QUADRATIC EQUATIONS

OMAR KHAYYAM

He was famous during his lifetime as a mathematician, well known for inventing the
method of solving equations by intersecting a parabola with a circle. Although his
approach at achieving this had earlier been attempted by Menaechmus and others,
Khayyam provided a generalization extending it to all cubics. In addition he discovered the
binomial expansion, and authored criticisms of Euclid's theories of parallels which made
their way to Europe, where they contributed to the eventual development of non-Euclidean
geometry.

In 1070 he wrote his greatest work on algebra. In it he classified equations
according to their degree, and gave rules for solving quadratic equations, which are very
similar to the ones in use today, and a geometric method for solving cubic equations with
real roots. He also wrote on the triangular array of binomial coefficients known as Pascal's
triangle. In 1077, Omar wrote Sharh ma ashkala min musadarat kitab Uglidis (Explanations
of the Difficulties in the Postulates of Euclid). An important part of the book is concerned
with Euclid's famous parallel postulate, which had also attracted the interest of Thabit ibn
Qurra. Al-Haytham had previously attempted a demonstation of the postulate; Omar's
attempt was a distinct advance. Omar Khayyam also had other notable work in geometry,
specifically on the theory of proportions.

IIT-JEE Syllabus
Equation Quadratic equations with real coefficients, relations between roots and coefficients,
formation of quadratic equations with given roots, symmetric functions of roots.

INTRODUCTION

Equation of the form ax2 + bx + c =0 where a, b,c [J Rand a [J 0 is called a quadratic
equation, where a, b, c are called coefficients of this equation.

O Roots of Quadratic Equation
To find roots of ax2 + bx + ¢ = 0
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O x+2£:ir b24—a£21ac
0 x =(_bi— “2;_46“:} these are the roots of the given equation.
Let the roots are [1 & [ then

0000 = [—‘bi*/iTacJ

(a) sum of the roots, 1100 =— g

(b) product of the roots, 100 = %
(c) If O & [ are the roots of ax2 + bx + ¢ = 0 then, ax2 + bx + c = a (x — 1) (x — [])
(d) the equation whose roots are [ and [ is
x-0)(x-=0)=0
0 x2—(D0000)x+00=0
—  x2 — (sum of roots) x + (product of roots) = 0

QO Nature of Roots
To find nature of roots of ax2 + bx + ¢ =0, where a, b, ¢ [I R,
Find discriminant, D = b2 — 4ac

(a) If D <0, (b2 - 4ac < 0), then the roots of the quadratic equation are non-real i.e. complex
roots. The roots are complex conjugates of each other.

(b) IfD =0, (b2 —4ac = 0), then the roots are real and equal i.e. 00000 =— % :

(c) I1fD >0, (b2 —4ac > 0), then the roots of quadratic equation are real and distinct.

(i) If D = b2 — 4ac is a perfect square and a, b, ¢ are rational numbers then the roots are
rational.

(i) If D = b2 — 4ac is not a perfect square and a, b and ¢ are rational number then the
roots are irrational conjugates of each other.
(d) Ifa=1and b, c JLIN and the roots are rational numbers, then these roots must be
integers.

(e) Ifa+ Db+ c=0then|isaroot of the equation and if a, b, ¢ are rational numbers then
both the roots are rational.




(F) If a quadratic equation in x has more than two roots, then it is an identity in x. (i.e. true for
all value of x)anda=b=c=0.

ILLUSTRATIONS

Illustration 1
Prove that the roots of the equation (b — c) x2 + 2(c — a) x + (a — b) = 0 are always real.

Solution

Given (b—c)x2 +2(c—a)x+(a—h)=0
Discriminant = [2(c —a)]2 —4(b—c) (a—b)
For real roots D >0

] Toproved(c—a)2—-4(b-c)(a-b) 0

1 (c—a)2-(b-c)(a-b)10

] (c2+a2-2ac)—(ab—ac—b2+bc) 10

[ a2+c2—2ac—ab+ac+b2—bc(]0

] a2+b2+c2—ac—ab—bc 10

] 2(@2+b2+c2—ac—ab—bc) 0

] (a2-—2ab+b2) + (b2 —2bc + c2) + (c2 —2ac + a2) [ 0

[ (a—b)2+ (b—c)2+ (c—a)2 ] 0, which is always true. Hence proved.

1.1 CONDITION FOR COMMON ROOT (S)
Consider two quadratic equations,

ajx2+bix+c1=0 and ax2+bhyx+c2=0
(a) For two common roots

In such a case, two equations should be identical for that, the ratio of coefficients must be

same, -0 _G
a b, ¢

(b) For one common root
Let [ be the common root of two equations. So [ should satisfy the two equations.
a1l02+b10+c1=0 and a202+bol+cp=0

Solving the two equations by Cramer’s Rule,




o’ a 1

(blcz _b2cl) (ClaZ _CZal) (albz _aZbl)

0 Dzz(mj & D:(MJ
ab, —a,by ab, —a,by

(a1c2 —agc1)? = (agb2 — aghy) (b1c2 — bocy)

Note: To find the common root between the two equations, remove the term containing x2

term from both the equations and find the value of x, this is the common root.

1.2 QUADRATIC EXPRESSION

Expression of the form ax2 + bx + ¢, where a, b, ¢ I R and a [ 0 is called a quadratic

expression (quadratic polynomial) in x. So in general quadratic expression is represented by
f(x) =ax2 + bx + ¢ or y=ax2+bx+c
O Graph of Quadratic Expression
y=ax2+bx+c or f(x)=ax2+bx+c

=l

Let x+£=X and y+R=Y
2a 4a

0 Y=aXx2

[l X2:1
a

So the shape of y = f(x) is a parabola
y=ax+bx+c

(a) Ifa> 0, the parabola opens upwards.

>

(b) If a <0, then the parabola opens downwards. / \x
a<0

2
v=ax+bx+c




O Greatest And Least Value of f (x) =ax®>+bx + ¢
y=ax2+bx+c

—_ {2 b C}
= a{xX’+-X+—
a a
_ ( bjz 4ac —b?
= a{[x+— | +———
2a 4a?

( (4ac - b2)
(

b jz
X+— | +———
2a
Case | a>0

a
da
b jz D
X+—| ——
2a 4a
a > 0, then f (x) (ory) is least when
x+£=oor x=—£ then
2a 2a

a

= a

> X
D . .. A (-b/2a, -D/4a)
y=—— 1S minimum value.
4a
Case Il

a<o0

)

y=a| Xx+— | ——

2a 4da
(-b/2a, —D/4a)

then y will be maximum when, x+2£=0
a
O x=—2£ and then maximum value of y will be / \

a

y = _4% ,  maximum value of y (or f (x))

Q Sign of Quadratic Expression

Let f (x) =ax2 + bx + ¢ or y=ax2+bx+c
wherea, b,c IR and a [1 0, then following cases may occur,
(i) a>0 &Dc<O: (i) a<0&D<0

\/ .

>

> X

= f(x)>0forall x [ R.ie., f(x)will

. = f(x)<OforalxRie,f(x)is
be always positive.

negative for all values of x.




(ii)a>0& D=0, (va<0 & D

N

= f(x) 00 forallx [JR. = f(x) 00 forallx [1R.

(v a>0 and D>0 (vja<0 and D>0

N /N

Let f (x) = 0 have two real roots [] and
U

(DOO00) thenf(x) <0

forallx 0 (- DO0O0) O (DOOOO0O)
and f(x) >0 forall x O (D000

Let f (x) = 0 have two real roots [ and
0,
let OO0, then

f (x) > 0 forall

xO (000D o@oooon)

and f (x) <0 for all x (1 (CICI0I0T)

PRACTICE EXERCISE
1. If1, m, nare real, | # m, then the roots of the equation (I - m)x> =51+ m)x -2 (1-m) =0
are
(a) real and equal (b) complex (c) real and unequal (d) None of these
2. If the roots of the equation x? — bx + ¢ = 0 are two consecutive integers, then b? — 4c equals
(@) -2 () 3 (c)2 (d) 1

3. The value of o for which the sum of the squares of the roots of the equation
X2 — (o — 2) X — o — 1 = 0 assumes the least value, is

(@) 1 (b) O (c) 3 (d) 2
4. If the equation y = px + a1+ p? is regarded as a quadratic in p, it will have equal root if,
X2+ VY2 is

(a) —a? () 0 (c) a2 (d) None of these




2. (d)

Location of Roots

1. (c) 3. (3)

Q

Let f(x) = ax2 + bx + c,
=0

Answers
4. (

(i) Condition if both the roots are less than k:

f(k)>0

D>0
af(k)>0

k>—£
2a

(i1) If both the roots are greater than k.
Case |
a>0

ftk) >0

- ——— —

o >

D >0
a.f(k)>0

and k < b
2a

(iii) If k lies in between the roots

Case |
a>0
\a k B/;x
° NS
flk)<0
D>0

c)

where a, b, c [0 Rand a [J 0 and [1JJ[] be the roots of f (x)

a B
f)<0 N

()]
... (i)
...(1i1)
Case Il
a<o0
" /_\;3 .
. (D)
... (i)
...(111)
Case Il

a<o
fk)>0

\




and af(k)<0

Case |
fora> 0,

f (k2)<0

D>0 (i)
f(ka) . f (kz) < O ... (ii)

b
ki < o ...(111)

(v) If the bigger root lies in the internal (kq, k2)

Case |
a>0
fk)<0
D>0 ()
f(ky).f(k2)) <O ...(11)
b
ko > o ...(1i1)

(vi) If both the roots lie in the interval (k1, k2)

Case |
a>0

ki)>0
:f( ” |f(k2)>0

N >
ko oo~—_, —B k

.. (i)

(iv) Let the smaller root lies in the interval (k1, k2).

Case Il
a<o
fky>0

P N

@) a k B H o
I
X f(k2) <0

fora<0

Case Il
a<o0




D>0 (i)

f(ky).f(k2))>0 ...(11)
b
ki < “oa ...(1ii)
b .
ko > “a ...(1v)
(vii) If k1 & k2 lie ininterval (L1 0)) where k1 <k and OO,
Case | Case Il
a>0 a<o0
fk) f(kz)
Kk @k k B "
o~ b o
f (k) £ (k2)
D>0 (i)
f(ky).f(k2))>0 ...(11)
QO Theory of Polynomial Equation
(i) If ap, a1, a, ........ ,an 0 R and an [J 0 then P (x) = 0 has exactly n roots (real or
imaginary)

(i) Imaginary roots always occur in conjugate pairs i.e. if b [1]10 and a + ib is a root of P (x)
=0,then a-ibisalso aroot.

(iii) A polynomial equation in x of odd degree has at least one real root (moreover it has an
odd number of real roots)

(iv) If x1, X2, X3, ...... Xp are roots of P (x) = 0, then P(x) can be written in the form,

P (X) =an (Xx—X1) (X —X2) .cce.. (X —Xp)
(v) Ifaisarootof P (x) =0, then (x —a) is a factor of P(x) and vice-versa.

(vi) If X1, X2 .... Xp are the roots of P(x) =0 i.e.,

apM+ap_1xn—1+ ... +aijx+ag=0, an [ 0, then
a
Tx =t
an
a
X%, = (-1)2 =2,

n

an—3 __an—3
an an

XXX = (-1)°




(vii) If P(x) = 0 has roots (1000000000000 000000000p then the equation
having roots

f(09), f(02), f(13), ceeeee. ,f(On) is given by P(f— 1(x)) = 0.
In particular if we have roots to be (11 +k, (12 + K, ....... , [In * k, then the corresponding
equation is P(x — k) =0 and if we have roots to be ki1, k(2 .......... , klIp, then the
corresponding equation is P (x/k) = 0.
(viii) If equation, P (X) =apxN +apn_1xN—1+ ... + ajx + ag = 0 is satisfied by more
than n number then P(x) is identically zero or we can say it become an identity i.e. an =
an_—1=an—-2=........ =ap=0

(ix) If coefficients of P(x) have ‘m’ changes in sign, then P(X) = 0 have at most ‘m’ positive
roots and if P (— x) have ‘t’ changes in sign, then P(x) = 0 have at most ‘t’ negative roots.
Using this we can find maximum no. of real roots, of a polynomial equation.

(x) If f(x) is a polynomial expression & f (b) = f (a), then there exists atleast one root of f' (x)
=0in (a,b)
(xi) If f (a) f (b) <0, then there will be atleast one root in (a, b) of f (x) = 0.

ILLUSTRATIONS

Ilustration 2
If equation (a— 1) x2 + (a2 + a— 2) x + (a2 — 3a + 2) = 0 has more than two roots then

Solution
(@a-1)x2+@+2)(a-1)x+@-2)(a-1)=0
as it is an identity

a-1=0 0 a=1
@+2)(@a-1=0 0 a=1-2
@-2)(a-1=0 0 a=1,2
So, a=1
Ilustration 3

Find the maximum number of real roots of x® -3x® +4x® +3x* +4=0
Let f (x) =x6 — 3x5 + 4x3 + 3x2 + 4
Here f(x) has two changes in sign, so f (x) = 0 has at most two positive real roots.




f(— x) = x6 + 3x5 — 4x3 + 3x2 + 4, has two changes in sign so it has almost two negative real
roots. Hence maximum number of real roots = 4.

Illustration 4

The coefficient of x in the quadratic equation X2 + px + g = 0 was taken as 17 in place of 13,
its roots were found to be — 2 and — 15. Find the roots of the original equation.

Solution

Here q = (— 2) x (- 15) = 30, correct value of p = 13. Hence original equation is x2 + 13x + 30
=0or (x+10)(x+3)=0
] Roots are — 10, — 3

Illustration 5

Let % and £ be two roots of the equation (x + 1) + xN + 1 = 0, where [ and [ are the roots
[0

of the equation x2 + px + g = 0. If JJ10] are also roots of the equation x2N + pNxN + gN = 0,
then show that n must be an even integer, when p [ 0.

Solution

As% isarootof (x+ )N +x"+1=0

{24_1] +(g] +1=0
p p
or (UOOOO)N+ON+0N=0 ()

But [0 are roots of x2 + px + ¢ =0
0 0OOO0O00=-p,00=q

0 from (i), —p)"+ 0N+ 0N=0 ... (i)
As [, [ are roots of x2N + pNxN + g = 0, we get

52n+pnmn+qn:0and 52n+ann+qn:0
Subtracting, (12" — (12N + pN(CN — Ny = 0

or (ON+0OM@N—oM+p(ON-Ny=0

[ either O+ 0N+ pN=0

or N-n=0
Case (i) when N+ (N +pN=0 ... (iii)
From (ii) — iii), (—p)N —p" =0




0 Ep)=pn
] nisan even integer.

Case (ii)when N - N =0i.e., ON=0N ... (iv)
(-p)N+20N=00r N =— (_s) e (V)
Also OO0 =q0 ONoN=gn 0 [02n=gn .. (vi)
n 2 2n 2n
From(v)and(vi)qn:[_(_p) _(p) _p ... (vii)
2 4 4
n 2 n 2n
Now, (12N +pNN+gqN =01} _(—5) J +pn{_(—§) }r p4 0
p2n_ o p2n p2n ~ 2n_ o pZn _
0Py B B0 0 By Bno

O 1-(1"=0[ p 0] nisaneven integer
Thus from both the cases it follows that n must be an even integer.

Illustration 6
Find all the integral values of a for which the quadratic equation (x —a) (x — 10) + 1 = 0 has
integral roots.

Solution

Here the equation is x2 — (10 + a) x + 10a + 1 = 0... (i)
Since integral roots will always be rational it means D should be a perfect square
Form (i) D = a2 — 20a + 96

1 D=(a-10)2-4

0 4=(@-102-D
If D is a perfect square it means we want difference of two perfect square as 4 which is
possible only when (a — 10)2 =4and D=0

1 (a-10)=z%2

1 a=12,8
Alternative Method

(x—a)(x—10)=-1

Here (x — a) and (x — 10) are integers. So (x — a) & (x — 10) have to be opposite in sign and
their magnitude will be unity.




So (x—a)=1 then (x-10)=-1
1 a=8
andif(x—a)=—1then (x-10)=1
1 a=12

Ilustration 7
Find the constant m so that ‘1’ lies between the roots of the quadratic equation
@2m+1)x2—mx+m-2=0
Solution
@2m+1)x2 —mx+(M-2)=0

2 _m (m-2)
or f(x)[Ix —(2m+1)x+(2m+1)_0 (Asm [1-1/2)

The statement ‘1’ lies between the roots [0 (1) <0

0o1- m m-2
2m+1 2m+1
2m+1—m+m—2<O 0 —1<m<1
2m+1 2 2
Ilustration 8

If OO0 and [ are the roots of the equation x3 + px2 + gx + r = 0, then form the equation

whose roots are a—i, ;3—i and y—i .
Py Yo of
Solution
1 o a ( 1j
o——=0———=0+—=0a|1l+=
Py oy r r

Thus the roots of the required equation are oc[l+%j,ﬁ£l+%j and y(l+%j. Hence the required

equation is obtained from the given equation by replacing x by X/(H%J:rr_j:l :

. . rx ) rx ) rx
Hence requwed equation Is (—j + p(—j +q[—j+ r=0
r+1 r+1 r+1

0 23 +pr(r+1)x2+q(r+1)2x+(r+1)3=0.




6.

10.

PRACTICE EXERCISE

If the roots of the quadratic equation x* — 2kx + k? + k — 5 = 0 are less than 5, then k lies in
the interval

(@) (5, 6] (b) (6, ) (©) (= 4) (d) [4,9]

Let f (X) = x%+ 2(m —1)x + m + 5 =0, where m is a real parameter, then

(@) f (x) =0 has both roots positive, if m € (-5, -1) (b)f (x) >0 forall x, if m € (-1, 4)
(c) f(x)>0forall x>0, ifm e (-1, ) (d)All above

Let f (x) = x2 + ax + 8 where a € R. Let f (x) = 0 has roots o and B then,

(a) If roots of f (x) = 0 are lying between 1 and 5 then a must lie in the range (—%,—\/ﬁj

(b) IFf(xX) >0V x e Rthena e (—J@\/ﬁ)

(c) If only one root lies between 1 and 5, then a (—9,3—:)

(d) For any real values of a, zero can never lie between the roots of f (x)

ax?> —7x+5

5x%> —7x+a

numerical quantity k should be equal to

The expression will take all real values if a lies in the interval [k, 2]. The

a, b, ¢ are positive integers. The equation ax? + bx + ¢ = 0 has one root in (-1, 0) and other
root in (0, 1). If the least value of a + c is b + k, then k must be equal to

Answers

6. (c) 7. (d) 8. (ab,c,d) 9. 12 10. 0

*kkhkk




MISCELLANEOUS PROBLEM

OBJECTIVE TYPE

Example 1

The value of 'a’ for which the sum of the square of the roots of the equation x> — (a—2) x —a —
1 = 0 assumes the least value is

@ O (b) 1 (c) 2 (d)3

Solution
Let o, B be the roots of the given equation. Then,a+ B=a—-2andaf =—(a + 1).
Now, o?+B2=(a+B)>-2apf=(a—-2)*+2(a+1)

=a’-2a+6=(a-1)?+5
Clearly, a2 + p? > 5. So, the minimum value of a? + B2 is 5 which it attains at a = 1.
O Ans. (b)

Example 2

The real values of ‘a’ for which the quadratic equation 2x> — (&> + 8a — 1) x + a> —4a =0
possesses roots of opposite signs are given by

@ a>5 (b)0<a<4 (c)a>0 (da>7

Solution

The roots of the given equation will be of opposite signs, if they are real and their product is
negative, i.e. they are real and their product is negative, i.e.

Disc > 0 and product of roots < 0

2
— (a®+8a-1)2-8(a?-4a)>0and 2 ;4a<o

= a’-4a<0[Qa’-4a<0 = (a®+8a—-1)>-8(a?—4a)>0]
= 0<ac<A4.

0O Ans. (b)

Example 3

Let a, B be the roots of ax? + bx + ¢ = 0; y, & be the roots of px? + gx + r = 0; and D1, D the
respective discriminants of the equations. If a, 3, y and & are in A.P., then D1 : D2 =

@ & ®) % © % OF
p q r




Solution
We have

oc+[3:_—b,oc B:EI
a

QD

y+o=—3 and ys="L.
p p
Now,
o, B,y,0areinAP = B-a=38-y
= (B-0)=0@-7)° = B+a)-4ap=(+3)° 415
b’> 4c_g° 4r — b2—4ac:q2—4rp

aZ a p2 P 8.2 pZ
- b_ D D _2a

a2 p2 D2 p2
0 Ans. (b)
Example 4

If o, B are the roots of a x? + bx + c=0and o + h, B + h are the roots of px? + gx + r = 0, then
h=

b_a ifb_a 1fa p

() (a p) (b) Z[a pj (c) Z(b q] (d) none of these
Solution

We have

a+B=—9,aB=£, and
a a

a+h+p+h= _% and (e +h) (B +h) = %
-9 5 b .0 - _b

= o+B+2h S = areh= [Q a+p=--]
= hzl[g_gJ

2la p
0 Ans. (b)
Example 5
If both the roots of the equation x? — 6ax + 2 — 2a + 9a = 0 exceed 3, then

9 11 11 11
(a.) a>ﬁ (b) aZE (C) a>§ (d) a<5
Solution

Let f (X) = x? — 6ax + 2 — 2a + 9a?, and let o be the roots of f (x) = 0. Then equation f (x) = 0
will have its both roots greater then 3, if




(i) Disc>0 (i) a+p>6 (i) f(3)>0

Now, Disc >0 = 36a°—8 +8a—36a°>0

= -8+8a>0 = a>1 ...(1)
0+B>6 =6a>6 =a>1 ...(ii)

and, f(3>0 =9-18a+2-2a+9a°>0

= 9a°-20a+11>0 = 9%?-11a-9a+11>0

= (9a-11)(a-1)>0 :>a<1ora>% ...(1i1)
From (i), (ii) and (iii), we get a > 11/9.

0 Ans. (c)

Example 6

If every pair from among the equations X2 + px + qr =0, x>+ qgx+rp=0and x> + rx+ pg =0
has a common root, then the product of three common roots is
(@) par (b) 2 pgr (c) p> g? r? (d) None of these

Solution
we have

af =qr, By=rpandyo=pq
= (aB) (By) (va) = (ar) (rp) pa)
= (afy)® = (par)* = apy=par

Ans. (a)
Example 7
If a € Zand the equation (x —a) (x —10) + 1 = 0 has integral roots, then the values of 'a’ are
(@ 10,8 (b)12, 10 (c) 12,8 (d) None of these
Solution

Since a and x are integers. Therefore,
x-a)(x-10)+1=0

= (x—-a)(x-10)=-1

= (x—a=landx-10=-1)or(x—a=-landx—-10=1)
= (x=9anda=8) or (x=11anda=12)

= a=8ora=12.

. Ans. (c)

Example 8

If m e Z and the equation m x? + (2m — 1)x + (m — 2) = 0 has rational roots, then m is of the
form

@ n(n+2),neZz )nnh+1),neZ ()n(n-2),neZ (d)None of these




Solution
The discriminant D of the given equation is givenby D=(2m-1)2—4m (m-2) =4m+ 1
If the given equation has rational roots, then the discriminant should be a perfect square of a
rational number, say a. i.e., 4m + 1 =a? = a?isaninteger [Q 4m + 1 isan integer]
= alisan integer
Now, 4m + 1 = a?
= 4dm=(@*-1) = dm=(a-1)(a+1)
= (a-1) (a+1)isaneven integer of the form 4m
= a-landa+1lareevenintegers [Q 4misan even integer]
= aisan odd integer
Leta=2n+ 1, where n € Z then,
a?=4m+1 = (2n+1)?=4m+1
= m=n(n+1), wheren e Z
Ans. (b)

Example 9

The integer 'k’ for which the inequality x? — 2 (4k — 1) x + 15k? — 2k — 7 > 0 is valid for any x,
IS

@ 2 (b) 3 (c) 4 (d) none of these

Solution
Let f (X) = x? — 2 (4k — 1)x + 15k?> — 2k — 7. Then,
f(x)>0 = Disc<0 [Q coeff. of x? > 0]
— 4(4k-1)2—4 (15k2—2k—7) <0
= k?-6k+8<0 = 2<k<4.

Ans. (b)

Example 10

The values of 'a’ for which 2x? —2 (2a + 1) x + a (a + 1) = 0 may have one root less than a and
other root greater than 'a’ are given by

@ 1>a>0 (b) -1<a<0 (c)a>0 (da>0ora<-1
Solution

The given condition suggests that a lies between the roots. Letf (x) =2x? -2 (2a+ 1) x+a(a
+ 1). For a to lie between the roots, we must have

Disc>0andf(a)<0

Now, Disc >0 = 4(2a+1)>-8a(a+1)=>0

= s[a2 +a+ﬂ >0, which is always true

f(Q)<0 = 2a®°-2a(2a+1)+a(a+1)<0




= —a?-a<0 = a2 +a>0
= a>0ora<-1.

Ans. (d)

Example 11

If x3 + 3x? — 9x + c is of the form (x — a)? (x — B) then ¢ =

@ -5 (b) 27 (c) - 27 (d)0o
Solution

If f () =x3+3x2—9x + ¢ = (X — a)? (x — B), then (x — «) is a factor of order 2. So, x — a. is a
factor of order one of f' (x) i.e. 3x? + 6x — 9.
Now, f'(X)=3x?+6x-9=3(X*+2x-3)=3(x+3)(x—-1)
f’"(x)=0 = x=1 or x=-3.
This shows that either o =1 or o = -3
If o =1, then as « is a root of X2 + 3x2 — 9x + ¢ = 0. Therefore,
1+3-9+4+¢c=0=c=5
If oo =3, then as a is a root of x® + 3x> — 9x + ¢ = 0.
Therefore, —27+27+27+¢c=0 = c=-27.

Ans. (c)
Example 12
The number of real roots of (6 — x)* + (8 —x)* =16 is
@ao0 (b) 2 (c) 4 (d) None of these
Solution

Lety =7 —x. Then the given equation become.
(Y+1)*+(y-1*=16 = y*+6y-7=0
= (Y- *+7)=0=y"-1=0 [Q y*+7=0]
= y=%1
= 7-x=%1 = x=6,8.
Ans. (b)




SUBJECTIVE TYPE

Example 1
Solve: 8x% +16x—51 s
" (2x-3) (x+4)
Solution
8x° +16x—51 8x° +16x-51 .
(2x-3) (x+4) (2x—-3) (x+4)
8x% +16x—51-3(2x—3) (x+4) -0
(2x—-3)(x+4) - + - +
—r—eo—o—o— >
25— _ o -4 -3 3 5
2X°+x-15 20 = (2x 5)(x+3)>0 00 5 5 0
(2x-3) (x+4) (2x—3) (x+4)

Critical points are: x = -4, -3, 3/2,5/2
(2x=5)(x+3) 20
(2x—3) (x+4)

= Xe (—oo,—4)U (-3,3/2) U (52, )

Example 2
Find all the values of a, so that 6 lies between the roots of the equation x?> + 2(a—3) x + 9= 0.

Solution

Let f (x) =x?+ 2 (a—3) x + 9. If 6 lies between the roots of f (x) = 0, then we must have the
following.

(i) Disc >0, and (ii) f (6) <0 (Q coeff. of x? is positive).

Now,

Disc>0 = 4(@-3)>-36>0 = (a—-3)>-9>0

= a’-6a>0

= a(@a-6)>0 =>a<0ora>6

and, f(6) <0 = 36+12(a-3)+9<0

= 12a+9<0 = a<_§
From (i) and (ii), we get: a<-3/4 i.e. a € (— o, —3/4).

Example 3
Find the value of k, so that the equations 2x?> + kx — 5 = 0 and x? — 3x — 4 = 0 have one root in
common.

Solution
Let o be the common root of the two equations
Then,




202+ ka—5=0

o0®—3a0-4=0
Solving these two equations, we get
2
o __a 1 :>0L2:4k+15 andaz_—3
—4k-15 -5+8 -6-k k+6 k+6
-3 _4k+15 2 — 2
(k+6J_ k+6 [0 o®=(a)]
= (4k+15)(k+6)=9 4k?+39k+81=0

= k=-3or k_—%7

Example 4

If & %,& are in AP and the equations aix? + 2bix + ¢1 = 0 and a2x2 + 2bz X + ¢2 = 0 have a
Qb G

common root, prove that az, by, c2 are in G.P.

Solution
It is given that the equation a;x®> + 2b1 x + ¢c1 = 0 and axx*> + 2bz X + ¢c2 = 0 have a common
root. So, let o be the common root.
a0+ 2bio+c1=0
and, ao0’+2bo+c2=0

a® B o B 1
2 (b, _b2cl) Ca, —Ca  2(ab, —a,b)
— 2= _ b, —byo and o =% ~C&
ab, a2bl 2(ab, —a,by)

Now, o? = (a)?

2
byC, —byG :{ Gay —Co&y }
ab, —ahy | 2(ab, —ashy)

= 4 (b1C2 — bac1) (azhz — azbi) = (c1a2 — c2a1)?

2
b ¢ by 2| G &
4b. b | -2 |= S _ 1
= Cz(bz Czjazz(az bz] (ca) [Cz az]

2
= 4a2b2c2(bl clj{ ﬂ]:agcg (&—ﬁ]
b, ¢, )\a, b G, 9

It is given that ﬁ,ﬂ, S arein A.P. Let D be the common difference of this A.P. Then,

Qb c
b a_a b —pand &2_& _7p,
b, az c, b, G a

Putting these values in (i), we get
4 azby? ¢z x (— D) x (- D) = a2? ¢2? (2D)?




= b2=ax, = a, by, coarein GP.

Example 5
: x? +34x-71
If x is real, prove that ————= can not have value between 5 and 9.
X +2x-=7
Solution
2
Let y:ix_71 . Then,

X2 +2x—7

X(y-1+2x(y-17)-(7y-71)=0
Since x is real. Therefore, the above equation has real roots.
So,
Disc>0 = 4(y-17)2+4(y-1)(7y-71)>0
= y?-14y+45>0 = (y-5)(y-9)=0
= y<b5ory=>9
Hence, the values of the given expression cannot lies between 5 and 9.

Example 6

ax? +3x—4

3x—4x%+a

Find the values of a for which the expression assumes all real values for real

values of x.

Solution

2
Let y= X 324 Then,

3x—4x>+a

X*@+4y)+3(1-y)x—(4+ay)=0

Since x is real. So, roots of the above equation are real.
Disc>0forally e R

= 9(1-y)P+4(@+4y)(d+ay)>0forally e R

= (9+16a)y>+ (4a>+46)y+(9+16a)>0fory e R

= 9+16a>0andDisc<0
Now, Disc <0
(4a% +46)> -4 (9 + 16a) (9 + 16a) <0
4(2a°+23)2 -4 (9 +16a)’°<0 = (2a%+ 23)>—(9+16a)>’<0
(2a®? + 16a + 32) (2a®— 16a+ 14) <0
4(@a+4)@-8a+7)<0 = a°-8a+7<0
@-1)@-7<0= 1<a<T.
Thus,9+16a>0and1<a<7. = 1<a<T".
Thus, the expression will assume all real values for all real values of x, ifa € [1, 7].

R VY




Example 7
For what values of m can the expression 2x? + mxy + 3y? — 5y — 2 be expressed as the product
of two linear factors?

Solution

Comparing the given expression with ax? + 2hxy + by? + 2gx + 2fy + ¢, we have
a=2,h=m/2,b=3,c=-2,f=-5/2,g=0

The given expression is resolvable into linear factors, if

2 2 2 _ 25 m2
abc + 2fgh — af —bg®—ch*=0 = —12—7 +2 (TJ:O

= m?=49 = m=z=T7.

Example 8
If the expression ax? + by? + cz? + 2ayz + 2bzx + 2cxy can be resolved into rational factors,
prove that a® + b® + ¢3 = 3abc.

Solution
ax? + by? + cz? + 2ayz + 2bzx + 2cxy

. [a@zb(g reza( 2 an( 2ol 2] Gﬂ

=72 [aX? + bY2 + 2cXY + 2bX + 2aY +¢c]  ...(Q)

where X=X and y=2,

z yA
The given expression can be resolved into rational factors if the expression within brackets in
(1) is expressible into rational factors, the condition for which is
abc+2abc-a.a?-b.b>-c.c?=0 = a®+b®+c3=3abc.

Example 9

Let a, b, ¢ be real numbers and a (1 0. If (] is a root of a2x2 + bx + ¢ = 0, [1 is a root of a2x2 —

bx —c =0and 0 < [J < [, then show that the equation a2x2 + 2bx + 2¢ = 0 has a root [] that
always satisfies [1 < [] < [].

Solution
a202+b0+c=0 .. (i)
a202_po—-c=0 ... (ii)

Let f(x) = a2x2 + 2bx + 2¢
f(0) =a202 + 2 (b + ¢) = a212 — 222012 = — a2 (12,
=—a2012 = —ive by (i)
f () =a202 + 2(b0 +¢) = a2[12 + 2a2(12




=3a2012 = + ive by (ii)
Since f ([J) and f (1) are of opposite signs we know from theory of equations that a root [] of
the equation f (x) = O lies between [1 and [J
0 Ouoodoodd

Example 10
A polynomial of degree n > 3 leaves remainders 2, 1, — 1 when divided by (x — 1), (x + 2) and

(x + 1) respectively. What will be the remainder if the polynomial is divided by (x2 -1) (x+
2)?

Solution

Let the polynomial be f (x), which when divided by (x — [J), leaves remainder g (say),
f(x) Op(x—-0)+q ()

For [0 =1,q=2. Thus,
fX)=p(x-1)+2 ... (i)

x=1 0 f(1)=2
Similarly with (x + 2) and (x + 1)
f2)=1f(-1)=-1 ... (iii)
Since (x2 —1) (x + 2) is a cubic, the remainder when f(x) is divided by (x2 —1) (x + 2) should
be of the form ax2 + bx + ¢
0 f(X) 0 (X2 -1) (x+2) .1+ (ax2 +bx +c)
Putting x = 1, — 2, — 1 respectively, we get
f(l)=a+b+c=2From (ii)
f(-2)=4a-2b+c=1 From (iii)
f(-1)=a-b+c=-1From (iii)
Solving these, azz, bzé, c:—E
6 2 3
7] the remainder is = £x? +>x—2
6 2 3
Example 11
If a<b <c<dthenshow that (x—a) (x—c) + [J(x—b) (x—d) =0 has real roots.

Solution
Let f(x)=(x—a) (x—c)+ [1 (x—Db) (x—d)
Now f(b)=(b-a)(b-c)<O0
f(dy=(d-a)(d-c)>0
(] at least one real root in (b, d)
Since one root is real [J both roots are real as coefficient are real.
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Exercise - |
OBJECTIVE TYPE QUESTIONS

Single choice questions
2 2
1. If a,p are roots of the equation ax? + 3x + 2 =0 (a < 0), then %+B— is greater than
o
@o0 (b) 1 (c) 2 (d) None of these
2. If the product of the roots of the equation x> — 242 kx + 2e?'°9k _ 1 =0 is 31, then the roots
of the equation are real for k equal to

(a) -1 (b) 2 (c) 3 (d) 4

3. If one root of the equation ax? + bx + ¢ = 0 be the square of the other, then
(@) a®+bc(b +c)=3abc (b) b®+ac(a+c)=3abc(c) c® + ab (a + b)
= 3abc (d) None of these

4. The equation ax? + bx + a=0 (a, b € R) and x3 — 2x2 + 2x — 1 = 0 have 2 roots common.
Then a + b must be equal to
@1 (b) -1 (¢ O (d) None of these
5. The value of k for which both the roots of the equation 4x? — 20 kx + (25 k? + 15 k — 66) =
0 are les than 2, lies in

(a) (4/5, 2) (b) (0, 2) (c) (-1, 4/5) (d) (—oo,-1)
6. Ifx+ 1isafactor of x* + (p — 3)x3 — (3p — 5)x? + (2p — 9)x + 6, then the value of p is
(a) — 4 (b) 0 () 4 (d) 2
7. The equation |x —x? — 1| =|2x — 3 —x?| has
(@) infinitely many solutions (b) one solution
(c) two solutions (d) no solution

8. If a, B are the roots of the equation ax? + bx + ¢ = 0, then the roots of the equation ax? — bx
(x—=1)+c(x—1)?=0are

@ oa-1,p-1 (b) —*“ % (c) “*t Bgl (d) None of these
9. The product of real roots of the equation |2x + 3]>— 3| 2x+ 3| +2 =0 is

(@) 5/4 (b) 5/2 (c) 5 d) 2
10. If the roots of the equation ax? + bx + ¢ = 0 are of the form K+l and kkii then(a+ b +

c)? is equal to
(a) b?—4ac (b) b?—-2ac (c) 2b>—ac d >a?




11. If sin 0 and cos 0 are the roots of the equation Ix?> + mx + n = 0, then
@ PP-m?+2In=0 (b) P+m?+2In=0
) P-m?>-2In=0 (d) P+m?>-2In=0

5
12. The equation 00020 sy =2 has

(a) only one real root (b) exactly three real roots
(c) exactly one rational root (d) non-real roots
13. The set of real roots of the equation logsx + 4y (2x + 3)% — logax+3) (10x? + 23x + 12) = 1 is
@ {-1} (b) {-3/5} (c) empty set (d) {—1/3}
14. The values of ‘a’ for which (a? — 1) x? + 2(a — 1) x + 2 is positive for any x are
@ a>1 (b) a<1 (c) a>-3 (d a<-3ora>1
15. The number of roots of the equation x> + x + 3+ 2sinx =0, X € [-x, ] is
(@ 2 (b) 3 (c) 4 (d) None of these

More than one correct option
1. If the equation x? + bx + ¢ = 0 and bx? + cx + 1 = 0 have a common root then
(@ b+c+1=0 (b) b>+c?+1=hc
() b-c)’+(b-1)2+(c-1)?=0 (d) b+c+1=hc
2. The quadratic equation x?> — (m — 3) x + m =0 has
(@) real distinct roots if and only if m € (— o, 1) U (9, )
(b) both positive roots if and only if m € (9, «)
(c) both negative roots if and only if m € (0, 1)
(d) at least one positive root if and only if m € (9, «)s

3. Leta, b, ¢ be three distinct real numbers such that each of the expression ax? + bx + ¢, bx?

__bc+ca+ab

T a+bl+c2

@ a<4 (b) a<1 (c) a>1/4 d) a>1
4. If a, b, c are in G.P., then the equation ax? + 2bx + ¢ = 0 and dx? + 2ex + f = 0 have a
common root then

@) Eg%arelnHP (b)

+¢cx + aand cx? + ax + b is positive for each x € R and let « then

%arelnGP

are in A.P.

o-lsn o_|s::
mlcr m|c

(c) % are in A.P. (d)

e

c'lm
—th

will assume all real values provided

5. For real x, the expression w

@ a>b>c (b) a<b<c (c) a>c>b (d a<c<b




o

If x>+ mx+1=0and (b—c)x? + (c—a)x + (a—b) = 0 have both the roots common, then
@ m=-2 (b) m=-1
(c) a,b,carein AP. (d) a,b,careinH.P.
If o, B are the roots of the equation ax? + 2bx + ¢ =0 and o + h, B + h are the roots of the
equation Ax? + 2Bx + C = 0, then

b B b>-ac a’ Ac+aC b’-ac a
@ h= O) acw © = @ Sac™a
Let o, B be the roots of x> —4x + A =0 and y, & be the roots of x> - 36x + B=0. If a, B, 7,
6 forms an increasing G.P., then

(@ B=81A (b) A=3 (c) B=243 (d A+B=251
If abc < 0, then the equation ax> + 2(b+c—a) x +bc =0

(@) real roots (b) one positive and one negative root
(c) both positive roots (d) both negative roots

10. If equation ax? +bx+5=0 does not have real and distinct roots then (where a, b, € R)

(@ sa+b>-1 (b) a>0 (c) a<o0 (d) a+b+5>0
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Exercise - 111

ASSERTION & REASON , COMPREHENSION & MATCHING TYPE

Assertion and Reason Based Questions

In the following question, a statement of Assertion (A) is given which is followed by a
corresponding statement of reason (R). Mark the correct answer out of the following
options/codes.

(a) If both (A) and (R) are true and (R) is the correct explanation of (A).
(b) If both (A) and (R) are true but (R) is not correct explanation of (A).
(c) If (A)is true but (R) is false.
(d) If (A) is false but (R) is true.

1. A: Roots of x2—2 J2x-34 =0 are rational.

R: Discriminant of x?+22x—34 =0 is a perfect square.
2. A: Ifa,pare roots of equation x> —=3x+a=0,ae€ Randa <1<, thena<2.
R: Iff(x)=x?-3x+a,thenf(l)<0= a<2.
3. A: Both roots of 2x? + A?x + 5 = 0 cannot be positive, if real.
R: Both roots of ax? + bx + ¢ = 0 may be positive if a and ¢ have same sign and D > 0.
4. A: Ifaand b integers and roots of x? + ax + b = 0 are rational, then they must be integers.
R: If the co-efficient of x? in a quadratic equation is unity, then its roots must be integers.
5. A: The quadratic equation (a—b)x*+(b—c)x + (c—a) =0 have one root x =1
R. If sum of coefficients in a quadratic equation vanishes then its one root is x = 1.

Passage Based Questions

Passage — |
Consider the inequality, 9 —a . 3*—a + 3 <0, where ‘a’ is a real parameter. Then the values
of ‘a’ for which the given inequality has,
1. At least one negative solution, if
(@ ae(273) (b) ae (2, o) (c) ae(—mx,2) (d) a e (-x,3)
2. At least one positive solution if
(@) ae (3, ) (b) ae(2,3) (c) ae (3,9 (d) ae (2, o)




3. At least one real solution, if

(@) (2, ) (b) (0, x) (€) (=0, ) (d) (3, x)
Passage — |1
Let f(x)=ax®+bx+c be a quadratic expression and y = f(x) has graph as shown in figure.

1. Which of the following is false

(@ ab>0 (b) abc<0 (c) ac<O (d) bc<O
2. Which of the following is true

@ a+b+c>0 (b) a-b+c>0 (c) a+3b+9<0 (d a-3b+9c>0
3. Iff(x) is an integer whenever X is integer, then which of the following is always correct?

(@) aisan integer (b) 2aisaninteger (c) bisaninteger (d) % is an integer

Matching Type Questions
1. The value of k for which the equation kx® — 3x? + 1 = 0 has

Column | Column 11
(a) all three real roots (p) k| >2
(b) two equal roots (q k=-2,2
(c) exactly one real roots (N |k<2
(&) (a-r,0), (b-a), (c-p) (b)(a-a), (b-r), (c-p)
(c) (a-r), (b-a), (c-p) (d)(a-p). (b-a), (c-r)
2  The set of value(s) of k € R for which
Column | Column 11
(@) kx®>—(k+ 1)x + 2k — 1 = 0 has no real roots (p){1, -2}
(b) x%—2 (4k —1)x + 15k?> — 2k — 7 > 0 for each x (q)(— o0, — 1/7) U (1, )
(c) Sum of the roots of x?+ (2 -k —k?)x —k?=0is zero (r){- 4}
(d) Therootsof x>+ (2k—1)x+k?*+2=0 (s)(2, 4)
areintheratiol: 2
(@) (a-s), (b-q), (c-p), (d-r) (b)(a-9), (b-s), (c-p), (d-r)
(©) (a-p), (b-r), (c-s), (d-0) (d)(a-r), (b-), (c-p), (d-s)
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Exercise - 111
SUBJECTIVE TYPE

1. Prove that the roots of the equation (x —a) (x—b) + (x—=b) (x—c)+ (x—¢c) (x—-a) =0
are equal ifand only ifa=b =c.

2. Let x> — (m —3)x + m =0(m < R) be a quadratic equation. Find the value of m for
which the roots are
(a) Real and distinct. (b) Equal.
(c) Not real. (d) Opposite in sign.
(e) Equal in magnitude but opposite in sign. (f) Positive
(g) Negative (h) Such that at least one is positive.

(1) One root is smaller than 2 and the other root is greater than 2.
(J) Both the roots are greater than 2.
(k) Both the roots are smaller than 2.
() Exactly one root lies in the interval (1, 2).
(m) Both the roots lies in the interval (1, 2).
(n) At least one root lies in the interval (1, 2).
(0) One root is greater than 2 and the other root is smaller than 1.
3. If the roots of the quadratic equation p(q-r)x*+q(r-p)x+r(p—q)=0 be equal, then

prove that 1,12

r-pq
4, If f(x) is a quadratic expression such that f(x) >0 V x € R, and if g(x) = f (x) + f'(x) +
f "'(x), then prove that g(x)>0 V x € R..
5. Solve 4% + 6% = 9%,

6. Find the values of ‘@’ for which 4'—(a-4)2' +%a<0 vV te(L2)

1. Find the values of ‘a’ for which the equation
(3 +x+ 2)2 ~(a=3)(x* +x+2)(x* +x+1)+(a-4)(x* + x+1)2 0 has at least one real root.

8. Find a for which x> —x+a—-3<0 for at least one negative x.

If the quadratic equation ax* +bx+c=0 has real roots of opposite sign in the interval (-
b

2, 2), then prove that 1+~ — >

4a

>0.

10.  For what integral values of ‘a’ the equation x*-x(1-a)—(a+2)=0 has integral roots.
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Exercise - IV

10.

11.

12.

13.

14.

IIT — JEE PROBLEMS

Fill in the blanks
If 2+iy/3 is a root of the equation x? + px + g = 0 where p and q are real, then (p, q)

(. _ )
If the products of the roots of the equation x? — 2kx + 2e2'"k —1 =0 is 7, then the roots are
real for k =

The system of equations AX+y +z=0,-x+ Ay +z=0,—-x—y + Az = 0 will have a non-
zero solution if real values of A are given by

If the equations x> + ax + b=0and x? + bx + a=0 (a # b) have a common root, then the
numerical valueof a+bis

The solution of the equation logz logs (v/x+5 ++/x) =0 is

Xoo+YyB+zy

If a, B, y are the cube roots of p, p <0, then for any x, y and z,
XB+yy+ za

The sum of all the real roots of the equations |x — 2|2+ |x —2| -2=0 s :

True / False

If X — r is a factor of the polynomial f (x) = anx" +...+ ao, repeated m times (1 < m < n),
then r is aroot of f’ (x) = 0 repeated m times.

The equation 2x? + 3x + 1 = 0 has an irrational root.

If a<b <c<d, then the roots of the equation (x —a) (x —c) + 2 (x —b) (x—d) =0 are real
and distinct.

If P (x) = ax? + bx + ¢ and Q(x) = — ax? + dx + ¢, where ac # 0, then P(x) Q(x) has at least
two real roots.

Multiple Choice Questions with ONE correct answer

Leta >0, b >0 and ¢ > 0. Then both the roots of the equation ax? + bx + ¢ =0

(a) are real and negative (b)have negative real parts

(c) have positive real parts (d)none of these

Both the roots of the equation

(x—b)(x—c)+ (x—a) (x—c) + (x—a) (x—b) =0 are always

(@) positive (b) negative (c) real (d) none of these
The number of real solutions of the equation |x]? -3 |x| +2=0

(@ 4 (b) 1 (c) 3 (d) 4




15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

If X1, X2,..., Xn are any real numbers and n is any positive integer, then

() nixf<[ixiJ2 (b) ixfz[ixij (©) ixfzn[ixj (d) none of these

The largest interval for which x'2 —x° + x4 —x + 1> 0 is

@ —4<x<0 (b) 0<x<1 (c) —100<x<100 (d) —o<x<wm
If a+ b+ c =0, then the quadratic equation 3ax? + 2bx + ¢ = 0 has
(@) at least one root in (0, 1) (b)one root in (2, 3) and the other in (-2, -1)
(c) imaginary roots (d) none of these
The equation x——2 _1-_2 has
x-1 x-1
(a)no root (b)one root  (c)two equal root (d)infinitely many roots
If &, b and c are distinct positive numbers, then the expression (b+c—-a) (c+a—-b)(a+b
—c)—abcis
(a) positive (b) negative (c) non-positive (d) non-negative
If o and B are the roots of x2 + px + g = 0 and o, B* are the roots of x2 — rx + s =, then the
equation X? — 4 gx + 20 — r = 0 has always
(@) two real roots (b) two positive roots
(c) two negative roots (d) one positive and one negative root

Let a, b, ¢ be real numbers, a # 0. If a root of a?x? + bx + ¢ = 0, B is the root of a?x? — bx —
c=0and 0 < a < B, then the equation a?x*> + 2bx + 2c = 0 has a root y that always
satisfies.

(@ y=-2F 0) y=a+b  (© y=a ) a<y<p

Let a, B be the roots of the equation (x —a) (x — b) = ¢, ¢ # 0 Then the roots of the
equation (Xx—oa)(x—p)+c=0are

@ a,c (b) b,c (c) a,b (d a+c,b+c

The equation x+1—-+/x—-1=+/4x-1 has

(a) no solution (b) one solution

(c) two solution (d) more than two solutions

In a triangle PQR, 2R =g, if tan [gj and tan [%) are the roots of the equation ax? + bx

+ ¢ =0(a#0), then

(@ atb=c (b) b+c=a (c) a+tc=b (d b=c
If the roots of the equation x? — 2ax + a? + a — 3 = 0 are real and less than 3, then
(@ a<?2 (b) 2<a<3 (c) 3<ax<4 (d a>4

If o and B (. < B) are the roots of the equation x? + bx + ¢ = 0, where ¢ <0 < b, then
(@ O<a<p (b) a<0<p<la] (c) a<p<0 (d) a<0<aj<p




27. If b > a, then the equation (x —a) (x —b) —1 =0 has
(a) both roots in (a, b) (b)both roots in (- oo, a)
(c) both roots in (b, + ) (d)one root in (— oo, a) and the other in (b, + «)

28. For the equation 3x? + px + 3 =0, p > 0, if one of the root is square of the other, then p is
equal to
(@ 1/3 (b) 1 (c) 3 (d) 2/3

29. The number of values of k for which the system of equations (k + 1) x + 8y = 4k, kx + (k +
3)y = 3k — 1 has infinitely many solution, is

@ o (b) 1 (c) 2 (d) infinite
30. The set of all real numbers x for which x? — [x + 2| + x>0 is

@) (o -2)u(2 x) (b) (o0, V2)u (V2,®)

(€ oo -1)u(l ) (d) (V2,0)
31. Forall ‘x> x> + 2ax + (10 — 3a) > 0, then the interval in which ‘@’ lies is

(@ a<-5 (b) -5<ax<? (c) a>5 (d 2<ax<5b

32. If one root is square of the other root of the equation x2 + px + g = 0, then the relation
between p and q is
@ p*-(@Bp-1)q+p?=0 (b)p*~a@Bp+1)+¢*=0
©p*+a@p-1)+g’=0 (d) pP+q@p+1)+g*=0

33. If a, b, c are the sides of a triangle ABC such that x> — 2 (a + b + ¢)x + 3A (ab + bc + ca) =
0 has real roots, then

4 5 45 15

@ r<s 0) 2> (©) ke(g,gJ (d) ke(g,gj

D. Subjective Problems

If the quadratic equations x> + ax + b =0 and x2 + bx + a = 0, (a # b) have a common root,

then the numerical value of a + b is.

2. If ax? — bx + 5 = 0 does not have 2 distinct real roots, then find the minimum value of 5a +

b.

3. If x2 - 10ax — 11b = 0 have roots ¢ and and d. x? — 10cx — 11 d = 0 have roots a and b.

Finda+b+c+d

4. a, b, care positive integers. The equation ax? + bx + ¢ = 0 has one root in (-1, 0) and other
root in (0, 1). If the least value of a + c is b + k, then k must be equal to.

5. For what values of m, does the system of equations 3x + my = m, 2x — 5y = 20 has solution
satisfying the conditions x >0,y >0 ?

6. If one root of the quadratic equation ax? + bx + ¢ = 0 is equal to the nth power of the other,

=

1 1
then show that (ac" )+t +(a"c)™* +b=0.
7. Find all real values of which satisfy x>~ 3x+2>0and x> -2x -4 <0.

8. Ifa>0,b>0andc >0 prove that (a+b+c)(§+%+%j29.




10.
11.

12.

13.

14.

Solve for x: (5+2J€)X23 +(5-2J€)Xz3 -10

For a < 0, determine all real roots of the equation x* — 2a|x — a) — 3a® = 0.
Solve: [x2+4x+ 3| +2x+5=0
2X 1

5 > .
2X°+5x+2 x+1

Let a1, a2, B1, P2 be the roots of ax? + bx + ¢ = 0 and px® + gx + r = 0 respectively. If the
system of equations ouy + a2z = 0 and PB1y + B2z = 0 has a non trivial solution, then prove
2
that 2 -3¢
q pr

Let a, b, ¢ be real. If ax? + bx + ¢ = 0 has two real roots o and B, where oo < -1 and B > 1,

Find the set of all x for which

then show that1+ S + b

—|<0.
a |a
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Only One Option is correct

1. (d) 2. (d)
6. (c) 7. (b)
11. (a) 12, (b)

More Than One Choice Correct
1. (ac) 2. (a b,c,d)
6. (ac) 7. (a,b)

Assertion and Reason
1. (d) 2. (b

Passage Based Questions

Passage — |
1. (a) 2.  (d)
Passage — 11
1. (b) 2.  (d)

Matching Type Questions
1. (a) 2. (b)

Subjective Type Questions
2. (@ me (oo, 1)U (9, )
(d m<o0
(@ me(0,1]
G) mel9 10)
(m) me ¢

5 o In(+/5 —1) - In(2)
In2—1n3

7. 5<as§
3

ANSWERS

Exercise - |
3. (b) 4. (c)
8. (b) 9. (b)
13. (d) 14. (d)
3. (b 4. (ac)
8. (abc) 9. (a/b)
Exercise - 11
3. (b) 4. (c)
3. (d)
3. (b)
Exercise - 111
(b) me{1.9}
e med
(h) me (—oo,0) U9, )
(k) me (-, 1]
(n) m e (10, x)
6. No such a exist

8.

—o<a<3 10. -2,0

10.
15.

o

(©)
(f)
(i)
(0
()

(d)
(a)
(d)

(¢, d)
(a b, d)

(a)

me (1,9)
m e [9, ©0)
m 10
m > 10
me ¢




IIT-JEE Level Problem

Section — A
1. (4,7
6. ?

Section - B
8. False

Section-C
12. (b)
17. (a)
22. (c)
27. (d)
32. (a)

Section - D
1. -1

2. k=2

7. 4

9. False

13. (c)
18. (a)
23. ()
28. (c)
33. (a)

2. -1
-15

5. me (—OO,TJ U (30, )

9. xe(*2,+£+2) 10

- )

12. x e (-2,

o2

3

Exercise - 1V

3. 0

10. False
14. (a)
19. (b)
24. (a)
29. (b)

3. 1210

11.

15.
20.
25.
30.

4.

False

(d)
(d)
(a)
(b)

1

7. xke [1—\/5,1] U(LI45, 2)
x={a(l-+2)a(J6 —1)}

*kkhkk

16.
21.
26.
31.

(d)
(d)
(b)
(b)

Xx=-4, (-1




