RELATIONS

1.2.1 DEFINITION

Let A and B be two non-empty sets, then every subset of A x B defines a relation from A to B and
every relation from A to B is a subset of A x B.

Let R Ax B and (a, b) € R. Then we say that a is related to b by the relation R and write it as
aRb. If (abc R, we write itasaRb.

Example: Let A = {1, 2, 5, 8, 9}, B = {1, 3} we set a relation from Ato B as: aR b iff a<g
ac AbeB. ThenR={(1,1} (1,3),(2,3)} c AxB

(1) Total number of relations : Let A and B be two non-empty finite sets consisting of m and n
elements respectively. Then A x B consists of mn ordered pairs. So, total number of subset of A x B is
2™, Since each subset of A x B defines relation from A to B, so total number of relations from A to B is
2™, Among these 2™ relations the void relation ¢ and the universal relation A x B are trivial relations
from A to B.

(2) Domain and range of a relation : Let R be a relation from a set A to a set B. Then the set of all
first components or coordinates of the ordered pairs belonging to R is called the domain of R, while the
set of all second components or coordinates of the ordered pairs in R is called the range of R.

Thus, Dom (R) ={a: (a,b) € R} and Range (R) ={b: (a, b) € R}.

It is evident from the definition that the domain of a relation from A to B is a subset of A and its range
is a subset of B.

(3) Relation on a set : Let A be a non-void set. Then, a relation from A to itself i.e. a subset of A x
A is called a relation on set A.

Example: 1 Let A= {1, 2, 3}. The total number of distinct relations that can be defined over A is
(@ 2 (b) 6 (c)8 (d) None of these
Solution: () AAxA=nA.XA=32-9

So, the total number of subsets of 4~ 4 is 2° and a subset of ax 4 is a relation over the set
A.

Example: 2 Let x-{1,234,5; and y-{135,7,9;. Which of the following is/are relations from X to Y
(@) R={(x9|y=2+xxc Xye ¥} (b) B=111,21,33).4,3,55)
(€) B=1{11,0335.37.67} (d) B =113),25,249,7,9}

Solution: (a,b,c) &, is not a relation from X to Y, because (7, 9) <&, but (7, 9) « xxv.

Example: 3 Given two finite sets A and B such that n(A) = 2, n(B) = 3. Then total number of
relations from A to B is

(@ 4 (b) 8 (c) 64 (d) None of these
Solution: (c) Here naxB=2%3=6




Since every subset of A x B defines a relation from A to B, number of relation from A to
B is equal to number of subsets of axB-2°-64 which is given in (c).

Example: 4 The relation R defined on the set of natural numbers as {(a, b) : a differs from b by 3}, is
given by

@) {(1, 4, (2,5), (3, 6),....} (b) {(4, 1), (5, 2), (6, 3),.....}
(c) {(1, 3),(2,6),(3,9),..} (d) None of these
Solution: (b) R={(aH:abc Na-b=3}= {((n+3),n:nec N} ={(4,1,(5,2,63....}

1.2.2 INVERSE RELATION

Let A, B be two sets and let R be a relation from a set A to a set B. Then the inverse of R, denoted
by R, is a relation from B to A and is defined by R ={(8a:(aB<c B

Clearly (a,b) e R<> (b,a) e R?. Also, Dom (R) = Range (®*) and Range (R) = Dom (R%)
Example: LetA={a,b,c},B={1,2,3}andR={(a, 1), (a, 3), (b, 3), (c, 3)}.
Then, (i) R*={(1, a), (3, a), (3, b), (3, c)}

(i) Dom (R) ={a, b, c} = Range (R")

(iii) Range (R) ={1, 3} =Dom (R")

Example: 5 Let A={1, 2, 3}, B = {1, 3, 5}. Arelation r-4a- B is defined by R = {(1, 3), (1, 5), (2,
1)}. Then r* is defined by

(@) {(1.2), (3,1), (1,3), (1.5)} (b) {(1,2), (3, 1), (2, 1)} (©)
Solution: (C) (xyeR=@wm»e R, . R'={(31,5,1,01,2}.

Example: 6 The relation R is defined on the set of natural numbers as {(a, b) : a = 2b}. Then gr* is
given by

@) {(2 1), 4, 2), (6, 3)....} 0) {(L, 2), (2, 4), (3, 6)....} ©)
Solution: (b) R = {(2, 1), (4, 2), (6, 3),.....} So, & = {(L, 2), (2, 4), (3, 6),.....}.

1.2.3 TYPES OF RELATIONS

(1) Reflexive relation : A relation R on a set A is said to be reflexive if every element of A is
related to itself.

Thus, R is reflexive < (a, a) € Rforall a € A.

A relation R on a set A is not reflexive if there exists an element a € A such that (a, a) ¢ R.
Example: Let A={1, 2,3}and R = {(1, 1); (1, 3)}

Then R is not reflexive since 3< Abut (3,3) ¢ R

Note : U The identity relation on a non-void set A is always reflexive relation on A. However, a
reflexive relation on A is not necessarily the identity relation on A.




U The universal relation on a non-void set A is reflexive.
(2) Symmetric relation : A relation R on a set A is said to be a symmetric relation iff
(a,b) e R=(b,a) e Rforalla,b e A
i.e. aRb = bRa for all a, b € A.
it should be noted that R is symmetric iff R' = R
Note : U The identity and the universal relations on a non-void set are symmetric relations.

U A relation R on a set A is not a symmetric relation if there are at least two elements a, b €
A such that (a, b) € R but (b, a) ¢ R.

O A reflexive relation on a set A is not necessarily symmetric.

(3) Anti-symmetric relation : Let A be any set. A relation R on set A is said to be an anti-
symmetric relation iff (a, b) e Rand (b,a) e R=>a=Dbforalla, b € A.

Thus, if a # b then a may be related to b or b may be related to a, but never both.

Example: Let N be the set of natural numbers. A relation Rc Nx N is defined by xRy iff x divides
y(i.e., xly).

Then xRy, yRx— x dividesy, y divides x= x=y

Note : O The identity relation on a set A is an anti-symmetric relation.

O The universal relation on a set A containing at least two elements is not anti-symmetric,
because if a=bareinA, then a is related to b and b is related to a under the universal
relation will imply that a=Db buta=b.

U The set {(aa:a<c A = D is called the diagonal line of Ax A. Then “the relation R in A is
antisymmetric iff RnR' < D”.
(4) Transitive relation : Let A be any set. A relation R on set A is said to be a transitive relation iff

(@, b)eRand (b,c) e R=(a,c) e Rforalla,b,c € Ai.e.,, aRband bRc = aRc forall a, b, ¢

In other words, if a is related to b, b is related to c, then a is related to c.

Transitivity fails only when there exists a, b, c suchthataR b, bRT butaR c.

Example: Consider the set A = {1, 2, 3} and the relations

R ={12,03}; B={(12)} &={1 1} & ={1 2),(2 1), (1 1}

Then R, R,, R, are transitive while R, is not transitive since in R,,(2 1)e R,;(1,2 < R, but
(22 ¢R,.

Note : O The identity and the universal relations on a non-void sets are transitive.

O The relation ‘is congruent to’ on the set T of all triangles in a plane is a transitive relation.

(5) Identity relation : Let A be a set. Then the relation Ia = {(a, @) : a € A} on A is called the identity
relation on A.




In other words, a relation 1a on A is called the identity relation if every element of A is related to
itself only. Every identity relation will be reflexive, symmetric and transitive.

Example: On the set = {1, 2, 3}, R={(1, 1), (2, 2), (3, 3)} is the identity relation on A .

Note : O It is interesting to note that every identity relation is reflexive but every reflexive relation
need not be an identity relation.

Also, identity relation is reflexive, symmetric and transitive.
(6) Equivalence relation : A relation R on a set A is said to be an equivalence relation on A iff
(i) Itis reflexive i.e. (a,a) e Rforalla e A
(i) Itis symmetrici.e. (a,b) e R= (b,a) e R, foralla,b € A
(iii) Itis transitive i.e. (a,b) e Rand (b,c) e R=(a,c) e Rforalla, b, c € A.

Note : L Congruence modulo (m) : Let m be an arbitrary but fixed integer. Two integers a and b
are said to be congruence modulo m if a- & is divisible by m and we write a= & (mod m).

Thus a= b6 (mod m) < a- b is divisible by m. For example, 18=3 (mod 5) because 18 — 3
= 15 which is divisible by 5. Similarly, 3=13 (mod 2) because 3 — 13 = —-10 which is
divisible by 2. But 25 # 2 (mod 4) because 4 is not a divisor of 25 — 3 = 22.

The relation “Congruence modulo 2 is an equivalence relation.

Important Tips

- |fRand S are two equivalence relations on a set A , then R n S is also an equivalence relation on
A

= The union of two equivalence relations on a set is not necessarily an equivalence relation on the
set.

= The inverse of an equivalence relation is an equivalence relation.

1.2.4 EQUIVALENCE CLASSES OF AN EQUIVALENCE RELATION
Let R be equivalence relation in A ¢). Let ae A. Then the equivalence class of a, denoted by [a]
or {a} is defined as the set of all those points of A which are related to a under the relation R. Thus [a]
={xe A:xRa}.
It is easy to see that

(1) bela= ac<[H (2) beld=Ila=14 (3) Two equivalence classes are either disjoint or
identical.

As an example we consider a very important equivalence relation x= g#(modn) iff n divides (x— y),n
is a fixed positive integer. Consider n=5. Then

[0]={x:x= 0(mod5)}={5p:p e Z}={0+5+10+15.....}
[1] = {x:x=1(mod5)}={x: x-1=5kkec Z} ={5k+1:kec Z} ={1,6,11,....... —4,-9,.....}.




One can easily see that there are only 5 distinct equivalence classes viz. [0], [1], [2], [3] and [4],
when n = 5.

Example: 7 Given the relation R = {(1, 2), (2, 3)} on the set A = {1, 2, 3}, the minimum number of
ordered pairs which when added to R make it an equivalence relation is

(a) 5 (b) 6 (€7 (d)8
Solution: (c) R is reflexive if it contains (1, 1), (2, 2), (3, 3)

0 1L9cR23<c<R

- Rissymmetric if (2, 1), (3, 2) € R. Now, R={11),(22,3.3.21.3,2.23),1,2}

R will be transitive if (3, 1); (1, 3) € R. Thus, R becomes an equivalence relation by
adding (1, 1) (2, 2) (3,3) (2, 1) (3,2) (1, 3) (3, 1). Hence, the total number of ordered

pairs is 7.
Example: 8 The relation R = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (1, 3)}onset A={1, 2, 3} is
(a) Reflexive but not symmetric (b)Reflexive but not transitive
(c) Symmetric and Transitive (d)Neither symmetric nor transitive

Solution: (a) Since (1, 1); (2, 2); (3, 3) € R therefore R is reflexive. (1, 2) € R but (2, 1) ¢ R, therefore
R is not symmetric. It can be easily seen that R is transitive.

Example: 9 Let R be the relation on the set R of all real numbers defined by a R b iff ja-#<1. Then R
IS ]
(a) Reflexive and Symmetric (b)Symmetric only
(c)Transitive only (d)Anti-symmetric only

Solution: (a) |a-a-0<1 ~aRavac R
- Risreflexive, AgainaR b= |a-b1=|b-a<1= bRa
- R is symmetric, Again 11% and %m but %ﬂ

- Ris not anti-symmetric
Further, 1R2and2R3but1R 3
[o]1-3=2>1]
- Riis not transitive.
Example: 10 The relation "less than™ in the set of natural numbers is
(@) Only symmetric  (b) Only transitive
(c) Only reflexive (d) Equivalence relation
Solution: (b) Since x<yy<z= x<zvxyze N
- xRyyRz— xRz , .. Relation is transitive , .. x<y does not give y<x, - Relation is not
symmetric.
Since x<x does not hold, hence relation is not reflexive.




Example: 11 With reference to a universal set, the inclusion of a subset in another, is relation, which is

(a) Symmetric only  (b) Equivalence relation (c)Reflexive only (d) None of these
Solution: (d) Since ac a4 - relation '< is reflexive.

Since AcB BcCc=AccC

.. relation '< is transitive.

But ac B = B< 4, - Relation is not symmetric.
Example: 12 Let A-{24,6,8;. A relation R on A is defined by R”R-{(24),(4,2,4,6),64}. ThenR is

(a) Anti-symmetric  (b) Reflexive (c) Symmetric (d) Transitive
Solution: (c) Given A={2, 4,6, 8}

R={(2,4)(4,2) (4,6) (6,4)}

(a,b) e R=(b,a) e Rand also r'=R. Hence R is symmetric.
Example: 13 Let P={(x9| ¥+ =1,xyc R . Then P is

(a) Reflexive (b) Symmetric (c) Transitive (d) Anti-symmetric
Solution: (b) Obviously, the relation is not reflexive and transitive but it is symmetric, because
i =152+ 2=1.
Example: 14 Let R be a relation on the set N of natural numbers defined by nRm < n is a factor of m
(i.e., njm). Then R is

(a) Reflexive and symmetric (b) Transitive and symmetric

(c) Equivalence (d) Reflexive, transitive but not symmetric
Solution: (d) Since n | n for all a< ~, therefore R is reflexive/Since 2 | 6 but 6|2, therefore R is not
symmetric.

LetnRmand mR p = njmand m|p = n|p = nRp. So R is transitive.

Example: 15 Let R be an equivalence relation on a finite set A having n elements. Then the number of
ordered pairs in R is

(a) Less thann (b)Greater than or equal to n
(c)Less than or equal to n  (d)None of these

Solution: (b) Since R is an equivalence relation on set A, therefore (a, a) € R for all ac 4. Hence, R
has at least n ordered pairs.

Example: 16 Let N denote the set of all natural numbers and R be the relation on ~x ~ defined by (a,
b) R (c, d) if adb+ o= bda+d, then R is
(a) Symmetric only  (b) Reflexive only
(c) Transitive only  (d) An equivalence relation
Solution: (d) For (a, b), (c,d) e Nx N
(@ Hcd = adb+ g = bda+ d




Reflexive: Since aub+a = bda+ Bvabe N,
.. (ayRab, -. Ris reflexive.

Symmetric: For as,.cd< NxN, let @pRcd

. adb+ 9= bda+d = bda+d-adb+d => cld+a=ddc+bH = (cdHab

-~ R 1s symmetric

Transitive: For ab,(cd.(e i< NxN, Let (abRcd.(cdRe

. adb+ 9= bda+d), ckd+ e = ddc+ B

= adb+ adc= bca- bed ... (1) and cfd- cfe=decrdel ... (i)

(i) x ef+ (i) X ab QiVeS, adbef- adcef- cfdab- cfeal = bcaef bedef- decabr defat

= adcfb+ &= bedéa+ ) = afb+e=-bda+fi — (abReH. .. R IS transitive. Hence R is an

equivalence relation.
Example: 17 For real numbers x and y, we write X Ry < x-y+J2 is an irrational number. Then the
relation R is

(a) Reflexive (b) Symmetric (c) Transitive (d) None of these
Solution: (a) For any xe R we have x-x++J2=+/2 an irrational number.

= xRx for all x. So, R is reflexive.

R is not symmetric, because v2m but 1&/2, R is not transitive also because/v2R 1 and

1R2/2 butV2 R2/2.
Example: 18 Let X be a family of sets and R be a relation on X defined by ‘A is disjoint from B’. Then
Ris

(a) Reflexive (b) Symmetric (c) Anti-symmetric (d) Transitive
Solution: (b) Clearly, the relation is symmetric but it is neither reflexive nor transitive.

Example: 19 Let R and S be two non-void relations on a set A. Which of the following statements is
false

(@) R and S are transitive = R U S is transitive
(b) R and S are transitive = R n S is transitive
(c) Rand S are symmetric = R U S is symmetric
()R and S are reflexive = R n S is reflexive
Solution: (a) Let a={1,23 and R = {(1, 1), (1, 2)}, S={(2, 2) (2, 3)} be transitive relations on A.
ThenR U S ={(1, 1); (1, 2); (2, 2); (2, 3)}
Obviously, R U S is not transitive. Since (1,2) « Ru Sand @3<rus but (1, 3) ¢ RUS.

Example: 20 The solution set of 8x=6modl4,x< Z, are
(a) [8] v [6] (b) [8] v [14] (c) [6] v [13] (d) [8] v [6] v [13]




Solution: (C) 8x-6=14AP< 2 = X=§[14P+ 6l,xcZ
=X = %(7143) = X =6, 13, 20, 27, 34, 41, 48,.......

- Solution set = {6, 20, 34, 48,....} U {13, 27, 41, ......} = [6] U [13].
Where [6], [13] are equivalence classes of 6 and 13 respectively.

1.2.5 COMPOSITION OF RELATIONS

Let R and S be two relations from sets A to B and B to C respectively. Then we can define a relation
SoR from A to C such that (a, ¢) € SOR < 3 b € B such that (a, b) € Rand (b, ¢) € S.

This relation is called the composition of R and S.

For example, if A={1, 2,3}, B={a, b, c,d}, C={p, q, r, s} be three sets such that R = {(1, a), (2,
c), (1, ¢), (2, d)} is a relation from A to B and S = {(a, s), (b, 9), (c, r)} is a relation from B to C. Then
SoR is a relation from A to C given by SoR = {(1,s) (2, r) (1, N}

In this case RoS does not exist.
In general RoS # SoR. Also (SoR)™ = R10S™.

Example: 21 If R is a relation from a set A to a set B and S is a relation from B to a set C, then the
relation SoR

(@) IsfromAtoC (b) IsfromCto A (c) Does not exist  (d) None of these
Solution: (a) It is obvious.
Example: 22 If r< AxB and sc Bxc be two relations, then (SoR! =
(a) s'or? (b) R'os? (C) Sor (d) Ros
Solution: (b) It is obvious.
Example: 23 If R be arelation < from A={1,2, 3,4} to B={1, 3,5} i.e., aBhc R= a< b then RoR' IS

(@) {(1,3). (1,5),(2,3), (2,5), 3, 5), (4 5}
(1) {3, 1)(5,1), 3,2, (5,2), (53), (5 4)}
(©){(3,3),(3,5),(5,3), (5. 5)}
(d){(3.3) (3. 4), (4, 5)}
Solution: (c) We have, R = {(1, 3); (1, 5); (2, 3); (2,5); (3, 5); (4,5)}
r'={31),(51),.6,2),6 2);573); (5 4}
Hence ror'={(3, 3); (3, 5); (5, 3); (5, 5)}
Example: 24 Let a relation R be defined by R = {(4, 5); (1, 4); (4, 6); (7, 6); (3, 7)} then R'oR is
@ {1, 1. 44,47,7.4,07,63}r 0{11),44.77),623)}
() {(@@,5),(1,6),(3,6)} (d) None of these




Solution: (a) We first find &', we have R'-{(54);41;:6,9;:67;:73} We now obtain the elements of
R'or We first pick the element of R and then of &!. Since @,5 <& and 5,9 < R, we have

(4,9 ¢ R'oR

Similarly, @,49<cR@1eR'=>11)ec R'oR
(4,6)c R(6,9c R'=@,9< R'oR 4,6)c R(6,7)c R' =4, c R'oR
(7,6)c R(6,4)c R' = (7,4 c R"oR (7,6)c R6,7)c R' =(1,7 < R'0R
37ecR(7,3cR"'=>33)cR'0R

Hence r'or-{(1,1); (4, 4); (4,7); (7,4), (7,7); (3, 3)}.

1.2.6 AXIOMATIC DEFINITIONS OF THE SET OF NATURAL NUMBERS (PEANO'S
AXIOMS)

The set N of natural numbers (N = {1, 2, 3, 4......}) is a set satisfying the following axioms (known
as peanao's axioms)

(1) N is not empty.

(2) There exist an injective (one-one) map §: N— N given by 8n = n', where n" is the immediate
successor of ninNi.e., n+1=n".

(3) The successor mapping S is not surjective (onto).

(4) If Mc N such that,

(i) M contains an element which is not the successor of any element in N, and

(1) me M= m" « M, then M= N

This is called the axiom of induction. We denote the unique element which is not the successor of any
element is 1. Also, we get 1" =2,2" = 3.

Note :  Addition in N is defined as,
n+l=n
n+m =n+m’
O Multiplication in N is defined by,
nl=n

nm =nm+n




ASSIGNMENT

Basic Level

1.

10.

11.

12.

A relation from P to Q is

(a) A universal set of P x Q (b)P x Q

(c) Anequivalent set of P x Q (d) A subset of P x Q

Let R be a relation from a set A to set B, then

@ R=AUB (bR=ANB (c)RcAxB dRcBxA

Let A ={a, b, c} and B = {1, 2}. Consider a relation R defined from set A to set B. Then R is
equal to set

@A (b)B (c)AxB (dBxA
Let n(A) = n. Then the number of all relations on A is
(@) 2 (b) 2o (c) 2# (d) None of these

If R is a relation from a finite set A having m elements to a finite set B having n elements, then the
number of relations from Ato B is

(@) 2m (b) 2m-1 (C) 2mn (d) nr

Let R be a reflexive relation on a finite set A having n-elements, and let there be m ordered pairs
inR. Then

(@) m=n (b) m<n (C) m=n (d) None of these
The relation R defined onthe set A={1, 2, 3, 4,5} by R={(X, y) : | »*-s* <16 is given by
(@) {(1,1),(2,1), 3 1), (4 1), (2 3)} (b){(2,2), 3,2), (4 2), (2, 4)}

(©) {(3,3),(3,4),(5,4),(4,3),(3,1)} (d) None of these

A relation R is defined from {2, 3, 4, 5} to {3, 6, 7, 10} by; xRy~ x is relatively prime to y. Then
domain of R is

(a) {2, 3, 5} (b) {3, 5} (c) {2, 3,4} (d){2,3, 4,5}
Let R be a relation on N defined by x+2¢-8. The domain of R is

(@ {2, 4,8} (b) {2, 4, 6, 8} (c) {2, 4, 6} d) {1, 2, 3, 4}

If R={(xv|xveZx*+1*<4} ISarelation in Z, then domain of R is

@ {0, 1, 2} (b) {0,-1,-2} (©){-2,-1,0,1,2} (d) None of these

IfA={1,23},B={1,4,6,9}and R is arelation from A to B defined by ‘X is greater than y’.
The range of R is

(@ {1,4,6, 9} (b) {4, 6, 9} (c) {1} (d) None of these
R is a relation from {11, 12, 13} to {8, 10, 12} defined by y-x-3. Then &' is
@) {(8,11), (10, 13)} (b) {(11,18), (13,10)} (c) {(10, 13), (8,11)} (d) None of these




13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Let A={1, 2, 3}, B={1, 3, 5}. If relation R from A to B is given by R ={(1, 3), (2, 5), (3, 3)}.
Then r'is

@ {@3,3),(3,1),(5,2} ®M(13),(2,5),(3,37} (©){(1,3),5,2} (d) Noneof these

Let R be a reflexive relation on a set A and | be the identity relation on A. Then

@) Rc1 (b) 1c R (c) rR=1 (d) None of these

Let A={1, 2, 3,4} and R be arelation in A given by R = {(1, 1), (2, 2), (3, 3), (4, 4), (1, 2), (2, 1),
(3,1),(1,3)} ThenRis

(a) Reflexive (b) Symmetric (c) Transitive (d)An equivalence relation
An integer m is said to be related to another integer n if m is a multiple of n. Then the relation is
(a) Reflexive and symmetric (b) Reflexive and transitive

(c) Symmetric and transitive (d) Equivalence relation

The relation R defined in N as arb< & is divisible by a is

(a) Reflexive but not symmetric (b) Symmetric but not transitive

(c) Symmetric and transitive (d) None of these

Let R be a relation on a set A such that = g, then R is

(a) Reflexive (b) Symmetric (c) Transitive (d) None of these
Let R ={(a, a)} be arelationonaset A. Then R is

(a) Symmetric (b) Antisymmetric

(c) Symmetric and antisymmetric (d) Neither symmetric nor anti-symmetric

The relation "is subset of" on the power set P(A) of a set A is
(a) Symmetric (b) Anti-symmetric (c) Equivalency relation (d)None of these
The relation R defined on a set A is antisymmetric if a8 < R= (8a< r fOr

(a) Every (a,b) cr (b) No apec R (c) NO (aB,a=bec R (d) None of these
Inthe set A={1, 2, 3, 4,5}, arelation R is defined by R = {(x, ¥)| X,y « Aand x <y}. Then R is
(a) Reflexive (b) Symmetric (c) Transitive (d) None of these

Let A be the non-void set of the children in a family. The relation 'x is a brother of ¢ on A is

(a) Reflexive (b) Symmetric (c) Transitive (d) None of these
LetA={1, 2, 3,4} and let R={(2, 2), (3, 3), (4, 4), (1, 2)} be arelation on A. Then R is

(a) Reflexive (b) Symmetric (c) Transitive (d) None of these

The void relation on a set A is
(a) Reflexive (b)Symmetric and transitive
(c)Reflexive and symmetric (d)Reflexive and transitive




26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Let & be arelation defined by R ={(ad|a>babcr.Then g is

(a) An equivalence relation on R (b)Reflexive, transitive but not symmetric

(c) Symmetric, Transitive but not reflexive (d)Neither transitive not reflexive but symmetric
Let A={p, g, r}. Which of the following is an equivalence relation on A

@ & ={(p., ). (a. ). (p. 1), (p. P)} (b) & ={(r,q), (r,p), (r, 1), (q, A}
(©) & ={(p.p). (@, a), (r, 1), (p, A)} (d) None of these

Which one of the following relations on R is an equivalence relation

(@) arR b= alH b (b) aRb= a>b (C) aRb< adivides (d) aRb= a<b
If R is an equivalence relation on a set A, then r* is

(a) Reflexive only (b) Symmetric but not transitive

(c) Equivalence (d) None of these

R is a relation over the set of real numbers and it is given by am=>0. Then R is
(a) Symmetric and transitive (b) Reflexive and symmetric
(c) A partial order relation (d) An equivalence relation

In order that a relation R defined on a non-empty set A is an equivalence relation, it is sufficient, if
R

(@) Is reflextive (b) Is symmetric

(c) Is transitive (d) Possesses all the above three properties
The relation "congruence modulo m" is

(a) Reflexive only (b) Transitive only

(c) Symmetric only (d) An equivalence relation

Solution set of x=3 (mod 7), x<z is given by

@ {3} (b) (7p-3:pc 2 (C) (7p+3:pc2 (d) None of these
Let R and S be two equivalence relations on a set A. Then

(a) R u Sis an equivalence relation on A (b) R n S is an equivalence relation on A
(c) r-s isan equivalence relation on A (d) None of these

Let R and S be two relations on a set A. Then

(d) R and S are transitive, then R U S is also transitive

(b) R and S are transitive, then R n S is also transitive

(c) Rand S are reflexive, then R N S is also reflexive

(d) R and S are symmetric then R U S is also symmetric

LetR={(1, 3), (2,2), (3,2)}and S={(2, 1), (3, 2), (2, 3)} be two relations on set A = {1, 2, 3}.
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38.

39.

40.

41.

42.

43.

44.

Then RoS =

(@ {(1,3).(2,2), 3 2), (2, 1), (2, 3)} (b) {(3,2), (1,3)}
(©) {(2,3).3,2), (2, 2)} (d) {2 3), (3,2)}
In problem 36, Ros'-=

@ {2, 2). 3, 2) (b) {(1,2), (2, 2), 3, 2)}

(©) {1, 2). (2 2)} d) {1 2),(2,2), 3 2), (2, 3)}

Advance Level
Let R be a relation on the set N be defined by {(x, y)| X,y € N, 2x+y =41}. ThenR is
(a) Reflexive (b) Symmetric (c) Transitive (d) None of these

Let L denote the set of all straight lines in a plane. Let a relation R be defined by oR8 < alp,a,p<L.
ThenR is

(a) Reflexive (b) Symmetric (c) Transitive (d) None of these

Let T be the set of all triangles in the Euclidean plane, and let a relation R be defined on T by are
iff a~ babeT. ThenRis

(a) Reflexive but not transitive (b) Transitive but not symmetric

(c) Equivalence (d) None of these

Two points P and Q in a plane are related if OP = OQ, where O is a fixed point. This relation is
(a) Partial order relation (b) Equivalence relation

(c) Reflexive but not symmetric (d) Reflexive but not transitive

Let r be a relation over the set N x N and it is defined by (a8dcd= a+d-b+c Thenr is

(a) Reflexive only (b) Symmetric only (c) Transitive only  (d)An equivalence relation
Let L be the set of all straight lines in the Euclidean plane. Two lines 4 and 4 are said to be
related by the relation R iff 4 is parallel to 4. Then the relation R is

(a) Reflexive (b) Symmetric (c) Transitive (d) Equivalence

Let n be a fixed positive integer. Define a relation R on the set Z of integers by, aRb< n|a-8|. Then
Ris

(a) Reflexive (b) Symmetric (c) Transitive (d) Equivalence

**k*
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FUNCTIONS

If A and B are two non-empty sets, then a rule f which associated to each xe A4 a unique number
ve B is called a function from A to B and we write, f: A— B.

2.1.1 SOME IMPORTANT DEFINITIONS

(1) Real numbers : Real numbers are those which are either rational or irrational. The set of real
numbers is denoted by R.
(i) Rational numbers : All numbers of the form p/q where p and q are integers and q = 0, are

called rational numbers and their set is denoted by Q. e.g. g _3

2

(i) Irrational numbers : Those are numbers which can not be expressed in form of p/q are
called irrational numbers and their set is denoted by ¢ (i.e., complementary set of Q) e.g.
J2 1-/3, r are irrational numbers.

, 4(as 4:‘—3 are rational numbers.

(iii)  Integers : The numbers ....... -3,-2,-1,0,1,2,3, ........ are called integers. The set of
integers is denoted by 1 or Z. Thus, l or Z={....... ~3,-2,-1,0,1,2,3,...... }
Number
—-- Real Nlllmber (R
\: v
Rational Numbers (Q) Irrational Numbers
| (N

v

v
Integers (/or 2) Non-Integers

¥
Negative Integers (/-) Zero Integers Positive Integers (I*) or Natural number
— % /

Whole Numbers

Note : (3 Set of positive integers "= {1, 2, 3, ...}

O Set of negative integers I'={-1,-2,-3, ...... }.

O Set of non negative integers ={0, 1, 2, 3, ..}

O Set of non positive integers = {0, —1,-2,-3,.....}

O Positive real numbers: B = (0,) 3 Negative real numbers: B = (—x,0)

O R, : all real numbers except 0 (Zero) O Imaginary numbers: C= {ijo,....}

O Even numbers: E={0,24,6.......} O Odd numbers: 0=1{13,5,7,......}

O Prime numbers : The natural numbers greater than 1 which is divisible by 1 and itself
only, called prime numbers.

O In rational numbers the digits are repeated after decimal




O 0 (zero) is a rational number

O Inirrational numbers, digits are not repeated after decimal

O ~ and e are called special irrational quantities

O « is neither a rational number nor an irrational number

(2) Related quantities : When two quantities are such that the change in one is accompanied by

the change in other, i.e., if the value of one quantity depends upon the other, then they are called related
quantities. e.g. the area of a circle (A= zr*)depends upon its radius (r) as soon as the radius of the
circle increases (or decreases), its area also increases (or decreases). In the given example, A and r are
related quantities.

(3) Variable: A variable is a symbol which can assume any value out of a given set of values. The
quantities, like height, weight, time, temperature, profit, sales etc, are examples of variables. The
variables are usually denoted by x, vy, z, u, v, w, t etc. There are two types of variables mainly:

(1) Independent variable : A variable which can take any arbitrary value, is called independent
variable.

(ii) Dependent variable : A variable whose value depends upon the independent variable is called
dependent variable. e.g. y= x*, if x = 2 then y = 4 = so value of y depends on x. y is dependent and x is
independent variable here.

(4) Constant : A constant is a symbol which does not change its value, i.e., retains the same value

throughout a set of mathematical operation. These are generally denoted by a, b, ¢ etc. There are two
types of constant.

(i) Absolute constant : A constant which remains the same throughout a set of mathematical
operation is known as absolute constant. All numerical numbers are absolute constants, i.e. 2 /3, = etc.
are absolute constants.

(if) Arbitrary constant : A constant which remains same in a particular operation, but changes
with the change of reference, is called arbitrary constant e.g. y=mx+ ¢ represents a line. Here m and ¢

are constants, but they are different for different lines. Therefore, m and c are arbitrary constants.

(5) Absolute value : The absolute value of a number x, denoted by |x|, is a number that satisfies
the conditions

-x if x<O0
| x]=1 0 if x=0. We also define |x| as follows, [x|= maximum {x, — x} or |x|=+x*

x if x>0

The properties of absolute value are

The inequality | x|< a2 means —a< x<a (i) The inequality |x|>a means x>a or
x<-a
(i) |xzyl<|x|+|yland |xxyl2l x|-|y] (V) | xw|=| x| | |

s




(6) Greatest integer: Let xe R Then [x] denotes the greatest integer less than or equal to x; e.g.
[1.34]=1, [-4.57]=-5, [0.69] = 0 etc.

(7) Fractional part : We know that x>[x. The difference between the number ‘X’ and it’s

integral value ‘[X]’ is called the fractional part of x and is symbolically denoted as {x}. Thus,
{x=x-[«

e.g., if x =4.92 then [x] = 4 and {x}= 0.92.
Note : O Fractional part of any number is always non-negative and less than one.

2.1.2 INTERVALS

If a variable x assumes any real value between two given numbers, say a and b (a<b) as its value,
then x is called a continuous variable. The set of real numbers which lie between two specific numbers,
is called the interval.

There are four types of interval:

(1) | Open interval : Let a and b be two real | (2) | Closed interval : Let a and b be two real

numbers such that a<b, then the set of all numbers such that a<b, then the set of all
real numbers lying strictly between a and b real numbers lying between a and b
is called an open interval and is denoted by including a and b is called a closed
la, b[ or (a, b). Thys.daq, b[ or (a, b) interval and is denoted by [a, b]. Thus, [a,
= {xe R:a< x<lb} 1), b] = {xe R:a< a_3xsb

Open . b

Closed

(3) | Open-Closed interval : It is denoted by ]a, | (4) | Closed-Open interval : It is denoted by

b] or (a, b] and ]a, b] or (a, b] = [a, b[ or [a, b) grasx< & or [a, b) =
{xe R:a<x<ba<x<b {xe R: a< x<b§l ;)

{ 1 Closed open

a b ;

Open cAlosed

2.1.3 DEFINITION OF FUNCTION

(1) Function can be easily defined with the help of the concept of mapping. Let X and Y be any
two non-empty sets. “A function from X to Y is a rule or correspondence that assigns to each element of
set X, one and only one element of set Y”. Let the correspondence be ‘f* then mathematically we write
f: X— Y where y= fix),xe X and ye Y. We say that ‘y’ is the image of ‘X’ under f (or x is the pre
image of y).

Two things should always be kept in mind:




(i) A mapping f: X— Y is said to be a function if each element in the set X has it’s image in set
Y. It is also possible that there are few elements in set Y which are not the images of any element in set
X.

(ii) Every element in set X should have one and only one image. That means it is impossible to
have more than one image for a specific element in set X. Functions can not be multi-valued (A
mapping that is multi-valued is called a relation from X and Y) e.g.

Set X Set Set X Set

i
\

Function Function
Set X Set Set X Set Y

i
Il

Not function Not function

(2) Testing for a function by vertical line test : A relation f: A— Bis a function or not it can be
checked by a graph of the relation. If it is possible to draw a vertical line which cuts the given curve at
more than one point then the given relation is not a function and when this vertical line means line

parallel to Y-axis cuts the curve at only one point then it is a function. Figure (iii) and (iv) represents a
function.

Y) Y, Y Y
X X X
B 0 X X5 ¥ 70 | X
Y Y Y

(ii) Y (ii) (iv)

(3) Number of functions : Let X and Y be two finite sets having m and n elements
respectively. Then each element of set X can be associated to any one of n elements of set Y. So, total
number of functions from set X to set Y is n™.

(4)  Value of the function : If y= A» is a function then to find its values at some value of X,
say x=a We directly substitute x = a in its given rule Ax and it is denoted by fla).

e.g. If Ax=x*+1then AN=12+1=2 A2=2%+1=5, A0)=07+1=1etc.




Example: 11f A contains 10 elements then total number of functions defined from A to A is
(a) 10 (b) 21° (c) 10 (d) 219-1
Solution: (c)  According to formula, total number of functions = »
Here,n=10. So, total number of functions = 10'°.

Example: 2 If m:%, then #-1-

(@1 (b) -2 (€)0 (d) 2

- o |1 -1-1
Solution: (b) fi-1) = T ]

Example: 3 If £z =1logythen l(y)+{%/j Is equal to
(a) 2 (b) 1 ()0 d-1

Solution: (c) Given Ay =loagy = A1/ » =logl/n, then A+ /GJ =logy+logl/y) =logl =0.

Example: 4 If fx-1log1"*| then 2x_|is equal to
1 1+ %%

(a) 1A= (b) 147 (C) 24x (d) 34x
: . 1+ x
Solution: (c) l(x):log{mj

2x
1+ —— 2
) 2x | 1+ 82 | ¥ +1+2x _ {1+x} _ {1+x}:
"{1+xzj_l° 1 2% _lo{xz+1—2x} lod 1] ~2'°41—%) 2™
1+ ¥
Example: 5 If Ax=cosk?lx+cod-721x then
@) {%]:2 (b) Am-2 ) An-1 (d) {%):—1

Solution: (d) %) = cos[z%]x+ cos[-7%] x

£%) = cosOx) + cos(10x%) = cosOx) +coslOx) = 200{%} co{—)

2
(5] oot Tt 22 e

Example: 6 If r: R— rsatisfies Ax+yp= A+ Ay, forall xye g and An=7, then Z fin IS
r=1

() 2 (b) X2 () 7+ (d) 2D

Solution: (d) Ax+y=A%+ Ay
put x=1,y=0 = AD=AD+ A0)=7

put x=1y=1 = AQ=2./1)=27; Similarly £3-3.7 and so on

.-.Z;(n:7(1+2+3+ ..... I

r=1




1 1
+
Jx+2/2x-4 x-2/2x-4

(@ 2 (b) 2 () ¢ (d) 3

Example: 7 If f»= for x>2 then f1p-=

1 1
+
Jx+2/2x-4 x-2/2x-4

1 1 1 1__3-J2 3+J2_6

+ = +
J11:2/18 J11-2718 3+V/2 3-v2 7 7 7

Solution: (¢) fAw-=

f1) =

2.1.4 DOMAIN, CO-DOMAIN AND RANGE OF FUNCTION

If a function f is defined from a set of A to set B then for f: A— B set A is called the domain of

function f and set B is called the co-domain of function f. The set of all f-images of the elements of A is
called the range of function f.

In other words, we can say Domain = All possible values of x for which f(x) exists.
Range = For all values of x, all possible values of f(x).

£ Domain ={a b, c, d=A
Co-domain = {p, q, r, s} = B
Range Range ={p.qn
Can.

Domain

S0 )

o
‘ANQ'UQ

Y

(1) Methods for finding domain and range of function

(i) Domain

Expression under even root (i.e., square root, fourth root etc.) > 0

Denominator = 0.

If domain of y= Ax and y=g(x» are D, and D, respectively then the domain of Ax)+ g(x or
Ax).g(x) IS D N D,

While domain of % is D, ~ D, —{g(x) = 0}.

Domain of (JAx))= D, ~{x: A >0}

(if) Range : Range of y= fix is collection of all outputs Ax corresponding to each real number
in the domain.

If domain e finite number of points = range e set of corresponding Ax) values.

If domain € R or R — [some finite points]. Then express x in terms of y. From this find y for x to
be defined (i.e., find the values of y for which x exists).




If domain € a finite interval, find the least and greatest value for range using monotonicity.

Important Tips

If f(x) is a given function of x and if a is in its domain of definition, then by f(a) it means the number
obtained by replacing x by a in f(x) or the value assumed by f(x) when x = a.

Range is always a subset of co-domain.

Example: 8 Domain of the function ——L_ is

x> -1
(@) o-nu®) (b) (o,-1UE,%) (€) (<o,—1UILx) (d) None of these
Solution: (a)  Fordomain, ¥*-1>0 =(x-D(x+1)>0

=>x<-lor x>1 =xe(-0-D)Ul,x).

1

Example: 9 The domain of the function #x-= IS
P JI x| -x

(@) r (b) & (€) R (d) 7
Solution: (b)  For domain, | x|-x>0 =|x|>x. This is possible, only when xe r.
Example: 10 Find the domain of definition of M:M

X* +3x+2

(@) 3. () -1-2 (C) (30)-{-1-2 (d) oo

Solution: (c) Here fx-10®*+3 _ low(x+3) oyicis if
© gl 2 +3x+2 (x+D(x+2
Numerator x+3>0 = x>-3 veeen. (1)
and denominator (x+n(x+2#0 = x=-1,-2 ...... (i1)

Thus, from (i) and (ii); we have domain of A»iS (-3,0)—{-1,-2}.
Example: 11 The domain of the function A»=@-2x—»?) is

(@) -3<x<y3 (b) -1-V3<x<-1+43

(c) 2<x<2 (d) None of these
Solution: (b) The quantity square root is positive, when -1-3 < x<-1+3.
Example: 12 If the domain of function Ax=x*>-6x+71S (—o,«), then the range of function is

(@) (~o0,0) (D) 1-20) () 23 (d) (-2
Solution: (b) x*-6x+7=(x-32%-2 Obviously, minimum value is —2 and maximum .
Example: 13 The domain of the function Ax=-vx—x® + Ja+x+/a4-x is

(@) 1-4,%) (b) -4, 41 (©) 10,41 (d) 10,1
Solution: (d)  An=vVx— 2% +Va:x+Va_x

clearly £x is defined if




4+ x>0 = x>-4
4-x>0 => x<4
A-x>0 = x>0 and x<1
.. Domain of f=(w,41n[-4,)~[0,1] =[0,1].

Example: 14 The domain of the function \logs® - 6x+ 6) is
(@) (~0,) (b) =,3-v3)u(3+3,%)
(C) a5, (d) 10 =

Solution: (c) The function #x-4log&? - 6x~6) is defined when loga? - 6x+6)>0
= ¥ -6x+6>1 = (x-5(x-1>0

This inequality hold if x<1 or x>5. Hence, the domain of the function will be
(o0, ] U [5,0) .

Example: 15 The domain of definition of the function u» given by 2x+2v-2is
(a) (0, 1] (b) [0, 1] (€) =0 (d) ==
Solution: (d) 2v-2-2*

yisreal if 2-2¥>0 = 2>2*= 1>x

xe (-0, 1)
Example: 16 The domain of the function Ax=sin'[log(x/2)] iS

@) [1, 4] (b) [- 4, 1] () [-1,4] (d) None of these
Solution: (a) Ax)=sin'llog(¥2)]

Domain of sin! x IS xe[-L1]

= -1<log(x/2<1 = %s’—;sz = 1<x<4
. xe[LA4].
] : ] ] tanlx , |x|<1 .
Example: 17 The domain of the derivative of the function A»-= Lixl-n . xlo1 IS
2 ’
(@) r-{0 (b) r-{© () r-{-1 d) -1 1
1 _1 _
E(—X—l),x<—1 2’ x<-1
Solution: (C) Ax-ltan'x-1<x<1 =  f(x-,—" 5 —l<x<1
l( +1),x>1 1+X
2 ¥ 5 1

1 1 1

fe1-0--1 rc100-— 1

2 1+(-1+0%2 2
ra-0-— -1 rai0-2
1-1-02 2 2

. f£(1 does not exist. .. domain of f(»=R-{-1}.




3
4- x*

@ (1,2 b)) 1L,0uv (12 ©&2YQu (2 =) WALV, 2)U(2 «
Solution: (d) fix)= : 3 +logo(x® - %)

Example: 18 Domain of definition of the function A»- +logo(x® - », IS

SO, 4-x%%20 = x#+J/4 = x»+2

and x®-x>0=xx2-1>0 = x>0 x|>1 -1 0 1
. D=(-1,0u(1,x)-{2}
D=(-1L0v (1,2 (2x).
Example: 19 The domain of the function Ax=log, (-1 IS
(@) 3-pu@) (b) -3,-HUL,)
(€) £3-2u(2-DuU,x) (d) F3-2u2-DUlLe]

Solution: (¢) f» is to be defined when x*-1-0
= x2>1, = x<-lorx>1and 3+ x>0
. x>-3 and x=-2

S D =(3-2u2-Nu ).

Example: 20 Domain of definition of the function Ax»- /sin*1(2n+%, for real value x, is

ofy) ol el el

ion: T csiml@g<to-Looyct _11
Solution: (a) g SSin @S T S o <2xs1 = xe| -

Example: 21 The range of £x=cosx—sinx IS

(@) 11 (b) -1 ©) [-ﬁ ﬁ} (d) [V2,42]

2°2

Solution: (d) Let, #»=cosx—sinx= Ax) = \/E(%cosx—%sinxj - I(X):\/Eco{x+ %)

Now since, —1sCo{x+%js1 = -J2<AN<J2 = AN e[-V2,V2]

Trick : © Maximum value of cosx-sinx iS v2 and minimum value of cosx-sinx IS - V2.

Hence, range of Ax=[-v2, V2].

Example: 22 The range of 1;2“2 is

@ ©1 (b) () (c) [0, 1] (d) =)

S 1+ x? s 1
Solution: (b) Let y==— = Xy=1+x* = Xy-D=1 = x -—
X y-




Now since, X2>03%>0:>(y—1)>0 = y>1 = ye(l,x)
P

Trick : y=112x2 1+~ Nowsince, L isalways >0 = y>1= ye@=.
X X

Example: 23 For real values of x, range of the function y= 1

2 -sin3x
(a) ésm (b) _§Sy<1 (c) _§>y>_1 (d) §>y>1
Solution: (a) €] yz;., " 2—sin3x:l = sin3x:2—l
2—sin3x v 14

Now since,

o

-1<sin3x<1 = —132—131 = —3§—1§—1 = 1s1g3 = —<y<l1.
14 14 v 3

Example 24 If fx=acos(bx+ o)+ d then range of Axis

(@) 1d+ad-~+ 24 (b) [a-da+d (C) 1d+aa-d (d) 1d- ad+ 4
Solution: (d) A»=acosbx+9+d e (1)

For minimum cosex+ 9=-1

from (i), A®=-a+d=(d-a,

for maximum cosex+q9=1

from (i), Ax=a+d-(d+a

. Range of Ax=[d-a2 d+4.

Example: 25 The range of the function I(x):lxizl i
(@ {0, 1} (b) {-1,1} ()R (d) r-t2
PR x+2 -1 x<-2
Solution: (b) f(x):lx+2| :{ L xo_2

. Range of A» is {-L13.

Example: 26 The range of I(x):se{%cosz Xj,—oo<x<oo IS

(@) vz (b) 1,00 () V/2.-1umy2] (d) (oo-10ML,)
Solution: (a) l(x)zse{%cosz xj

We know that, 0<coé x<1 at cosx=0, fin=1 and at cosx=1 Axn=+2
L 1<x<J2 = xel,4/2].

x2+x+2'

X2+ x+1

(@) @ (b) a1v7 (c) @7/31 (d) @,7/51

Example: 27  Range of the function Ax- xe RIS




Solution: (c) Ax=1+ = Range =@,7/3].

2 3
X+—| +=
2] Ta

2.1.5 ALGEBRA OF FUNCTIONS

Let Ax)and g(x)be two real and single-valued functions, with domains X, X, and ranges ¥; and
Y, respectively. Let X= X, X, = ¢. Then, the following operations are defined.

(1) Scalar multiplication of a function : (¢ (x) = cfix), where c is a scalar. The new function
c fix) has the domain X,

(2) Addition/subtraction of functions : (f+ 9(x) = Ax) + g(x). The new function has the domain X.

(3) Multiplication of functions : (f9(x) = (¢ A(x = Axg(x. The product function has the domain
X.
(4) Division of functions :

0] (IJ(X):%' The new function has the domain X, except for the values of x for which
g

g(x)=0.

(i) (—'ﬁ(xﬁ%. The new function has the domain X, except for the values of x for which
fix=0.
(5) Equal functions : Two function f and g are said to be equal functions, if and only if
(i) Domain of f = domain of g
(i) Co-domain of f = co-domain of g
(iii) Ax = g(®Vxe their common domain

(6) Real valued function : If R, be the set of real numbers and A, B are subsets of R, then the
function £: A— B is called a real function or real —valued function.

2.1.6 KINDS OF FUNCTION

(1) One-one function (injection) : A function f: A— B is said to be a one-one function or an
injection, if different elements of A have different images in B. Thus, f: A— B is one-one.

< arb= fa= Ab forall a bc A <= Ra)= Ab = a=>b forall a be A.
e.g. Let f: A—> Band g: X— Y be two functions represented by the following diagrams.

X Yy

B
b
b2
bs
b

'y

M

bs




Clearly, f: A— B is a one-one function. But g: X— Y is not one-one function because two
distinct elements x; and x, have the same image under function g.
(i) Method to check the injectivity of a function
Step | : Take two arbitrary elements x, y (say) in the domain of f.
Step Il : Put Ax = Ay).
Step 111 : Solve Ax= fy). If ix= Ry gives x =y only, then £: A— B is a one-one function (or
an injection). Otherwise not.

Note : O If function is given in the form of ordered pairs and if two ordered pairs do not have
same second element then function is one-one.

O If the graph of the function y= fix is given and each line parallel to x-axis cuts the
given curve at maximum one point then function is one-one. e.g.

Y, Y

N B

N

o X
fx)=a0<a<

X X X

/1(x)=ax+b

Y

<

(i) Number of one-one functions (injections) : If A and B are finite sets having m and n
“P

m

elements respectively, then number of one-one functions from AtoB = itn>m
0 , ifn<m

(2) Many-one function : A function f: A— B is said to be a many-one function if two or more
elements of set A have the same image in B.
Thus, f: A— B is a many-one function if there exist x,ye A such thatx =y but Ax) = fy).

In other words, £: A— B is a many-one function if it is not a one-one function.

Note : O If function is given in the form of set of ordered pairs and the second element of atleast
two ordered pairs are same then function is many-one.

O If the graph of y= Ax) is given and the line parallel to x-axis cuts the curve at more than
one point then function is many-one.
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If the domain of the function is in one quadrant then the trigonometrical functions are always
one-one.

If trigonometrical function changes its sign in two consecutive quadrants then it is one-one but
if it does not change the sign then it is many-one.

‘3’ f:(0, ), ix) = sinx Y f:(0,7), Ax) = cosx

man ‘{ one-one

y-
+ 2
X
) \ x
+ +
X : X

q) 2 T
Yy Y

O In three consecutive quadrants trigonometrical functions are always many-one.
(3) Onto function (surjection) : A function £: A— B is onto if each element of B has its pre-

image in A. Therefore, if f'(») € A Vye B then function is onto. In other words, Range of f = Co-
domain of f.

e.g. The following arrow-diagram shows onto function.

(i) Number of onto function (surjection) : If A and B are two sets having m and n elements

respectively such that 1< n<m then number of onto functions from Ato Bis > (-1"" "Cr™.

r=1
(4) Into function : A function £: A— B is an into function if there exists an element in B having
no pre-image in A.

In other words, £: A— B is an into function if it is not an onto function.

e.g. The following arrow-diagram shows into function.




(i) Method to find onto or into function
(@) If range = co-domain, then Ax) is onto and if range is a proper subset of the co-domain, then

fix) 1s into.

(b) Solve Ax) =y by taking x as a function of y i.e., g(») (say).

(c) Now if g(») is defined for each y<co-domain and g(s) € domain for y< co-domain, then Ax)
is onto and if any one of the above requirements is not fulfilled, then A» is into.

(5) One-one onto function (bijection) : A function £: A— B is a bijection if it is one-one as well
as onto.

In other words, a function £: A— B is a bijection if

(i) Itisone-onei.e., A= A= x=yforall x, yc A

(i) Itisontoi.e., forall ye B, there exists xe Asuch that Ax) = y.

Clearly, fis a bijection since it is both injective as well as surjective.

Number of one-one onto function (bijection) : If A and B are finite sets and f: A— B is a
bijection, then A and B have the same number of elements. If A has n elements, then the number of
bijection from A to B is the total number of arrangements of n items taken all at a time i.e. n!.

(6) Algebraic functions : Functions consisting of finite number of terms involving powers and
roots of the independent variable and the four fundamental operations +, —, x and + are called algebraic

functions.

3
e.g., (i) x®+5x (ii) ”11 x#1 (iii) 3x*—5x+7

The algebraic functions can be classified as follows:
(i) Polynomial or integral function : It is a function of the form ax"+ax"'+....+ a, ;x+a,
wherea, =0 and a, a,........ ,a, are constants and ne Nis called a polynomial function of
degree n
e.0. Ax)=x*-2x*+x+3 is a polynomial function.

Note : O The polynomial of first degree is called a linear function and polynomial of zero degree
is called a constant function.

(if) Rational function : The quotient of two polynomial functions is called the rational function.

e.g. Ax)= X -1

——  — Isarational function.
2 + ¥ +1




(iii)  Irrational function : An algebraic function which is not rational is called an irrational
X —Jx
1+ xV4

(7) Transcendental function : A function which is not algebraic is called a transcendental
function. e.g., trigonometric; inverse trigonometric , exponential and logarithmic functions are all
transcendental functions.

function. e.g. AX=x+Vx+6, gx)= are irrational functions.

(i) Trigonometric functions : A function is said to be a trigonometric function if it involves

circular functions (sine, cosine, tangent, cotangent, m
secant, cosecant) of variable angles. (.1

(a) Sine function : The function that X /\ -3 T /\ .
associates to each real numbers X to sinx is called Sels: vk 3 '\/" T
the sine function. Here x is the radian measure of K G
the angle. The domain of the sine function is R and

the range is [-1, 1].

(b) Cosine function: The function that associates to each real number x t0 cosx is called the
cosine function. Here x is the radian measure of the angle. The domain of the cosine function is R and

the range is [- 1, 1].
Y

X’ L) =R / " /\ X
TS T) [x0] = X 2n 5%
? 7 E] 2 2
(0.=1)

(c) Tangent function : The function that associates a real number x to tan x is called the tangent
function.

Clearly, the tangent function is not defined at odd

multiples of % ie., i%,i%ﬂ etc. So, the domain of the

tangent function is R-{(2n+ 1)%|ne I . Since it takes every

value between-« and «. So, the range is R. Graph of
fix) = tanx IS shown in figure.

(d) Cosecant function : The function that associates a real number x to cosecx is called the
cosecant function.

Y

Clearly, cosec x is not defined at x=nz,ne 1. i.e., : : - ,

. . . 1 3 ] ] |

0,+7,+27, +37 etc. So, its domain is R—{nz|nc . T Y ol \ GV |
. . X' (=200 ((mB) | (ADY)y  Gme, X

Since cosecx>10r cosec x<-1. Therefore, range is g - a 1 :

. . . e g oE. el =

(~0,—1]U[1,0). Graph of fx) = coseax is shown in figure. i jm -\ |




(e) Secant function : The function that associates a real number x to sec x is called the secant

function.
Clearly, sec x is not defined at odd Py
multiples of Z i.e., (2r+1)Z, where nec L So, its i ) i N :w: \ :Ui
2 2 y POVl nan/ U0 eyl
domain is R-{@n+17 | ne B.AlSO, |secx|=1, :L‘““:mf};']"im:“ﬁ;;ﬁ
therefore its range iS (-co,—1JU[l,«). Graph of i 3 : ry,: : *'

£fix) = secx IS shown in figure.

(F) Cotangent function : The function that associates a real number x to cot x is called the
cotangent function. Clearly, cot x is not defined at x= nz,ne 11.e., at n=0, + z, + 27 etc. So, domain of

cotx IS R—{nr|nec I}. The range of Ax) = cotx ISR as is evident from its graph in figure.

(ii) Inverse trigonometric functions

Function Domain Range Definition of the function
sin' x [-1,1] [-7/2, 7/2] y=sin! x& x=siny
cos' x [-1, 1] [0, 7] y=cos' x< x=cosy
tan ' x (~o0, ©) Or R (~2, 2) y=tan' x< x=tany
cof' x (~o0, ©) or R (0, m) y=cot! x< x=coty
cosec'x R-(-1,1) [-7/2, z/2] - {0} v=cosec'x = x= cosew
sec! x R-(-1,1) [0, 71— [7/2] v=sec' x& x=secy

(ili)  Exponential function : Let a=1 be a positive real number. Then £: R— (0,«) defined by

fix = a*is called exponential function. Its domain is R and range is (0,).




¥ Y,
a>1 a<l1
©, 1) M =a fx) = a'\ ©, 1)
X —/0 X X O\X
Y v
graph of fix)=a*, when a > 1 graph of fix)=a*, when a< 1

(iv)  Logarithmic function : Let a=1be a positive real number. Then £:(0,) - Rdefined by
fix) = log, xis called logarithmic function. Its domain is (0,«)and range is R.

Y, Y,

fx) = log, \
(1, 0)
X X
o /1,0 ¥ X 0
fix) = log,

Y Y
graph of Ax) =log, x, when a > 1 graph of Ax) =log, x, when a <

(8) Explicit and implicit functions : A function is said to be explicit if it can be expressed directly in
terms of the independent variable. If the function can not be expressed directly in terms of the
independent variable or variables, then the function is said to be implicit. e.g. y=sin' x+logxis

explicit function, while x* + ¢* = xvand x*v* = (a— x*(b— »? are implicit functions.

(9) Constant function : Let k be a fixed real | (10) Identity function : The function defined
number. Then a function f(x) given by Ax =% | by Ax=x for all xe R, is called the identity
for all xe R is called a constant function. The | function on R. Clearly, the domain and range
domain of the constant function fx) =k is the | of the identity function is R.

complete set of real numbers and the range of f|  The graph of the identity function is a

is the singleton set {k}. The graph of a|straight line passing through the origin and
constant function is a straight line parallel to x- | inclined at an angle of 45° with positive
axis as shown in figure and it is above or | direction of x-axis.

below the x-axis according as k is positive or
negative. If k = 0, then the straight line
coincides with x-axis.




f(x) =

kA

Yy’

(11) Modulus function : The function defined
x, when x>0

by fix) | xl={ is

-x, when x< 0

called the

modulus function. The domain of the modulus
function is the set R of all real numbers and the
range is the set of all non-negative real
numbers.

Y
f(x) =-x f(x) =x
X
o) X
Y/

(12) Greatest integer function: Let Ax) =[x,
where [x] denotes the greatest integer less than
or equal to x. The domain is R and the range is
l.eg. [1.1]1=1,[22] =2,[-0.9] =1, [- 2.1]
= — 3 etc. The function f defined by Ax =[x
for all xe R, is called the greatest integer
function.

(13) Signum function : The function defined

| x| 1L x>0
by fn=1 x> **% or Av=]0, x=0 is
0, x=0 -1, x<0

called the signum function. The domain is R
and the range is the set {-1, 0, 1}.

0, 1)¢—

(14) Reciprocal function: The function that
associates each non-zero real number x to be

. 1. : :
reciprocal — is called the reciprocal function.
X

The domain and range of the reciprocal
function are both equal to R-{0} i.e., the set
of all non-zero real numbers. The graph is as

shown. v
f(x =1/
_\ 5

X

X




Domain and Range of Some Standard Functions

Function Domain Range
Polynomial function R R
Identity function x R R
Constant function K R {K}
Reciprocal function )—lr Ro Ro
| x| R R* u{0}
x, x| x| R R
Signum function R {-1,0, 1}
x+| x| R R* u{0}
x| x| R R~ u{0}
[x R I
x—[x] R [0, 1)
Jx [0, ) R
a* R R*
logx R* R
sinx R -1 1]
cosx R -1, 1]
farx R —{if, iﬁ} R

2’ 2
cotx R—{0, +7, +27,cceeeee... } R
SR R— {if, iﬁ_} R-(-1,1)
2’ 2
cosecx R—{0, +7, +27,......... } R-(-1,1)
sin! x -1 1] {i f}
2’2
cos! x -1, 1] [0, 7]
tan! x R [—_7; Zj
2’2
cot!l x R 0, )
secl x R—(-11) [o’ﬂ]_{z}
2
cosec'x R-(11 [_ z s Z} —{0}
2’2




Important Tips
Any function, which is entirely increasing or decreasing in the whole of a domain, is one-one.

Any continuous function f(x), which has at least one local maximum or local minimum, is many-
one.

If any line parallel to the x-axis cuts the graph of the function at most at one point, then the function
is one-one and if there exists a line which is parallel to the x-axis and cuts the graph of the function
in at least two points, then the function is many-one.

Any polynomial function f: R — R is onto if degree of f is odd and into if degree of f is even.

An into function can be made onto by redefining the co-domain as the range of the original
function.

Example: 28  Function f: N— N Ax=2x+3 IS
(a) One-one onto (b) One-oneinto  (c) Many-one onto  (d) Many —one into

Solution: (b) £isone-one because fix)=fix) = 2%+3=2%+3 = x=x
Further £'» - %3 ¢ N(domain) when x =1, 2, 3 etc.

- fis into which shows that f is one-one into.
Example: 29 The function f: R— r defined by fi»=(x-Dx-2(x-3 IS
(a) One-one but not onto (b)Onto but not one-one
(c) Both one-one and onto (d)Neither one-one nor onto
Solution: (b) We have fx=(x-D(x-2(x-3 = A= A2= A3=0= Ax» IS NOt ONe-one
For each ye R there exists x< 7 such that A»-y. Therefore f is onto.

Hence, f: R— R is onto but not one-one.

Example: 30Find number of surjection from A to B where A={1,234}, B= {28
(@) 13 (b) 14 (c) 15 (d) 16

2
Solution: (b) Number of surjection from Ato B - > ¢1*"2Gw*
r=1

=22t + (-)* 222t = 2+16=14
Therefore, number of surjection from A to B = 14.
Trick : Total number of functions from A to B is 2* of which two function f»=a for all
xe A and
a» =5 forall xe A are not surjective. Thus, total number of surjection from Ato B
=2'-2-14
Example: 31 If a={as4g, then total number of one-one onto functions which can be defined from A to
Ais
(@3 (b) 4 ()9 (d) 6




Solution: (d) Total number of one-one onto functions =3
Example: 32 If f: R~ R then A»=| x| IS
(a) One-one but not onto (b) Onto but not one-one
(c) One-one and onto (d) None of these
Solution: (d) A-1=An=1 . function is many-one function.
Obviously, f is not onto so f is neither one-one nor onto.

Example: 33 Let f: R— r be a function defined by Ax» - ;‘—"’ where m=n. Then

(a) fis one-one onto (b) f is one-one into (c) f is many one onto (d) f is many one into
Solution: (b)  For any xye B we have

Ao=fy=> -0y y

xX-n y-n

.. f is one-one

m— no

Let cegSUChthat A== X""_0 = x-
X—n

1-«a
Clearly x¢ r for «=1. So, fis not onto.
Example: 34  The function £: R— r defined by Ax=e* IS

(a) Onto (b) Many-one (c) One-one and into (d) Many one and onto

Solution: (c) Function f: B— r is defined by A =¢*. Let x,x c R and fix)=fix,) OF &1 =¢€2 OF x =x,.
Therefore f is one-one. Let A»=¢"=y. Taking log on both sides, we get x=logy. We
know that negative real numbers have no pre-image or the function is not onto and zero is
not the image of any real number. Therefore function f is into.

Example: 35 A function f from the set of natural numbers to integers defined by

n-1

——,whennisodd
fin={ 2 , 1S
—2, whenniseven
2
(a) One-one but not onto (b)Onto but not one-one
(c) One-one and onto both (d)Neither one-one nor onto

Solution: (c) £:N—1

A)=0,42=-1£3) =114 =-2£5=2 and £6)=-3 SO ON.

l
-
-




In this type of function every element of set A has unique image in set B and there is no
element left in set B. Hence f is one-one and onto function.

2.1.7 EVEN AND ODD FUNCTION

(1) Even function : If we put (—x) in place of x in the given function and if A-»= A%, vxe
domain then function f(x) IS called even function. e.g.
i) =e*+e* fx=x* fx) = xsinx, f(x) = cosx, ix) = x* cosx all are even function.

(2) Odd function : If we put (—x) in place of x in the given function and if A-x=-£fx), vxe
domain then f(x) is called odd function. e.g. fX=e"—e* fx)=sinx fx) = x°,
fx) = xcosx, fx) = x* sinx all are odd function.

Important Tips
The graph of even function is always symmetric with respect to y-axis.

The graph of odd function is always symmetric with respect to origin.
The product of two even functions is an even function.

The sum and difference of two even functions is an even function.
The sum and difference of two odd functions is an odd function.

The product of two odd functions is an even function.

The product of an even and an odd function is an odd function

It is not essential that every function is even or odd. It is possible to have some functions which are
neither even nor odd function. e.g. f(x) = x?+ x3, f(x) = loge x, f(x) = .

The sum of even and odd function is neither even nor odd function.
Zero function f(x) = 0 is the only function which is even and odd both.

Example: 36 Which of the following is an even function

(@) {%} (b) tanx (c) #=2 (d) 21

2 a-1

Solution: (a) We have : M:{"X‘l]
a+1

1

1,
o a*-1 __J.a __ 1-a _ a-1 _
2= {a”+l} i+1 ){l+a“‘J {a’+lJ £

a

So, f» IS an even function.

Example: 37  Let A»=4x*+15 then the graph of the function y= £» is symmetrical about
(a) The x-axis (b) The y-axis (c) The origin (d) The line x=y




Solution: (b) A¥=vVx*+15 = A-n=(»*115 =/x*+15= A»
= fi-®=fin= fx IS an even function = A» IS symmetric about y-axis.
Example: 38 The function A =loga+ V241 is
(@) An even function (b) An odd function (c) Periodic function (d) None of these

Solution: (b)  Ax=log&+Vx*+1) and A-x=-loga+vx*+1)=-£x, SO A» IS an odd function.
Example: 39 Which of the following is an even function

a+1 a-1 a-a” :
(@) A~ =1 0) - %] (@) A0S () A

Solution: (b) In option (a), A-x-2_+1_1ra"__a+1__ 4, So, Itisan odd function.

a*-1 1-a* a -1

a*-1 1-a (@a-1
=-x =x

In option (b), =N ™ e “@ )

= iy So, Itis an even function.

In option (c), A-»= ":‘:: =-fi» SO, Itis an odd function.

a’  +

In option (d), A-»=sin¢x=-sinx=—A» SO, It is an odd function.
Example: 40 The function Ax- sin(logé\’+ \/f+1)) is

(a) Even function (b) Odd function  (c) Neither even nor odd (d) Periodic function
Solution: (b)  Ax-= si-{log(\'+ J1+ f))

= f-x-sinllog(x+V1+x’)] = f-x) =sinlo (\/1+x2—x)(—“1“‘2“‘)
W1+ 22 + %)

= fw- sinlo{ = fw- si{logm i+ 32)*1}

1
(x+V1+ xz)l
= fiw- si{— logte+ 1+ xz)} = fx- —si{log(ﬂ S+ xz)} = fn=-—£x

. fix) 1S odd function.

2.1.8 PERIODIC FUNCTION

A function is said to be periodic function if its each value is repeated after a definite interval. So a
function f(x) will be periodic if a positive real number T exist such that, fix+ 7)= A®, vxe domain.
Here the least positive wvalue of T is called the period of the function.
Clearly A% = Ax+ T)= Ax+27) = Aix+3T)=...... e.g. sinxcosxtanx are periodic functions with period
27,27 and z respectively.




Some standard results on periodic functions

Functions Periods
(1) sinf x cod” x, sed x, wsed'x z; if nis even
{ 27; if nis odd or fraction
(2) tad'x cof'x 7;n 1S €ven or odd.
3) | sinx]|,| cosx|,| tanx]|, w

| cotx|, | secx|, | cmecx]|

4) x4 1
5) Algebraic  functions e.g., Period does not exist
\/}, Az,x3+5,...etc

Important Tips
If f(X) is periodic with period T, then c.f(x) is periodic with period T, f(x + c) is periodic with period T
and f(x) + c is periodic with period T. where c is any constant.

If a function f(x) has a period T, then the function f(ax+b) will have a period ﬁ
a

If f(x) is periodic with period T then I(_lx) Is also periodic with same period T.

If f(x) is periodic with period T, /A» is also periodic with same period T.
If f(x) is periodic with period T, then a f(x) + b, where a&<r@a~=0 is also a periodic function with
period T.
I f1(x), f2(x), f3(x) are periodic functions with periods Ty, T2, T3 respectively then; we have
HX) = af(x+ b+ c£(®», has period as,
LCMof{Z,, T, T,}; if x)isnotanevenfunction

- %L.C.M.of{ 7;, 7;, 7:;}; if A(x) isanevenfunction

Example: 41 The period of the function #x = 2cos%(x—7r) IS

@) 6r (b) ar (c) 2 (d) »
Solution: (a) I(X)=2cos§(x—7r) _2.:0{%‘_%)

Now, since cosx has period 27 = co{'—;—%) has period % =67
3

= 2co{§ —%] has period = 6.




Example: 42 The function fix-= sin%y+ 2cos%xftan%" is periodic with period

@6 (b) 3 (c) 4 (d) 12
Solution: (d) e sinx has period =2« = sin™ has period - 2t _y

NN

® cosx has period =27 = cos’;—" has period =

3

2z =6 > 2cos7%X has period =6
3
® tanx has period =z = tan%Y has period

:%:4.
4
L.C.M. of 4,6 and 4 =12, period of Ax = 12.
Example: 43 The period of |sin2x]| iS
(a) = (b) = () » (d) 20

Solution: (b) Here | sin2x|- Vsir 2x = /@

Period of cosax is % Hence, period of |sin2x| Will be %

Trick : o sinx has period - 27 - sin2x has period = %~ -,

Now, if A» has period p then | £»|has period g: | sinzx| has period :%.

Example: 44 If f» is an odd periodic function with period 2, then sayequals

(@) 0 (b) 2 (c) 4 (d)-4
Solution: (a) Given, £ is an odd periodic function. We can take sinx Which is odd and periodic.
Now since, sinx has period = 2 and A» has period = 2.

S0, iy =singx = £4)=sin@7)=0.
Example: 45 The period of the function Ax = sir® x iS

@ = (b) =

(©) 2«
Solution: (b)  sir?x=17C02X

(d) None of these

— Period - % 7

Example: 46  The period of A»=x-[a, if it is periodic, is

(8) #» is not periodic (b) 3

©1 (d) 2
Solution: (c) Let Ax be periodic with period T. Then,

fix+D=£fxn forall xerR = x+T-Ix+N=x-[d forall xeR = x+ T x=[x+ N-I[x
= x+7N-[d=Tforall xer = 7-1234,.....

The smallest value of T satisfying,

fix+ )= fx forall xeris 1.

Hence fx»-x-[x has period 1.




Example: 47 The period of Ax»=si ”le+co{£‘J, ncZ n>2 S

n— n

(@) 2mn-1 (b) an(n-1 (C) 2dn-1) (d) None of these

Solution: () fx=si

"’f_xljm{g]
Period of sir( ”XJ _ % __9(s-1) and period of co{ﬂ") _ % — 2n

"L " ()

Hence period of Ax» is LCM of 2» and 2(n-1)= 24n-1).
1
Example: 48 If a,b be two fixed positive integers such that Aa+ » = b+[6° +1- 362 fix+ 36{ ix}2 - { Ax)}*13 fOr
all real x then A is a periodic function with period
(@a (b)2a ()b (d)2b
Solution: (b) fa+x=b+1+{b- A0}®)? = Ra+W-b={1-{Ax-H>}/3

= glar0={1-{p@P"?  [s=A0-b] = Hx+2a={1-{g(x+ P} =p(%
= Ax+23d-b=fiN-b= fix+23d= A
. fix 1s periodic with period 2a.

2.1.9 COMPOSITE FUNCTION
If f: A» Band g: B— ¢ are two function then the composite function of f and g,
gofA— C Will be defined as gofx) = g[fix],vxec A
(1) Properties of composition of function :
(1) fiseven, giseven = fog even function.
(i) fisodd,gisodd = fog is odd function.
(iifiseven, gisodd = fog is even function.
(iv) fisodd, g is even = fog is even function.
(v) Composite of functions is not commutative i.e., fog+ gof
(vi)Composite of functions is associative i.e., (fogoh= fo(goh
(vii) If £: A— Bis bijection and g: B— A is inverse of f. Then fog= I and gof= 1I,.
where, I, and I, are identity functions on the sets A and B respectively.
(viii) If f:A—> B and g:B— C are two bijections, then gof: A— C is bijection and
(goh ' = (f'og™).
(ix) fog= gof but if , fog= gof then either £! = gor g' = £ also, (fod(x) = (goh(x) = (»).




Important Tips
gof(x) is simply the g-image of f(x), where f(x) is f-image of elements xe A.
Function gof will exist only when range of f is the subset of domain of g.
fog does not exist if range of g is not a subset of domain of f.
fog and gof may not be always defined.
If both f and g are one-one, then fog and gof are also one-one.
If both f and g are onto, then gof is onto.

Example: 491f f: R RAxy=2x-1 and g: R—> R gx» - x* then (gof(» equals

(@) 2+2-1 (b) @x-1? (C) ax*-2x+1 (d) #+2x-1
Solution: (b) gofixn=g{fix} = g2x—1) =(2x-1>.
Example: 50 If £: R—» RAx=(x+1? and ¢: R— Rgx = x*+1, then (f09(-3) is equal to

(@ 121 (b) 144 (c) 112 (d) 11
Solution: (a) fogn=flg®} = A +1) =(* +1+1D?=(x* + 2% = fog(-3)=(9+ 22 =121.

Example: 51 Ax =sirf x+ sirlz(x+%j+cosxco{x+ sjandg(sj 1,then (gof(x) IS equal to

(@1 (b) -1 (c)2 (d)-2
Solution: (a) fX) = sitf x+ sirf(x+ 7/3) + cosxcosx+ 7/3) = 1- c;st 1- c0522x+ 27/3) —{2cosxcos(v+ 7/3)}

= %[l —cos2x+1—cos@x+ 27/3) + cos@x+ 7/ 3) + cosr /3]

= l E—{cos2x+co 2X+E]}+CO 2x+ 2| = l E—2co 2x+ & cos£+co{2x+£ =5/4 for all x.
2|2 3 3 2|2 3 3 3

gof® = gfin)=g5/49-1 [0 g(5/4) =1 (given)]
Hence, gof®=1, for all x.

Example: 52 If g»=x*+x-2 and %(goj(x)zthsuz then Ax» is equal to

(@) 2x-3 (b) 2x+3 (C) 2% +3x+1 (d) 28 -3x-1
Solution: (a) gx=»*+x-2= (gof(x) = FAX] = (AN + Ax)— 2

Given, %(goj(x):zf—sﬁz %[1@)]%%@-1:2%-5”2

= [AWF+ A% =4x"-10x+6 = AL +1]=2x-H[@x-3+1 = fH=2x-3.

Example: 53 If fin-—Y—,g0-—2—, then (fo9 (» is equal to

v b)Y q 17
(a)ﬁ ()W ©y ()W

Solution: (c) g2 ¥ v 144
\/ 2 g 1




Example: 54 If £ =22, then (#4911 equals

x—2
(a) x (b)-x © 3 (d) i
2x-3
-3
Solution: (a) ﬁf(ﬂ]:u:x
[21’—3]_2
x—2
Example: 55 Suppose that gx=1+vx and Agx)=3+2/x+ x then f(x) is
(@) 1+24 (b) 2+ # (€) 1+x (d) 2+ x
Solution: (b) gw=1+Jx and Agx)=3+2J/x+x e (1)

= A+V0=3+2/x+x

Put 1+Vx=y = x=(y-1?

then, Ay =3+2v-D+@w-1?=2+¢?
therefore, iy =2+ 2.

-1 x<O0

Example: 56 Let gx=1+x-[x and l(x)—{o, x=0, then for all X, fgx) isequal to
1, x>0

(@) x (b)1 (C) Ax (d) e

Solution: (b) Here gx=1+n-n=1,x=nc 2z
1+n+k-n=1+k, x=n+k (Where necz 0<k<1)

-1 g®<0
NOW Agx)=1 0, gx=0
1L g»>0

Clearly, x>0 forall x. So, fgx)=1 forall x.

Example: 57 If #x- ;ﬁ; then (fo¥(@ is equal to
(@1 (b)3 (c)4 (d) 2
Solution: (d) Here 1(2):%
5 2><§+1
Hence (fo§@ = fA2) = {—j: 4 _2.
1 3><§—2
a

Example: 581f f:r>r and g¢:R—> R are given by A»=|x| and g»w=[4 for each xeR then
{xe R: g(A¥) < gx)} =
(@) zu(,0 (b) (,0) (c)Z d)R

Solution: (d) g(Ax)< Aew) = 4| x]) < sl = [| x[1<|[x]. This is true for x<




2.1.10 INVERSE FUNCTION

If £: A— B be a one-one onto (bijection) function, then the mapping £*: B— A which associates
each element < B with element ac A such that fa = &, is called the inverse function of the function
f:A-> B

f':B>A f'(B=a= fla=b
In terms of ordered pairs inverse function is defined as ' =(ga if (a, b) < .
Note : (For the existence of inverse function, it should be one-one and onto.
Important Tips
Inverse of a bijection is also a bijection function.
Inverse of a bijection is unique.
(FHy*=f
If f and g are two bijections such that (gof) exists then (gof)*=f"og™.
If f : A~ B is a bijection then f1: B — A is an inverse function of f. flof = I and fof !=lIs.
Here la,is an identity function on set A, and Ig, is an identity function on set B.

Example: 59 If £:r- ris given by f»-=3x-5, then fi(»

x+5
3

(a) Is given by 3X—1_5 (b) Is given by

(c) Does not exist because f is not one-one (d) Does not exist because f is not onto
Solution: (b) Clearly, f: R— g is a one-one onto function. So, it is invertible.

Y*S Hence, flxm=>*:3,
3 3

Let An=u then, 3x—5=y:x:%5: o=

Example: 60 Let f: r— g be defined by A»-3x-4, then £'(» is

(a) 3x+a (b) Tx-a (€) texra (d) %(x_z;)
Solution: (C) Av=3x-4-y = y-3x—4 = x:&g“ N fl(y):y;4 N fl(x)=X;4.

Example: 61 If the function £: R— r be such that Ax - x—[x, where 51 denotes the greatest integer less
than or equal to y, then £'(» is

@ Xilm (b) 4-x (c) Not defined (d) None of these

Solution: () A»=x-[xd Since, for x=0=A»-0
For x=1=4£%-0.
For every integer value of x Ax-0

= fx» IsSnotone-one = So f'(» is not defined.




Example: 62 If £:11, ) > [1 «) iS defined as Ax=2%*? then f'(» is equal to

@ (3" (b) 1(t- [T aiog x)
(©) %(1_ 1+ dlog ) (d) Not defined

Solution: (b) Given Ax =2"*? = x(x—1) = log, Ax)

= ¥ -x-logiN=0=x= 1+ N1+l;lo&l(x)

Only x-1* "“:'% A% Jies in the domain

£ = 511+ T+ dlog 2

Example: 63  Which of the following function is invertible

(@) An-=2~ (b) fim=x-x (€) fim=+ (d) None of these
Solution: (a) A function is invertible if it is one-one and onto.
Example: 64  If Ax»=x*+1 then r'an and r'3) will be

@41 (b)4,0 (c) 3,2 (d) None of these
Solution: (d) Let y=x*+1 = x=+/y-1

= fl=+/y-1 = flw=/x1

= FlAD=+/17-1=14

and f£!(-3-=+J/-3-1-+/-4, which is not possible.

ASSIGNMENT




Basic Level
1. If m:t—x then fficos29)] equal to

(a) tan29 (b) sec29 (C) cos29 (d) cot2)

- .4
2. If I(X):M for xe R then A2002-
sin2 X+ cos4 X

(a)1 (b) 2 (c) 3 (d) 4
3. If sy=a then {y(p}® is equal to

(a) 43p (b) 34(p (©) 64 (d) 260

1 [x

4, If Ax=cos(log, then Ax M‘E“(}} fixy] =

(a)é (b) 2 (c) 0 (d) 1
5. If f6)=tano, then £O—19 s equal to

1+ £0) Aig)
(@) fio-9) (b) Ag-0) (C) fo+¢) (d) None of these

6. If Axy=2x/1-4%, then {singj equals

(@) sin2x (b) sinx (C) 2sinx (d) 25ing
7. If An=—", then ﬂfj’_"l) is equal to
() - (0) £2) (©) e @ {2
8. If I(X):{ZX;:; ii ; then v is equal to
(2) 242 (b) A2 (c) -42 (d) ;2

9. If Aw=x2-x2 then {ij is equal to
(@) An (b) — #x (c)ﬁ (d) Ao

10. If Ax=4ax3+3x%+3x+4, then ;(EJ is

2
1 1
@) #» ® © |11 (@
11. The equivalent function of 1ogs? is
(a) 2logx (b) 2log| x| (C) |logx2| (d) (logx)?

Advance Level




If A% =cosklx+cosial, Where [ is the greatest integer function of y then ,{%j is equal to

(@) cos3 (b) o (C) cosa (d) None of these
Let m:ﬁ)‘ﬂxl ’ zjj where [.] denotes the greatest integer function. Then £4-2.3)} is equal to

(a) 4 (b) 2 (c)-3 (d) 3
If Ax)+ fixg) = { Xt Xp ],Xlxz e (-11), then £x is equal to

1+ X1X9
1-x 1 1-x 2x 11+ x

(a) 1o{mj (b) tani l[m) (©) no{l_ ij () tan l[ﬁj
If A» :%,ﬁ o, then the value of function

@1 (b)0 (c)-1 (d) Does not exists
If a function gx is defined in 1,1 and two vertices of an equilateral triangle are (0,0) and (X, g(x)) and

its area is ?, then g equals

(@) vi+ 42 (b) —v1+ 42 (C)Vi1-# (d) None of these
If f(x) = 2”22_'{, then fix+y. Ax—y is equal to

@) %[AH 0+ Ax-] (b) %[1(2x)+ A29] (c) %mﬁ 9. Ax- 9] (d) None of these
f)=1and Anr)=2£An+1 if n>1 then fin is

(@) 2m (b) 2~ (c)27-1 (d) 2m'-1

If 2A0-3A1/ =22 x=0, then £2) isequal to

(@) 5/2 (b) -7/4 (c)-1 (d) None of these

If A%< x-1|, then correct statement is

() £ =A% (b) Alxh< A (C) Ax+ 9= An+ f9) (d) None of these

DOMAIN OF FUNCTION

Basic Level
The domain of the function A»=/logs x IS
(@) (0, 1] (b) (0, ) (€)(0.5, ) (d) [1, )
The domain of definition of the real function Ax-/legs+? Of the real variable x is
(@) x>0 (b) IxI21 (©)1xI=4 (d) x=a
The natural domain of the real valued function defined by A»=vVx2-1+V/x2+1
(@) 1<x<x» (b) <0< x<w (C) o<x<-1 (d) w0011

The domain of the function y- |21 is,

X




(@) x<1 (b) 0<x<1 (C)o<x<1 (d) o<x<1
Domain of Ax=loglogx| IS
(@) ©0») (b) @) (©) @U@ (d) 1

1/2

Domain of function an:{logo{“;‘z ﬂ is

() <o<x<w (b) 1<x<a (c)a<x<16 (d) -1<x<1
Domain of the function sin?! 1092[%] IS

(@) 2 (0) F12 (€)r-22-¢1y (d) r22-{}
The domain of the function - -“41(‘2‘: is

@) [0, 2] (b) [0, 2) (©[1, 2) (d) [1,2]
The domain of the function Ax =log¢/x-4 +J6-x) IS

(@) 14,0 (b) (=, 6] (c) 14,61 (d) None of these

Advance Level
The largest set of real values of x for which Ax-=/(x+2(G-»- ! _ jsareal function

V% -4

@) [1, 2] vesl (b) 251 (©) 3.4 (d) None of these

The domain of the function I(x):;+«/x+2 S
logo(1- %

(@) 1-3 -25[U]-2.5-2[ (b) =2o01u10 11

(©) 10,1[ (d) None of these
The domain of the function A»-1og.(x-[x1), Where [.] denotes the greatest integer function, is

@R (b) R-Z (©) 0+ (d) None of these

The domain of the function ﬂx)—m% i

@) 24 (b) (2,3) U (3, 4] ©][2, =) (d) (,-3)ul2%)
Domain of the function Ax = sinl(1+3x+2x% IS

(@) (~0,0) (b) 11 (©) [_—23,0} (d) [—oo,_—zlJu(Zoo)
Domain of the function sinln[v4:x2]

(@) 21 (b) 21 (©) 21 (d) 21
Domain of the function Ax = logs(3x-8)-logs(:*+4) IS

@ (5] (0) (-3 (©) (=59 (d) ©

The domain of Ay- —L s

J| cosx| + cosx




(@) -2n7, 2071 (b) @ar, 2n+17)

1;x2]+\/1—x2 is

(C) ((4n+ V7 @n+ 3);rj
2 ’ 2

The domain of Ax-= sin-l[

(a) {1} (b) 1 (©){1.-1}
The domain of the function A»- /lo{lsi:wJ is

@) R-{-r (b) BR-{nr|nc 2 (C) B-{2n7|nc 2
The domain of the function fx=1*gG, ,+2%3%*m, 5, Where the symbols have their usual meanings, is

the set

(a) {2, 3} (b) {2, 3, 4} (©){1, 2,3, 4}
Domain of the function Ax = sin{1+e%71 is

(@) (+ o, ) (b) FLa (©) o1
If n is an integer then domain of the function Jsin2x is

@) [llﬂ'—%,ﬂﬂ'] (b) |:ll7[,ﬂ7[+%:| (C) 1@a-1z, 2071

RANGE OF FUNCTION

Basic Level
If 4-2-1012 and f: A— Z A9 =»*+1, then the range of ris

@ {0, 1,2, 5} (b) {1, 2, 5} (©){-5,-2,1,2,3}
The range of the function f£:10,11—> B A¥=»*— ¥ +4x+2sin! x IS

@) z-20 (b) [2, 3] ©)[0, 4+
The range of Ax=cos/3) IS

@) 1313 (b) -3.3] (C)n/3-1/3

K +34x-71 ;

Range of == — IS

@) 5,9 (b) (,51U19,%) (©) 5,9
Range of the function Ax= % —**1

X+ x+1
1
@R 0) [3, ©)33

Advance Level

The range of the function #x=cosi, Where % < x< % is

(d) [(411— )7z An+)r
2 2

(d) None of these
(d) (o0, 0)

(d) {1,2,3,4,5}
(@ [-1,1]

(d) 1207,(@n+ 7]

(d) A
(d) 10,2+

d)[-11]

(d) None of these

(d) None of these

J




(a) {— 1,1, O} (b) {cosl, 1, cos2} (C){cosl,fcosl,l} (d) None of these
The range of the function fx< x-1|+|x-2|,-1<x<3 iS

@) [1, 3] (b) [1, 5] (©)[3, 5] (d) None of these
Let Ax=a+56%)x%+2b6x+1 and mp the minimum value of A» for a given b. As b varies, the range
of mp is
@)1 (b) (oﬂ ©) E 1} d) o
KINDS OF FUNCTION
Basic Level
Which of the following functions defined from R to R is onto
() An- x| (b) fim=e* (C) A= »* (d) Aw=sinx
The number of bijective function from set A to itself when A contains 106 elements is
(a) 106 (b) @aoe? (c)106! (d) 2t
If A contains 3 elements and B contains 4 elements, then the number of all one — one functions defined
fromAtoBis
(@) 144 (b) 12 (c)24 (d) 64
If a={a#, then total number of functions which can be defined from Ato A is
@2 (b) 3 (c)4 (d)1
Function f:R—» R Ax=x>+7 IS
(a) One — one onto (b) One — one into (c)Many —one onto  (d) Many — one into
Which of the following functions from R to R is into
@ » (b) 3x-7 (c) (d) sinx

Function f:R—> RAx=** IS

(a) One — one but not onto (b) Onto but not one- one  (c)Neither one-one nor
onto (d) One- one onto

X

If A=R-{3).B-R- and f-A> B ﬂv:;;, then f is

(a) One-one (b) Onto (c)One-one onto (d) Many-one into

Advance Level

Let I(x)=—_4 for | x|>2, then the function f:(w«,—-2u[2x)—> (1,1 IS
+




(@) One-one into (b) One-one onto (c)Many one into (d) Many one onto
Let the function f: R— R be defined by Ax=2x+sinxx< R Then fis

(a) One-to-one and onto (b) One-to-one but not onto
(c) Onto but not one-to-one (d) Neither one-to-one nor onto
function f: R— R, fix) = ®xiS
(a) One — one but not onto (b) Onto but not one — one
(c) One —one onto (d) Neither one — one nor onto
If for two function fand g; got is a bijection, then correct statement is
(a) Both g and f must be bijections (b) ¢ must be a bijection
(c) £ must be a bijection (d) Neither of them may be a bijection

If £:00,0) 5[0« and Ax=->—, then ris
1+ x

(a) One — one and onto (b)One — one but not onto
(c)Onto but not one — one (d) Neither one — one nor onto
The number of all onto functions which can be defined from a=1{1, 2, 3, ....., n}, a>210 B={a 8 IS

@) "B (b) 27-2 (c)2"-1 (d) None of these

If 1+2x is a function having [%%j as domain and (-,«) as co- domain, then it is
(a) Onto but not one- one (b) One — one but not onto
(c)One — one and onto (d) Neither one — one nor onto

If A={x|-1<x<n=Band f:A> B Ax=sinx then fis

(a) One —one (b) Onto (c)One — one onto (d) Many one into
If the real-valued function £x= px+sinx IS a bijective function then the set of possible valued of pec RS
(@) r-{o (b) 7 (©) © +x) (d) None of these
EVEN /7 ODD FUNCTIONS
Basic Level

The function f¥) = xcosx S

(a) Even function (b) Odd function (c) Neither even nor odd  (d) Periodic function
A function whose graph is symmetrical about the y-axis is given by

(@) Ax=log(x+Vx®+1) (b) Ax+9= A9+ Ay forall xycr

(C) f®=cosx+sinx (d) None of these

Let fix+y=Ax+ Ay Torall xye rR. Then
(@) A» isan even function (b) A» is an odd function (c) Am=0 (d) fin=nf1),ne N
If A» is an odd function then

(a) L;M is an even function (b)) Ax|+11 iS even, where [ = the greatest integer < x




() "X)‘—z’(‘x’ is neither even nor odd  (d)None of these

Advance Level

If Ax and gx are two functions of x such that Ax+gx=e* and Ax-gx=e* then
(d) A isan odd function (b) g is an odd function
(c) A» is an even function (d) g is an even function

. X .
If -] ¥ singolxk1 then gy is

x|x| , |xpk1
(a) An even function  (b) An odd function (c)A periodic function (d) None of these
Which of the following is an even function? Here [.] denotes the greatest integer function and f is any
function
(@) d-x (D) Axn- fi-» (C) &2 tar’ x (d) Ax+A-»

PERIODIC FUNCTION

Basic Level
The period of |cos x| is
z 3z
(a) 20 (b) = OFs () ¥
The period of the function sir{%‘]no{”—;j is
(@) 4 (b) 6 ()12 (d) 24
If A» is a periodic function of the period T, then fax+#& where a> o, is a periodic function of the period
@ T/ (b) aT (c)bT (d) T/a
The period of the function f(x):sil{22+ 3) is
(@) 2« (b) 6~ () 622 (d) None of these

The period of the function ﬂx)=3sinﬂ—;+ 4cos’%‘ is

(@6 (b) 24 ()8 (d) 2r
The period of the function Ax o sinx|+|cosx| IS
@) = (b) =/2 (c) 2z (d) None of these

Advance Level
Let Aix)=cos3x+ sinv/3x. Then fi® is

(a) A periodic function of period 2- (b) A periodic function of period V3~




(c) Not a periodic function (d) None of these
Ax) = cosyx, COrrect statement is

(@) Aw is periodic & its period =2z (b) A» is periodic & its period =42
(c) f» is periodic & its period =z (d) A is not periodic
COMPOSITE FUNCTIONS
Basic Level

If £: R> RAx=sinx;g: R~ R ox =+~ then (fg» equals to

(@) sin’? (b) sirf x (C) sinx+ »* (d) sin%

If Ax=(a-x)"", where a>0 and » is a positive integer, then A£x]=

@ # (b) » (c) x (d) None of these
If Av=—2_, then rofow is equal to
V1+ &2 f
a X b) X __ c) X d) None of these
@ e O e %= @

Let f and g be functions defined by #x = ﬁ,g(x) = ﬁ then (fog) (x) is

@) - (b) L (€) x-1 (d) x

1

If Ax=ax+band gxn=cx+d then Aqw)= «Ax) IS equivalent to
(8) fia=g0 (b) A5 = 2B (C) Ad - 2B (d) fo-=ga

Advance Level
If A»=|x-1] and gx =sinx then (fog(» is equal to

(@) sinf x-1] (b) | sin¥2- cosw2| (C) | sinx— cosx| (d) None of these
If f and g are two real valued function defined by fix = e* and gx»=3x-2 then (fe9'(» is equal to

() logBx-2) (b) 2+ losx (©) no{ s 2] (d) None of these
If Ax :ﬁ,ﬁ 0,1, then the graph of the function y- RAA®)}.x>1, IS

(a) A circle (b) An ellipse

(c)A straight line (d) A pair of straight lines

x,if x isrational

If ax is defined on [0, 1] by the rule M:{ . Then for all xeco,1, A4x) i

1- x,if xisirrationa

(a) Constant (b) 1+ x (c) x (d) None of these




INVERSE FUNCTION

Basic Level
f: R— R is a function defined by Ax=10x-7. If g= £, then gx =
1 1 x+7 x-7
(@) 10x-7 (b) 10x+7 ©) 10 (d) 10
If y= A= iif then x =
(@) fv (b) 249 (c)% (d) None of these
Inverse of the function y=2x-3 is
x+3 x-3 1
@) 5 (b) 5 (©) o3 (d) None of these

Advance Level
The value of « for which the function fx=1+axa =0 IS inverse of itself will be
(d) 2

(-2 (b)-1 (€)1
If £:1,+0)>[2+x) IS given by Ax- X+§ then ! equals
(@) 242t (b) %, CESEST (A 142 a
The inverse of the function #x-12-19" js
10°+10°*
(2) om0z~ » (b) Jroad 1% (€) Ltogot2x-1 (@ bod 2]
The inverse of the function Ax-= e:’ e: +2 is given by
e +e
. . 1 2
X— 2 X— 2 X 2 X—
(a) lo%[ﬁ] (b) loge[EJ (C) loge(ﬁj (d) loge[mJ
ANSWER
ASSIGNMENT

Basic & Advance Level




112|345 7 10 |11 12 |13 |14 |15 |16 |17 |18 |19 | 20
c|lalajc|a|lbjc|b|b|]d|b|jc|d|a|d|c|b|jc|b|d
21122232425 |26 |27 |28 |29 30 [31(32(33|34|35|36|37|38/|39]|40
albjd|d|c|bjc|c|c|b|b|b|b|jc|bjal|d|c|b]|a
41 | 42 |43 | 44 |45 | 46 | 47 | 48 |49 | 50 |51 |52 |53 |54 |55 |56 |57 |58 |59 |60
alb|b|jc|d|bjc|b|b|d|c|]c|c|c|a|d|c|]c|cCc]|a
61|62 |63 |64 |65|66 |67 |68 |69 70 71|72 |73 |74|75|76 |77 |78|79 |80
c|la|b|b|b|b|jd|b|d|bc|a|b|b|d|bjal|d|c|b]|b

d |b|c
8182|8384 |85|86|87|83(89| 90 (9192|9394 |95 |96 |97 |98
c|d|jajc|a|ld|c|b|b]jc|c|c|ala|]b|jal|b]|b




