every u-measurable subset A of T such that u(A) = 1, the eigenspaces
Ker(T — M), A € A, span a dense subset of H, where p is the normalized Lebesgue measure on T.

The result that we are going to start with is the following (see for instance [2]) and is due to Bayart
and Grivaux.

Theorem 2.4. Let T € B(H). If the eigenvectors of T associated to unimodular eigenvalues are
p-spanning, then there exists a nondegenerate invariant Gaussian measure m on H such that T :
(H,B,m) — (H,B,m) is a strongly mizing transformation.

Since a Gaussian measure is completely determined by its covariance operator, the idea of the
proof of this theorem is to construct directly the covariance operator R. Moreover, the positivity of
a covariance operator shows that we only need to build its square root K : H —» H, where H is
a separable Hilbert space to determine. When R is a covariance operator, we will denote by m the
probability measure associated to the operator R (or equivalently to K). Recall that the measure m
is said to be nondegenerate if m(U) > 0 for every nonempty open subset U of . Then, the following
fact, which is proved in [5], collects the main steps of the proof of Theorem 2.4.

Fact 2.5. Let T € B(H).
(1) If K is a Hilbert-Schmidt operator, then m defines a Gaussian measure on H (in fact, this is also
a necessary condition).
We now assume that m is a Gaussian measure. Then we have:
(ii) the probability measure m is nondegenerate if and only if the operator K has dense range;
(7i1) the probability measure m is T-invariant if and only if there exists a co-isometry V : H— H
such that the intertwining equation
TK =KV (2.2)

is satisfied;
(iv) when the above conditions are realized, the operator T is strongly mizing with respect to the
Gaussian measure m if and only if for every vectors x,y in H,

*1
(RT*"z,y) e 0.
With this result in hands, it remains to exhibit the operators K : H— HandV:H — H
which make the intertwining equation (2.2) true. They are defined by using the eigenvectors of T
associated to the unimodular eigenvalues. We first need to introduce some terminology.

Definition 2.6. Let T € B(H). A bounded map E : T — H such that E()) belongs to Ker(T — \)
for every A in T is called a T-eigenvector field for 7'

The definition of the operator K comes from a parametrization of the eigenvectors of T" associated
to unimodular eigenvalues which is based on the following fact (see [2], Lemma 3.17).

Fact 2.7. There exists a countable family (E;)icr of T-eigenvector fields for T such that Ker(T'—\) =
span’t [Ei()\); i€ I] for every X in T.

For our purpose, we can assume that we have a unique T-eigenvector field E for T' (see [5] for the
general setting). Then, under the assumption that the eigenvectors of T associated to the unimodular
eigenvalues are p-spanning, the following operators K : # — H and V : # — H defined on the
separable Hilbert space H = L?(T, ju) as

Kf= /T FOVEM) du(A) and  VF(A) = Af(A)

satisfy Fact 2.5. Moreover, the adjoint operator K* : H — L?(T, u) of K is given by

K*z = (z,E("))



for every vector x of H. In order to prove that T is strongly mixing with respect to the Gaussian
measure m associated to K, it is crucial to see that (RT*"x,y) is a Fourier coefficient. Indeed,
it is proved in Lemma 3.23 of [2] that for every vectors z,y of H we have the following integral
representation:

(RT™z,y) = / Az, EO)) Ty EOV) da(X) = fimy () (2.3)

where
dpta,y(A) = (2, E(A))(y, E(N)) du(A),

which is a consequence of the intertwining equation (2.2). It is obvious that the normalized Lebesgue
measure on T is a Rajchman measure (that is the sequence (fi(n)),ez of its Fourier coefficients tends
to zero as |n| goes to infinity). Since the measure p, , is absolutely continuous with respect to p, it
is also a Rajchman measure (see [13]) and the strong mixing property follows.

We now want to give another proof of the convergence to zero of the sequence ((RT*"x,y))nen by
making some regularity assumption on the T-eigenvector field E. The additional assumption will
provide a speed of convergence of this sequence and we will see in the examples that this condition
of smoothness arises naturally.

Assumption 2.8. There exists a real number « in (0, 1] such that the T-eigenvector field E is
a-Holderian, that is there exists a constant C'(E) > 0 such that

[|E(?) — E(?)|| < CE)|0 -0
for any 0,6’ in [0, 27).

The next result on the convergence to zero of the sequence of correlations ((RT*"x, y))nen explains
the initial motivation of the paper.

Proposition 2.9. There exists a positive constant C(E,«) which only depends on E and a such
that, for every vectors x,y of H, we have

C(E, a) [|=][ ||yl

na

[(RT™"2,y)| <

for any positive integer n.

Proof. To do this, we use a very classical argument which can be found in [12] (Chapter 1). For
z,y € H, we consider the function f,, : 0 — (z, E(¢'?))(y, E(ei)). By a change of variable in the
integral representation (2.3), we find that

1 [ ™ g dO
T*n , _ = ( . 0) — " (0 7)) in6
BTy =5 [ (a0 = Fo (64 7))o 22
Since E is a-Hoélderian with Hélder constant C'(E), the function f, , is also a-Hélderian and

1oy (0) = foy(0)]] < 2C(E) ||| [yl 16 — 0]

for any 6,6’ in [0, 27). Then the conclusion easily follows with the constant C'(E, a) := C(E) 7. O

Motivation 2.10. This proposition shows that, by taking f = (z,-) and g = (y, -), the sequence of
correlations (Z,,(f, 9))nen goes to zero with speed n™¢ since

1Z.(f,9)| < SE Izl

n()é

for any positive integer n. Thus, it is natural to wonder if there exists a uniform rate of mixing
in L?(H,B,m). For instance, have we got a convergence to zero of the sequence of correlations
(Zn(f, 9))nen with speed n= for any functions f, g in L?(H,B,m)?

2.3 Examples

In order to illustrate the previous subsection, let us give examples which show that the p-spanning
condition is rather easy to check in general. In practice, the T-eigenvector field is usually directly
given with a regular parametrization. We will also construct a bounded linear operator on a Hilbert
space which admits an a-Hélderian T-eigenvector field for a fixed Holder exponent . We denote by
(en)n>o0 the canonical basis of ¢5(Z).



Example 2.11. Let w be a complex number such that |w| > 1 and B be the classical backward
shift on ¢5(Z ), that is Bey = 0 and Be,, = e,,—1 when n is a positive integer. The eigenvectors of
wB associated to the unimodular eigenvalues are E(\) := )", -, (%)nen, where A\ belongs to T. It is
proved in [2] (Example 3.3) that (E(X\))xer is p-spanning. Furthermore, the map E : T — ¢3(Z4.)
is a T-eigenvector field for wB which is a vector-valued analytic function.

Example 2.12. We deal with an operator which has been introduced by Kalisch in [11]: it is the
so-called Kalisch-type operator T defined on L?([0,27]) by the formula

6
Tf(@):ewf(e)—/o ie f(t)dt

for any f in L*([0, 27]). For any v in [0, 27), let E(e') := 1(4 2.). Then E(e’®) is an eigenvector of T
associated to the unimodular eigenvalue ' and it is proved in [3] (Example 3.11) that (E(e'®))aefo,2m)
is y-spanning. In particular, the map E : T — L2([0,27]) is a T-eigenvector field for T" which is
3-Holderian since for every 0 < a < 3 < 2m,

, : 2= : A s
|E(e®) — B(e9)]|, = (/O | E(e')(0) — E(e')(0))| QW) =(B-a)?
Example 2.13. For a bounded sequence of positive real numbers w = (wy),>1, we define the

weighted backward shift By on ¢3(Z4) by Bweg = 0 and Bwe,, = wne,—1 when n is a positive

integer. For the particular sequence w where w; = 1 and w, = ;"7 when n > 2, the weighted

backward shift By, admits a p-spanning T-eigenvector field which is %—Hélderian.

Proof. Tt is already known from [2] (Example 3.21) that the T-eigenvector field E : T — ¢5(Z)

which is defined by
A'I’L
E()‘) = § w, =eo + E 7671

n>0 : n>1

is p-spanning. Now, for every A, ¢ in T, we have

AT — n )\ _1I2

n>1 n>1

Then, if we introduce the 27-periodic function f : [0, 27— R by setting

76) = Z'eni‘” oy et

n>1 n>1

we can check that f(0) =70 — & for every 0 in [0, 2x[. In particular, f(0) behaves like 76 when 6 is
closed to zero. We deduce from thlb that f is a Lipschitz function and then that E is 5 L_Holderian. [

Example 2.14. In the same way as in the previous example, we consider the weighted sequence w

such that w; = 1 and w,, = (%)"i for n > 2, where k > % The weighted backward shift By, admits

a p-spanning T-eigenvector field which is a Lipschitz function.

Proof. We define the T-eigenvector field E for By, as in the previous proof:

E(/\)::Zm)\ enfeo+z

n>0 n>1

and it is already known from [2] (Example 3.21) that F is p-spanning. Moreover, for every A, £ in T,
we have

A — n )\n—1§0+)\n—2£1 +.__+)\0£n—1 2
RS gl GO e o i |

n>1 n>1

s(Z zi 2>A ¢?

n>1

and we conclude that E is a Lipschitz function since the series > - n~2%%2 is convergent by definition

of k. O



From the above examples arises the next natural question.

Question 2.15. If « is any fixed number in (0, 1], can we find a separable complex Hilbert space
and a bounded linear operator on this space which admits a p-spanning T-eigenvector field which is
exactly a-Holderian (that is o-Holderian and not S-Holderian for any 8 > a)?

Refining Example 2.14, we can solve this problem. This positive answer is essentially due to the
referee (originally, it was a partial answer).

Theorem 2.16. Let « be a real number in (0,1]. There exists a sequence of positive real numbers
W = (Wp)n>1 Such that the weighted backward shift By € B(2(Zy)) admits a T-eigenvector field
which is exactly a-Hélderian and p-spanning.

Proof. For a« = 1, the problem has already been studied in Example 2.14. Let a € (0,1) and
k=a+ % Our goal is to prove that there exists a weighted backward shift on ¢2(Z, ) which admits a
T-eigenvector field which is exactly a-Holderian and u spanmng As in Example 2.14, we consider the

weighted sequence w such that w; = 1 and w,, = ( ) for n > 2 and we define the T-eigenvector
field E for By, by setting

n—1

BO) =3 e e+ 3 o

n>0 1 n>1

It is already known from [2] (Example 3.21) that E is p-spanning. We prove that E is not better
than a-Holderian. Let N be an even positive integer and Ay = €'™/N. Then there exists a positive
constant C' (which not depends on N) such that [A\%, — 1| > C > 0 for any k € {N,...,3N/2}. Then
we have

3N/2 |)\n
IEON) = E()[[5> )
n=N
3N/2 1
2
2 C Z n2o¢+1
n=N

S C2 /3N/2+1 dt 7 072 1 B 1
- N 2041 20 \ N2 (3N/2 +1)2

and we conclude that there exists C, > 0 (which only depends on «) such that
Co Co

1BOW) — BOIE 2 1o 2 55

This proves that the T-eigenvector field £ is not better than a-Holderian. We now prove that E' is

a-Holderian. We just need to prove that E is a-Hélderian at 1 (since |\ —&™| = |(AE)™ — 1] for every

A€ € T). We write |z] to denote the integer part of the real number z. Let A € T\ {1} (close to 1)
1

‘)\N o 1|2a

and we put N = . Then we have

[A—1]
AP RS P
HE( H2 Z 2a+1 Z n2o¢+1
n=N+1
1251()+52()

where we denote the first sum by S1(\) and the second one by Sa(\). We estimate S;(A) by using
the inequality |A"* — 1| < n|A = 1]:

S1(A) <A

n=1
and
N

1
Zn2a1 (1-2a) Z/ t27a+N
n=1
N
dt
:(172a)/1 < > 1>t%+N

t<n<N

N
~(-20) [ (V=g + N



Putting {t} for the fractional part of ¢ (that is {t} =t — |t]), we get
N N
1 1 1-2a/ 1 {ty
Z n2a—1 N(NQoz—l - 1) T2 _9a (N2a—2 - 1) +(1- 20‘)/1 $20—1 dt + N

n=1
1
N2a72 +1

It easily follows that there exists a positive constant D, such that

1 ’1—204
<
(

2 — 2a)N2a—2 + 2 — 2«

1 -2«
2 -2«

S1(\) < Dol — 1),

We then estimate Sz(\) by using the inequality |\ — 1] < 2 and we get

+o0 +o0
1 dt 2
S2(A) =4 Z Bl = 4/ 2o+l — g N2a
n=N+1 N

and there exists a positive constant E,, such that Sy(\) < E,|\ — 1]2¢. Finally, we conclude that the
T-eigenvector field E is a-Hélderian, which concludes the proof of Theorem 2.16. O

3 A negative result

The aim of this section is to show that, given a bounded linear operator 7" on H whose eigenvectors
associated to unimodular eigenvalues are parametrized by a p-spanning T-eigenvector field, there is
no uniform rate of decrease of the sequence of correlations for every functions in L?(H, B, m).

Since the covariance operator R is a positive trace class operator, the Hilbert space H has an
orthonormal basis (e,)nen consisting of eigenvectors of R. Thus Re, = A,e, where A\, > 0,
trR = Y ,o; An < +oco and one can easily shows that \, = 202, where o2 is the variance of
the Gaussian random variable Re(e,,, -) with respect to the measure m. The following property of
this basis is fundamental for the sequel.

Proposition 3.1. The sequence of random variables ({eg,-))ren is orthogonal in L*(H,B,m). In
fact, the complex Gaussian variables (e, ) are independent.

Proof. Since (ey)ren is an orthogonal sequence of eigenvectors of R, (Rey,eq) = 0 for every distinct
positive integers k and ¢. Hence, the first statement holds by definition of R. Furthermore, the
independence comes from the fact that for any distinct positive integers k£ and ¢, the real Gaussian
variables fRe(ey, -) and Jm(ey, -) are independent from Re(ey, -) and Jm(ey, -) since they are orthogonal
real Gaussian variables. Indeed, the covariances of these real Gaussian variables are computed in the
following lemma which is a consequence of the rotation invariance of a Gaussian measure (see [3],
Section 3).

Lemma 3.2. For every vectors x,y of H, we have

<9{2<$7 ~>79‘{e(y, >>L2(m) = <3m(x, ->,3m(y, >>L2(m) = %m2<Rl‘,y> (3 1)

and
(Jm(z, ), Re(y, -)>L2(m) = —(Re(z, -), Tm(y, ->>L2(m) = %TJm(Ray). (3.2)
O

The integral representation of the correlations (2.3) gives us the corresponding result in L?(T, p).

Corollary 3.3. The sequence of functions ({ey, E(-))) is orthogonal in L*(T,u) and

kEN
2 2
/ [(er, EQ))|” du(X) = / [(ex, )| dm(z) = 207}
T H
for any positive integer k.
We now introduce the complexr Gaussian space
Gc = spaan(H’B””) [(ek, Y ke N].

This subspace is called Gaussian in the sense that any function in G¢ has complex symmetric Gaussian
distribution. We can now prove the main result of this section.



Theorem 3.4. Let T € B(H) be a bounded linear operator on H whose eigenvectors associated to
unimodular eigenvalues are parametrized by a p-spanning T-eigenvector field E. Then, for every null
sequence (Sp)nen Of positive real numbers, there exists a function f in Gc such that

|In(?af)| > Sn

for any positive integer n, where f denotes the function x — f(x).

Proof. Since the random variables {ey, -) are orthogonal in the space L?(H, B, m) by Proposition 3.1,
for every function f in G¢ we can find a sequence of complex numbers (ax)ren such that

+o00
f= Z a{eg, ) with Z lax |20} < +oo.
k>1 k=1

Now the random variable f is centered and then the integral representation (2.3) gives us

(.= ) akae/ (ex, Tra)(eq, w)dm(z) = Y aral(RT ey, eq)

(k,0)EN2 (k,£)eN?
= > @ [ AT BT e B du(h) = (V' 0 B). £ B
(k,€)eN?

that is {In (f,f);ne N} is the weak orbit of the vector f o E under the action of the operator V of
multiplication by the variable A on L?(T, iz). Then we consider the closed subspace of L?(T, u):

& =span™ ™ [{er, B()); k € N].

Since E(\) is an eigenvector of T associated to the eigenvalue A, the subspace £ of L?(T,pu) is V-
invariant. At this stage, we apply a result of [1] due to Badea and Miiller which deals with the speed
of convergence to zero of the weak orbits ((S™z,y))nen of an operator S such that S™ — 0 in the
weak operator topology. In particular, it is proved in [1] that if S is a bounded linear operator on
a complex Hilbert space H with spectral radius equal to 1 such that S™ — 0 in the weak operator
topology, then for any sequence (s,)n>1 of positive numbers which decreases to zero, we can find a
vector  in H such that |[(S™x,z)| > s, for any positive integer n. Applying this result here, we get
that for any sequence (s,)n>1 of positive numbers which decreases to zero there exists a function fp
in £ such that [(V" fg, fe)r2(r,u)| > sn for any positive integer n. We expand fr as

+oo
fo=> arler, E()) with Y |axl* o} < 400,

k>1 k=1

and we conclude that f = 3", . ar(ex, ) is a function in G¢ which satisfied the conclusion of Theorem
3.4. B U

Remark 3.5. In our work, we consider bounded linear operators which admit only one T-eigenvector

field F which is p-spanning. In a more general situation, the T-eigenvectors of the bounded linear

operator T € B(H) are parametrized by a countable family of T—eigenvector fields (F;)ier (see Fact
2.7). Then the operator K is defined on the Hilbert space @, ; L*(T, u) by

K(®ierfi) =Y aiKpg,(fi) where Kpg,(f;)= /fz (A) du(X)

el

and where (a;)ies is a sequence of positive numbers such that Y. ; a?||E;|[3 < oo where ||E;||3 =
Jr NE:(M|2du(X) (and we put R := KK* =%, ., a?Kp K} ). In this case, it readily follows from
the proof of Theorem 3.4 that there is no uniform rate of decrease in this situation too.

This result shows that there is no uniform rate of decrease of the correlations in the whole space
L?(H,B,m). The rest of the paper is devoted to find a speed of mixing for classes of regular functions
of LZ(H,B,m) :={f:H — R; f e L*(H,B,m)}. In a first step, we will need to compute the
correlations Z,, (P, Q) where P and @ are real polynomials in several variables. We can do this by
using the Fock space associated to L2(H, B, m).



4 Orthogonal decomposition of L3 (H, B, m)

In this section, we aim to present a way to compute the correlations Z,,(f, g) for arbitrary functions
f,gin LA(H,B,m). In order to do this, we will first explain the construction of the Fock space over
a Gaussian subspace of L2(H,B,m) and we will establish some helpful properties of the orthogonal
components of the Fock space before giving the general formula for the correlations.

4.1 Fock space over a Gaussian space

The theory of Fock spaces will allow us to compute the correlations for arbitrary real functions

in L?(H,B,m) by using an orthogonal decomposition of this space. We begin by recalling some

definitions and facts on Fock spaces that will be useful in the sequel; for a thorough account see [10]
r [14].

We denote by Z* the set of integers different from zero. In the sequel, we denote by (e)scz+ the

sequence of vectors of H defined by

ey =¢y and e_y =1ey

for any positive integer £. Recall that for any positive integer ¢, o7 denotes the variance of the
Gaussian random variables Re(ey, -) = Re(ey, -) and Re(e_g, -) = Tm{ey, -):

o} = / (Re(er, ))? dm(z) = / (Rele_g,z))* dm(x)
H H
and we put azé = Ug. We also denote by G the real Gaussian space
G = span’s(H.B:m) [Re(er, ); k € Z7].
Since B is the o-algebra generated by the functions in G, we get by applying the Weierstrass Theorem:
LE(H,B,m) = span’: Bmlgk g e G k € Z,).

Let G* denote the space of homogeneous polynomials of degree k of elements of G, with G° = R. Then
the spaces G* are linearly independent (see [14], Chapter 8, Lemma 2.3) and we can orthonormalize
them by the so-called Wick transform.

Definition 4.1. The Wick tranform : f : of a function f belonging to one of the spaces G* is defined
in the following way:

(i) if f is constant, : f := f;

(i) if f € G¥, k> 1, then : f := f — Pi(f), where P) denotes the orthogonal projection onto the
closure in L% (H, B, m) of span[G7; 0 < j < k — 1].

We also define : G* : to be the space {: f:; f € GF}.

By definition of the Wick transform, we have an orthogonal decomposition of L2 (H, B, m) as

Li(H,B,m) =P : G*:

k>0

and a function f in LZ(H,B,m) can be decomposed into its so-called Wiener chaos decomposition

=3 P t, (4.1)

k>0

where P.gr. denotes the orthogonal projection onto the space : GF ..

Our aim is to identify the space L3(H, B, m) with the Fock space over G by using this decomposi-
tion. We define the scalar product (-,-)g on the Hilbert tensor product ), G by setting, for every
Gl ks P1y -, by In G,

(1@ @ gk, h1 @+ @ hg)g = (91, h1)L2(m) - - - (Gk> Pok) L2 (m)-

We then introduce the space Q(’g which is the range of the projection

Sym:®g—>gé
k

10



defined by, for every f1,..., fr in G,

Sym(fi®---® fi) = i Z fra) ® @ frys (4.2)
TESE
where &y, denotes the group of permutations of the set {1,...,k}. For convenience, we endow gg
with a new scalar product (-,-)o by setting
(fr900 = kS 900 (4.3)

for every f,g in GE.
Definition 4.2. The Fock space F(G) over G is defined by

=P

k>0
where the sum is an orthogonal direct sum and each G¥ is endowed with the scalar product (-,-)e.
The main interest of this is that the map

:gk:—>gé
cfie fei— Sym(f1® - @ fi) (4.4)

extends uniquely to an isometry from ( : G¥ 3, (-,-)2(m)) onto (GE,(:,-)o). Hence, the orthogonal
decomposition

Li(H,B.m)=EP:G":

k>0

allows us to make the identification L2 (H, B,m) = F(G).
In order to compute the correlations between two functions in L2 (H, B, m), we are now going to find
a helpful decomposition of the functions P.gr. f which appear in (4.1).

4.2 Canonical decomposition in the spaces : G¥ :

It is now time to understand more precisely the spaces : G* : and to make some computations in
them. We shall begin with the space : G! := G which is of important interest in the rest of the paper.
The following result ensues directly from Proposition 3.1 and Lemma 3.2.

Corollary 4.3. The sequence of random variables (Re(e, ) is orthogonal in LE(H,B,m).

keZx*

Remark 4.4. According to Corollary 4.3, every function f in G can be written in a unique way as

f = Z ag S)f{e(ek, >

kez*
where (ax)rez+ is a sequence of real numbers such that Y-, ;. a7 o7 < +oc.
It is now time to look more closely at the Wick transform of a polynomial of elements of G.

Proposition 4.5. For any vector x of H and any positive integer k, there exists a k-tuple (ag, .. ., ax—1)
of real numbers such that

: (Relx, >)k = (Re(x, >)k + ag—1 (Re(z, -))k_l + -+ ag Relx, ) + ap.

More precisely, if Hi, denotes the k" Hermite polynomial, that is

2 dk _ 42
Hy(t) = (=1)"e" /2 —me™/2,

then we have

D (Re(x, ) = oF Hy (W) . (4.5)

11



Proof. The Wick transform of (SRe(z,-))* does not depend of the Gaussian space which contains
Re(z,-) (see for instance [10], Theorem 3.4). Then there exists a monic polynomial with real coeffi-
cients @ such that

D (Re(x, ) = Qr(Re(x, ).
By definition of the Wick transform, we know that for every integer j in {0,...,k — 1}, we have

/ s (Re(z, NP1 (2)(Relx, 2)) dm(z) = / Qr(Me(x, 2))(Re(z, 2))7 dm(z) = 0.
H H

We now use the fact that the random variable Re(x, ) has Gaussian distribution 7,, and we get

/ Qr(oys) s e /2 ds =0
R

for any j in {0,...,k—1}. The conclusion follows from the definition of Hermite polynomials (Hp)¢>o
which is the sequence of monic polynomials in the weighted space L?(R, e=57/2 ds) which orthogonal-
izes the polynomials ¢* in this space. Indeed, we proved that Hj = %, that is Qp = a",f, Hk<a)
and we finally find that ‘

L (Relz, )F = Qu(Ne(z, ) = oF Hk(i’%f”)

O

We now want to give a canonical decompostion of a function belonging to the space : GF : by
using the properties of the orthonormal basis (e, )nen. To do this, the following lemma will be useful.

Lemma 4.6. For every k-tuples (ji,...,Jk) and ({1,...,L;) of integers different from zero, we have

/ﬂ sRefej,, ). Re(ey,, ) 1 () Relery, ) ... Reey,,, ) 1 () dm(z)

Z (Re(ej,, ), Reler, ), ~>>L2(m) o (Relegy, ), Reler ), ~>>L2(m).

TEG

Proof. This is a consequence of the fact that the map between ( 2GR ->L2(m)) and (Q(’g, (-, ->@)
given by (4.4) is an isometry. So

Z(G1s-s i b1yee oy ly) s = /H tRefejy, ). Re(ey, ) 1 (@) Relery, ) - Reeg,, ) : (x) dm(x)
= (Sym(Re(ej,, ) ® - -+ @ Re(ej, , ), Sym(Re(e,, ) @ - -+ ® Re(ey,, -))>®

= k! <Sym(me<ej1’ V)R ® me<2jk7 '>)7Sym(m2<eflv )@@ Reeg,, >)>®

where the last equality comes from (4.3). By using the expression (4.2) of the function Sym, we get
by definition of the scalar product (-, -)g that

. . 1
I(]l,. ks 61,. .. ;gk) = E Z <%€<2j0(1), > Q.- ®%e<eja(k)’ .>,9%g<ezT<l)’.> Q- ®me<ez7(k)7.>>®

.UGGk
TEG

1
TR Z <9‘{e<eja(1), )y Refer, . '>>L2(m) e <9%<eja(m ) Reler, 4 '>>L2(m)
T oEGy
TESK

= Z <9%e<ej1,~),9‘ie(egw(1),~>>L2(m)...<9%e<ejk_,'),i)%e<egw(k),~)>L2(m).

wEGK

This computation allows us to find an orthogonal basis of the space : G¥ :.

Proposition 4.7. For any positive integer k, an orthogonal basis of the space : G : is given by the
family
(:Re(ejy, ). .. Relej,, ) )(jh___7jk)e(z*)k. (4.6)

J1<<Jk

12



Proof. By definition of the space : G* :, the only thing we need to prove is that the sequence (4.6) is
orthogonal. If j; < .- < ji and 1 < --- < {j are two different k-tuples, then the orthogonality of
the sequence (Re(e,, -))pez+ shows that

(Re(ej,, ), Reler, ), ->>L2(m) o (Refey,, ), Reler ), '>>L2(m) =0
for every 7 € 6, and the conclusion follows from Lemma 4.6. O

In order to give explicitly the expansion of a function of the space : G¥ : with respect to the basis
(4.6), we also need to determine the variance with respect to the measure m of an element of this
basis.

Proposition 4.8. For every k-tuple (j1,...,jr) of integers different from zero such that j3 < -+ < j,,
and for every k-tuple ({4,...,0,) of positive integers, we have

vary, [+ (Relej,, ) .. (Relej, N ] =4l e o3,

™Y e

Proof. Since j; < --- < j,, the random variables PRe(e;,,-),..., Re(e,,,-) are orthogonal. The fact
below is a particular case of a more general statement which can be found in [10] (Chapter 3, Theorem
3.20) and which computes the Wick transform of a product of orthogonal functions.

Fact 4.9. Under the assumptions of Proposition 4.8, we have

PR, ) (Refeg,, ) = (Reeyy, ) ot (Reley,, )+

We know that the random variables fRe(e;, -) are independent since they are orthogonal real Gaussian
variables. Since the Wick transform of (JRe(z, -))? is a measurable function in the variable Re(z, -) ac-
cording to Proposition 4.5, the random variables : (Re(e;,,-))? :,...,: (Rele;,, )" : are independent.
Then we get

vary, [ © (Re(ej,, ) ... (Reles,, ) ] = [[varm[: QRees,, N ] = [[ & o,

where the computation of each variance in the last equality follows directly to Lemma 4.6. O

According to Proposition 4.7 and Proposition 4.8, we have the following decomposition of a function

fr in:Gk ..

Proposition 4.10. A function f;, which belongs to : G* : can be written in a unique way as

k
= Z ag-l’)m’jk tRe(ejy, ). . Rele,, ) e (4.7)
(G1sedi) E(ZF)
VARSI
where the real numbers aglf) ;. are gien by the formula
o el ) el )y (4.8)

T vary, [ : Re(ej,, ) ... Re(ej,, )« |

and satisfy the condition
(k) 2 2 2
Z ajh-u,jk| 0, -+ 0y, < +00. (4'9)
J1<<Jk

Proof. The decomposition directly follows from the orthogonality of the family (: Re{e;,,-) ... Re(e ., ) :
)ji<--<j, and condition (4.9) is a consequence of Proposition 4.8. O

So, according to (4.1) and (4.7), the computation of the correlations of two functions in L2 (H, B, m)
can be reduced to the computation of the correlations between the Wick transforms of two homoge-
neous polynomials.

13



4.3 Orthogonality and computation of the correlations

It is now time to compute the correlations of two functions living in two different spaces : G* : and
then of two functions belonging to the same space : G¥ :.

Proposition 4.11. For any vectors x,y of H and any nonnegative integers k,{ such that k # £, we
have

[+ el ) (@72) @hely ) () dm(z) =0
for any nonnegative integer n.

Proof. With the notations of Proposition 4.5, : (Re(x,-))* := Qr(Re(z,-)). Then, we have
P (Rez, )" (T2) = Qu(Re(w, ) (T"2) = Qu(Re(T™ "z, ))(2)

that is
C(Re(z, )P o T = (Re(T*"x,-))F - (4.10)

by definition of the polynomial @);. The conclusion follows from the orthogonality of the spaces
1 GI O

From this we can easily deduce the general case.

Corollary 4.12. For every functions fy in: G* : and g; in: G : such that k # ¢, we have L,,(fx, g¢) =
0 for any nonnegative integer n.

Proof. According to the decomposition (4.7), it suffices to check that for any tuples (j1,...,Jx) and
(mq,...,my) of integers different from zero such that j; <--- < ji and my < --- < my, we have

/ sRefej,, ). Re(ejy, ) (T7x) c Reem,, ) ... Relem,, ) () dm(z) =0
H

for any nonnegative integer n. But the orthogonality follows from Proposition 4.11 and from the
multilinear identity

P p
P e =D 0P > (w+-+a,)P (4.11)

j=1 r=1 1< <dr
which holds true for any elements z1, ..., x, of a unit commutative ring (see for instance [14], Chapter

1). Indeed, one can rewrite each product Re(xy, ) ... Re(xg, ) as

k
%Z(—l)k” Z (Re(zj, + -+ 5, ->)’“

J1<-<gr

and the conclusion follows from the linearity of the Wick transform on the space G¥ and Proposition

4.11. O
Remark 4.13. By using the multilinear identity (4.11), the linearity of the Wick transform on the
space G* and (4.10), we can also prove that for every k-tuple (ji,...,7j%) of integers different from
zZero,

cRefej,, ) .. Refej,, o) 0T = Re(Tejy,-) ... Re(T e, -) -
which will be useful in the rest of the paper.

A consequence of Corollary 4.12 is that it suffices to know the values of the correlations between
two functions which belong to the same space : G¥ :. Indeed, if we consider two functions f and g
in L%(H,B,m) with Wiener chaos decompositions f = Y ,o fr and g = >_,5 ¢ as in (4.1) (with
fx == P.gr.f and gy := P.ge.g), then the n' correlation between f and g becomes

I.(f,9) = Zzn(flmgk)»

k>1
where the sum begins at 1 since fH fdm = fp and f?—t gdm = gg. In fact, it suffices by decomposition

(4.7) to compute the correlations when the functions are Wick transforms of homogeneous polynomials
of the same degree.
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Proposition 4.14. For every k-tuples (ji1,...,jk) and (¢1,..., L) of integers different from zero, we
have

/ sRefej, ). Re(ejy, ) ((T"x) - Releg,, ) ... Reeg,, )« (x) dm(x)
H
= afl ...Ufk Z %e<9j17TneZ7_(l)> .. .%e(ejk,T"eL(M)
TEG
for any nonnegative integer n.

Proof. The beginning of the proof is the same as that of the proof of Lemma 4.6. We use the isometry
between ( (GF ~>L2(m)) and (Q(’%, (- ~>@), which is given by (4.4), and Remark 4.13:

Z(G1se-osgis 1yeeoyly) = / cRefejy, ). Rele,, ) (Thx) : Releg,, ) ... Re(ey,, ) : (x) dm(z)
H
:/  Re(T ey, ) oo Re(T ey, ) : () : Reler, ). Reler,, ) : (x) dm().
H
By replacing ¢;,,...,¢;, by T""¢; ,...,T""¢;, in the proof of Lemma 4.6, we find that
I(jl, . 7jk ) £17 A ,gk) = Z <£Re<T*"ej1, '>, m?<eé7_(1) s >>L2(m) v <£R2<T*"ejk, '>a me@f,—(k) ) >>L2(m)
TES
and the fact above yields the desired conclusion.
Fact 4.15. For every integers i and j different from zero, we have
(Re(T*"e;,-), Re(ey,-))

Lamy = 03 Reler, Tej).

Proof. We already know from (3.1) that

1
(Re(T*"e;,-), Re(ej, ~>>L2(m) = §%e<RT*"ei, ¢j).
The covariance operator is self-adjoint and ¢; is an eigenvector of R corresponding to the eigenvalue
2 UJZ. Then the result follows readily. O

By using Proposition 4.14, we are now able to compute the correlations between two arbitrary
functions in L2(H,B,m). Since we have no uniform rate of decrease in L% (H, B, m) according to
Theorem 3.4, we need to make some assumptions of regularity on our functions. In the next section,
we study some of these regularity assumptions and we show that the correlations decrease to zero with
speed n~¢ when we consider square-integrable real-valued functions which satisfy these conditions.

5 Speed of mixing

We consider here a bounded linear operator 7' on H whose eigenvectors associated to unimodu-
lar eigenvalues are parametrized by a p-spanning T-eigenvector field £ which is assumed to be a-
Holderian as in Assumption 2.8. We already know from Section 3 that there is no hope to find a
uniform speed of mixing in the whole space L?(H,B,m). Then a natural problem is to find some

classes of functions of L2(H,B,m) for which the correlations decrease to zero with some speed of

mixing. We will exhibit classes of functions for which the speed of mixing is exactly n™%.

5.1 Speed of mixing for functions in a finite number of variables

Our first result, which requires no regularity on the functions, gives a speed of mixing by considering
functions of a finite number of variables.

Theorem 5.1. Let N be a positive integer and
f=0Re(e—n,), ..., Relen, ")), g =0 (Rele_n,"),...,Relen, )

be two real-valued functions which belong to L% (H, B, m), where ¢, : R*N — R. Then there exists
a positive constant Cy, which only depends on N and o1, ...,0nN, such that

Cn
1Z.(f, 9)] < Py [f1122(m) 1191122 (m)

for any positive integer n.
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Proof. In this proof, we deal with the Gaussian space generated by the random variables
Re(ey, ) where £ € {—N,..., N} \ {0}, that is

Gy :=span|[Re(e_n,-), ..., Relen, )]
We expand the functions fand g as in (4.7) by using this Gaussian space and we find that

f= > Fisrine  (Refen, )= (Refen, )™ -

(i—N,sin ) E(Z4)2N

where _

11132y = > | fisrnin PNt o2 LNl oY < o0,

(i—Nsesin ) E(Z4)2N
and A ‘
9= > Ginoenin © (oo, )N L (Refen, )N
(J=nN,--sdN)E(Zy)2N

where _ _

191132y = > 19 sreoine P TN oY NN < 400

(1N )E(Z4)2N
Then it follows from Corollary 4.12 that

“+o0o
In(fvg) :Z Z Z fi—N7~--7iN 9j_N,..iN

=1 (i_ o in)E@ZA)N (Gon o) E(ZA)?N
PNt tin={ J-nttin=¢

X In( : (Rele_n, ~>)i—N oo (PRelen, ))”" e (Rele—n, -))j—N oo (PRelen, ->)jN : )
We now expand the correlation
To(: (Rele_n, )N ... (Relen, )™ o (Ree_n, )TN ... (Relew, )N )
by using the proof of Proposition 4.14 (before Fact 4.15). The triangle inequality and the proof of
Proposition 2.9 show that the absolute value of this correlation is less than £! %ﬁy There exists a

positive constant C such that C—¢ < Ui_’li,v . a?{,v for any nonnegative integers i_y, ...,y such that

i_ny +---+iny = £ and then

+o0 . . -, i
o [C(E,Oé)(p]f |fi,N,.._7iN| Z—N!---ZN!CT_N ..oN
Za(£,9)] <D — 3 ot

=1 (i N yeerin ) E(Z4)2N _noin!

i_N+tin=L
: - J-N JN
Z |gj—N7~~v7jN| \/J—N!~--]N!U—N - ON .
VI-n! N
(e W VEE4)PN JNT IV

J-N+tin=L

X

By applying the Cauchy-Schwarz inequality, we have

Z |fi7N7.__,iN‘\/’L._N!...Z'N!O'Z_ijy...()'%v < Z 1 1/2Hf” ,
(i in)EZ+)2N Vient..in! B (i in)E@Z+)?N R o
IoNyeiN I-N,ein

i_N+tin={ i_N+Fin=~
(2N)*
= o W llzzem)-

If we do the same thing with the sum corresponding to g, it follows that

too 2 AT1¢

[2C(E, a)C*N]
I O e L

=1
Finally, we can find a constant Cy > 0 such that ’In(f, g)‘ < %||f||Lz(m) [19]]22(m) for any positive
integer n, which concludes the proof. O

We now deal with more general functions on which we will have to impose some condition of
smoothness in order to still have a speed of mixing. More precisely, in the estimation of Z,,(f, g), we
will consider a large class of infinitely differentiable functions for f which satisfy some integrability
condition and for g, we will deal with a more restrictive class of functions which contains the class of
polynomial functions. It is the object of the next section to define these classes of functions.
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5.2 Regularity and Fourier coefficients

In this section, we consider an infinitely differentiable function f : H — R and we make the
assumption that

/ || D* f(2)|| dm(z) < +oo for any nonnegative integer k, (5.1)
H

where the k-linear form D* f is the k*" derivative of the function f. Recall that the norm || - || of a
bounded k-linear form ¢ is defined by

[z [|<1,. |zl <1

We write our function as in (4.1), that is f = Y, < fr, where fi := P.gx.f is given by the expansion
» (k)

(4.7). Our first task is to get informations on the coefficients a;

i g O fi in this expansion.

Lemma 5.2. For any positive integer v and any r-tuples (j1,...,jr) and (¢1,...,4,) of integers such
that j1 < -+- < jr and b1 +--- + £, = k, we have

(k) k . ‘ .
ajl,...,jl,...,jy-,...,j,« g | D eh"'-7231’--~7e]w~a-~-7e]7v)dm($)'
—— P v

£1 times £p times 1 times ¢, times

Proof. Recall that the coefficient a<]f)_ is given in (4.8) by

J155Jk
(k) - <fa : (9{8@]‘1 ) ’>)Z1 cee (%e<ej7‘7 '>)£T : >L2(m)
TR T S var, [+ (Relej,, ) ... (Reley,, )l 1]
£q times £, times

and we already know from Proposition 4.8 that

varp, [ : (Mefej,, N ... (Relej,, ) |=a!...0! ?fl . o-]%
In this proof, we assume that all the integers j1,...,J, are positive, that is to say 0 < j; < --- <
jr- The computations are the same when one of the integer is negative. We now compute (f,:
(Re(ej,, ) ... (Relej,, )" :)r2(m) by using integrations by parts with respect to the Gaussian
measure m on H. To do this, we decompose the Hilbert space H as follows:

r—+1

H=EPH
t=1

where Hy = spanfe;; 1 < j < jil, Ha = spanfe; i < j < jalos Hy = spanle;; jroy < j < ji]
and H,,, = span’t lej; 7 > jr]. Hence, we can write our Gaussian measure m as a finite product of
Gaussian measures, that is

r+1
m = ® my
t=1
where m; is the distribution of the Gaussian vector ({e1,),...,{ej,,-)), mz is the distribution of
((€j141,)s -+ (€jas)),-er, Myg1 is the distribution of ({e;,-));>;,. Then we can write

(ot Rl ) o OReleg ) gy = [0 (Rl ) (Rl ) (2) )
[ Ol Ol D ) )
= [ [ @) GRelen ) ) Bl D ) dma ) ),
Hi Hrt1

where the last equality comes from Fact 4.9. We now fix (x9,...,2p41) in Ha X -+ X H,q1 and we
compute

Q0 = f(x) : (Re(eyy, ~>)E1 D(x1) dmy(zq) = flz1 +¢) : (Reley,, ->)Zl (x1) dmy(z1)
Hy Hi

17



9%2<6j1,»
S

where ¢ := 29 + -+ -+ T,41. But we know from (4.5) that : (Re(ej,, )" = a ' Hy, (

since my is the distribution of the Gaussian vector ({e1,-),...,(ej,")), we get

Jji—1
oty = aj?ll/ (Z toes —HZt esttj e +C>H41( “)

J1

) . Then,

X d(,yfh ®701)(t1’t1) - 'd('yO'jl ®’70'j1)(tj1atj1)'
Jji—1

We now fix (fl,-n,tj1—17t,1,--~7t;-1,17t;-1) in R%1~1 and we put w : Z tses —|—zZt es + ¢. The

only integral we really need to compute is

I::/Rf(tejl—kw)Hgl(U )d% /f t6]1+w)Hel<

J1

) —t2/20?1 dt
o, V2T
2 dS
/f 03j15€5; +W)H51( ) ° /2m
By considering the expression of the Hermite polynomial Hy, which is given in Proposition 4.5 and
integrating by parts ¢ times, we have

931

T=(-1)" / £ )t &g / D" f( +w)( ez %
= (- 0 8¢ +w e —— =0 i, 8€i +w)(ei, ..., ei e —
R J1°%01 dSel m J1 R J1°+J1 J1o »¥J1 \/ﬂ
£, times
2 /9.2 dt
—O‘ DY f(te:, +w)(es,... e; )e /270 —— .
LD e e ) -~
£, times

So we conclude that

Jji—1
20 ¢
Qjy e =05t o D™ f (Z tses —HZt es+tj €5 +C>(eh,...,ej1)

X d(Yo, ® Yo, )(t1,11) - - d(Vo,, @70, )ty L),
and then that

(Fo: Relejy, ) o (Releos ) 1) oy = 051 / / D" f(x)(ej,s-- v e5)
Hi ?{T+1
x 1 (Relej,, )21 (2a) -+ (Reley,, )« () dmy () ... dmysq (z041).
Secondly, we do the same thing for

DU @) e ven)  (Relens, ) : (22) dma(2)

and we find that this integral is equal to

262/ Dlezf( V(€1 -vr €1y €hnsenns€y) dma(xa).

£1 times l5 times

At the i*" step (1 <i < r), we easily obtain:

<f’: (Refejy, ). (Refej, ) : >L2(m) =/ / DOt Hh f(@)(€),s - sy )
Ha r+1 v > Iy > Jio ) CJi

20, 2¢,
Ujl O-J1

£, times £; times

X H (Relej,, N+ () dmy(x1) ... dmygr (Tr11),
t=i+1

: e Y
and finally, since ¢; + - - + £,, = k, we find that (i (Relesy ) l;'l'(mer‘,(;“’ D7 n2m g equal to

Jji T ar

/ / DEF(@)(€fyye s iyynns€seyej)dmy(wy) ... dmpiq(z,11)
Ha 41

£, times £, times
k
= / DY f(z)(ejyy - s€jyyevns€is-n,ej,)dm(z),
H
¢1 times £, times
which proves the lemma. O

18



Remark 5.3. In the sequel, we denote by [, D* f(x) dm(x) the k-linear form defined by

/Dkf(x)dm(x)(xl,...,a:k) ::/ D f(z)(z1,...,21) dm(z)
H H

for every vectors x1, ...,z of H.

Further on in the proof, we will need to write a function f; in : G¥ : in a way which is a bit
different from (4.7). We now expand f; as

k
fk = Z agl,)m,ik : 9{e<ei1 ) > KR me<eik7 > : (53)
(215000018 ) E(Z*)F

where this sum is taken over all the k-tuples (i1,. .., i) of integers different from zero. The difference
with the first decomposition (4.7) is that each Wick transform : Re(e;,,-)...%Re(e;,,-) : appears

(k) comes from all the coefficients a'*

11,50k lo(1)r-msbo(k)’ where o

(k)

U1y lk

several times and so that the coefficient o

is a permutation in &y such that i1y < -+ < i,x). More precisely, the computation of « is

given by the next proposition.
Proposition 5.4. For any k-tuple (i1, ...,ix) of integers different from zero, we can find some inte-
GETST, J1y .-y jr and by, ..., L. such that the set {iy, ..., ix} is equal to the set {j1, ..., J1y s Jry-- -y Jr}
N—— ——
£, times £, times
where j1 < -+ < jp and by + --- + £, = k. Furthermore,
*)  _ 0. L] o®
Hyeees k k! .j17'-'7.j17~~v.j7"7"'aj7".
—_—

£1 times £y times

(5.4)

Proof. The only thing we really need to prove is (5.4). It is based on the following combinatorial fact.

Fact 5.5. The number of k-tuples (i1, . .., i) in (Z*)* such that {iy, ... ix} = {J1, s G1seresrseresir}
—— ——
£, times ¢, times

is equal to %.
[N

Proof. We want to compute the number of k-tuples we can produce with ¢; integers ji,..., £._1
integers j._; and ¢, integers j,, where j, # j; when p # ¢g. The number of different positions of
the /1 integers j; in a k-tuple is exactly (Zk1 ) Then, for the /5 integers jo, there are k — ¢; positions
left, that is (kzl) possibilities. At the end, for the ¢, integers j,., we have only (ki[lfl;'."l’“*l) =1
possibility. Hence, the number of k-tuples we have is

<fk1) <k ;2€1> o (k " _z ; €r1> B el!(kki o) zj!lzk__he);)! o ék'(_lcg_1 e_1 __g_fl))"

k!
0.

since b1 +---+ 4, = k. O
We can now conclude the proof of Proposition 5.4 since our new coefficient ozgf)lk is the coefficient

(k) - k.
O RN Y NS divided by T O

T/—’ T/—/

1 times - times

(k)

The sequence of coeflicients (ail,---7ik)(i1 iR)E@)

. in the expansion (5.3) satisfies a property of
symmetry which is defined above.
Definition 5.6. A sequence of real numbers (a,,. . i,)(,,....ip)e(z)+ s said to be symmetric if for

every permutation o in Sy, Qi) = ., for any k-tuple (i1,...,4) of integers different
from zero.

Slo(k)

The reason we consider this new expansion (5.3) is that the symmetry of the sequence of coeflicients
defined in (5.4) enables us to define a symmetric k-linear form associated to fi by setting

By, : 0o(Z7 R) x -+ x o(Z*, R) —» R (5.5)

(@) ez (@) ez ) — D el el
(F150-0k ) E(Z*)F
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Remark 5.7. When the k-linear form By, is well defined, that is to say when the series
Z " LM k)
11,00tk 11 2]
(’il,...,ik)e(Z*)k

is convergent for every vectors (1), ..., z(*) in £5(Z*,R), then it is easy to prove by using the uniform
boundedness principle that this k-linear form is bounded.

We recall that the multilinear form By, is continuous at zero if and only if it is bounded on #, that

is if there exists a positive constant C' such that for every (Iz('ll))ilez*’ cee ( Ef))ikEZ* in l2(Z*,R), we
have o )
1
D DI e S ¢ el Pl M [P

(i1, ik )E(Z*)F
where ||z} = > pezr ,(f)|2. The important result of this section is the connection between the
k-linear form By, and our infinitely differentiable function f which satisfies (5.1). We introduce the

unitary operator 1 which is defined by
9 (2 R) — H

—+o0
T —> E xrje; = g (x; +ix_j)e;.
Jj=1

JEL*

The k-linear forms By, may exist if f is not infinitely differentiable. But in the case where our
function f is infinitely differentiable, we can give an integral representation for By, .

Theorem 5.8. For any positive integer k, we have the following expression for the k-linear form

By, :

By, (z1),...,2®) /Dk 9D, 9(z®)) dm(x)
for every (M, ... x®) (2%, R). In particular, By, is bounded and
1851l = || [ *160) dmio)|
where the norm || - || has been defined in (5.2).

Proof. Tt follows from Lemma 5.2 and (5.4) that for every r-tuples (j1,...,J.) and (¢1,...,%,) of
integers such that j; < --- < j, and ¢; +--- 4+ £, = k, we have

) ol .
a‘(jl).__jl j ] — o T 'El A Df(z)dm(z)(ejl,...,ejl,...,ejr,...,ejr)
) s 1o, ) sJr ! 10 Al Jy
£y times £p times £y times £ times
1 k
:E/Dﬂ@m@www%wwwm@J
CJH
£1 times £, times
(k)

Since the sequence (a
(z*)*,

iy ik)(il i) e @) is symmetric, we can deduce that for any (i1,...,ig) in

k 1
agu)...,ik = k;/HDkf(Z) dm('z)(eim""eik)-

Then, for every z(!) = (xgll))ileZ*, oz = (mgf))iﬁZ* in ¢5(Z*,R), we have
By (@2 = 3 ) el el
(i1, ik )E(Z*)F
1 k
-5 /Dk (&) dm() (e en) ) 2l
: (i1,.. ,zk)e (Z*)*
1 k 1 k
MADﬂQM@wwmmﬁw»)
and the theorem is proved. O

With the conditions of regularity we presented in this subsection, we can prove a result about the
speed of mixing for functions which satisfy the integral condition (5.1).
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5.3 Speed of mixing in the spaces : G~ :

Before stating the general result, some estimations are needed. The first of these, which is essentially
based on Parseval’s theorem, will give the rate of mixing term in the main theorem.

Lemma 5.9. For every positive integer n, we have

C(E)2 7T2a

0<Zu(Il- 1% 11 117) < 1E]13, (5.6)

where by definition || |2 = / B2 du(A).
T

Proof. Recall that the correlation Z,, (|| - [|%, || - ||?) is defined by

L (1 I 1P) = [ el el dma) = ([ ol s )

and that we can rewrite it in a more tractable way as

LRI = [ e el dnte) - ([ ol dmte )

(k,£)eN?

We now compute each integral

[ Vw0 e ) dmo)
H

by splitting the two factors of the integrand term into real and imaginary parts. Since for every
vector x of H, we have

(Re(z,))* = (Re(z,-))? : (5.7)
we easily find, by using the isometry (4.4) between ( : G ( ) 2(my) and (G2, (-,-)o) and (3.1),

that
/H(E}ie(ek,T"a:))Q (Releg, z))* dm(x) = ;—;(%z(RT*”ek, e))? + oo} (5.8)

Furthermore, since Jm{ey, -) = Reliey, ), we deduce from (5.8) that

/H(9%<ek, T™2))? (Jm(ey, x))? dm(z) = %(%e(RT*”ek, ieg))? + oiol

1
= 5(3m<RT*n€k,€g>)2 +O']%O'?. (5.9)
By using the same method, we get
1
/H(jm@k, T"z))? (Releg, ) dm(z) = 5(3m<RT*"ek, e))? + oo} (5.10)
and )
L(jm(ek, Tmz))? (Jm(ey, x))? dm(z) = 5(%2<RT*n€k, e))? + ool (5.11)

We can deduce from (5.8), (5.9), (5.10) and (5.11) that
/ [ex, T"2)[* [{er, 2)[* dm(x) = [(RT"ex, e0)|* + 4 oj07.
H

Finally, since [, || -[*dm =237, 07, we get

(- 1201 117) = > KRBT ™er,en) . (5.12)

(k,£)eN?

We now need the integral representation (2.3) of (RT*"eg, e;): for any positive integers k and ¢, we
have

(BT er.er) = [ (e EO)Ter BV au(d) = (ex, | XTer BOEW) du().
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and by the Plancherel theorem,

+oo 2

(Il 1P 11| /\” {ee, EQ)EA) du(A)

L=

We need to estimate the Fourier coefficient ¢,, = [ \"(es, E(A))E(X) du(X) which appears in this
equation and the way to do this is the same as in the proof of Proposition 2.9. For any 6, we put
On := 0 + = and we have

leall? = 3| [ e [er @ = Bt me) + fer BT (1) - )] 57

(H/% (eg, E(e?) E(ewn»E(eiG)% i

; do m , , ,
2(/0 |<62,E( 10) E(ezen)>‘2 av HEHQ /0 ’<63,E(610")>|2 ||E(629) _ E(ew")

where the last inequality is a consequence of the Cauchy-Schwarz inequality. Since the T-eigenvector
field F is a-Holderian with Holder constant C(E), we conclude that

1 i i 2 df C(E)? 2« C(E)? 2«
L PP < 5 [ 118 — B i i+ SR i < ST sy,

| /\

O

This lemma shows that the sequence of correlations decreases to zero with speed n=2% if we consider
the square norm function. Moreover, in the same way as in Fact 4.15, we have (RT*"ey,e;) =
2072 (eg, T™e,) for any positive integers k,f. Then we deduce from (5.12) and the conclusion of
Lemma 5.9 that the sum >, ., ot |[T"ex||* tends to zero as n goes to infinity. More precisely, we
have the following corollary.

Corollary 5.10. For any positive integer n, we have

n C(B)? m
ZU4IIT erll* < = s =Bl

The next lemma says that if we replace ak by ak in the sum which appears in Corollary 5.10, then
this sum remains uniformly bounded in n.

Lemma 5.11. For any positive integer n, the series >, <, oz ||[T"ex||* is convergent. More precisely,
foranyn >1,

+00 2
E

> ot [7me 2 < LI, (5.13)

k=1

Proof. Since Rey, = 207 ey, for any positive integer k, the intertwining equation TK = KV gives us
202 Ty = T"KK* ey — KV"K* e, — / N Ter BOVE) du(N).
T

_ {ex,E())

Then, for any positive integer k, we define the function wy := o and we get by applying the
Parseval theorem in (H, (-, -)) that
“+oo +oo T\ 2 “+o0 +o0o 2
n n ek,E A n
23 ot el =X || [ p o aun|| =30 || X [ wenten B dutve,
k=1 k=1 1T Tk k=111 p=1 /T

2

3| [ AN e, B duy)

(k,p)eN?

By Corollary 3.3, the sequence (Fk) is orthogonal in L?(T,u) and for any positive integer ,

keN
the norm of wy in this space is equal to 1. Hence, if we denote by ®,,, € L?(T, u) the function

A= A"(e,, E()\)), the Bessel theorem in L*(T, u) gives us

“+o0 2
— n 2 2
S| [rTa )| < [@npllEacry = [ 1N BN ) = [ e PO du()
k=1
Hence, we can conclude that 27, -, o7 [|[T"ex||* < ||E|[3 for any positive integer n. O
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To finish, we need an estimate of the moments of the measure m.

Proposition 5.12. For any positive integer k, we have the following estimate:

/ 2] % dim(z) < k|| B|12*.
H

Proof. The case k = 1 is important for the rest of the proof. It is a consequence of Corollary 3.3:

“+oo
/ 2|2 dm(z) = 23" 02 = || B2,
H =

We now fix a positive integer k. We expand our integral as

x%mmz e‘$2...e'x2mx
/H'”d” 3 /H|<h,>| (e, 2)? dim(z)

(J1,--5dk) ENF

and we need to estimate the integrals

/ es @) (e, 2) 2 dm(z).
H

Each integral can be written in the form

/ en )P . [{es, ) dm(x)
H

where r € {1,...,k}, (¢1,...,4,) € N" with {1 +---+ £, =k and ¢; < --- < i,. It can be proved that

/H [y, @) dm(x) = “(/H |y, 2)[? dm(w)y — 12 o2

for every vector y of H and any nonnegative integer i (see for instance [10], Chapter 1). But the
random variables (e, ) are independent by Proposition 3.1. So we deduce that

T

)P e, )P dm(x) = - e, x)|[* dm(z) = ¢! Cr g2t
A|<en, VO [(er, ) dim(a) [[/H< )2 dm(a) = [ (62" 02)

t=1
I
_ k20, 20,
= Hét! 2% ol
t=1

since £1 + - - -+ £, = k. We now use the inequality ¢! j! < (i + j)!, which is easily seen to be true for
any nonnegative integers i and j, and we get

/H e, ) .. [(er, x) 2o dm(z) < k!2F Uffl ot

Tr

Eventually, we find that

JF
/H||x|%dm(x)<k!2’f > 032-1‘..032-]62147!(2

(J15e--2J1 ) ENFE

8

k
a§> = k!||E| 3.

<.
I
—

O

By using the estimate of Proposition 5.12, we can prove that, given a function f in L*(H, B, m)
such that the multilinear forms By, are bounded (where f =", . fx is the Wiener chaos decompo-

sition of f), then the series >, ‘O‘Ef)zk |20i21 ..o}, is convergent. In particular, it is
the case when the function f is an infinitely differentiable real-valued function on A which satisfies

condition (5.1).

Corollary 5.13. Let f € L2(H,B,m) where fi, is written as in (5.3) such that the multilinear forms

By, are bounded. Then the series Z(il’.“’ik)e(z*)k ‘agf) 2 o? is convergent for any positive

. . Z 1.0 ik ’ i1 0 Odp_q
integer k. More precisely, we have the following estimate:

k 2 2(k—1
S o ek ok < IBg P IEIRE Y. (5.14)

D1tk i1 lh—1 —
(1,008 ) E(Z )
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Proof. In order to get this estimate, we consider the quantities

Sp=Y. /H( 3 agf’)wik:‘ﬁe(eil,-)...me(eik1,-):(3:)) dm(z). (5.15)

(i1, eyik—1) €E(Z%)k 1

First, we give an upper bound of S and secondly we compute explicitly this quantity. Recall that for
a positive integer j and for a function g in G7, the Wick transform of g is defined by : g := (Id P; )g,
where Id is the identity operator and P; denotes the orthogonal projection onto spanLlR (H.B,m) [gz ;

i < j —1]. Since the functions Re(e;,,-) ... Re(e;,_,,-) belong to GF~1, we have

2
Se="3 ||rd—Pis)( 3 o), Feleiy, ) Reles, )
in €L (#150mrin—1)E(Z*)F1 L?(m)
2
k
< Z Z agh)v__?ik Re(es,, ) ... Reles, ) )
€2 N (iy,ig 1) E(ZA )R L2(m)

Now, the upper bound comes from the boundedness of the k-linear form By, . Indeed, for every vectors
x,z of H, we know that

k _
Sl Belena) . Reles_y, @) Refer,, 2)| < 1By | llal £ ]2]]
(i1,-506)E(Z*)F
By taking the supremum over all the vectors z in the closed unit ball of H, we get
2
k _

(X el Rl Refem)) < 1By 2[00,
ILEL*  (i1,eenyip—1)E(Z*)k—1

Then, we deduce from the beginning of the proof that
—_ 2(k—1
Sk < 1By, II? /H 2|25~V dim(x) < (k — !By, |12 1|5V, (5.16)

where the last inequality results from Proposition 5.12. The second part of the proof consists in the
computation of S;. We expand Sy as

_ (k) (k)
Sk = Z Z Qi esin—1yie Y1sedomtyin
in €L (11, Sik—1)E@ )R
(J1serdk—1)E@Z*)FT

/ Re(e;,, ) ... Reles, 1, -) : (z) : Re(ejy, ) ... Re(ej, )« (z) dm(z) (5.17)

and the computation of the integrals (5.17) is given by the following combinatorial fact.

Fact 5.14. The integral

T(i1, . ikers 1y domt) = / Reler,, ). Relei 1) : (1) : Relegy, ) ... Reley,_,, ) : (a) dm(x)
H

is nonzero if and only if there ezists a permutation T in Gp_1 such that for every integer ¢ in

{1,.. —1} g—].,.

Proof. This result is a consequence of Proposition 4.14. Indeed, for n = 0, this proposition gives us
that

T(81y vy Bhe1 J1sev-sJha1) = a?l -~-‘732'k_1 Z Re(eiy, e ) - Re(eip_15¢5, 1))

TEGK 1
Then, the integral is nonzero if and only if there exists a permutation 7 in G;_1 such that
me<ei1 ) ejr(1)> s %e<eik—1 ) ejr(k71)> #0

since each term in the sum above is equal to 0 or 1 by the orthogonality of the sequence (eg)gen. This
means that for every integer £ in the set {1, .. — 1}, i = Jr(o)- O
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We now proceed with the proof of Corollary 5.13: Fact 5.14 above allows us to rewrite Sy as

Sk = Z Z Z ’az('f,)wik—hikf

U €L (i1,esi—1)E(Z*)R = (G, gp_1)E(Z*)F 1
{i1,ie—1}={j1,--sJr—1}

X /H tRefesy, ). Rees, ) 0 (z) : Reeyy, ) .. Relej, o) (x) dm(z)

(k)

since the sequence (aih e is symmetric. A (k — 1)-tuple of integers different from

»ik)(il,.A.,ik)E(Z*
zero (i1,...,1x—1) can be written as {i1,...,ik—1} ={l1,...,l1,.. ., Lr,..., £} where 1 <r <k —1,
—_——— ———

p1 times pr times
p1+ - +p, =k —1and with £, # ¢, when p # q. Then for any (j1,...,jk—1) in (Z*)*~! such that
{i1,..-yik—1} = {Jj1,---,Jk—1}, we know from Proposition 4.8 that

I(il,...,ikfl;jl,...,jkfl) :I(gl,...,61,...,67‘,...,&,‘; 61,...,61,...,&,...,&)
—— —_— — N——
p1 times pr times p1 times pr times

= vary, [ : (Refer,, )P .. (Reler,, )" : |
=pi!...p! 02p1. U?pT.

But we know from Fact 5.5 that the number of (k —1)-tuples (j1, ..., jx—1) such that {iy,... ik_1} =

{J1s--+,Jr—1} is equal to p(lk,_;)', Then we deduce that
2
Sp = (k—1)! S o ek et (5.18)
(i1, €2
and the result follows readily from (5.16) and (5.18). O

At this stage, we are able to prove the main result which gives the rate of mixing in each space
-Gk .

Theorem 5.15. Let fi., gr be two functions in the space : G* : such that the k-linear forms By, and
Bg, are bounded. Then, for any positive integer n, we have

C(E)n™
noé

|Zn(fier 90)| < ! B2 1B 1By, -

Proof. As usual, we write the functions f and gx as in (5.3) (with coefficients /Bj(f’)”
we have

k) k
Tn(fr, gr) = Z 51, ik ’BJ(1)

(1,0 0ri8 ) E(Z*)F
(41 -dk)E(Z)F

X / tRefesy, ). Refes,, ) 1 (T7x) : Refey,, ) ... Reley,, )« () dm(z).
H

i for gi) and

The integrals above have been computed in Proposition 4.14:

k)
Ln(fr> 9%) Z Z O‘El, ik Bﬂ(l 321 x 'Ujg’k- Re(eq, T, ) - Rele, TG ,,))-
TESK (iy,...,ix)E(Z")F
(J1 i) E(ZF)F

Since the sequence is symmetric, we obtain

(k)
(/Bj17"~yjk) (J1yeeesjr ) E(Z*)E

k k n n
Lo(frog) =k Yl B 6% o2 Reles,, T ,) . FReler,, T";,)
(i14eesin ) E(Z7)F
(1 +sdn) E(Z7)*

k k n n
= k! Z 5J(17) -J ]21 . szk Z 51) %e@imT ej1> s me<eik7T ejk>'

(J1,--5dk ) €(Z*)* (i1,..s0k ) E(Z*)P
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We now use the triangle inequality and the boundedness of the k-linear form By, :

|In(fka gk)| S k! Z |ﬂ](i€;)7,]k ’ (')']241 e O'?k Z agf,)””ik%e(eil s Tn2j1> e %e(eik,T"ejk)

(J1s-sdK) E(Z*)F (1,5 ) E(Z*)F
k n n
< K!||By, | > 188 o2 o 1T el [T, |
(J1y-sd) E(Z*)F
k n n n
= k! ||Bfk:|| Z (|ﬂj('1,)“.,jk’0.jl "'Ujk—l)(ajl ||T ej1|| c e Oja ||T ejk—l” UJQ’k HT ejk”)'

(1) E(Z*)F

Then, the Cauchy-Schwarz inequality gives us that |In( frs gk)| is less than

(k—1)/2
K2 1/2 n n
gl (X 1l ) (S airar) (S atire?)

(1, de)E(Z*)k jerr Jjerx

1/2

We conclude the proof by using Corollary 5.10, and the estimates (5.13) and (5.14):

C(E)re _
2t 90| < b STl 18,1118,

O

With this result on the rate of mixing in each space : G* :, we can prove a general result on the rate
of mixing for regular functions in L?(#, B, m) by considering the Wiener chaos decomposition (4.1)
of our functions.

5.4 The rate of mixing theorem

It is now time to define the spaces of functions which will be used in our main theorem. We denote by
X the space of real-valued functions f in L*(#, B, m) such that the series >, - ||By,||? is convergent,
where By, is the k-linear form (5.5) associated to the component fj of f in the Wiener chaos decom-
position (4.1) of f: f =3, <, fr- We also introduce the subspace ) of X" of real-valued functions
g such that all the multilinear forms B, are bounded and such that the quantity sup,~q k! ||Bg,]| is
finite. We then endow these two spaces with the norms -

+o00 1/2
11bw = (110 + SONBRIE)  and gl = gz + 51 (815 )
k=0 =

Proposition 5.16. (i) The map || - ||x defines a norm on the space X and (X,|| - ||x) is a Banach
space of functions which is contained in L (H,B,m).
(ii) If f is a real-valued infinitely differentiable function in L?(H,B,m) such that the series

2
Zkzo Iy Dk{,if))fm(x)” is convergent, then f belongs to X and the norm of f can also be written as
|| f DR f () dm(a)]| "\
£l = <||f||%z<m> oy L G | ) :
k=0 '
(¢i1) The map || - ||y defines a norm on the space Y and (Y, || -||y) is a Banach space. Furthermore,

every real-valued infinitely differentiable function g in L?(H,B,m) such that
sup/ I|DF g()|| dm(z) < +o0 (5.19)
k>0 JH

belongs to the space ).

Proof. (i) It is straightforward to check that || - ||x defines a norm on the space X. We now prove
that (X,||-||x) is a Banach space. Let (f,)nen be a Cauchy sequence in the space (X, || - ||x) where
the Wiener chaos decomposition of each function f,, is written as f, = >_ k>0 fn,k- We know that for

all € > 0, there is an integer n. > 1 such that for any n,m > n., |fn — fm‘ ‘X < € and then that

an — meLz(m) <e and Z HBfn,k — Bfm,kHQ <€ for any n,m > n.. (5.20)
k>0
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This shows that there is a function f in L2(H,B,m), with Wiener chaos decomposition f= Y k>0 frs
such that (f,)nen is convergent to f in (L2(H, B, m), || - ||22(m)). Furthermore, the second inequality
of (5.20) gives us HBfn,k, =By, . H < e for any n, m > n. and for all £ > 0. Since the space of bounded
k-linear forms is a Banach space for the norm || ||, it follows that there exists a bounded k-linear form
By, such that lim,, HBfn.,k — Bk” = 0. If we expand By as in (5.5), we easily see that By = Bfk
for any nonnegative integer k. We now see that for any n > n., we have

2
|

+oo
~ 2 ~ 2
F = fally = |1F = Fallzogmy + 22 11Br = By,
k=0

m——+oo m——+oo

+oo
< lim Hfm_f”Hi?(m)—"_ lim Z||Bfmvk_8fn,kH2§262'
k=0

This proves that the function f belongs to X and that the sequence (f,,)nen is convergent to f in the
space (X, || - ||x), that is (X, || - ||») is a Banach space.

(#4) is an immediate consequence of Theorem 5.8.

(#4i) In the same way as in the proof of (i), we prove that any Cauchy sequence in (),|| - ||y)
is convergent in this space, that is (),|| - ||y) is a Banach space. Furthermore, the fact that Y
contains any real-valued infinitely differentiable function in L?(H, B, m) satisfying condition (5.19) is
a consequence of Theorem 5.8. O

Before stating our result about the rate of mixing, we point out some classes of functions which
belong to the spaces X or ). Recall that an entire function ¢ : C — C is said to be of exponential
type if there exist constants M and 7 such that for every r > 0 and 6 in R, |¢(re?®)| < Me™. Letting
& stand for the infimum of all such 7, we say that the function ¢ is of exponential type r (see [6] for
more details on these functions).

Proposition 5.17. (i) A polynomial in the elements Re(ey, ) belongs to Y.
(i) A square-integrable function f of the form

f=0(Rele_n,),..., Relen, ")),

where ¢ : R?N — R is a real-valued measurable function, belongs to X .
(iii) Let ¢ : C — C be an entire function of exponential type r such that k < (2||E||3)~t. Then the
function f =Re(po||-|[?) belongs to X.

Proof. Assertion (i) follows immediately from Proposition 5.16. In order to prove (ii), we show that
||f||x can be controlled by ||f[|z2(m) in this case. The function f can be written as f = >, - fx

where "
fre = Z o’ ot Relesy, o) Relegy, )
(J15-501) E{=N,..,N}\{0})*

and with

“+ o0
11720y = Z || el Z2(my < +o0.
k=0
We now compute the norm || f||12(m). For every positive integer k& we have

_ (k) (k)
Fell72(m) = > Qi ey Yo
(i1, k) E{=N,-.., N {0})F
(J15--3k)E{—N,..,N}\{0})*

X /H tRefes,, ) .. Reeg,, ) 1 () : Relejy, ). .. Rele,, ) : (x) dm(z).
By using the same method of computation as in Corollary 5.13, we obtain

k 2
1 fll2 2y = K! > ot [o? . a2
(i150e0sik ) E({=N,...,N}\{0})F

and then

—+oo
k 2
11122y = 3 ! 3 [ e (5.21)
k=0 (i1,e.e,in)E({—=N,.... NY\{0})*
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Furthermore, the k-linear form By, is defined by

Bue®a®)= Y el L

(2T Piag 51

(i1in) E{=N,.., N} {O})F

for every vectors (), ..., 2 in £(Z* ,R) and the Cauchy-Schwarz inequality gives us

1/2
1By, || < ( 3 \aEi“?...,if) :
(315000008 ) E€(

{=N,....N}\{oh*

We can conclude that

“+o0 “+o0
k 2
POLAEDD by ol
k=0 k=0 (i1,...,in ) €({=N,...N}\{0})*
Let 6 = min(o_y,...,on). Then 6% < oy, ... 0y, for every k-tuple (i1,...,ix) € ({—=N,..., N}\{0})*
and the sequence (k!52%);>q tends to infinity. Then there exists a constant Cy > 0 such that

kl52k > Oy for every positive integer k. It follows that

—+oo

D IBs P < OX I NZ2 -
k=0

This proves that ||f||% < (1+ C’g,l)HfH%Q(m) and that f belongs to the space X.

We now deal with assertion (iii). There exist constants x < 7 < (2||E||3)~! and M such that
|p(re??)| < Me™ for any 7 and . In order to prove that f belongs to L?(H,B,m), it suffices to show

that the function e7!l'll* belongs to L2(H, B, m) (recall that ||E||2 = 2% >, 08). Since (|[{ex, )| ken
is a sequence of independant complex random variables, we have a

1o 2 +oo 2
/ e2TIIxH2dm(x) _ H (/ 27 (FRe(er ) dm(m)) _ H (/ e—(ﬁ—zf)tz dt )
H H R OkV 2

k=1 k=1
= _ 2
pie 1 —dro}

and this infinite product is convergent since the series ), o? is convergent, which proves that

f belongs to L?(H,B,m). We are now going to prove that the infinitely differentiable function
g = ¢o||-]|* is such that the series >, -, (k!)7!|| [,, D¥g(z) dm(z)|| is convergent (it will follow that
f belongs to the space X). To do this, we expand our entire function ¢ as

o)=Y %zk. (5.22)

k>0

We will need a characterization of functions of exponential type in terms of the coefficients ay. It is
a well known result that an entire function written as in (5.22) is of exponential type & if and only if
Tim,, oo |an|'/™ = K (see for instance [6]). In particular, there exists a positive constant C' such that
for any nonnegative integer n, we have

la,| < CT". (5.23)

In order to compute the derivatives of g, we introduce the symmetric bilinear function A : HxH — R
which is defined by A(u,v) = >, (Re(e, u)Re(ey, v) + Im(ey, u)Im(ey, v)). Then it is rather easy
to see that the derivatives of g can be written as follows:

n +oo

n n-+j Ak+n+j
D2 g(x)(h177h'2’n) = 22 +]82j(x7h17"-7h’2n)z%||x”2k
7=0 k=0

where for any j € {0,...,n}, Soj(z, h1,...,hay) is the sum of all the terms of the form

Ay hiy) - A, hiy, ) Alhiy, 1o hig, a) - Alhiy, 1 hiy)
with {i1,...,42,} ={1,...,2n} and
n o0
D> g(@)(ha,. . hangr) = 32" Sy 1 (@ by hansn) Y %Hx”zk,
§=0 k=0
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where for any j € {0,...,n}, Sgjt1(x, hi,..., hant1) is the sum of all the terms of the form

Az, hi,) ... Az, h

l2j+1)

A(h;

125429

h;

injis) -

A(h;

2n)

hi2n+1)
with {i1,...,%2n41} = {1,...,2n+1}. In order to estimate |[D"g(x)(hq, ..., hy)|, we need to compute
the number of terms which appear in the sums Sy;(x, h1, ..., hayn) and Sy y1(z, ha, ..., hony1). Since

(2p)!

the number of partitions by pairs of a set of 2p elements is equal to Sopl s We easily see that there

2(n—j)! 204l 2(n—j))!
27— (n—j)! 2j4+1/ 2n=3(n—j)!
Sojy1(x, ha, ... hopt1). Then, since |A(u,v)| < 2||ul|||v]|, we get for any hi, ..., ha, in the closed

unit ball B of H, |Szj(x, h1, ..., hopn)| < (2")M2”H ||z]|* and then by using (5.23):

27 =7 (n—j)!

is exactly ( ) terms in the sum Sa;(z, b1, ..., he,) and ( terms in the sum

D2n h h 2n+j 2(77,—_]))' 2n+j 27 & CT 2k
|D*"g(x)(ha, .. ., han) Z 7) || 27;{ |||

n |
2n=i(n — j)! P

1%

— (47)"H |2][¥ 2
SC(Qn)!Z(:J( )]) e llzll”,

By using the same method, we find that for any hq,..., hops1 in B,
(4)" I [l 2
(n—g)t (25 +1)!

rllell?

|D>" M g(2)(ha, ... honsr)| < CER+ 1))
j=0

Then, we have

Z\|fHD2" ? <c/ el $ S ( )"H'x”;j dm(z)

_ T||1H2 4T|\$U||)2j = (@)
=0« 2 ) (Z(n—j)l)d ()

n=yj

+oo i
Atz
= CB4T/ emllall? (%dm(az),
H jz::O (27)!
and in the same way,

2n+1 m(z 7z 2j+1
IR cor e

7=0

We finally conclude that

Z % || f,, D ( dm( )| §064T/ ellelF+arlal gy ().
H

According to the beginning of the proof, the integral fH e2rllell® dm(x) is convergent and the function
f belongs to the space X. O

Remark 5.18. It is not difficult to see that the space X’ is smaller than the whole space L3 (H, B, m).
Indeed, we can take a function f in G which is written as in Remark 4.4: f = >, /. ap Re(ex, -)
where (ax)rez- is a sequence of real numbers such that Y, ;. ai o7 < +oc. It is clear that f = f,
(in the Wiener chaos decomposition of f) and that ||By,|| = ||(ak)kez+||2 which is not finite if the
sequence (ay)rez+ does not belong to ¢5(Z*,R).

We finally state and prove our result on the decrease of correlations when we consider a function
f in the space X and a function g in the space ).

Theorem 5.19. Let T € B(H) be a bounded linear operator on H whose eigenvectors associated
to unimodular eigenvalues are parametrized by a T-eigenvector field E which is p-spanning and o-
Holderian as in Assumption 2.8. Then, there exists a positive constant C'(E) such that for any f € X

and g € Y, we have
C'( )

|Za(f,9)] < £l llglly

for any positive integer n.
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Proof. We consider the Wiener chaos decomposition of the functions f € X and g € ), that is
f=2>ksofr and g =3, gk, where fi, gr belong to the space : GF :. Since the spaces : G : are
orthogonal, we know that for any positive integer n, we have

+o00
In(fv g) = Zln(fkygk)-
k=1

The functions f; and g belong to the same space : G* :, so we can apply Theorem 5.15. Hence, by
using the triangle inequality, we get

+oo +o00
C(E)n~ _
Zu(. ) < D Zai 0] < SELT S b ) 18 18

=1 k=1
C(BE) 7 [ X _ 1/2

< ST (ST IBI) sl

k=1
4k—2

where the series ), < ||E||5 can always be assumed to be convergent by taking, if necessary, a
smaller Holder constant C(E). Then the result follows with the constant

c'(B) = oy (3 Ep?)

k>1
O

By using the examples of functions we find in the spaces X and ) in Proposition 5.17, we can for
instance deduce from Theorem 5.19 the following corollary.

Corollary 5.20. LetT € H whose eigenvectors associated to unimodular eigenvalues are parametrized
by a T-eigenvector field E which is p-spanning and a-Hélderian as in Assumption 2.8. For any en-
tire function ¢ : C — C of exponential type k < (2||E||3)~! and any polynomial p in the variables
Re(e;, ), we have

CE (oo 7)1 ol

IZa (611 - 17).p)| <

for any positive integer n, where the positive constant C'(E) appears in Theorem 5.19.

Remark 5.21. In a more general situation, the T-eigenvectors of T' € B(H) are parametrized by a
countable family (E;);c; of T-eigenvector fields (see Remark 3.5 for the definitions of the operators
Kg, and K). Under the stronger assumption that the series Y, ; oZ||Eil|2 is convergent and that
the T-eigenvector fields are Holderian with the same Holder exponent o € (0,1] (and with the same
Hélder constant C(FE;) := ('), one can easily proves that Proposition 2.9 remains true, that is the
sequence ((RT*™z, y))nen is convergent to zero with speed n~* (with the constant C7* >",; af||E;||2
instead of the constant C'(E,«)). Then, it is not difficult to prove that Lemma 5.9 and Lemma 5.11
can be proved in this context and then that we have the same kind of result that Theorem 5.19.

5.5 Analytic T-eigenvector fields

In many cases (see for instance Example 2.11 or various examples given in the book [5] on composition
operators), a stronger regularity assumption on our T-eigenvector field holds true: the T-eigenvector
field F is a vector-valued analytic function in a neighbourhood of T. In this case, the convergence
to zero of the correlations Z,,(f, g) is exponential when the functions f and g belong to the spaces X
and ) respectively. More precisely:

Theorem 5.22. Let T € B(H) be a bounded linear operator on H whose eigenvectors associated to
unimodular eigenvalues are parametrized by a T-eigenvector field E which is p-spanning and analytic.
Then there exists 0 <t < 1 and a positive constant D(E) such that for any f € X and g € Y,

Zn(f,9)l < D(E) " || f]] 2 llglly

for any positive integer n.
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Indeed, the two only results where we use the fact the the T-eigenvector field E is regular
(Holderian or analytic) is Proposition 2.9 and Lemma 5.9. Assume that F : T — H is a vector-
valued analytic function (in a neighbourhood of T). Then there exists a sequence of complex numbers
(cn)nez, such that E(X) = > - cpA"e, and there exist two constants ¢ € (0,1) and M > 0 such
that |c,| < Mt™ for every nonnegative integer n. For instance, if one rewrite the proof of Proposition
2.9, then he gets

(RT*"z,y)| = \ / A”<x,E<A>><y,E<A>>du<A>\
+oo

Z Cq+nCq(T, €q4n)(Y: €q)

q=0
< M|z [yl

by using the Cauchy-Schwarz inequality and since 0 < ¢t < 1. Then we obtain the same kind of
result as in Proposition 2.9 and the correlations decrease to zero with exponential speed. If we do
the same thing with Lemma 5.9, we find that the correlations Z, (|| - ||, ]| - [|*) decrease to zero with
exponential speed t". With these two results, we can prove Theorem 5.22 in the context of analytics
T-eigenvector fields.
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