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THE MODEL

The domain D ⊆ R3 is bounded, dimD = 2.

Figure 1: Example : D = the unit disk

The field u(t, x) has to respect the pointwise norm
constraint

|u(t, x)| = 1 , for all (t, x) ∈ R+ ×D .

It tends to align to ∆u to minimize the Dirichlet energy

E :=

∫
D

|∇u|2dx .

The flow of harmonic maps writes :
∂u

∂t
= ∆u+ u|∇u|2 , (t, x) ∈ R+ ×D ,

u(t = 0, ·) = u0 ,∈ H1 x ∈ D ,

u(t, ·)|∂D = u0|∂D , t ∈ R+ .

(1)

If u is a steady-state of (1) then u is a harmonic map between the
two manifolds D and S2. It says that u0 has an harmonic map in its
homotopy class.

THE NOISE
The stochastic flow of harmonic maps writes :

du =
(
∆u+ u|∇u|2

)
dt+ σ(u) ◦ dW , (2)

with boundary conditions as in (1).

Conditions on the noise.

1. The term σ(u)Ẇ (t, x) has to be orthogonal to the vector
u(t, x).

2. The product σ(u) ◦ dW is understood in the
Stratonovitch sense.

Equivalent Itô formulation :

du =
(
∆u+ u|∇u|2 − g(x)u

)
dt+ σ(u)dW .

The following two choices

σ(u(t, x))Ẇ (t, x) =

{
u(t, x)× Ẇ (t, x) ,

Pu(t,x)⊥Ẇ (t, x) , (orth. proj.)

with Ẇ (t, ·) ∈ L2(D;R3) lead to the same laws.

A NEW NUMERICAL SCHEME

Notation : Time step : ∆t := T
N , N ∈ N∗. Consider a subspace of

finite elements Vh ⊆ H1.

Algorithm [4] : Fix u0 := u0 ∈ Vh and for any n ∈ {0, . . . , N − 1},
and denote

W(un) := {ψ ∈ Vh, ∀x ∈ D, ψ(x) ⊥ un(x)} .

Let θ ∈ ( 1
2 , 1], and vn ∈ W(un) be the unique solution to the following

variational problem: ∀ϕ ∈W(un) ,

〈vn, ϕ〉L2+2θ∆t 〈∇vn,∇ϕ〉L2 = −2∆t 〈∇un,∇ϕ〉L2+〈σ(un)∆Wn, ϕ〉L2 .

Renormalization step : we set almost surely, for all x ∈ D,

un+1(x) =
un(x) + vn(x)

|un(x) + vn(x)|
. (3)

Theorem 1. The algorithm converges up to a subsequence to a solution
of (2) as ∆t, h→ 0.

Figure 2: Example of simulation of (2)

GLOBAL SOLUTIONS

Theorem 2. For u0 ∈ H1, there exist a global solution to (2) in the
weak sense and a sequence of stopping times T 1 < T 2 < · · · < Tn

such that P
(
Tn n→∞−−−−→∞

)
= 1 , and one has almost surely

u ∈
⋃
n∈N
C
(
[Tn, Tn+1);H1

)
∩ L2

(
[Tn, Tn+1);H2

)
,

and this u is unique in this class of solutions. Moreover, the times
T k at which u may blow-up are caracterized by bubbles:

inf
R>0

sup
x∈D

t∈[Tk−1,Tk)

∫
B(x,R)

|∇u(t, y)|2dy > ε1 .

Figure 3: A bubble at the centre

The solution u(t, x) is extended after T k with a loss of en-
ergy expressed as a fixed quantum ε1 > 0.

BLOW-UP PHENOMENA
Deterministic case. In this box we consider equiv-
ariant fields

u(t, x) = (
x1
|x|

sinh(t, |x|), x2
|x|

sinh(t, |x|), cosh(t, |x|)) .

Figure 4: Equivariant field

Figure 5: Blow-up of h in the deterministic case

Theorem 3. Every deterministic equivariant solution u such that
‖h0‖L∞ ≤ π is a global regular solution. Conversely, there exist h0 with
‖h0‖L∞ > π that blow up in finite time t∗ in the following sense :

‖∂rh‖L∞ →∞ as t→ t∗ .

Case with noise. Noise can be added to the equivariant
case considering a real noise Ẇ (t) ∈ L2(D;R) and

σ(x, u) = u⊥Ẇ , where

u⊥ := (
x1
|x|

cosh(t, |x|), x2
|x|

cosh(t, |x|),− sinh(t, |x|)) ,

leading to
dh = (∂rrh+ 1

r∂rh−
sin 2h/2

r2
)dt+ dW ,

(r, t) ∈ (0, 1)× R+ ,

h(r ∈ {0, 1}, t) = 0 , t ∈ R+ ,

h(·, t = 0) = h0 .

(4)

Figure 6: Example of blow-up that can not occur without noise

FUTURE DEVELOPMENTS
•Blow-up for any initial data
Numerical studies show that initial data that are close to
equivariant explosive initial data may also blow up, even if
the noise term is multidimensional. Thus, if the noise ap-
proaches a control that brings a solution close to an initial
explosive data, any solution of (2) may blow up in finite time
with a positive probability.

•Blow-up for stochastic LLG
Such blow-up phenomena are related to the blow-up of the
stochastic Landau-Lifshitz-Gilbert equation. In this case we
have to understand how the so called gyromagnetic term that
must be added in (2) interacts with bubbles.
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