PARTIAL FRACTIONS

1.3.1 DEFINITION

An expression of the form % where fix) and g(x) are polynomial in X, is called a rational

fraction.

(1) Proper rational functions: Functions of the form %,where fix) and g(x) are polynomials

and g(x) =0 ,are called rational functions of x.

If degree of Ax) is less than degree of ¢(x),then % is called a proper rational function.

x+2

X +2x+4
(2) Improper rational functions : If degree of Ax) is greater than or equal to degree of g(x),

Example: Is a proper rational function.

then % Is called an improper rational function.

For example: _ X Is an improper rational function.
(x-1)(x-2)

(3) Partial fractions : Any proper rational function can be broken up into a group of different
rational fractions, each having a simple factor of the denominator of the original rational function. Each
such fraction is called a partial fraction.

If by some process, we can break a given rational function % into different fractions, whose

denominators are the factors of g(x),then the process of obtaining them is called the resolution or

¢

decomposition o into its partial fractions.

1.3.2 DIFFERENT CASES OF PARTIAL FRACTIONS

(1) When the denominator consists of non-repeated linear factors: To each linear factor
(x—a occurring once in the denominator of a proper fraction, there corresponds a single partial

fraction of the form

4 , where A is a constant to be determined.
X—a

If g(®» = (x—a)(x— a)(x—a)....... (x— a,), then we assume that, ;((‘;)) __A + 4 F oot 4,

X-a Xx—-a X—a
Where A,A4,A....... A,are constants, can be determined by equating the numerator of L.H.S. to
the numerator of R.H.S. (after L.C.M.) and substituting x= a,, a,.....4,.

Note : 1 Remainder of polynomial fix), when divided by (x—a) is fla).
e.g., Remainder of »* +3x-7,when divided by x-2 is (2*+3(2-7=3.
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px+q _ pa+tgq N pb+ q
(x-a(x-b ((x-a@a-b b-a(x-b

Example: 1 The remainder obtained when the polynomial x%*+ x?7 +1 is divided by (x+1 is

(@)1 (b)-1 (c) 2 (d)-2
Solution: (a) Remainder of %+ x?” +1, when divided by x+1 iS D% +(1?" +1=1-1+1-1.
Example: 2 If —2x3 __2 . b  then a+s
(x+D(x-3) x+1 (x-3
9 -1
(a1 (b) 2 (©) 2 (d) 2

Solution: (b) 2x+3=ax—3)+&x+1)

Put x=-1; 2-)+3=a-1-3=1=-4a= a:_zl

NOW put x=3; 23)+3-#3+1) = 9-4b = b=%
Therefore, a+b——1+%:2.
Example: 3 If _3xt2 __ A4 10 hep
2-3x+2 (x-2 x-1'
(@) a=7 (b) a=-7 (c) aA--13 (d) a-13
Solution: (a, d) —>**a __A4 __10

¥-3x+2 (x-2 (x-1)
= @x+a=Ax-D-10x-2 = 3-A4-10, a=-4+20 (On equating coefficients of x and
constant term)
=A=13,a="7.
(2) When the denominator consists of linear factors, some repeated: To each linear factor (x —

a) occurring r times in the denominator of a proper rational function, there corresponds a sum of r
partial fractions.

Let &x) = (x— a*(x— a)(x—a,)........x— &) . Then we assume that

__A 4 A ., B B
A A A B

(x-a* (x-a) (x—a)
Where A, A,.......,A, are constants. To determined the value of constants adopt the procedure as
above.

Example: 4 If _3x4 A, B, ,then A-
+D2x-1) (x-1) (x+1) (x+ 1)2
- 7 1
(a) 7 (b) 12 e © 4 (d —

3xt4 A B c

Solution: (c) We have, - + +
(x+D%(x-1) (x-1 (x+D (x+1)?

= 3x+4=Ax+1)?>+ Bx+)(x-1)+ Ax-1)




Putting x=1, we get 7 = 42? = A:%.

Example: 5 The partial fraction of _*  are

(x-D*(x-2)

-1 3 4 4 -1 3 4 4
a . b .
(@) 1 (-1 D (x2 (b) -1 1% -1 (x-2

-1 3 -4 4
(c) T o Ay P (d) None of these

Solution: (c) Put the repeated factor (x-1=y= x=yp+1

x* _ 1+p? :1+2y+y2
C x-1)x-2 S-D) FPEl+p

Dividing the numerator, 1+2y+5* by -1+ till y* appears as factor, we get

1+2p+ 9" _ 1-3y-40%)+ 4y’
-1+vy -1+

Givenexpression= -1_3 4 4 - -1 _ 3 4 4
P v ¥ v -lvy x-D (x-1)* (x-1) (x-2

(3) When the denominator consists of non-repeated quadratic factors: To each irreducible
non repeated quadratic factor ax* + bx+ c, there corresponds a partial fraction of the form ;X—;B,
ax + 00X+ cC

where A and B are constants to be determined.

4x* +2x+3 Ax+ B C D
= + +
(¥ +4x+9(x-2(x+3) x*+4x+9 x-2 x+3

Example :

Note: O -PX*9 _~9_prarq, pParqg
X(x—-a ax a’x a(x-a

pxtq q q pat+q
2 2. 2 + 2
x(x—a ax a(x—a ax—a

OQ_Pxq _ a pT-gx
x(x*>+a%?) a’x a*(x*+a’)

3x-1
1-x+x*)2+ %
@ =+ O O ()

+ - +
X -x+1) x+2 -x+1 x+2 -x+1 x+2 ¥ -x+1 x+2

3x-1 ___AxB _C
1-x+x)2+2» x*-x+1 x+2

Example: 6 The partial fractions of are

Solution: (c)

= @Bx-1)=(Ax+ B(x+2+ax* - x+1)
Comparing the coefficient of like terms, we get 4+ c-0, 24+ B-Cc-3, 2B+ C--1

= A=1, B=0, C=-1
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. 3x-1 B x 1
T l-x+xA)@2+x X -x+1 x+2

Example: 7 If &2 _A, Bxi C e sin’l(gj:

Xrx x x+1

@ % (b) % (© % (A2
Solution: (a) (;‘3* Lk :’_:+ fff

= x+1)2=AX2+)+(Bx+ Ox=> A+B=1, C=2,A=1 = B-0

Therefore sin™ (/—4) =sin! [l] -30°-=,
C 2 6

(4) When the denominator consists of repeated quadratic factors: To each irreducible
quadratic factor ax* + bx+ c occurring r times in the denominator of a proper rational fraction there
corresponds a sum of r partial fractions of the form.

AxeB | 4B v Ax+B
axX + bx+c (ax + bx+9? (ax® + bx+ 9"

Where, A’s and B’s are constants to be determined.

. x 1 1 x+1 —
Example: 8 If DED =Z{(X_1)-X2+J+ytheny—
1-x a-x 1+ x
(@) P (b) 32 11 (©) Py (d) None of these
. 1 1 x+1
Solution: (a X == -
@ w1 4{(;;—1) £+J+y
N x :1{ 1 x+1}+ Ax+ B
x-D(x*+1* 4[(x-D) »+1] (¥*+1)?°

= Ax=(+1)? - (x+D(x-D(¥* +1) + HAx+ B(x-1)
= 4A+2=0,4B-4A=-4 = A:;zl, B:%
. Ax+B 1 (1-%

P +D2 2%+

1.3.3 PARTIAL FRACTIONS OF IMPROPER RATIONAL FUNCTIONS

If degree of fix) is greater than or equal to degree of g(x), then % is called an improper rational

function and every rational function can be transformed to a proper rational function by dividing the
numerator by the denominator.

We divide the numerator by denominator until a remainder is obtained which is of lower degree
than the denominator.

ie f9_
Ile"g(x) Ax +

H;) , Where degree of Hx) < degree of g(x).

g




For example,L is an improper rational function and can be expressed as

x*-5x+6
(x+5)+ 19x=30_ \ihich is the sum of a polynomial (x+5) and a proper rational function 19x-30
x> -5x+6 x*-5x+6
. 3 _6x* +10x-2 A B _
Example: 9 If X 6%+ - _B_ then fx =
P x> -5x+6 ﬂ”+w—m+u—$’ i
(@) x-1 (b) x+1 (c) x (d) None of these
. 2 _5xi6| X -6 +10x-2/ v 1
Solution: (a) x ) X 54" 4 6x z<
-x2+4x-2
-x2+5x-6
+ - +
-xt+4
. fX)=x-1.

1.3.4. GENERAL METHOD OF FINDING OUT THE CONSTANTS

(1) Express the given fraction into its partial fractions in accordance with the rules written above.
(2) Then multiply both sides by the denominator of the given fraction and you will get an identity
which will hold for all values of x.

(3) Equate the coefficients of like powers of x in the resulting identity and solve the equations so
obtained simultaneously to find the various constant is short method. Sometimes, we substitute particular
values of the variable x in the identity obtained after clearing of fractions to find some or all the
constants. For non-repeated linear factors, the values of x used as those for which the denominator of the
corresponding partial fractions become zero.

Note : O If the given fraction is improper, then before finding partial fractions, the given fraction
must be expressed as sum of a polynomial and a proper fraction by division.

Important Tips

& Some times a suitable substitution transforms the given function to a rational fraction which can
be integrated by breaking it into partial fractions.

Example: 10 The coefficient of x” in the expression —2**®__ when expanded in ascending order is

2+x1-%
(a)=26” 1 (b) 2,€0° 11 c) -2, 1 (d) None of these
3 27 3 3 2 3 37 3 2
4
Solution: (a) —2**6 __3 ., 3

2+®1+xn 2+x 1-x
Rewriting the denominators for expressions, we get
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) == 1
= 3 , 3 :_—2(1+}—Yj +1—1(1— =

I
—,
e
+
o
%
S

The coefficient of x” in the given expression is ‘—32(71)"2—1“?




ASSIGNMENT

INTRODUCTION , NON — REPEATED LINEAR FACTORS IN DENOMINATION

Basic Level

1.

The remainder obtained when the polynomial 1+ x+»* + 2+ 7+ 21+ #* is divided by x-1 is
@3 (b) 5 ()7 (d) 11
1 :i+ A + % Foene +i then 4=
x(x+)(x+2....(x+nH x x+1 x+2 x+n
A 1" 1 N f th
@) T (b) pT (c) pT (d) None of these
x+1 _
(x-D(x-2)(x-3)
(a) Xi1+Xf2+X13 (b) _X:31+X12+Xf3
1 3 2
(c) 53" 3 (d) None of these
ax’ + bx+ ¢ - 3 . 2 3 5 then
(x-D(x+2(2x+3 x-1 x+2 2x+3’
(@) a-5 (b) --18 (C) c=22 (d) None of these
€+2 __ 3 . B then B-
(€-1)2e-3) €& -1 2¢-3'
@1 (b) 3 ()5 (d)7
3x+4 A B
It x2—3x+2:x—27x—1’then (A=
(a) (7, 10) (b) (10, 7) (c) (10,-7) (d) (-10,7)

Advance Level

7.

If the remainders of the polynomial A» when divided by x+1x-2x+2 are 6, 3, 15 then the
remainder of A» when divided by (x+1)(x+2(x-2 IS

(@) 2x*-3x+1 (b) 3x-2x+1 (C) 2#-x-3 (d) 3x*-2x+1
1-cosx _ siny 2 ’ then o -
cosx(l1+cosx) cosx 1+cosx

@ = (b) = © = (d) »

P's & ¥ _
f (ﬁaz)(mbz):’{ﬁafﬁyj then K =

1 1 1

(@) #-# (b) s (c) — (d) 7 7
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REPEATED LINEAR FACTORS IN DENOMINATOR

Basic Level
10. If 9 A, B, then 4-B- C-
D22 a1 x+2 (xt 2)2
(a) 3 (b)-1
11 ax+b _ 1 B 3
) (3x+4)2 3x+4 (3x+4)?
(@) a=2 (b) =1
¥ +13x+15
12. X r13x+15
2x+3)(x+3)
1 1 5
(a) x13 2x:3 (x+ 3.)2 (b) 2x+3 x+3 (x+3)?
13. The partial fractions of 3‘3(8—’;:4*10 is
X—
3 1 7 5
a
T A A
3 1 7 5
o T o AT
Advance Level
1. The partial fractions of ¥ +24¥'+28 50
(*+1?
( ) 1 N 22 N 5
#+1) P+ P+1°
( ) 1 22 5

Z+1) (B+1)2 P+1)°

()5 (d) None of these
(c) a=3 (d) 6-4
(C) 1 1 5 ( ) 1 1 5

+ p— p— p—
2x+3 x+3 (x+3)? 2x+3 x+3 (x+3)?

3 1 7 5
O e ey ey

(d) None of these

() 1 N 22 B 5
#+1) P+ P+1)?

(d) None of these

NON — REPEATED QUADRATIC FACTORS IN DENOMINATOR

Basic Level

(x—1) A Bx+ C
15. |If R , then

(@) A=1,B=0,c=2

(c) A=-1,B=-0,C=-2

If 2x A Bx+ C then

16.
¥-1 x-1 x2+x+1

(@ Aa=B-C (b) A=B=C

(b) A=1,B=0,Cc=-2
(d) None of these

(c) A= B=cC (d) 4= B=cC




¥ +1

(2x—1)(x2—1):
3 1 5 1 1
(@) 3(2x D xrD) (x-1) (b) 32x—1)  3x+1)  (x-1)
(- .5 3 (d) None of these
2x—1 (x+1) (x-1)
ax—1 X 1
8. I I-x+ ) 2+% 1-x+2 2+x’ then a-
(@) 2 (b)3 (c)4 (d)5
1 A Bx+ C B
19. rTi et ,then (4aBQ-=
@ (1,-1,0) (b) 10-1) (c) o1y (d) None of these

Advance Level

2x
20. i1
x+1 x-1 x-1 x+1 b's x+1 1 1
(a) xz—x+1+x2+x—1 ( ) Z-x+1 XP+x-1 (C) xz—x+1+x2+x—1 ( ) 2-x+1 X+x+1
REPEATED QUADRATIC FACTORS IN DENOMINATOR

Basic Level

3x%+5 a
2 TR @, 1)2  then (a5

IMPROPER FRACTIONS

Basic Level

x-ax-H_ A B - thenC=

x-9(x-d x-c (x-d

(@5 (b) 4 (c)3 (d) 1
23. The partial fractions of _ X5 e

¥ —-3x+2
1 1
@) o e (b) <x ) (x 2)2
1 1 4 1

©) e D=
Advance Level
24. If X —p+—2 . T . ° then

2x-1)(x+2)(x-3) 2x-1 x+2 x-3

(@) p=1 (b) p=2 (c) p=% (d) 6g-3r+2s-3
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25. The partial fraction of 6x* +5x° + x* +5x+2

1+5x+ 6%
() »#+—Lt 1 () L , 1
1+2x 1+3x 1+2x 1+3x
() #+—Lt 1 (d) None of these
1+2x 1-3x
26. If _sfxtl - A B, the
2sir® x—5sinx+3 (2sinx—-3) (sinx—1)
@) A:1—23 (b) B=-2 (c) c-1 (d) a+B+c-5

MISCELLANEOUS PROBLEMS

Basic Level
27. The coefficient of »* in the expansion of the expression — 3% _
(x-2)(x+1)
15 15 16 16
@) -1¢ (b) 2¢ © -1 @ =
28. The coefficient of »* in the expansion of _ Xl
(#+4(x-2)
1 1 1 1
(@) 256 (b) 562 (c) 268 (d) ~ 256
29. The coefficient of »” in the expression #‘26 when expanded in ascending powers of x is
-1 1 1 1
-1 1 -1 1
() 2 gl (d) 2 gt
**%k

ANSWER




LOGARITHMS

ASSIGNMENT (BASIC & ADVANCE LEVEL)

2|3 4|5 |6 | 7| 8|9 10|11 |12 |13 |14 | 15| 16 | 17 | 18 | 19 | 20
c| b d c d b, c c d b C b b d C d a
c
2112223 |24 | 25 |26 | 27 | 28 | 29 | 30 | 31 | 32 | 33 | 34 | 35 | 36 | 37 | 38 | 39 | 40
d|c| b a a c c |ab| b d b |ab, | a b a a b b c | ab,
’C! C d
d
41 | 42
c | a
INDICES AND SURDS
ASSIGNMENT (BASIC & ADVANCE LEVEL))
1/2|3| 4|5 |6 |7 | 8|9 |10|11 |12 |13 |14 |15 | 16 | 17 | 18 | 19 | 20
c| c d b d a d b | ad b c b |ab|bc| a |ac | ¢C b b
d
21122 | 23 | 24 | 25| 26 |27 | 28|29 | 30| 31|32 |33 |34 |3 |36 | 37|38 | 39 | 40
b | b c a a b a d c b b b d b c d b b a d
41 | 42 | 43 | 44 | 45
d b |ab| a | ad
,C
PARTIAL FRACTIONS
ASSIGNMENT (BASIC & ADVANCE LEVEL))
1|12 )| 3| 4|56 7|89 1011|1213 |14 |15 |16 | 17 | 18 | 19 | 20
c | b ac|ld| b | a|c|d|c]|bc|]a|c|]a|b|d|Db|b|a]|d
21 | 22 | 23 | 24 | 2|26 | 27 | 28 | 29
5
b d d [cd|alad| b d c
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ANSWER

LOGARITHMS

ASSIGNMENT (BASIC & ADVANCE LEVEL)

8 9 | 10 | 11 | 12 | 13 | 14 | 15 | 16 | 17
G d d | b, G c c d b c b b d
c
24 | 25 | 26 | 27 | 28|29 |30 | 31 |32 |33 |34 | 3 |36 | 37
a a c c |ab| b d b |ab, | a b a a b
C,

INDICES AND SURDS

ASSIGNMENT (BASIC & ADVANCE LEVEL))

14 | 15 | 16 | 17

a,c,

d
25 | 26 | 27 | 28 | 29 | 30 | 31 | 32 | 33 | 34 | 35 | 36 | 37
a b a d c b b b d b c d b
45
a,d

PARTIAL FRACTIONS

ASSIGNMENT (BASIC & ADVANCE LEVEL))

14 | 15 | 16 | 17 | 18

C a b d b
25 | 26 | 27 | 28 | 29

a |lad| b | d | c




