OPTION PRICING MODELS: THEORY AND PRACTICE

Option Pricing Models:

From Theory to Practice

A comprehensive survey of mathematical frameworks for derivative pricing

1. Introduction

Options are among the most versatile and widely used instruments in modern financial
markets. At their core, they grant the holder the right, but not the obligation, to buy or sell an
underlying asset at a predetermined price on or before a specified date. This asymmetric pay-
off structure makes them invaluable tools for hedging risk, expressing directional views, and
engineering bespoke exposure profiles that would be impossible to replicate with
straightforward equity or bond positions.

The importance of options extends well beyond speculation. Fund managers use put options
to insure equity portfolios against sharp drawdowns, corporations employ currency options to
lock in exchange rates before overseas transactions settle, energy companies hedge commodity
price swings with options written on oil or natural gas futures. In each case, the instrument's
value lies precisely in the flexibility it confers and that flexibility must be priced correctly if
markets are to function efficiently.

The history of formal options trading stretches back further than many practitioners realise.
Rudimentary option-like contracts appeared in seventeenth-century Amsterdam, where
merchants used them to manage price risk in the tulip trade. More recognisable forms of over-
the-counter (OTC) options were transacted in London and New York throughout the
nineteenth and early twentieth centuries, but in an informal and largely unregulated manner.
The watershed moment arrived in April 1973, when the Chicago Board Options Exchange
(CBOE) opened its doors as the world's first regulated exchange dedicated to standardised
listed options. Standardisation, in contract size, strike intervals, and expiry dates, dramatically
reduced transaction costs and counterparty risk, catalysing explosive growth in both volume
and product diversity.

Yet the existence of liquid, regulated markets raises an immediate and non-trivial question:
what is the fair value of an option? A buyer and seller who cannot agree on that question cannot
trade. The answer, it turns out, requires a rigorous mathematical framework and it was the
development of such a framework, above all else, that transformed options from exotic
instruments into cornerstones of global capital markets. The sections that follow trace that
intellectual journey, from the foundational definitions of option pay-offs through the
landmark Black—Scholes—Merton model to the sophisticated extensions that practitioners rely
upon today.
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2. Option Fundamentals

Calls, Puts, and Exercise Styles

A call option confers the right to purchase the underlying asset at the strike price K; a put
option confers the right to sell it at K. At expiry T, the pay-off to the holder of a call is
max(Sy — K, 0), whilst the put pays max(K — S;,0). Here, S; denotes the price of the
underlying asset at time T. Formally:

Cr=max(5r—K, 0)
Pay-off of a European call at expiry
Pr=max(K—-5Sr, 0)

Pay-off of a European put at expiry

These simple expressions capture the asymmetry that makes options so powerful: the holder's
downside is limited to the premium paid, whilst the potential upside is theoretically
unbounded for calls. Exercise style is equally fundamental. A European option may only be
exercised at expiry, making it analytically tractable. An American option may be exercised at
any point up to and including expiry, embedding an early-exercise feature that complicates
valuation considerably. Bermuda options permit exercise on a discrete set of pre-specified
dates and are commonly encountered in interest-rate derivatives and structured products.

Key Parameters

Six parameters jointly determine an option's price: the current underlying price S; the strike
price K; the time to expiry T; the risk-free rate r; any dividends or carry costs; and, crucially,
the volatility o of the underlying's returns. Of these, volatility is the only unobservable, it must
be estimated from historical data or implied from traded option prices.

Intrinsic Value and Time Value

An option's premium decomposes into intrinsic value, the amount by which it is currently in
the money, and time value, the residual reflecting the possibility of further favourable moves
before expiry. Put—call parity provides a fundamental no-arbitrage constraint linking call and
put prices for European options on the same underlying:

C—P=S—Ke T

Put—call parity for European options
As expiry approaches, time value decays towards zero, a phenomenon that lies at the heart of
practical options trading and is quantified by the Greek Theta.
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The Greeks

Practitioners quantify an option's sensitivity to each input through partial derivatives known
collectively as the Greeks. The four most important are:

A=%= (dy)

Delta: sensitivity to the underlying price

r=9°C _N'(d)
35 soVT

Gamma: convexity; rate of change of delta

_SOoN'(dy)
2VT

Theta: time decay of the option value

0= — rke~""N(d,)
v=2% =5/TN'(dy)
30 1

Vega: sensitivity to implied volatility

Delta is fundamental to delta-neutral hedging. Gamma captures the convexity of the pay-off
and is the primary concern in large market moves. Theta quantifies the daily cost of carrying
a long option position. Vega measures exposure to changes in implied volatility. The Greeks
will resurface in the discussion of risk management in Section 5.

3. The Black—Scholes—Merton Model

Historical Context

The year 1973 was doubly significant for derivatives markets. The CBOE listed its first equity
options in April; two months later, Fischer Black and Myron Scholes published their landmark
paper 'The Pricing of Options and Corporate Liabilities' in the Journal of Political Economy.
Robert Merton simultaneously and independently derived the same result through a more
rigorous mathematical argument. The model, now universally known as Black—Scholes—
Merton (BSM), provided, for the first time, a closed-form analytical expression for the price of
a European option. In 1997, Scholes and Merton were awarded the Nobel Memorial Prize in
Economic Sciences.
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Model Assumptions

The model assumes that the underlying asset price S follows a geometric Brownian motion
(GBM):

dS = uS dt+ oS dW;

GBM: the stochastic differential equation governing the asset price

where pis the constant drift, o is the constant volatility, and W is a standard Brownian motion.
Markets are assumed to be frictionless and continuous, permitting costless and infinitely
frequent rebalancing of the hedging portfolio. The risk-free rate r is constant, the underlying
pays no dividends, and short selling is permitted without restriction. Under these
assumptions, the cost of dynamically replicating the option's pay-off is uniquely determined,
and the no-arbitrage argument implies that the option's fair value equals this replication cost.

The Formula and Its Economic Intuition

For a European call option, the BSM formula gives:

C=S-N(d;) —Ke™T-N(d>)

BSM call price

where N(-) is the cumulative standard normal distribution function and the arguments d1, d2
are:

_In(S/K) + (r+0?/2)T
oVT '

Definitions of d; and d,

dl d2=d1—0\/?

The intuition is transparent: N(d2) is the risk-neutral probability that the option expires in the
money; N(d1) is the delta of the call. The first term, S-N(d1), represents the expected present
value of receiving the asset upon exercise; the second term, Ke™"T - N(d,), represents the
expected present value of paying the strike. A European put price follows immediately via put—
call parity.

Limitations

If the BSM model were correct, the implied volatility backed out from market prices at
different strikes and maturities would be constant. In practice it is not: the implied volatility
surface exhibits a pronounced 'smile' or 'skew', with out-of-the-money put options typically
trading at higher implied volatility than at-the-money calls. This pattern became particularly
acute after the 1987 crash. The BSM assumption of normally distributed log-returns is also
problematic: empirical return distributions exhibit excess kurtosis, meaning large moves
occur far more frequently than the normal distribution predicts. Finally, the requirement for
continuous, frictionless rebalancing is unrealistic, transaction costs, bid-offer spreads, and
discrete trading all preclude perfect dynamic replication.
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4. Extensions and Alternative Models

The Binomial Model (Cox—Ross—Rubinstein)

The binomial model, introduced by Cox, Ross, and Rubinstein in 1979, offers a discrete-time
alternative to BSM. At each time step the asset price moves either up by a factor u or down by
a factor d, with risk-neutral probabilities chosen to preclude arbitrage. Compounding this
process over n steps produces a recombining binomial tree, from which option prices are
computed by backward induction, rolling back from terminal pay-offs to the present value at
the root. The model's principal advantage is its tractability for American options: at each node
it is straightforward to compare the intrinsic value of early exercise against the continuation
value. As n — o, the binomial price converges to the BSM price for European options,
confirming asymptotic equivalence.

Stochastic Volatility: The Heston Model

The most influential departure from constant volatility is the Heston model (1993). Rather
than treating o as fixed, Heston models instantaneous variance v(t) = 02(t) as a separate
stochastic process:

dv=k(6 —v)dt+&EVvdW)/, p=Corr(dW;, dWy)

Heston variance dynamics with mean-reversion and correlated Brownian motions

where « is the mean-reversion speed, 6 the long-run variance, € the volatility of volatility, and
p the correlation between the two Brownian motions. Negative p, typical for equities, reflecting
the leverage effect, generates higher implied volatility for low strikes, precisely the left skew
observed in practice. A crucial practical advantage is that Heston admits a semi-closed-form
solution via Fourier inversion of the characteristic function, making calibration to market
prices computationally feasible.

Jump-Diffusion: The Merton Model

An alternative explanation for fat tails appeals to sudden, discontinuous jumps. Merton's 1976
jump-diffusion model augments GBM with a compound Poisson process:

dS = (u—Ak)Sdt +oSdW, + (/] — 1) S dN;

Merton jump-diffusion: GBM augmented by a Poisson jump term

At random times governed by arrival rate A, the asset price jumps by a random multiplicative
factor J drawn from a log-normal distribution. Merton showed that European option prices
under this process admit a closed-form series solution:
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kg —AT n
n=0 )

Merton jump-diffusion option price as an infinite weighted sum of BSM prices

where each term corresponds to a different number of jumps, and r, and o, are adjusted
parameters. In practice the series converges rapidly. The model is widely used in credit risk,
where defaults are naturally modelled as jumps, and for short-dated equity options, where
near-term shock risk is most relevant.

Local Volatility Models

Dupire (1994) and, independently, Derman and Kani, proposed fitting a deterministic local
volatility surface o(S,t) to the entire observed implied volatility surface. Dupire's formula
relates the local volatility to market-observed call prices C(K,T):

oC/aT + rK aC/oK
or (K, T) ==
>K?3%C/aK*

Dupire's formula: local volatility implied by the market price surface

The local volatility model is internally consistent by construction, reproducing all observed
European option prices exactly. However, its dynamic properties are unrealistic: the forward
smile, the implied volatility surface as seen at a future date, tends to flatten in ways that
conflict with market behaviour. For this reason, local volatility is rarely used in isolation for
exotic products, though it forms one component of the Stochastic Local Volatility (SLV)
framework that has become the industry standard for FX and equity exotic desks.

5. From Theory to Practice

How Traders Use Models

A common misconception is that traders input parameters into a model and mechanically
accept the output. In practice the relationship is far more sceptical. Models serve primarily as
a common language and a consistency framework, allowing traders to quote prices in terms of
implied volatility rather than dollar premia, and to decompose risk into interpretable
sensitivities. This perspective is neatly encapsulated in Emanuel Derman's observation that
physicists seek laws of nature whilst financial modellers seek useful approximations. A model
that is 'wrong' in the sense of making unrealistic assumptions can still be enormously valuable
as a tool for hedging, communication and identifying mispricing.

Calibration and Implied Volatility

In practice, models are calibrated to market prices by choosing parameters that minimise the
discrepancy between model-implied and observed option prices across a range of strikes and
maturities. For BSM, calibration reduces to finding a single implied volatility for each option.
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For Heston or jump-diffusion models, it involves fitting five or more parameters
simultaneously via non-linear least squares, typically repeated daily or intra-day. The implied
volatility surface has itself become a primary object of analysis. Traders monitor its level,
slope, and curvature, commonly described in terms of at-the-money volatility, risk reversal
(skew), and strangle (kurtosis), to form views on relative value and to detect regime changes.

The Greeks in Risk Management

The Greeks provide the operational link between models and risk management. A delta-
hedged book is, in theory, insulated from small directional moves in the underlying. In
practice, rebalancing is discrete and large moves generate slippage relative to the theoretical
hedge. Gamma risk is the primary concern in such regimes: positive gamma profits from large
moves in either direction (gamma scalping), whilst negative gamma, typical for option sellers,
is exposed to sudden jumps. Vega risk management is equally critical for books with exposure
across multiple maturities; practitioners decompose vega by tenor bucket to neutralise term
structure risk as well as overall level risk. The interplay of theta, gamma, and vega,
summarised by the heuristic that 'you pay theta to be long gamma and vega', is one of the most
fundamental concepts in practical options trading.

6. Conclusions

The history of option pricing is a story of productive tension between mathematical elegance
and empirical reality. The Black—Scholes—Merton model remains the indispensable point of
departure: its assumptions are violated in practice, but its framework for no-arbitrage pricing
and dynamic hedging underpins virtually all subsequent development. The extensions
reviewed here (binomial trees, stochastic volatility, jump-diffusion, local volatility) are best
understood not as replacements for BSM but as successive layers of realism added to a shared
conceptual foundation.

George Box's famous dictum that 'all models are wrong, but some are useful' applies with
particular force in derivatives pricing. No model currently in use captures the full complexity
of real markets; each represents a deliberate trade-off between tractability, calibration
feasibility, and the ability to hedge the risks it identifies. The practitioner's task is not to find
the 'true' model, which does not exist, but to understand each model's limitations and to use
them with appropriate humility.

Looking ahead, two research directions are attracting particular interest. Machine learning
approaches, including neural networks trained to approximate pricing and hedging functions
directly from market data, offer greater flexibility without imposing parametric assumptions.
Rough volatility models, notably Gatheral's rough Bergomi framework, have demonstrated
that modelling volatility as a fractional Brownian motion with Hurst exponent well below one-
half generates implied volatility surfaces that closely match those observed across a wide range
of asset classes. Whether these frameworks will displace the models described here in day-to-
day practice remains to be seen; what is certain is that the interplay between rigorous theory
and market observation will continue to drive innovation for years to come.
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