TRIGONOMETRIC RATIO & IDENTITIES

LEONHARD EULER

Euler (1707 — 1783) served as a medical lieutenant in the Russian navy from 1727 to 1730.
Euler became professor of physics at the Academy in 1730. In 1733 Euler was appointed to
senior chair of mathematics. By 1740 Euler had a very high reputation, having won the
Grand Prize of the Paris Academy in 1738 and 1740.

He wrote books on the calculus of variations; on the calculation of planetary orbits;
on artillery and ballistics; on analysis; on shipbuilding and navigation; on the motion of the
moon; lectures on the differential calculus. Euler's work in mathematics is so vast that an
article of this nature cannot but give a very superficial account of it. He made large bounds
forward in the study of modern analytic geometry and trigonometry where he was the first
to consider sin, cos etc. as functions rather than as chords.

He made decisive and formative contributions to geometry, calculus and number
theory. We owe to Euler the notation f(x) for a function, e for the base of natural logs, i for
the square root of —1, [J for pi, [JJfor summation, the notation for finite differences [y
and [J2y and many others.

Perhaps the result that brought Euler the most fame was to find a closed form for the sum
of the infinite series [1(2) = [1(1/n?) .Euler gave the formula e* = cos x + i sin X.

Analytic functions of a complex variable were investigated by Euler in a number of
different contexts. Euler made substantial contributions to differential geometry,
investigating the theory of surfaces and curvature of surfaces.

INTRODUCTION
The word ‘Trigonometry” is derived from the Greek words (i) Trigonon means a triangle
(i) metron means a measure. Hence trigonometry means science of measuring triangles.

0O Angle
“It may be defined as the amount of P
revolution undergone by a revolving line in
a plane.”

Let a revolving line, starting from its Initial
position OX to the terminal position OP,
Then ~XOP isto have been traced out.

Here OX is called Initial side and OP as terminal side, where ‘O’ is called the vertex.
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0O Rules for Signs of Angles
(i) The angle ~xXOP is regarded as positive, If X
it is traced out in the anticlockwise
direction. (~ve) Angle
(ii) The angle XOP is regarded as negative. If it o >P

is traced out in the clockwise direction.

System of Measurement of Angle
There are three system for measurement of angles.

O

Sexagesimal system

The principal unit in this system is degree (°). One right angle is divided into 90 equal
parts and each part is called one degree (1°). One degree is divided into 60 equal parts
and each part is called one minute. Minute is denoted by (1'). One minute is equally
divided into 60 equal parts and each part is called one second (1").

In Mathematical form

[J  Oneright angle

=90°
1° = 60
1'= 60"

Centesignal system

In this system, a right angle is divided into 100 equal parts and each part is called one
grades. Each grade is divided into 100 equal parts called minutes. Each minute is
further divided into 100 equal parts called seconds.

1 right angle = 1009
19 =100’
1’ =100
Circular System

(1°) One radian is the measure of an B
angle subtended at the centre of a circle ‘Q
by an arc of length equal to the radius of A
the circle.

Q [1is=1%if #B = OA = OB =radius
Relation Between Radian and Degree
Consider a circle of radius r having centre at O and arc AC divided in two part 2B and

Since the angles at the centre of a circle are proportional to the arc subtending them.
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l.e. o, _RB

92 RC 02 L6,
...(0) c o) A
Let ;1 =1° ®B =r

2= 180°, RC = %:nr
from (i) L ' o ge= @=57°19'27"(approximate|y)

180° mr T
] [J¢=180°
Note :

The unit radian is denoted by c (circular measure) and it is customary to omit this

symbol c. Thus, when an angle is denoted as g it means that the angle is g radians

where p is the number with approximate value 3.14159.

0 Relation Between Three System
As 1 right angle = 90° = 100° ...(1)
and [1°=180° ...(11)
from (i) and (ii)
180° = 200°=[J°

%:%:5 , Where D, G and R denotes degree, grades and radians respectively.
Y

0O Length of an arc of a circle:

Consider an arc PS of a circle which
subtends an angle g radians.

Choose an arc such that PQ =,
[ OPQR=1°
length of the arc PS =1,

Since the angle at the centre of a circle are proportional to
0 |

= |0=—

Note: [ is always taken in radian




ILLUSTRATIONS
Illustration 1

Change (%) in degree, minute & second.
Solution
SRh
8 8
= 1°+ (Zj
8

1° + [@j

2
1°+52 + (lj

2

1° +52" + (% X 60)

1° +52' + 30"
o
[Ej = 1°52' 30’
8

Illustration 2

The minute hand of a clock is 5 cm long. How far does the tip of the hand move in 15
minutes ?

Solution
The minute hand moves through 2r x % or gradians. Since the length of the minute

hand is 5 cm, the distance moved by the tip of the hand is given by the formula
5n

lI=r0=5x"=""cm..
2 2
Hlustration 3
A rail road curve is to be laid out on a circle. What radius should be used if the track is to
change direction by 25° in a distance of 40 metres?

Solution

The angle in radian measure = B0

180 36
If r is the radius of the circle, using [J = I/r, we have
| 40 288 288 x 7
= —— or

9:575/36_ i

= 91.636 m

PRACTICE EXERCISE
1. The circular measure of an angle of a triangle is i—g. The number of grades in the

second angle is 70. Find the number of degree in the third angle.




7.

The angle’s of a triangle are in A.P. and the number of degrees in the least is to the
number of radians in the greatest as 60 : . Find the angle’s in degrees and radians.

In a circle of diameter 42cm; the length of a chord is 21 cm. Find the length of minor
arc formed by chord.

A cow is tied to post by a rope. If the cow moves along a circular path always keeping
the rope tight and describes 44 metres. When it has traced out 72° at the centre, Find
the length of the rope.

Kartarpur is 64 km. from Amritsar. Find to the nearest second the angle subtended at
the centre of the earth by an arc joining these two towns, earth being regarded as a
sphere of 6400 Kms. Radius.

If the angular diameter of the moon be (30)’. How far from the eye a coin of 2.2cm.
diameter be kept to hide the moon completely.

A person of normal eye sight can read point at such a distance that the letters subtend

an angle (5)’ at the eye. Find the height of the letters (in cm.) he can read at a distance
of 420m.

Answers
(63°) 2. (30°, 60°, 90° or % % g) 3. 22cm
35 cm 5. 34°,22” app. 6. 1145cm

61.1 cm

4.1 TRIGONOMETRIC RATIOS

Consider an angle [J = « XOA as shown in figure. P be any point other than O on its
terminal side OA and let PM be perpendicular from P on x-axis. Let length OP =r, OM = x
and MP =y. We take the length OP = r always positive while x and y can be positive or
negative depending upon the position of the terminal side OA of ~XOA

A A

P (x,y) £ )

A<

<)
A A3
A>
A\ A3

v
y' y"'

In the right angled triangle OMP, we have

Base = OM = x, perpendicular = PM =y and, Hypotenuse = OP =r.
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We define the following trigonometric ratios which are also known as trigonometric

_Yy

1
r

y

X

X

functions.
sing — Perpendicular
Hypotenuse
tano — Perpendicular
Base
secO = Hypotaneuse _r
Base
4.2

In first quadrant: x>0,y >0

O sinD:X>0,
r

cos =250,
I

tan [1 = X>0, and
X

Base X
c0sf=—=—
Hypotenuse r
C0SecH — Hypotar?euse _r
Perpendicular vy
cotO = &—i

~ Perpendicular vy

SIGNS OF TRIGONOMETRIC RATIOS

cosec (1= L>o,

X
£>O,
X

£>0

y

sec [

cot [

Thus. in the first quadrant all trigonometric functions are positive.
In second quadrant: x<0,y>0

0 sinb=Yso
r
tan 1= Y <0
X
sec 1= L <o and,

X

cos [1=2X<o,
r
_r
cosec (1= Lo,
y
cot1=2<o
y

Thus, in the second quadrant sine and cosecant functions are positive and all others are

negative.
In third quadrant: x <0,y <0
0 sin [ = %<0,
tan [J = X>0,
X
sec0="'<0 and

cos 1= %<0,
r
_ X
cosec [1 = 2 <o,
y
cotJ==>0




Thus, in the third quadrant all trigonometric functions are negative except tangent and
cotangent.

(1 sin[J
tan [

sec [

Thus, in the fourth quadrant all trigonometric functions are negative except cosine and

secant.

In fourth quadrant: x>0,y <0
= 2>0, COSD:£>O,
r r
=Y.o, cosec (1= L <o
y
=".0 and cot 1 =2X<0
X y

0 Range of Trigonometric Ratios

The range of the trigonometric ratios in the four quadrants are depicted in the
following table.

In the second quadrant
sine decreases from 1to 0
cosine decreases from 0 to —1
tangent increases from —oo to 0
cotangent decreases from to 0 to —oo
secant increases from —ooto—1

cosecant increases from 1 to «

In the first quadrant
sine decreases from 0 to 0
cosine decreases from 1to 0
tangent increases from 0 to o
cotangent decreases from to coto 0
secant increases from 1 to «

cosecant increases from ooto 1

In the third quadrant

sine decreases from 0 to —1

cosine decreases from —1 to 0
tangent increases from 0 to «o
cotangent decreases from to «oto 0
secant increases from—1 to— oo

cosecant increases from —ooto —1

y’

In the fourth quadrant
sine increases from —1 to 0
cosine increases from 0 to 1
tangent increases from — o to 0
cotangent decreases from to 0 to — oo
secant decreases fromeo to 1

cosecant decreases from —1 to — oo

4.3 TRIGONOMETRIC RATIOS OF SOME STANDARD ACUTE ANGLE

Trigonometric Ratios of Standard Angles

Angle (1)
[ T-Ratio 0° 30° 45° 60° 90°
\!
sin [ 0 1/2 U2 J3/2 1
cos [ 1 J3/ 2 /AN 1/2 0
tan [J 0 13 1 J3 O
cot [ O J3 1 TINE} 0
sec [ 1 2/ 3 J2 2 O
cosec [ 0 2 V2 2/ 3 1




4.4 TRIGONOMETRIC RATIOS OF ALLIED ANGLES

Two angles are said to be allied when their sum or difference is either zero or a multiple of
90°.

The angle -], 90° + [J, 180° + [J, 360° + [J etc are angles allied to the angle [ is
measured in degrees. However, if [] is measured in radians, then the angles allied to [ are

—D,%iD,D+D,2DiDetC.

Trigonometric Ratios of Allied Angle are Depicted in the Following Table

-0 90°- | 90°+ (1 | 180°— | 180°+ | 270°— | 270°+ | 360°— | 360° +
0 0 0 U U 0 0
sinJ | —sin[J | cos[] | cos![] sin] | —sin[] | —cos[] |—cos[] | —sin[] | sin[J
cos ] | cosll |sin(] | —sinl] | —cos | —cos[] | —sin(] | sin[] cos [] | cos (]
0
tan (] | —tan[] | cot[] | —cot[] | —tan tan [ cotl] | —cotl] | —tan(] | tan [
0
cotl] | —cotl[] |tan[] | —tan[] | —cot cot [J tan(] | —tan[] | —cot[] | cot[]
0
sec[] | secl] | cosec | —cosec | —sec | —sec[] | —cosec |cosec [l | secl] sec [
U 0 0 U
cosec | —cosec | sec [ | sec [ cosec | —cosec | —sec[] | —sec [ | —cosec | cosec
U U 0 0 0 U

O Some Important Fact

(1) sin 1, cos [, tan [ are the reciprocal of cosec , sec [J and cot [J.
(i) sin?() +cos?(1 =1, 1+tan’[]=sec’], 1+ cot’[]=cosec? []
1 1

—— <~  andcosec []—-cot[l= — —
secO+tano cosecO+coto

(iii)sec I —tan [1 =

(iv)ysin0O]01 0 -10sin0001

(v) |cos] 01 OO—10cosl]1

(vi) |[sec J| 01 [J sec)[J—1 or secl]]1
(vii)|cosec [1| [J 1 [J cosec [J [1—1or cosec [][]1
(vili) tanJ R or —<tan[J<+[]
(ix)cot D JR or —[<cotll<+1[]°




4.5 GRAPHS OF DIFFERENT TRIGONOMETRIC RATIOS
From the knowledge of trigonometry we compute the following table.

y =sin x
S A A A A A A L
6 4 3 2 3 4 6
sinx| 0 | 1 | L 3| 1 |3 L 1 0
2 |2 | 2 PR
y =sin X
A

¢
Y = COS X
O e . . A O . L
6 4 3 2 3 4 6
cosx| 1 J3 | 1 1 0 I I T N T I
2 | V2| 2 2| 2|7

y =tan X
x (0 x|z |2 | ® | 2r ) 3no 5n o [
6 4 3 2 3 4 6
tanx | O 1 1 J3 O 3| 1] 110
V3 V3
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x |0 | = T x| x| 28 3 5o [
6 4 3 2 3 4 6

secx | 1 2 NA 2 0] -2 | 2| _2 | -1
N N

ILLUSTRATIONS

llustration 4

Evaluate : sin (1560°)

Solution

Dividing 1560° = 17 x 90° +30°

Since, quotient is 17 (i.e. odd), so sine changes its co-function (i.e. co-sine) and 1560° lies

in second quadrant, we know. In 1Ind quadrant sine is positive.
Hence sin 1560° = cos 30° = g

Illustration 5
Evaluate : cos (-2910°)
Solution
=cos (2910°) (Qcos (—q) = cos q)
= c0s (32 x 90° + 30°)
= cos 30° [@32iseven & 2910° lies in first quadrant]
=3/ 2
Ilustration 6
Prove that, cos 510° cos 330° + sin 390° cos 120° = —1

Solution
L.H.S. = cos 510° cos 330° + sin 390° cos 120°

= cos (5 x 90° + 60°) cos (360°—230°) + sin(360+30) cos (90+30)

11




= —[cos2 30° + sin? 300]

=-1=R.H.S

PRACTICE EXERCISE

3

8. If tan?0=1-¢?, prove that seco+tan®0cosecd = (2 —e?)?
9. If m=tan0+sin6andn=tan®—sin® prove that m?> —n? =4Jmn
10. If sin*A + sin? (A) = 1, prove that
(i) tan14A+tan12A:1 (i) tan*A-tan®A=1
11. If sin 0 +sin? [J + sin® [J = 1 then prove that cos® (1 —4 cos* [1 + 8 cos? [1 =4
4.6 COMPOUND ANGLES
0 Sum Or Difference Of The Angle
The algebraic sums of two or more angles are generally called compound angles and
the angles are known as the constituent angles.
e.g. If A, B, C are three anglesthen A+ B, A+ B+ C , are compound angles.
0 Sum and Difference of Cosine of Two Angles
(i) cos(A—B)=cosAcosB+sinAsinB
(i) cos(A+B)=cosAcosB-sinAsinB
for all angles A and B.
Let X [1 OX and YOY [ be the coordinate axes. Consider a unit circle with O as the
centre.

Let P1, P> and P3 be three points on the circles such that [1XOP1 = A, [IXOP2, =B
and 1XOP3; = A-B.

The terminal side of any angle intersects the circle with centre at O and unit radius
at a point whose coordinates are respectively the cosine and sine of the angle.
Therefore, coordinates of Py, P> and Pz are (cos A, sin A), (cos B, sin B) and (cos (A —
B), sin (A — B)) respectively.

We know that equal chords of a circle make equal angles at its centre. Since
chords PoP3 and P1P2 subtend equal angles at O. Therefore,

Chord PoPs = Chord PP




YA YA

Ps {cos(A —B), sin (A — B)}
(cos A, sin A) (cos A, sin A)
P1 A P2 P1 (cos A, sin A)
A-B P2 (cos B, sin B) B '
P X ‘\A P X

0 3 0 et o)
(]-7 0) A = B
Ps

[cos (A —B), sin (A —B)]
Yy Y'w

AX

0 \/{cos(A—B)—l}Z +§in(A-B)-0¥ = \/(cos B—cosA)? +(sin B—sin A)?

1 {cos (A—B) —1]? + sin? (A — B) = (cos B — cos A)? + (sin B — sin A)?

[ cos? (A—B)—2cos (A—-B)+1+sin’(A—B)=cos?B +cos>? A—2cosAcosB
+sin? B +sin? A—2sin Asin B

1 2—-2cos(A—B)=2-2cosAcosB-2sinAsinB

] cos(A—B)=cosAcosB+sinAsinB

Hence cos (A—B) =cos Acos B +sin Asin B ...(1)
We have
cos (A + B)

= cos(A-(-B))

= cos Acos (—B)+sinAsin (- B) [Using (i)]

= cosAcosB-sinAsinB
Hence, cos (A + B) =cos Acos B —sin Asin B
0 Sum and Difference of Sine of Two Angle
Prove that
(i) sin(A—B)=sinAcosB-cosA sinB
(if) sin (A+B)=sin Acos B + cos Asin B
for all values of A and B
(i) We have
sin (A—B)
= cos (90° - (A-B)) [Q cos (90° — [1) =sin [1]
= cos ((90°—-A) +B)
= ¢0s (90° —A) cos B—sin (90° - A) sin B
= sinAcosB-cosAsinB
(if) sin (A +B)
= sin(A-(-B))

13




(i)

(i)
(i)

(i)

0
(i)

sin A cos (—B) cos Asin (—B) [Using ()]
sinAcosB +cosAsinB
Tangent of the Difference and Sum of Two Angles

Prove that

tan (A+ B) - tan A +tanB
l1-tan A tanB

tan (A—B) - tan A—-tanB
l1+tan A tanB

We have

tan (A + B)

_ sin(A +B)

cos (A +B)

sin A cosB+cos A sin B
cos A cosB-sin A sinB

= tanArtanB [On dividing the numerator and denominator by]

1-tan A tanB

We have,
tan (A —B)
tan A + (- B))

tan A +tan (-B)
1-tan A tan (-B)

tan A—-tan B
l+tan Atan B

Similarly, it can be proved that

cot AcotB-1

cot(A+B)=
( ) cot B+cot A

cot A cotB+1
cotB—cotA

Other Useful Results
sin (A + B) sin (A — B) =sin? A —sin? B = cos? B — cos? A

and cot (A—-B) =

(ii) cos (A + B) cos (A - B) = cos? A —sin? B = cos? B — sin? A

(iii) sin (A+ B + C) =sin A cos B cos C + cos A sin B cos C + cos A cos B sin C —sin A sin
BsinC

(iv) cos(A+B + C) =cos A cos B cos C—sin Asin B sin C—sin A cos B sin C —sin Asin
BcosC




tan A+tanB+tanC—-tanAtanBtan C s —s;
1-tan Atan B—tan BtanC —tanCtan A 1-s,

(v) tan(A+B+C)=
where Sy = sum of product of tangents taken r at a time

ILLUSTRATIONS
Hlustration 7

If tan A:% and tan B:% the value of 2A + B is

(a) 30° (b)  60° c)  45° (d)  145°
Solution
tan (2A +B)=tan (A+A +B)

tan A +tan A +tanB—-tan A -tan Atan B
1-tan A -tan A —tan A -tanB —tan Btan A

2tan A +tan B—tan?A tanB
1-tan?A —2tan Atan B

1 1 (1)2 1
2X —4+ - —| 2| xZ
_ 3 7 3) 77

2
1—(1J —2><£><1
3 7

3
_42+9-1 50 _
63-7-6 50
= 2A + B =45°
llustration 8
Prove that tan 13[] —tan 9[] —tan 4[] = tan 13 tan 9] tan 4[]
Solution

In this problem, note that one of three angle 131 is sum of other two angles 911, 4[]
i.e. 1300 =90 +4[
(1 tan 1301 =tan (901 + 40))

tan 90 +tan 460
1-tan 90tan 40

[1 tan 1301 =

[ tan 1301 (1 —tan 9] tan 40]) = tan 9[1 + tan 4[]
[1 tan 130 —tan 91 —tan 4[] =tan 13 [] tan 9] tan 4[]




PRACTICE EXERCISE
12. Prove that tan70° = 2tan50° + tan20°

13. If cos(B—y)+cos(y—(x)+cos(oc—[&)=—g, prove that

cosa+CosP+cosy=sina+sinpB+siny=0

14. If mtan(®—30°) =ntan(6+120°), show that cos26= m+n
2(m—-n)
15. Prove thattan 8(1 —tan 61 —tan 21 =tan 8[] tan 6[] tan 2[]
. 1
16. If tan ([J cos [1) = cot (LI sin [1), prove that cos e—ﬁjz—.
(1 cos (1) = cot (1 sin (1), p (0-2)->55

17. If [0 and [J are the solutions of a cos [] + b sin [J = ¢, then show that

4.7 TRANSFORMATION FORMULAE

0 Expressing the product of Trigonometric Ratio into Sum or Difference
(a) 2sin A cosB =sin (A +B) +sin (A -B)

(b) 2cosA sin B =sin (A +B)-sin (A -B)

(C) 2cosA cos B =cos (A +B) +cos (A -B)

(d) 2sin A sin B =cos (A—-B) - cos (A +B)

ILLUSTRATIONS
Illustration 9

Prove that
T 91 3 5
2C0S—C0S— +Cc0S— +cos— =0
13 13 13 13
Solution
We have
3r 5r

LHS = ZCOSECOS% +C0S— +C0S—
13 1 13 13

(911: nj (Qn nj 3n 5n
Ccos E-ﬁ-— +COS| — —— |+ CO0S— +CO0S—

13 13 13 13 13

10w 8r 3n 5n
COS——+CO0S—+CO0S— +COS—
13 13 13 13

( 371) ( 511) 3n 5n
cos|t—— |+COS| T—— |+CO0S — +CO0S—
13 13 13 13

_ 3 5r 3 5n
— —C0S ——-COS—+C0OS— +C0S—
13 13 13 13

=0=RHS.




0 Expressing the Sum or Difference of Trigonometric Ratios into Product

C+D C-D

Let A+B=C and A-B=D then A= and B:T

Substituting in (i)

(@) sinC+sinD = Zsin(

O
N |+
O
N
Q
o
(%]
/ﬁ\

(b) sinC-sinD = 2cos(c+Dj sin ( j

(©) cosC—cosD=23|n(C+D) sin ( )
C

2
+Dj
2

(d) cosC+cosD = Zsin(

ILLUSTRATIONS

Illustration 10

sin 30 +sin 50 +sin 70 +sin 90 3
c0s 30 + cos 50 +cos 7 0 + cos90

(a) tan 6] (b) tan3 [ (c) cot20] (d) cot6 [I

Solution

sin 30 + sin 50 +sin 70 +sin 90
cos 30 +cos 50 +cos70+cos90

(sin 36 + sin 70) + (sin 56 + sin 9 0)
(cos 36 + cos 76) + (cos 560 + cos90)

. (30+760 70-30 . (50+90 90 - 50
2 sin cos + 2 sin coS
- 2 2 2 2
70+30 70-30 90+ 50 90-50
ZCOS( 5 jcos( 5 j+2cos( jcos( > j

sin 50 cos 20 + sin 70 cos 20
cos 50 cos 20 + cos 70 cos 20

sin 50 +sin 70 B 2sin60 cos 0
cos 50 +cos 70 2 cos 60 cos 0

tan 6 [

17




PRACTICE EXERCISE
18. If sin a—sinﬁzéandcosB—COSa:%, show that cota—JrBzg
sin A +sin3A +sin5A +sin 7A _

COSA +CcoSA +Ccos5A +cos7A

19. Prove that tan 4A

20. Prove that sin20° sin40° sin60° sin80° = %

21. Prove that cosa +cosp+cosy +cos(o+p+7)

= 4COSa+BCOSB+yCOS’Y+a
2 2 2

2A cos 3A —cos 2A cos 7A +cos A cos 10A
22. Prove that S08 2A €05 3A ~c0s 2A 0 TA+C0S ACOSI0A _ 4 6z 015

sin 4A sin 3A —sin 2A sin 5A +sin 4A sin 7A

23. Ifsin(y +z—Xx),sin (z+x—y), sin (x + y—2z) are in A.P. prove that tan x, tan y, tan z
are also in A.P.

24. If 0, 00, 0 O [o,gj, prove that sin [J + sin [J + sin [ >sin ([0 + [J + [J)

4.8 TRIGONOMETRIC RATIO OF MULTIPLE AND SUB-MULTIPLE ANGLES
0 Multiple of 2 A
(i) sin2 A=2sinAcosA
2tan A
1+tan?A

(iii) cos 2 A = cos? A —sin? A
(iv) cos A = 2c0s? A —1 or 1+cos 2A =2 cos’ A

(i) sin2A =

(v) cos2A =1-2sin? A or 1—cos 2A =2sin?A

_ 2
(vi) cos 2A T~ A
l+tan® A
(vii) tan 2A = 2N A
l1-tan“A
2 —
(i)  cot 2a =00 AZL
2CotA

If A be replaced by %, these formula reduce to sub-multiple angles. Above result can

be proved by using the formulae sin (A + B), cos (A + B), tan (A + B) cot (A + B) after
replacing B by A.

A 2tan A/ 2
2  1+tan? A/ 2

(i) sin A =2sin % cos




. _ _ 1-tan® A/ 2
(ii) cos A = cos® A sin? s 2002 2 121 2sin2 2 = tan—2/
2 2 2 l+tan® A/ 2
(iii) tan A= 21N A/ 2
1-tan“ A/ 2

0 Multipleof 3A
(i) sin3A=3sin A-4sin®A
sin 3A =sin (2A + A) =sin 2A cos A + cos 2A . sin A
=2sin Acos’A+sin A(1-2sin? A)=3sinA—4sin® A
(if) cos3A=4cos®A-3cos A
cos 3A =cos (2A + A) = cos 2A cos A —sin 2Asin A
= (2 cos?A — 1) cos A — 2 sin? A cos A
= (2 cos? A1) cos A —2 (1 —cos? A) cos A
= 4cos® A -3 cos A

3tan A —tan®A

i) tan 3A =
(i) 1-3 tan? A

tan 2A +tan A
1-tan 2A tan A

2tan A

— 1-tan’A
2tan’A
1-tan?A

tan 3A =

+tan A

_ 3tanA-tan’A
1-3tan?A
0 Triple Angle Formulae
(1) 4sin [0 sin (60° — [1) sin (60° + [J) = sin 3
(i) 4 cos [1 cos (60° — [1) cos (60° + [1) = cos 3[]
(iii) tan [J tan (60° — [1) tan (60° + [1) = tan 3[]
(iv) cot [J cot (60° — (1) cot (60° + [1) = cot 3]
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ILLUSTRATIONS

Ilustration 11

Prove that: cos 20° cos40° cos60° cos80° = 1—16

Solution
L.H.S. =cos 20° cos40° cos60° cos80°

= = co0s 20° cos (60°—20°) cos (60°+20°)

= % cos 20° [cos? 60°—sin?20°]
=1 cos 20° F - (1— cos? 20°)}
2 4
-1 cos 20° [cos2 20° — E}
2 4
=1 [40053 20° — 3 cos 20°]
8
_1
= = cos (3x 20°)
8
= l cos 60°
8
= i =R.H.S.
16
Some Important Values
sin 18° = (\/54_1) = cos 72°
cos 18° :1O+T2\/§ = sin 72°
cos 36° :&:_1) = sin 54°
sin 36° =—“1O:12\/§ = cos 54°
sin gziz E
2 22
2 242

tan 2217=\/§—1




cot 2217=\/§+1

PRACTICE EXERCISE

25. If tanez—%andg<e<n. Find the values of sin®,cos@andcot 6
26. Prove that 2" 299 =(1+sec20)(1+sec2?0)(1+sec2%0)...(1+sec2"0)
27. Show that 3(sin x —cosx)* +6(sin x +cos x)? +4(sin® x +cos® x) =13
28. If sino+sinB=aandcosa +cosp=b, prove that
- 2ab
i =
() sin(a+p)= 22
(ii) cos(a—B):%(a2+b2—2)
29. Prove that sin -~ .sin 3—Tcsinﬁz1
14 14 14 8
30. Prove that COSE-FCOSﬂ-FCOSE:l
7 7 7 2
Answers
o5, 34 _4
5 5 3
0 Some Other Useful Results
sin{ow(n _zl)B}sin(Bj
(1) sin O +sin (0 + 0)+sin (0 +20)+ ... ... tonterms =
sin(B)
2
(i) cos [1+cos ([ + [J)+cos ([J+200)+...... + o to n
cos{ow(n_l)ﬁ} sin (nﬁj
2 2
term =
sin(Bj
2
(iii) cos A cos 2A cos2® A cos 2"t A = Sinn 2 A
2"sin A

(iv) sin%+cos% =+J/1+sin A

(V) sin %—cos% =+1-sinA
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(vi) sin A + cos A = /2 sin (giA)zﬁcos (A mgj

ILLUSTRATIONS
Ilustration 12

Prove that
T 27 3n 47 5n 6r 7 1
C0S— C0S — COS — CO0S — COS — C0S — C0S — = ——
15 15 15 15 15 15 15 128
Solution
We have
o 27 3 47 5n 6r V&
C0S — C0S — COS — COS — C0S — COS — COS —
15 15 15 15 15 15 15
_ 1 { T 2n  4x 77c} { 3n 67'c}
= = {C0S—C0S — C0S— COS— } {COS——COS—
2 15 15 15 15 15 15
_ 1{ s 2t 4xm 8n} { 3n 67t}
= —={c0S—C0S— CO0S—COS— ; {COS—COS —
2 15 15 15 15 15 15
247.[ . 22 x 371
sin=— | |SIN
= L)1 L
2 | 2%sin ~ 225inﬁ
15 15
. 16x . 4n
sin =—— sin —
- _1 15 ()~ 5
2 16sin T 4sin T
15 5
R T . T
—sin — sin =
- _1 150, )] 5
128 sin sin ©
15 5
© 128"

4.9 CONDITIONAL IDENTITIES

When the angles involved satisfy a given relation, the identity is called conditional identity.
To prove these identities we require properties of complementary and supplementary
angles.

0 Some Important Conditional Identities
If A+B+C=p, then

(i) tanA+tanB+tanC=tan AtanBtanC
(i) cot AcotB+cotBcotC+cotCcotA=1




(iii) sin 2A +sin 2B +sin2C =4 sin AsinBsin C

(iv) cos2A + cos 2B +cos 2C=—1—-4cos Acos B cos C
(v) cos2 A+cos2B+cos2C=1-2cosAcosBcosC
(vi) sin?A +sin?B + sin?C = 2 (1 + cos A cos B cos C)
(vii)sin A +sin B + sin C =4 cos A/2 cos B/2 cos C/2

(viii)cosA+cosB +cosC= 1+ 4sin%sin§sin%

(ix) tan AanBitanBranEitan & tan 221
2 2 2 2 2 2
(x) cot A/2 + cot B/2 + cot C/2 = cot A/2 cot B/2 cot C/2

ILLUSTRATIONS
Ilustration 13
If A+ B+ C =20, prove that cos2 B + cos2 C —sin2 A = 2 cos A cos B cos C
Solution
LHS = cos2 B + cos2 C —sin2 A

%[cosZB+1+0032C+1+0032A—1]

% [cos 2A + cos 2B + cos 2C + 1]

% [2 cos (A + B) cos (A —B) + 2 cos2 C]

= cos (2p — C) cos (A — B) + cos2 C
=cos C [Cos (A—B) +cos (2p— (A + B))]
=cos C [cos (A—B) + cos (A + B)]
=2cosAcosBcosC

Illustration 14

IfA+B+ C=0,showthatsin A+sinB+sinC= —4sin%singsin%
Solution
sin A +sin B +sin C = sin A + 2 sin (B;Cjcos(B;Cj
_ . A A . A B-C ) B+C A
= 2sihn—c0s— —2sin —c0Ss —— (smce =——j
2 2 2 2 2

_ . A[ B-C A}
= -2sin—| cos —CO0S—
2 2 2
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. A[ B-C B+C}
—-2sin —| cos —CO0Ss
2 2 2

. A . B. C
—4sin —sin —sin —.
2 2 2

PRACTICE EXERCISE
31. If A+B+C = g show that
(i) sin? A+sin’B +sin?C=1-2sinAsinBsinC
(ii) cos?A + cot’B + cos?C =2+ 2sin AsinBsin C

32. If A+B+C :g, show that

(1) cotA+cotB+cotC=cotAcotBcotC
(i) tanAtanB+tanBtanC+tanCtanA=1

33. Ifx+y+z= g prove that
cos(x —y —z)+cos(y —z—Xx)+cos(z—x—y)—4cosxcosycosz=0

34. Show that sin (x-y) + sin(y-z) + sin (z-x) +4sin X;y sinY " ZeinZ=% _g

35. If A+B+C = [, prove that

sin(B+2C)+sin(C +2A)+sin(A +2B) = 4sin B;Csin C-AinAB

4.10 MAXIMUM AND MINIMUM YALUES OF ACOS [+ BSIN [

Consider a point (a, b) on the cartesian plane, let its distance from origin be r and the line
joining the point and the origin make an angle a with the positive direction of x axis.

then a=rcos(] and b=rsin[]
Squaring and adding r=va? +b?

So, acos [ +bsin [J=r[cos [Jcos []+sin []sin (]
=rcos ([1—[)

but, —10cos(0J-0)O01

0 —rfJacosl+bsin0r

So maximum value is Ja2 +b? and minimum value is —/a® + b?




ILLUSTRATIONS

Illustration 16

Find the maximum value of 1+sin(%+9)+2005(%—9) for all real values of (1.

Solution

1+sin (E+9j+2cos[f—9j
4 4

= 1+i(sin 0+c0s0)++/2(cosO+sin 0)

V2
= 1+[i+\/§j (cos0+sin 0)
NG
= maximum is 1+(%+\/§j\/§ =4

38.

39.

40.

41.

38.

PRACTICE EXERCISE

Find a and b such that a<3cosx +5sin (x —%)s b for all x

Prove that
(23 +3)sinx +2/3cosx lies between —(24/3 +,/15) and (2./3 +/15)
Show that the value of ttan3x wherever defined never lies between % and 3.
an oxX
20 . _
Show that Secze—tane lies between —= and 3
sec“O+tan o 3
Answers
J34-152 and /34152

*khkk*k
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MISCELLANEOUS PROBLEMS

OBJECTIVE TYPE QUESTIONS

Example 1

If tan 396 _ 4, then sin 30

equals

an
(a) % (b) % ©) 3 (d) none of these.

Solution

_ 2
tan39=4 0 3—tan 29 _4
tan© 1-3tan“0

= tanzezi
11

Given

= sin2(9=i
12

Now, $139 3 4dinzg
sSin 0

3—4><i
12

8
3
[ Ans. (d)

Example 2

For any real (1, the maximum value of cos®(cos0)+sin®(sin ) is

@ 1 (b) 1+sin?1 () 1+cos®1 (d) does not exist
Solution

Draw graph y =cos” (cos0)+sin?(sin 0) y1 = cos(cos )

1h----=
sinl ;
[0 1| AR N U VRS S

y2=sin(sin ) ¢« {

let y, =cos(cos0), y, =sin(sin 0)
so maximum value is AC+BC=1+sin’1
0 Ans. (b)

0




Example 3
n

The value of sin ™ sin >"sin '~ is
187 18" 18
1 1 1 1
(a) 3 (b) > (c) = d =

Solution
5r T

We have sin - -sin >~ .gin -~
18 18 18

(n n) (TC 571] (n 775)
=Cc0S{ ——— |-COS| ——— [-COS| ———
2 18 2 18 2 18
by 2% b4
=C0S—-CO0S—-C0S—
9 9 9

1 . 2n 2r 4n
= -SIN —-COS—-CO0S—
9 9

25inE
9

. 4rn 47
SIN —-C0S—
9

225in X
9

1 . T
= .sin— =
2%sin X
9

1
8

0 Ans. (a)

Example 4

If A=cos?6+sin*0, then for all values of [,

13 3 13 3
a) 10AL2 b) =<A<1 C) —<A<— d) =<aA<1
@ (0) <A< ©3<a< (@ isas

Solution
We have A =cos?0+sin*0

=c0s? 0+ (1—(:052 9)2

=cos*0—cos’+1

2
=(cosze—lj .3
2) "4

(1 Maximum value of A :%

Also sin“0<sin?0
- A<cos?0+sin?0=1

[l maximum valueof A=1




<A<1

Nlw

1 Ans. (d)
Example 5

If A>0, B>0and A +B:g , then the maximum value of tanA tanB is

1 1
a) = b) 1 c) /3 d —
@ 3 (b) () V3 @ %
Solution
Given A+B=" = B="_A

3 3
Let k =tan A tan B =tanA-tan(£_Aj :tanA.M
3 1++/3tan A

= tan’A++/3(k-1)tan+k=0
since tan A is real,

3(k—1)° —4k>0
0 (Bk-1)(k-3)J0
= ks% or k [J 3, But k cannot be greater than 3, since A+B:g.
[ Maximum value of tan A tan B is %
1 Ans. (a)
Example 6
If Zsina. _y , then 1—0050c.+sinoc is

1+cosa+sina 1+sina

1
(@) m (b) y (c) 1-y d1l+y
Solution

2sina

l+cosa+sina

4sin%-cos%
= 2 QL .o o :y
2C0S° —+2SIin —C0S —
2 2 2

Zsing

(04 .o
COS— +Sin —

2 2




. 2sin? % 1 2sin L .cos &
l1-cosa+sino 2

1+sina ( o . (sz
COS—+SIn —
2 2

0 Ans. (b)

Now,

Example 7

If 4n[1 =[], then cot [J . cot 2(] . cot 3[1 ....... cot (2n —-1)[J is equal to

@) (b) 1 (c) O (d) none of these
Solution

Given4n(] =[]

Now, cota-cot2a.-cot 3a........cot(2n—3)a-cot(2n—2)a-cot(2n—1)a

=cota-cot2a.-cot 3a........ tan 3a.-tan 2a-tan a

=1
0 Ans. (a)
Example 8
Iftan (0 =a []0,tan 2[] =b [J 0 and tan [J + tan 2[] =tan 3] then
(@ a=b (b)ab=1 (c)a+b=0 (d)b=2a
Solution

Given tan [ +tan 2[] =tan 3[

tan 6 +tan 20
1-tan©-tan 26

= tan0+tan20=

= (tan®+tan 29)(1_Tétanzejzo

Otan [J+tan2(J=0ortan [ tan2[1 =0

Ja+b=0 [Q ab=0]

7 Ans. (c)

Example 9

If sinx +sin?x =1 then the value of cos®x +cos* x +cot* x —cot® x is equal to

@ 1 (b) O (c) 2 (d) none of these
Solution

Given sinx +sin?x =1

= sin x =cos? x

29




= sin®x =cos” x
Now, cos?x +cos” x +cot* x —cot? x
=00s® X +5in” X + cos ec’x —cot? X
=2
1 Ans. (c)
Example 10
The least value of 3tan?@+9cot?0+18 is
(@) 18 (b) 643 (c) 6/3+8 (d) none of these

Solution

3tan?0+9cot?0

We have >(27)"°

= 3tan?0+9cot?0>64/3
= 3tan?0+9cot’0+18>6+/3 +18

] Least value of 3tan?0+9cot>0+18 iS 6/3 +18
7 Ans. (c)

Example 11

If A+B=g , Where A, BeR", then the minimum value of sec A + sec B is equal to

2 4
Q) — b) = c) 243 d) none of these
(a) 7 (b) 7 (c) 23 (d)
Solution
We know that wz(secA -secB)”’
minimum value of sec A + sec B occus when
sec A=secB

— A=B=T

6

- 4
minimum (secA +secB)=sec%+secg=

N
0 Ans. (b)




Example 12
Let p([J) = cosl] (cosl] + cos3L]), then which of the following is true

@ p(1) 00 for all 0 OOR (b) p(t1) >0 forall (1 [ (0, [)
© p(7)>0 for all 96(0,%) (d) none of these
Solution

Given p([1) = cos [J(cos [ + cos 31J)

=2¢c0s20-c0520>0

when cos20>0 = ee(o, %)

1 Ans. (c)

Example 13

Let n be a positive integer such that sin 21n+cos2£n =g , then

@ 60n08 (b) 4<n (18 (c) 400n<8 (d)4<n<8
Solution

Jn
2

Given sin21n+coszln=
we have sin2—751+c032£n=\/§sin(g+2£nj . which lies in [—JE, \/5];
2

therefore %e[—ﬁ, JE], = gs\/_

= <22 = n<8

we note that n = 1 does not satisfy the given equation and for n [J 1,

- S Ul Py PR

2 4 2" 4 4 2 4
= 23|n[£+1nj 1 = £>1

4 2 2

Oni4henced (In(]8
0 Ans. (b)
Example 14
sin 47 + sin 61 —sin 11 —sin 25 is equal to
(@) sin 36 (b) cos 36 (c)sin7 (d) cos 7
Solution

We have sin 47" +sin 61" - sin 11" - sin 25"

31




=2sin54 " cos7 -2sin18" cos7"
=2cos 7" [sin 54" - sin 18"]
=2cos 7 2cos 36" sin 18"

:400570 '@XE
4 4

=cos 7"
1 Ans. (d)
Example 15
If tan[] = n tan (], then maximum value of tan®(6-¢) is equal to

(n —1)? (n+1)? (n+1)
(@) 4n (b) 4n © 2n
Solution

tan6—tan ¢

We have tan(0-¢)= 1+tand-tan¢

_(n-L)tan¢ ~ n-1
" 1+ntan?¢ cotdp+ntan¢
2 2
= tan?(0-¢)= (n=1) = (n-1)

- (cot$+ntan ¢)? - (cotd—ntan ¢)” +4n

(n-1)°

= tan?(0-¢)<
0-9)< 2

2
(1 Maximum value of tan®(6-¢) is (ngl)
n

0 Ans. (a)

Example 16

If a<16sinxcosx+12cos’x—6<b forall x [] R then

@ a=-5 b=5 (b)a=-4, b=4 (c) a=-10,b =10
Solution

We have 16sin x-cosx +12cos’x —6
= 8sin 2x + 6c0s 2x
Now, —WSSsin 2X +6C0S 2X S\/m
[l —10<8sin2x +6c0s2x <10
[J a=-10,b=10
7 Ans. (c)

(n-1)
(d) =

(d) none of these




Example 17

If x, ye[O, g) then the expression sinx+cosy +tan?y +cot?x+5 is always greater than

@ 7 (b) 8 () 9 (d) none of these
Solution
Given expression =sinx+cosy +tan?y +cot?x +5

=sin X +Ccosy +5sec’y +cosec’x +3

——2SiNX+——2>2
sin“ x sin x

Now, sinx +

and cosy + ———>cosy + >2

cos’y cosy
(1 Given expression [ 7.
1 Ans. (a)

Example 18

If sinx +cosx +tanx + cotXx +secx + cosecx =7 and sin2x=a-b\7 , then ordered pair
(a, b) can be,

(@) (6,2 (b) (8,3) (c) (22, 8) (d) (11, 4)

Solution
Given sin X + cos X + tan X + cot X + sec X + cosec X =7

. 1 sin X 4+ CoSs X
= (SinX+CoSX)+— + = =7
SinX-cosX  Sin X -cosXx

. 1 1
= (sin x+cosx)(1+_— =7
sin X -cos X sin X cos x

2 Y 2 Y
= (1+sin2x)(1+ _ ) =(7— _ )
sin 2x sin 2x

= (1+t)(t+2)* =(7t—2)?, where t = sin 2x

= t3-44t*> +36t =0

= t*—44t+36=0 [as sin 2x [1 0]
2
t:44i\/442—4><36 00187

sosin2x=22-87
1 Ans. (c)
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Example 19
2cosp-1
2—-cosp
(@ 1 (b) V2 (c) V3 (d) none of these
Solution

If coso = (0<a<m, 0<B<x), then tan%cot% is equal to

. 2 -1
Given cosa = 222%P~2 B
2—cosp

1—tam2E
0. 2
1-tan? % 1+tanZE

= 2 _
1+tan2 % 1—tanZE
2 2

2= B

1+tan?
2

1-tan? % 1—3tanZE
— 2 _ 2

1+tan2 % 1+3tan2E
2 2

= tan® % =3tan2% [By componendo and dividendo]

a B
= tan—-cot—:«/3
2 2

1 Ans. (c)
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SUBJECTIVE TYPE

Example 1
Prove that 2 sin2 q + 4 cos (q + a) sin a sin g + cos 2 (q + a) is independent of g.
Solution
2sin>q+4cos(q+a)sinasing+cos2(a+q)
=2sin?q+ 2 (cos (g + a))(2sinasinq) + cos 2 (q + a)
=2sin?>q+ 2 cos (g + a) [cos (g —a) — cos (q + a)] + cos 2 (q + a)
=2sin2q+ 2 cos (q + a) cos (q —a) — 2 cos2 (q + a) + cos 2 (q + a)
=2sin?q+ 2 (cos2 q —sinZ a) — 2 cos2 (q + a) + cos2 (q + a)
=2sin2q+2cos’q—2sin“a—1
=1-2sina
= cos? [] which is independent of []
Example 2
Prove the identity (cos A + cos B) (cos 2A + cos 2B) (cos 2% A + cos 2° B)...... (cos 2N —
1A +cos2n—1B)

_ cos2"A —cos2"B
2" (cosA —cosB)

Solution
(cos A — cos B) (cos A + cos B) = cos2 A — cos2 B

% [(1 + cos 2A) — (L + cos 2B)]

% [cos 2A — cos 2B]

1

0o 5 (cos A —cos B) (cos A + cos B) (cos 2A + cos 2B)

% (cos 2A — cos 2B) (cos 2A + cos 2B)

ziz [cos 2° A — cos 2° B]

Proceeding in this manner, we get
(cos A —cos B) (cos A + cos B) (cos 2A + cos 2B) ...... (cos2N—1 A +cos2n—1B)

= zi“ (cos 2N A + cos 2N B)

35




Example 3

IfA+B+C=p and tan(A+§_Cjtan(B+2_Ajtan($jzl

Prove thatsin A+sinB +sinC+sin AsinBsinC=0

Solution
C
A+B-C n-2C x c) i-tans
tan | ——— |=tan =tan| ——— |= &
4 4 4 2) 14tan>
2
cosg—sing2
- 2 2) 1-sinC_ cosC
coszg—sinzg cosC  1+sinC

Similarly, tan(BJrC_A]:l_SmA: cos_A
4 cosA  1+sinA

and tan(C+A—Bj=1—smB: cos_B
4 cosB 1+sinB

The given condition implies

(1—sinAJ(1—sinBj(l—sinc)_l (i)
cosA cosB cosC o
as well as
( cos_A j( co§B j( cos_C j:l . (i)
1+sinA/\1+sinB/\1+sinC

from eq. (i) and (ii), we get
cosAcosBcosC=(1-sinA)(1-sinB)(1-sinC) = (1+sinA)(1+sinB)(1+

sin C) 1_5_mA
1+sin A

g 1—ZsinA+ZSin AsinB-sin AsinBsinC = 1+ZsinA+Zsin Asin B+sin AsinBsinC

0 Zsin A +sin AsinBsinC =0
Example 4

Show that cos (sin g) > sin (cos q) for all g belonging to the interval [0, ﬂ

Solution

We have to show that sin (g—sin ej >sin (cos0)

Now the first quadrant is from O to g(z 1.57°) , the sine function increases from 0 to 1 in it.




Here the angles which are compared are (g—sin ej and cos g, both of which also have
values lying in [o,ﬂ because 0 £sinq £ 1and 0 £ cos q £ 1 for ee[o,ﬂ, that is we have

to show that g—sin 0>cos@0r sin g+ cos g < gwhich Is true since the maximum value of
sin g + cos q is V12 +12 =J§<g.

Example 5

If0 a3, 00b3 and the equation x2 + 4 + 3 cos (ax + b) = 2x has at least one
solution then find the value of (a + b)

Solution
x2 —2x +4=—3cos (ax + b)
(x—1)2+3=—-3cos (ax + b) ... (i)

as —1000cos (ax+b) 01 and(x—1)2 00

eg. (i) is only possible if

cos(ax+hb)=-—1 and x-1=0

so, atb=p,3p,5p......

but, 3p > 6, whereasa+b []6

0 a+b=p

Example 6
1
Show that 2SIN X 4+ 2€0S X[ ] 2l V2 for all real x.

Solution

Clearly, 2Sin X and 2C0S X are positive,
So their A.M. [ G.M.

N e -0

as we know

sinx + cos x [1[] /2

] 2SINX+COSX3 92

or \/WZ{% ... (ii)
from (i) and (ii)




25in X + Zcosx

2

1
> fzsinx+cosx 22_$

1

gsinx 4 9oosx 5 o Z_ﬁ

1
) 1-—
or 28"x 4 2%x > 2" 2 for all values of x.

Example 7

Ina [JABC, prove that 1 < cos A + cos B + cos C [ g

Solution
We have,

cosA+cosB+cosC

A- C

= ZcosA+Bcos B+1 2sin? =

. C{ A-B . C}
2sin — {cos —-sin—;+1
2 2 2

< 2sin %{1—sin%}+1 [Q Max. value ofcos A

0 1—2{sin29—sin E}
2 2

sl

U ——2(smg—1j
2 2 2

Thus, we have
cosA+cosB +cosC (] ——2(3 nE_l) O 3
2 2 2 2

It is evident from (i) and (ii) that

cosA+cosB+cosC:g,

if cosA_le and sing—lzo
2 2
[l A—B=0 and C=060°
[1 A=B=C=60°
(] [JABC is equilateral.
_, . A .B.C
Q cosA+cosB+cosC=4sin EsmEsmEJrl

_Bisl}

(i)

(i)




and,
4sin A/2sinB/2sinC/2>0
[1 cosA+cosB+cosC>1

Hence, 1 <cos A+ cos B + cos C [ %

Example 8

Ina JABC, prove that 1 sin A sin B sin C [ %

Solution

We have,

sin® A + sin®B + sin? C
1-cos2A 1-cos2B

= + +sin?C
2 2

= 1—% {cos 2A + cos 2B} +sin’ C

= 1-cos (A +B)cos (A—-B)+sin’C
1+cosCcos(A—B)+1—cos’C

2 — cos’C + cos C cos (A — B)

1 2-co0s?C+cosC[Q cos (A-B)<1]
2 —(cos? C —cos C)

2
2—[cosC—lJ +i
2 4

[ sin?A+sin?B +sin?C [ % ..(1)
Now,
AM. [ G.M.
a2 fa2 a2
o 3N A+sm3 Brsin’C, (sin? A sin? B sin? C)'3
1 (sin? Asin? B'sin2 C)¥3 [ % [Using (i)]

3 3/ 2
[1 sinAsinBsinC D(Zj

[1 sinAsinBsinC [ %.
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Example 9

Ina [JABC, «B :% and sin A sin C = . Find the set of all possible values of (1.

Solution
We have,

B=r

3
1 A+B+C=1]
0 A+C=2" [ ¢
3 3

Now,

sinAsinC=1]

[1 sin Asin (Z—J—Ajzx

] sin A [gcosA +%sin Aj =A

0 ﬁsin 2A +Lsin2 A =
4 2
U ﬁsin 2A+1(1—c052A):k
4 4
O ﬁsinZA—lcos 2A=7\.—1
4 4 4
Now,
- i+i££ sin —Lcos2A < 3.1
16 16 4 4 16 16

0 —lsﬁ sin 2A—E cos 2A [] 1
2 4 4 2

0 1l it
243
0o_ra<d
4 4

000 [-1/4, 3/4].

Example 10

If ana [ ABC, tan %,tang,tan% are in H.P., then find the minimum value of cot g.
Solution

In [0 ABC, We have,




cot%+cotE+cot9=cot AcotEcot% ...(1)
It is given that
tané,tanE,tanE are in H.P.
2 2 2

O coté,cotEcotE are in A.P.
2 2 2

(] 2cot E:coté+cotE ...(11)
2 2 2

From (i) and (ii), we have

cotécotEcotE =3 cotE
2 2 2 2

U cotécot9=3
2 2

Now, A.M. [ G.M.
C

A
cot— +cot — A c
UJ #2 cot—cot—
2 \/ 2 2

0 cotgzﬁ.

Hence, the minimum value of cot % is 3.

*khkk*k
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Exercise - |

OBJECTIVE TYPE QUESTIONS

Multiple choice questions with ONE option correct

1. The equation sec’6 = axy ~ is possible only if
(x+Y)
(@) x=y (b) x<y
(c) x>y (d) None of these
2. If sin6+cosec 6=2, the value of sin* 6+ cosec®d is
(a) 10 (b) 210 (c) 29 (d) 2

3. |If sine:—\/g and q lies in third quadrant, then cos q =

1 1 2 2
(a) N3 (b) “E © g (d) - \E

4. The Value Of e[Iog10 tan 1°+ Iog10 tan 2°+ Iog10 tan 3°+....+ IoglO tan 89°] iS
@0 (b) -1 (c) 1/e d) 1
5. The value of 2(sin66)+cos6 6)—3(sin4e+cos46)+1 is
(@) 2 (b) O (c) 4 (d) 2
6. If sinx+sin®x =1, then the value of cos' x +3cos' x +3cos® x +cos® x -2 is equal to
(@0 (b) 1 (c) -1 (d) 2
7. oos{ g Jos[ 5 oo 5 oo )
. cos| = |cos| == |cos| — | cos| — |=
5 5 5 5
(@) 1/16 (b) O (c) -1/8 (d) -1/16
8. [1+cos£)[1+cos%j(1+cos@j(1+cos7—nj=
8 8 8 8
1 1 1 1
() > (b) 2 (c) 3 (d) 6

9. If x=ycos%=zcos 4—375 then xy +yz + zx is equal to

@ -1 (b) 0 €1 (d) 2
10. The value of the expression

sin?y L l+cosy sin y
1+cosy sin'y 1-cosy

@ o0 (b) 1 (c) siny (d) cosy

1—

is equal to




11. If cos (0—a)=a and sin (8—pB) =b, then cos® (o.—P)+ 2ab sin (o.—P) is equal to
(@) 4a?b? (b) a*-b? () a*+1b? (d) -a?b?

12. If tang,x and tan%are in A.P. and tang,y and tanZ—g are also in A.P., then

@ 2x=y (b) x>y (c) x=y (d) none of these
13. If cos50=acos®0+bcos® 6+ccoso, then ¢ is equal to
@ -5 (b) 1 () 5 (d) none of these

& oorn
14. >'cos’— isequal to
r=1 n

@) % (b) ”7‘1 ©) %_1 (d) none of these

15. If tan(rcosx)=cot(nsin x), then cos(x—gj IS

L

@) % ® 57 () 0 (d) none of these

Multiple choice questions with MORE THAN ONE option correct
1. If tana,tanp are the roots of the equation x?+px +q=0(p=0), then

(@) sin? (a+P) + psin (a.+B) cos(o+P) + qcos? (a+P) =q

(b) tan (a.+p) =q;:1

(€) cos(a-B)=1-¢
(d) sin (a+B)=—-p
2. Ifsin b is the the geometric mean between sin a and cos a, then cos 2b is equal to

(@) 2sin? [%—aj (b) 2 cos? (%—aj (c) 2cos? (%+aj (d) 2sin? [%+aj

3. Inatriangletan A +tan B + tan C =6 and tan A tan B = 2, then the value of tan A, tan
B and tan C are

@ 1,2,3 (b) 2,1,3 (© 1,20 (d) None of these
4. If cos (A—B)z% and tan A -tan B=2,then

(@) cosAcosB=1/5 (b) sinA sinB=-2/5

() cos(A+B)=-1/5 (d) None of these
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10.

For a positive integer n, let f (0)=tan g (1+secO) (L+sec 26) (L+sec 40).......... (1+sec2"9),

then

@ 1, (%jzl ®) f, (3—7‘2}1 © f, [6—2}1 () f, (mj

If S|_n A _p, cos A _q then
sin B cosB
p |o°-1 p |o°-1
(@ tan A== - (b) tan A= = -
q\i-p q\1-p
2 2
(€) tanB= f_ L (d) tan B = — f_ L
sin 2% sin I 6in 3" s equal to
32 16 8
1
@ ———— (b) (c) cos ec (d) cos ec—
82 cos 15—n 8 sin */_ \/_
32
If a= ! — then for all real x
5 cosx +12sin x
(a) the least positive value of a is (b) the greatest negative value of a is —%
1 1
C) as<— d ——<a<_
©) as (d) a
If 7cosx—24sinx=[1cos(x+[]),0<0< g be true for all x [1 R then
_ il 24 _ et T
(@ 0=25 (b) O =sin > (c) 0=-25 (d) O =cos >

IfA+B:gandcosA+cosB:1then

(@) cos(A-B)= % (b) |cos A — cos B| = \E
(c) cos(A-B)= —§ (d) |cos A — cos B| = %

*kkkk




Exercise - 11
ASSERTION & REASON , COMPREHENSIVE & MATCHING TYPE
Assertion & Reason Type

In the following question, a statement of Assertion (A) is given which is followed by a
corresponding statement of reason (R). Mark the correct answer out of the following
options/codes.

(@) If both (A) and (R) are true and (R) is the correct explanation of (A).

(b) If both (A) and (R) are true but (R) is not correct explanation of (A).

(c) If (A)is true but (R) is false.

(d) If both (A) and (R) are false.

(e) If (A) is false but (R) is true.

1. A: sin?(0)+sin? (0+60) +sin® (0—60) =g

cosa +€0s(120 + o) + c0s(120 —a)=0

COtA+cotB _,

R
2. A: In AAB =
C’ZtanA+tanB
R

If a+p+y=180°then > cotocotp=1

3. A: If tana,tanp are the roots of x2+px-+q=0 then tan (a+[3):1—pq

R: If o,p are the roots ax® +bx +c=0 then oc+[3=_—b and 043:3
a a

48 +y*?

4. A: If xcosa+ysina=2a, xcosB+ysinB=2a (a=p) then cosoacosp=——=
X2 +y

R: If ao® +ba+c=0 and ap? +bp +c=0 (a=p), then (1[I are roots of the equation

ax®> +bx +c=0

5. A If f(e)ztan§(1+sece)(1+sec26) ........... (1+se02°0) then (-2 )=2

R: tan g(1+sec6)(1+sec26) ......... (1+sec2"0)=tan(2"0)

Passage Based Questions

Passage — |

If A+ B+ C =180° then

(1) sin2A +sin 2B+sin 2C =4sin Asin BsinC

(i1) cos2A +cos2B+cos2C =-1-4cosAcosBcosC
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(iii) sin A +sinB+sinC :4cos%cos§cos%

(iv) cosA +cosB+cosC =1+4sin %sin %sin%

(v) tanA+tanB+tanC=tan AtanBtanC
(vi) cotBcotC+cotCcotA +cotAcotB=1

(vii) cot2 +ootB+cotE —cot A cot Boot &
2 2 2 2 2 2

Read the above passage carefully and mark the correct answers:
1. Iftan A +tan B + tan C =tan A. tan B. tan C then
(@) A ,B,C must be angles of a triangle
(b) the sum of any two A, B, C is equal to the third.
(c) A + B +C must be an integral multiple of = (d) none of these.
2. Inatriangle ABC, whose angles are acute and +ve suchthat A+ B+ C = = and

cotécotEcotE =k, then
2 2 2

(@) k<3 (b) k<33 (c) k>33 (d) none of these
3. If A, B, C are acute positive angels such that A+ B + C = = and cot A cot B cot C =
K, then
1 1 1 1
k<— k>— = =
(@) <3\/§ (b) >3\/,§ (c) k<9 (d)k>3
Passage — 11
We have
sin nB) ) 0
(i) cosa+cos(o+B)+cos(a+2B)+....+ cos(a+ (N —1)B) = é sin[ OH(; — )B}
2

sina+sin(a+pB)+sin(o+2p) +.....+ cos(a+(n-1)P) =

Si_” ) Cos[m(g —1)13}

. B
220
[sin 5 # 0]
Mark the correct answers:

n-1
1. > cos? (r_nj =,
r=1 n

(a) %+1 (b) %_1 () % (d) none of these




. .3 . 5
2. sinZ4sin24sin >4 tonterm =
n n n

@) 1 (b) 0

(c) -1 (d) none of these

3. J1+cosa ++/1+c0s20 ++/1+c0S30a +...toNn terms=

) sin (nfj

=

(c) \/Esm (nf) cos((n +41)aj

=0

Matching Type Questions
1. Columnl

(A) sin 20°sin 40°sin 60°sin 80°

(B) cos20°cos 40°cos 60°cos 80°

©) cos 2E cos 2 cos T
7 7 7

(D) cos X cos ZF cos 2T

7 7 7
(@ A-R,B-P,C-S, D-Q
(c) A-S,B-Q,C-P,D-R

2. Column |
(A) Range of 2cos?x + sin®x
(B) Range of1+8 sin?(x*) cos® (x?)
(C) Range of cos? x +sin*x
(D) Range of 3sin®x + 4cosx
(a) AR, B-P, C-S, D-Q
(c) A-S, B-Q, C-P, D-R

o) sin (nfj cos((n +41)ocj

=6

(d) none of these

Column 11
(P) =
@ -3
R)

O

(b) A-P, B-Q, C-R, D-S
1(d)A-Q, B-R, C-S, D-P

Column 11

(P) [1,3]

(Q) [3/4,1]

(R) [3.4]

(S) [1.2]

(b) A-S, B-P, C-Q, D-R
(d) A-Q,B-R,C-S,D-P

*kkkk
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Exercise - 111
SUBJECTIVE TYPE

seCA—tan A
SecA +tan A

1. Prove that = 1-2secA +tan A + 2tan?A

A A
2. Prove that tan + cot =sec A cosecA +1
l1-cotA 1-tanA

.4 4
cJN | L L 1b prove that

a b a+
sinfa costa 1

3 T 3 3

a b (a+b)

4. Prove that 2sec? 0 +3cosec’?0>5+2+/6 V0O

5. Prove that the roots of the equation

8x% —4x% —4x+1=0 are cos ; cos%, cos% and hence show that

6. Show that there is no real x for which

e —e =4

20 —tan@ .
7. Show that Secz—an lies between * and 3 for all real q.
sec” 0+tano 3

8. Find the maximum and minimum values of sin®x + cos® x

9. IfA+B+ C=nr,prove that

tan Btan C+tan Ctan A +tan AtanB=1+secA.secB.secC

- - 2
10. If tan (E+Xj=tan3(f+5j, prove that Y _ 3*sin"x
4 2 4 2 sinx 1+3sin“x
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Exercise - IV
IIT — JEE PROBLEMS

1. If A=cos?0+sin*0, then for all values of [

13 3 13 3
a) 1<A<2 b) =<A<1 C) S<A<= d Z<A<1
(@ ®) - © J=ass @ 3

2. The maximum values of sin (x +gj +COS (x +gj in the interval (0, gj is attained at

@ (b) £ © % @ I

3. The number of integral values of k for which the equation 7 cos x + 5 sin x = 2k +1 has
a solution is

(a) 4 (b) 8 (c) 10 (d) 12

4. If o+ :%and B+y=o, then tan o equals

(@) 2(tanp+tany) (b) tan B +tany
(c) tanp+2tany (d) 2tanp+tany

5. The maximum value of cos a, - cos a, - cos a;... cos a,, under the restriction

0<oy, 0y, ocnﬁg and cot o, - cot a,..... cot a, =1 IS
1 1 -1
@ s ® © 7 @ 1

6. The minimum value of the expression sino+sin B +siny, where o,B,y are real
numbers satisfying o +p +y=mn is
(a) positive (b) zero (c) negative (d -3

7. Which of the following number (s) is / are rational?
(a) sin 15° (b) cos 15° (c) sin15°cos 15° (d) sin 15° cos
75°

8. Letn be an odd integer. If sin ne=> bsin" 6 for every value of [J, then
r=0

(@) by=11b =3 (b) by=0,b,=n
(€) by=-1,b, =n (d) b,=0,b,=n>-n+3
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10.

11.

12.

13.

14.

15.

16.

17.

The graph of the function cos x cos (x +2) — cos®(x +1) IS
(a) a straight line passing through (0, sin? 1) with slope 2
(b) a straight line passing through (0, 0)

(c) a parabola with vertex (1, —sin? 1)

(d) astraight line passing through the point [g —sin? 1) and parallel to the x-axis

sec? 0= Y s true if and only if
(x+y)
@ x+y=0 (b) x=y,x=0 () x=y (d x=0,y=0

For 0<¢<g if x=> cos® ¢, y=>sin* ¢ and z=> cos* psin*" ¢, then
n=0 n=0 n=0

(@) xyz=xz+y (b) xyz=xy +z (C) xyz=x+y+z (d) xyz=yz+x

If g<oc<n, n<[3<3—2nsin (a):% and tan B=%, the value of sin (B-a) IS

21 21 =171 171
(a) o (b) 21 (c) 21 (d) 21
If tan o =—— and tan p=——— then a+p is
X+1 2x+1
T T T
@ 0 ) = © = @ =
a3 3
The value of the expression "X % X_jg jare
1+cosx 1+sinx
(@) 2 cos (%—xj (b) 2 cos (%er)
(c) V2 sin (%—xj (d) 2 sin (%—FX)
If o cos?36 + pcos® o =16 cos® 6 + 9 cos® O is an identity, then
(@ a=1,p=18 (b) a=1,p=24 (C) a=3,p=24 (d) a=4,p=2
If cosec 6+cot 6 =5/ 2, then the value of tano is
15 21 15 20
(a) 6 (b) 20 (c) n (d) o

The value of the expression (/3 sin 75° — cos 75°) is
(@) 2sin 15° (b) 1+3 (c) 2sin 105° (d) 2




1-sinx

18. Given that = < x < =, then the value of the expression \/ _
2 1+sinx

(@) (b) © -

COS X sin x COoS X

19. The value of the expression -4 Szm _1010an 0 s
SIn

(a) 172 (b) 1 (c) 2

1+sin x .
+ - IS
1-sin x

(d) non-existing

(d)none of these

20. In a triangle ABC, the value of the expression cosec A (sin B cos C + cos B sin C) is

(@1 (b) cla (c) alc

(d)none of these

21. In an equilateral triangle, 3 coins of radii 1 unit each are kept so that they touch each

other and also the sides of the triangle. Area of the triangle is

(a) 44243 (b) 6+443 (©) 12+ 7f

*kkhkk

(d) 3+ \/_
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Only One Option is correct

1. (@) 2.  (d)
6. (c) 7. (d)
11. (c) 12. (a)
More Than One Choice Correct
1. (ab) 2. (ac)

d)

6. (a b,cd) 7. (ad)

Assertion and Reason

1. (a) 2. (b)
Passage — |

1. (c) 2. (a)
Passage — |1

1. (b) 2. (b)

Matching Type Questions
1. (a) 2. (b)

IIT-JEE Level Problem

1. (d) 2. (a)
6. (c) 7. (¢
11. (b) 12. (d)
16. (d) 17. (d)
21. (b)

TRIGONOMETRIC EQUATIONS

ANSWERS

Exercise - |

3. (d)

8. (o)

13. (c)

3. (a, b)
8. (a, b)
Exercise - 11
3. (d)

3. (o
Exercise - IV
3. (b)

8. (b)

13. (b)

18. (c)
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JOHN NAPIER

Napier's study of mathematics was only a hobby and in his mathematical works he writes
that he often found it hard to find the time for the necessary calculations between working
on theology. He is best known, however, for his invention of logarithms but his other
mathematical contributions include a mnemonic for formulae used in solving spherical
triangles, two formulae known as "Napier's analogies™ used in solving spherical triangles
and an invention called "Napier's bones” used for mechanically multiplying dividing and
taking square roots and cube roots. Napier also found exponential expressions for
trigonometric functions, and introduced the decimal notation for fractions.

Unlike the logarithms used today, Napier's logarithms are not really to any base
although in our present terminology it is not unreasonable (but perhaps a little misleading)
to say that they are to base 1/e. Certainly they involve a constant 107 which arose from the
construction in a way that we will now explain. Napier did not think of logarithms in an
algebraic way, in fact algebra was not well enough developed in Napier's time to make this
a realistic approach.

Napier suggested to Briggs the new tables should be constructed with base 10 and
with log 1 = 0, and indeed Briggs did construct such tables. In fact Briggs spent a month
with Napier on his first visit of 1615, made a second journey from London to Edinburgh to
visit Napier again in 1616 and would have made yet a third visit the following year but
Napier died in the spring before the planned summer visit.

Napier presented a mechanical means of simplifying calculations. He described a
method of multiplication using "numbering rods" with numbers marked off on them.

TRIGONOMETRIC EQUATION
INTRODUCTION

Trigonometric equation can be divided into two categories: Identities and conditional
equations:

Identities are true for any angle, where as conditional equations are true for certain
angles. ldentities can be tested, checked, and created using knowledge of fundamental
identities.

5.1 SOLUTION OF A TRIGONOMETRIC EQUATION
A value of the unknown angle that satisfies the trigonometric equation is called its solution.
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Since all trigonometric ratios are periodic in nature, generally a trigopnometric equation
has more than one solution or an infinite number of solutions.

These are basically three type of solutions:

(i) Particular solution:
A specific value of unknown angle satisfying the equation.

(if) Principle solution:
Smallest numerical value of the unknown angle satisfying the equation
(numerically smallest particular solution)

(iii) General solution:
Complete set of values of the unknown angle satisfying the equation. It contains
all particular solutions as well as principle solution.

(] Method To Find Principle Value

(i) First draw a trigonometric circle and mark the quadrant in which the angle may

lie.

(i) Select anticlockwise direction for 1st and 2nd quadrants and select clockwise for
3rd and 4th quadrants.

(iii) Find the angle in the first rotation.

(iv) Select the numerically least angle from these two values, the angle thus found will
be the principle value.

(v) In case, two angles (one with positive sign and the other with negative sign)
gualify for the numerically least angle then we select the angle with positive sign
as the principle value.

5.2 GENERAL SOLUTION OF TRIGONOMETRIC EQUATIONS

(i) sin6=0 )
= %ZO =>AB=0 2
= OA coincide with x axis X< S 5
6 = 0, = 2m,....... (anticlockwise) !
() y
06 = - = - 2%, — 3m...... (clockwise)
...(ii)

Combining (i) and (ii)
0 = nx, wheren € |
(i) cos0=0




= %:o = 0B=0
OA

= OA coincide with y axis
0 = n/2, 3n/2,...... (anticlockwise) ... (iii)
0 = —m/2, -3m/2....(clockwise) ...(iv)
Combining (iii) & (iv)
0 = (2n+1)n/2, where n € |
(iii)tan© =0
sin 9

=0
cos 0

= sin@=0
0 = nx, wheren e |
(iv) ifsin0=sinOthen 6=nn+(-1)" o , Where nel

we have,sin 6 =sin a
= sin® —sina=0

= 2COS(6;ajSin [e_ajz 0

2

= cos(eJr—ajzo or sin(e_—a]
2 2

= (e+aj=(2m+l)£,mel or (e_—ajzm n, mel
2 2 2

0

=> 0=2m+1)0-0O melore=2m0O)+0,me l.

= 0=n0+(-1)"0,wherene land O e [—gﬂ

(v) ifcos 0 =cos OO0OthenOOO6 = 2nn+a , Where nel

we have,cos 0 = cos a
= c0SO —cosa=0

= —25in(e+aj5in (e_aj
2 2
= sin(eJr—ajzo or sin(e_—ajzo
2 2

( EMBED Equation.DSMT4 or EMBED Equation.DSMT4

( (=2n0O-0,or (=2n+0,n(L

( (=2n0£0,wheren(land ([0, [].
(vi) iftan [0 =tan J0J thenJCJC0  EMBED Equation.DSMT4 , where EMBED
Equation.DSMT4 nel

0
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We have, tan 0 = tan o, where a, € (—ggj

sin® _sina

cos® cosa

sin@cosa—-cosOsina=0
sin(@-a)=0
0—-a=n0, nel

R

06=nC+aqa, nel
0= n0O+0,wherene land O € (-0/2, 0/2)
(vii) ifsin? 0 =sin? O then 0 =n0O + 00, wheren e 10

1-cos 20 1-cos 2a
2 2

U

= CO0S 20 = cos 2a.
= 20=2n0x20,n e I.
= 0=n0x0,nel
(viii) if cos? 0 = cos? 0 then 0 =nO + 00, wheren e |

1+cos 20 _1+cos 20
2 2

= CO0S 20 = cos 2a.
= 20=2n0*x20,n e I.
= 0=n0x0,nel.
(ix) if tan? 0 =tan? O then O =n0 + 00O, wheren € |

1-tan’6 1-tan’a
1+tan?0® 1l+tan’a

= C0S 20 = cos 2a.
= 20=2n0+20,n e l.
= 0=n0x0,nel

5.3 SOLUTION OF TRIGONOMETRIC EQUATIONS
] Equation of the Form acos® + b sin0 = c,

if |c| <v/a?+b? then the solution of the given equation is obtained by

putting a=rcosa and b=rsina

where r =

and 0 =tan! [Ej
a

c
Va2 +b?




then the equation becomes
r (cos o €cos 0 + sin o sin ) = ¢
( EMBED Equation.DSMT4
O—-0=2n0 £ [
( [O=2nl0£00+ 00, where tan O = b/a is the general solution.

Alternatively, putting a=rsin O and b = r cos 0 where = r =+/a® +b’

= sin (0+a)=

¢ =sin y (say)
Jai +b? ’
= 0=nn+(-1)"y—a then, tan o :% is the general solution

both the methods will give the same set of values of [O.

ILLUSTRATIONS
Ilustration 1

Solve, cos®x —sin x — % =0

Solution

Replacing cos?x by 1- sin? x,we get a quadratic in sine the form
4sin? x + 4 sinx-3=0
(2sinx+3) (2sinx—-1)=0

sin x # —g since -1<sin x <1
: 1 o . T
If sinx =3 = Principle solution is x =5

General solution is x =n « + (=1)" g  nel

Ilustration 2
Solve the equation tan 66 —tan 40 =0
Solution
Given tan 60 = tan 46 (from tan 6 =tana)
= 60=nm+460
20=nmn

OZM, nel
2

Hlustration 3
Find the number of distinct solution of sec x + tan x = /3, where 0 < x ( 3[1.
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Solution
Here,

Sec x +tan x = /3
= 1+sinx= 3 cosx
or J3 cosx—sinx=1

dividing both sides by va*+b? i.e., V4 =2, we get

= cos(x +Ej =Cos (E)
6 3

( EMBED Equation.DSMT4
or EMBED Equation.DSMT4
( whenx=2n0+ EMBED Equation.DSMT4

and when x = 2n[] — g there are no solution.

Total number of solutions are 2.
Illustration 4
Solve tan© +tan 20 + tan® -tan206 =1

Solution
We rewrite the equation as
tan © + tan 206 =1—-tan© tan 20

tan O + tan 20 B
1-tan®—tan 20

tan 30 =1 = tan =/ 4

30=nn +=
4
=" 4 T nel
3 12
Hlustration 5
Find the general solution of |cosec (6 + n/4)| = %
Solution
Given equation is same as
cosec? (eﬂj _ AL cosec? =
4 3 3

0+Z =nn+
4

w3

there are solution forn =0, 1




6=nn+l or n7t+7—TE

12 12
Ilustration 6
Solve the equations
(i) sin90=sino (i) sin 5x = cos 2x
Solution
(i) Given equation is sin 90 =sin 6

(i)

or sin90-sin®=0
or 2cos (%Jre) - sin [Mj =0
2 2

or cos50 sin 40=0

either cos 56 =0 or sin 40=0

50 = (2n +1)g or  40=kn

= 0=— OI’(2n+1)l
4 10

where, n, k=0, £1, +2,.........

Given equation is
sin 5x = cos 2x

or Ccos2X = coS (g—ij

= 2X =2nnz* (g—ij

Taking positive sign

2X =2nm +E—5x
2

X :2mr+E
2

T

=(4n+1) —

X =(4n+1) 1
Taking negative sign

2x=2nn—g+5x

T T
—3x=(4n-1) =, x=—(4n—1) =
(4n-1) (4n-1)

Hence, x = (4n+1) ﬁ or  —(4n-1) g where n=0, £1, +2,
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(] Equation of the Form
ao sin" x + az sin™! x cos X + a2 sin"2 x cos? X +...+ an cos" x = 0,
where ao, ai,...an are real numbers and the sum of the exponents in sin x and cos x in
each term is equal to n, are said to be homogeneous with respect to sin x and cos X .
For cos x # 0, above equation can be written as,
aotan"x + ar tan™ i x+...+a, =0

1 A Trigonometric Equation of the Form
R (sin kx, cos nx, tan mx, cot Ix) = 0 ...(1)
where R is a rational function of the indicated arguments and (k, I, m, n are natural
numbers) can be reduced to a rational equation with respect to the arguments sin x, cos
X, tan x and cot x by means of the formulae for trigonometric functions of the sum of
angles (in particular, the formulae for double and triple angles) and then reduce

equation (i) to a rational equation with respect to the unknown, t = tan % by means of

the formulas,

2tan > 1-tan2*

sin x=—2X, cos x=—)2(,
1+tan2> 1+tan?>

2 2

2tan > 1-tan2*

tan x:—zx,cotx= X2
1-tan?> 2tan

2 2

] Equation of the Form
R (sin x + cos x, sin x. cotx) =0
Where R is a rational function of the arguments in brackets,
Put sin x + cos x =t ...(i) and use the following identity
(sin X + cos X)? = sin?x + cos?X + 2 sin X cos X
=1+ 2sinxcos X

t? -1

= SiNXCOSX=
Taking (i) and (ii) into account, we can reduce given equation into;

2
R(t,t _1J =0
2

Similarly,
By the substitution (sin x — cos x) = t, we can reduce the equation of the form;

R (sin x —cos X, sin x cos x) = 0




to an equation;

_ 2
R(t,l_t}o_
2

Ilustration 7

ILLUSTRATIONS

Solve the equation; 5 sin?x — 7 sin x cos X + 16 cos? x = 4
Solution
To solve this equation; we use the fundamental formula trigonometric identity,
sin?x + cos?x =1
writing the equation in the form,
5sin?x — 7 sin X . cos X + 16 cos?x = 4 (sin?x + cos? X)
= sin?x—7sinxcos x + 12 cos? x =0
dividing by cos?x on both side we get,
tan’x —7tanx + 12=0
Now it can be factorized as;
(tanx—3) (tanx—-4) =0
= tanx=3,4
i.e., tan x = tan (tan"! 3) or tan x = tan (tan* 4)
= x=nl+tan 13 or x=nl +tan? 4.
Illustration 8

Solve the equation; (cos x — sin x) (2 tan x+— ]+2= 0
COS X

Solution
Let t = tan x/2, and using the formula. We get,

{1—tan2 x/ 2 2tanx/ 2 }{ 4tan x/ 2 1+tan? x/ 2}
+2=0

- +
1+tan?x/ 2 1+tan?x/ 2| |1-tan?x/ 2 1-tan®x/ 2

1-t2 2t 4t 1+t?

5= 5 5+ 5 +2=0
1+t 1+t 1-t 1-t
3t? +6t° +8t>—2t-3

(t2+1) (1-t%)

. 1 1
itsroots are; t,=— and t, = -——

B el

Thus the solution of the equation reduces to that of two elementary equations,
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x 1 X 1
tan = =—,tan>=——+

2 3 2 3
= 5=nrciE

2 6

= x=2nl+ g is required solution.

Ilustration 9
Solve the equation sin X + €c0s X — 24/2 sin x cos x =0

Solution
Let (sin x + cos X) =t and using the equation
2
sinx.cosx = ° _1,weget
t? -1
t—22 =0
2

= 2’ -t-J2=0
The numbers t, =2, t, ——L are roots of this quadratic equation.

2

Thus the solution of the given equation reduces to the solution of two trigonometric
equations

sinx+cox= .2 and Sin X + oS X = ———
J2
= sin(x+£j:1 and sin(x+£j=—1
4 4 2
= X=2n71;+E and X =nm +(-1)" .z
4 6 4

5.4 SOLVING SIMULTANEOUS EQUATIONS

Find the solution of two equations satisfied simultaneously. We may divide the problem
into two categories.

() Two equations is one ‘unknown’ satisfied simultaneously.

(i) Two equations in two ‘unknowns’ satisfied simultaneously.

ILLUSTRATIONS
Ilustration 10




If tan (A—B) =1 and sec (A + B) = % find the smallest positive values of A and B and

N

their most general values.

Solution

For the smallest positive values, find A + B and A — B between 0 and 2] from the given
equations.

Since A and B are positive angles, A+ B > A — B. Solve the two get A and B.

For the most general values, find he general values of A — B. Solve the two get A and B.
For the most general values, find the general values of A — B and A + B by solving the
given equations separately. Solve the two to get A and B.

tan(A-B)=1= A—B:%or%’t ()
Alsosec (A+B)= A+B= % or%
SinceA+B>A-B,
A+B=ﬁ
6
Solving (i) & (ii), we get
AT g 19 g\ 37 p T
4 24 24 24
For the most general values,
tan(A-B)=1= A—B:nD+% ...(i1)
sec(A+B):i
J3
= Ccos(A+B)= ?
— A+B=2m0 # % ....(iii)

Solving (ii) and (iii), we get

Azl[(2m+n)n+fif}
2 4 6

le[(Zm—n)n—EiE} where m, ne I.
2 476

Ilustration 11
Solve the system of equations
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sin X

x+y=20/3and Siny =2

Solution

Let us reduce the second equation of the system to the form,
sinx=2siny

using x +y = 2[1/3 we get,
sinx =2sin (2(1/3 —x)

= sinx= 2 [sin 2—37[.cosx—cos 2—?jc.sin xj

=2 ﬁ.cosx +l.sin X
2 2

= sinX= /3 cos X+ sin X

cosx=0

U

= x:(2n+1)§

T
= X=—=—+Nm
2

Substituting inx +y =201/3. We get,y =—n[] + [1/6

g X:g+nn, y:g—nn, where ne integer.

Illustration 12
Ifr>0, -0 <0< 0andr, [Jsatisfy rsin [ =3 and r =4 (1 + sin [J) then find the
possible solutions of the pair (r, 0).
Solution
Here,
r=4(1+sin6)andrsinf=3
eliminating 6 from above equations

r=4 [1+§j
r

= r’=4r-12=0

r=6andr=-2
rsinf=3
sine:% and sin 0 = —%
neglecting sin [ = —3/2. We get, ezg,%




(r, ) = (6, [1/6) and (6, 5[1/6) are the required pairs.

PRACTICE EXERCISE

1. Solve for X, (-r<x <m), theequation 2[cos x + cos2x] + sin 2x (1+2cos X) = 2sin x
2. Find the range of y such that the equation y cos x = sin x has a real solution. Also find
x for y=1suchthat 0<x<2x.

3. If sin (mcos 6) =cos (nsin 6), then prove thatcos (6 + gj -

4. Solve /3 cos 0+sin 0=1 for-2n<0 <2x
5. Find the solution of sinx > —%

6. Solve the equation sec®x =1-y?

7. Find all values of 6 lying between 0 and 2, satisfying the equations
rsin0=.3 ()
r+4sin0=2(J3 +1) ...(ii)

8. Find the value of 6 for which the following system has a non trivial solution:
(sin30)x—y+z=0
(cos20) x+4y+3z=0
2x+7y+72=0

9. Solve the inequality % sin?x + sin?x . cosx > cos 2X

10. Solve the inequality, sin x cos x + % tanx>1

Answers
1. x=mn-n-=-Z 2. x=Z1n 4 Sr_no_mlln
' I ) ' 2 ' 26" 276
S. 2nn—£<9<(2n+1)n+n/6 6. x=nnandy =0 7. E,E,EandE
6 6 3 3 6
8. O0=4mornm+ (-1)" X 0. nm+ Eex<nr+>X 10, X€|:nTH-E,nﬂ:+E:|.
6 6 6 4 2
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