INVERSE TRIGNOMETRICAL FUNCTIONS

The inverse of a function £: A— B exists if f is one-one onto i.e., a bijection and is given by
fH=y=f'H=x.

Consider the sine function with domain R and range [-1, 1]. Clearly this function is not a bijection
and so it is not invertible. If we restrict the domain of it in such a way that it becomes one—one, then it

would become invertible. If we consider sine as a function with domain [—%%} and co-domain [-1,

1], then it is a bijection and therefore, invertible. The inverse of sine function is defined as

sin! x= 0 < sind = x, Where 9 « {—%, %} and x«< [-11].

5.1 PROPERTIES OF INVERSE TRIGONOMETRIC FUNCTIONS
(1) Meaning of inverse function

(i) si=x = sin'x=6 (ii) co=x = cos'x=0 (iii) talw=x = tan'x=0
(iv)cot=x = cot'x=0 (V) secd=x = sec'x=0 (Vi) cosed=x = cosec'x=0
(2) Domain and range of inverse functions T
(i) If siny= x, then y=sin® x, under certain condition.

~-1<siny<1; but sing=x. -.-1< x<1 P r= Si“_IXX
Again, siny=-1= y=-2 and sing=1= y==.

2 2 (-1. -7/2)

Keeping in mind numerically smallest angles or real numbers. .. —%Syﬁ%

These restrictions on the values of x and y provide us with the domain and range for the function

v= sin’ x.

i.e., Domain: xe[-11] 1, v
Range: e —f,f}
| d [ 22 v = cos"
(ii) Let cosy= x, then y=cos™ x, under certain conditions —1< cosy<1 ol Lo
= -1<x<1
cosy=—-1 y=r

cosy=1=py=0
- 0<y<r {ascos x is a decreasing function in [0, |;
hence cosr < cosy< cos0

These restrictions on the values of x and y provide us the domain and range for the function

= cos! x. v
i.e. Domain: xe[-11] v
Range : vel0,7]
0 X

(il)If tany= x, then y=tan’ x, under certain conditions.
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Here, tanye R— xc R, — o< tany< oo = —% <y<%
Thus, Domain xec R;
Range —Z,f)
g yE( 2’9

(iv) If coty= x, then y=cot’' x
under certain conditions, cotyve R— xc R

—wo<coty<ow=0<y<rx

function exists. i.e., y=cot® x is meaningful.

= Domain: xc R

Range : ye(0,7)

Here, Domain: xe B—(-1,1)

ve [0’”]_{%}

(vi) If cosew=x, then y=cosec'x

Range:

Where | x|>1 and —%Syﬁ%,yio

Here, Domain € R-(-1,1)

Range e[—E —} {0}

These conditions on x and y make the function, coty= x one-one and onto so that the inverse

(V) If secy=x then y=sec'x where | x|>1 and 0< y< ﬁ,y;t%

X

O| v = cot”

(-1,7)
_J y= 2
———————————— ﬁ——' X
(o] (1,0
V= sec
14
(1, 72)

-1,- Ol y= cosec

tan(tand) = 0, Provided that —% <0<3,

T

cot (coty) =

Function Domain (D) Range (R)
sin' x 1< x<10r [-11] ——<9<—or[ z n}
2 2 2’2
cos' x -1<x<10r [-11] 0<06 <7z Of [0,7]
-1 H
tan  x —o< x<x |.6.,, xe R Or —Z<0<EOI’ _z’z
(_00900) 2 2 2 2
cot! x —w< x<w I.8., xe ROr 0<0<x Or (0,7)
(_OO’OO)
sec' x x<-Lx2100 (o-NUlLw) | , 7 0<9<”0r{ j ( }
cosec'x x<-1x>1 0l (o,-1]U[L,x) 020-2<0<Z or {__ J (0 ”}
2 2 2
(3) sin’(sird) = @, Provided that — % <%, cos’(cosd) =@, Provided that 0<9<r

6, Providedthat 0<6 <7




sec(sed)) = #, Provided that 0< ¢ < % or % <0<

cosec!(cosed) = 0, Provided that —% <0<00r0<o< %

(4) sin(sift x) = x, Provided that —-1< x<1, cos(cos' x) = x, Provided that —1< x<1
tan (tan' x) = x, Provided that — oo < x< cot(cot' ¥) = x, Provided that — o < x< oo
sec(sec' ») = x, Provided that —oo < x<-10r 1< x<w
cosedcosec' ®) = x, Provided that —o < x<-10r 1< x<ow

(5) sin'(-®) =—sin'x cos'(-¥) =7 —cos! x, tan'(-x) = —tan' x
cot'(-x)=r7—cofl x sec!(-x)=r7r-sec! x cosecl(-x) = —cosec' x
(6) sin! x+coslx= % cforall xe[-11 tan x+cof! x= 2~ Jforall xe R
sec! x+ cosec' x= % , forall xe (—0,—11U[1,)
Important Tips ”/2
1] |
Here; sin! x cosec'x tan! x belong to | and IV Quadrant. ‘\' . /\ 0
. -1 -1 1
Here; cos! x;sec! x,cof ! x belong tolandll Quadrant. </IV
| Quadrant is common to all the inverse functions.
. .. . -2
Il Quadrant is not used in inverse function.
IV Quadrant is used in the clockwise direction i.e., 7% <y<0
(7) Principal values for inverse circular functions
Principal values for x>0 Principal values for x<0
O<sinlx<” 2 <sinlx<0
2 2
O<cos'x<Z £<cos_lxﬁ7r
2 2
O<tan!x<Z 2 ctan'x<0
2 2
O<cot'x<” 7 <coflx<r
2 2
O<seclx<Z T cseclx<r
2 2
0 < cosec XS% —%Scose61x<0

Z not 5—ﬁ;cos1[—l _ % not ﬁ; tan'(—/3)=-Z not E; cot_l(—l)zﬁ not
6 6 2 3 3 3 3 4

Note : O sin' xcos® xtan' x are also written as arc sinx, arc cosx and arc tanx respectively.
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Q It should be noted that if not otherwise stated only principal values of inverse circular
functions are to be considered.

(8) Conversion property : Let, sin' x=y = x=siny = cosecy= (lj = y= coseél(lj
x x

/1 _ 2
sin! x=cos ' V1- x* = tan! X cot! X _ secl[

1- %2 X

1 = cosec‘l[lj
V1- x? - X
cos! x=sin!V1- ¥* =tan 1- % =sec! l = cosec'l[ 1 J = cotl[ X ]
1-x° 1- x*

X X

= cofl[lj =seclV1+ ¥ = cosec‘l( 1+ sz

tan! x=sin!
X

I,
1+ ¥ 1+ ¥

Note : O sin‘l( j:coseélx, for all xe (~o0,1]U[1L,)

be |t

(| cos‘l(ljz sec! x, forall xe (~0,1]U[1,)

X
O tan® [lj _Jcot! x, for x>0 N
X —7+cot! xforx<0

(9) General values of inverse circular functions: We know that if [J[1[Jis the smallest angle
whose sine is x, then all the angles whose sine is x can be written as nx+(-1)"«, Where n=0,12.....
Therefore, the general value of sin' x can be taken as nz+(-1)"«. The general value of sin’ x is
denoted by sin x.

Thus, we have [sin'x= n7+(-1)"a,— 1< x< 1,if simr = xand— 7_27'S a< 7—27'

Similarly, general values of other inverse circular functions are given as follows:

cos! x=2n7+a,-1< x<1; If cosu=x, O<a<nr

tan' x=nr+a, xc R, If tane = x —Z<a<%

cot! x=nr +a, xch, If cote = x, O<a<rx

sec! x=2nr+a, x>10r x<-1; |fseca=&0£a£7rand¢%
cosec'x=nr + (-1)"a, x>1 Or x<-1; If cosex = x, —% <a< %and x=0

Example: 1 The principal value of sinl[_f] IS
2z Vs 47 57
(@) e (b) -3 (c) 3 (d) 3

Solution: (b) sinl{si{_ gﬂ -z (g cumt )




Example: 2 sec'[sect300)]=
(@) — 60° (b) -3¢ (c) 30° (d) 150°
Solution: (C) sec ![sec(30°)] = sec ! (sec30°) = 30°.

Example: 3 The principal value of sin’l(sin%J is
5z 5z Vs 4
(8 & (b) - = (© % (d) &
P .o BT 4 J3 oz
Solution: (C) sin (sm?j = sin [— 7} =3
Example: 4 The principal value of sinl{sir{%ﬂ IS
(a) _% (b) 2?” (c) 4?” (d) None of these
PR FAAl s 1p . 2z, — . 4. (7)) 7
Solution: (d) The principal vlaue of sin [sing - =51 = sin su{gj—g.
Example: 5 Considering only the principal values, if tan(cos' x) = sil{cofl(%ﬂ, then x is equal to
1 2 3 J5
@ & (b) 2 © % @5
- (1 1
Solution: (d) Put cof (5]:9 :>coiz9:§

" sinﬁzi. Put ces! x=¢ then X=cosp

J5
2 5
Also [ tanqﬁ:ﬁ, ..x7c0s¢7?.
Example: 6 If ¢=sin"[sin(-600)], then one of the possible value of ¢ is
z z 2z 2z
@ 3 (b) 3 (c) 3 (d) Y

Solution: (a) 6=sin'[sin¢600°)] = sin'[-sinB60+ 240]

= 0 = sin[-sin24QF] = sin'[-sinl8F + 60°)] = 0 = sin'sin60° = sin‘l{sir{%ﬂ - % )
Example: 7 Value of cos’l(coss?ﬁ] + siﬁl(sins—;] is

T 27 107

(@0 (b) 3 (c) 3 (d) 3

Solution: (a) cos’l(coss—ﬂj + silfl[sins—”] =cos! |:CO{27Z’ - EH +sin! |:Sil(2ﬂ' — EH T _Z_p,
3 3 3 3 3 3

Example: 8 The equation 2cos® x+ sin® x=% has

(a) No solution (b) Only one solution  (c) Two solutions  (d) Three solutions

11

Solution: (a) Given equation IS 2cos! x+sin! X:% = cos! x+(cos! x+sin! ¥= 3

= co§1x:%7% :>co§1X=4—:;[, which is not possible as cos™ x<[0,7].

Example: 9 If sin'x+ smly:%, then cos® x+ cos® y=
2z 7 Vs
@ 3 (b) 3 © % (d) =
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Solution: (b) sin—lmm—ly:%
T _1 T _1 27Z' _1 _1 T
—> ——-COS X+—_-—COS Yy=— = COS X+COS y=—.
2 2 3 3
Example: 10 If 6=sin! x+cos! x-tan' x x>0 then the smallest interval in which ¢ lies is
V4 3z T T V4
—<f0<— 0<o<— -—<6<0 — <6<
(a) 2< <4 (b) < <4 (C) 4< < (d) <@<
Solution: (b) 0 =sin! x+cos! x— tan! x:%f tan! x

We know —%<tan’lx<z :>%>—tan’1 x>-= .'.0<%—tan’l x<%.

Example: 11 If sinl{x—§+§—...] +cosl[xz—§+f—...]:z for 0<| x|<v2, then x equals

@ 5 (b) 1 © -4 (d) -1

Solution: (b) We know that sin® g+ co§1y:%, lyl<1

. According to question, L S SRR S S
2 4 2 4
- x X L 0< | x|<V2) = X L NS JP S SEN.
1+ % 1+X2 2+x 2+
2

~x-x2=0=x1-x=0=x=0 and X =1, but x=0. SO, x=1.

Example: 12 If sin? Hcofl[%j:%, then x is

(a0 OR © 2 OF:
Solution: (b) sin! x+ cofl(gj:% [ coflézcos"l%J
5
in! +co§1i—£' x= L 2
sin!x 52 Clearly, "
1

Example: 13 The value of sin(cot' » IS
(@) a+x»*? (b) a+ %2 (C) a+xAV? (d) a+»v2

— 1

1
\/1+ x? J \/1+ x? .
Example: 14 The number of real solutions of tan /x(x+1) +sin Vx® + x+ =% IS

Solution: (d) sin(cot' ¥ = sil{sin1

(@) Zero (b) One (c) Two (d) Infinite
Solution: (C) tan!x(x+1) +sin!Vx® + x+ :%

tan' /x(x+ 1 IS defined, when xx+»=0 ... (i)

sin'V2+ x+1 i defined, when 0<x(x+1+1<1 0r 0<xx+h<0 ... (i)

From (i) and (ii), xx+1=0 or x=0 and —1.




Hence, number of solutions is 2.

5.2 FORMULAE FOR SUM AND DIFFERENCE OF INVERSE TRIGONOMETRIC
FUNCTION

(1) tan! x+ tan’ y= tan‘ILl +yJ’ If x>0,p>0and xy<1
(2) tan x+tan' y= 7 + tan ( J If x>0,y>0 and xv>1
(3) tan! x+ tan' y=—7 + tan* j If x<0,y<0and xy>1

(4) tan! x—tan' y= tan‘l( yJ If xy>-1

1+ xy
(5) tan'- tan™ y=7z+tan‘1( X_yJ ; If x>0,y<0and xy<-1
1+ xy
(6) tan! x—tan y=—7 + tanl[ x—yJ; If x<0,y>0and xy<-1
1+ xv

(7) tan' x+ tan' y+ tan' z= tan’ XT YTz Xz
1-xyv—yz— zx

(8) tan! x, + tan! x;, + .......... +tan! x, = tan‘lLs1 S5+ S5 e - } ,

where S, denotes the sum of the products of x;, x,,........ ,x, taken k at a time.

1X.V—1
V+x

(9) cot! x+cot! y=cot

+1
(10) cot* x—cot’ y=cot* =— Xyt
V-x

(11) sin! x+sin! y= sinfl{x\/l—y2 + y\/l— x*}:
If -1<xy<landx®+¢* <1 orif xp<0 and x* +¢* >1

(12) sin* x+ sin‘lyz7z—sin‘1{x\/1—y2 +W1- 2}, If o< x,v<land x>+ >1

(13) sin! x+sin! y= —7z—sin’1{x\/1—y2 +y\/1—X2}, If —1<xy<0and x*+¢*>1

(14) sin”! x—sin! y= sinﬁl{x\/l—y2 —y\/l— 2} If —1<xy<land ¥ + # <1if or xv>0
and x* + v* > 1.

(15) sin! x— sin! yzﬁ—sinfl{x\/l—yz —y\/l—xz}, If 0<x<1l,-1<y<O0and ¥+ ¢#>1.

(16) sin' x—sin! y= —7z—sin’1{x\/1—y2 —y\/l—xz}, If —-1<x<0,0<y<1 and x*+¢*>1.
(17) cos” x+cos' y=cos ' {xy—V1- x* .1- *}, If -1<xy<1and x+y>0.
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(18) cos ™ x+ cos’ y=27 —cos ' {xy—V1- x*J1-p*}, If ~1<xy<1and x+y<0
(19) cos ' x—cos” y=cos ' {xy+V1- x*\/1-p*}, If —-1<xy<1 and x<y.
(20) cos' x—cos' y=-cos {xy—V1- x*1-p*}, If -1<y<0, O<x<1and x>y.

Important Tips

@ |f tan! x+tan’! v+ tan! z=%, then xv+yz+ zx=1.

@ |f tan! x+tan’! v+tan! z=7z, then x+y+z=xz.

= |f sin’1x+sin’1y+sin’lz:%, then »®+? + 2+ 2xvz=1.

= |f sin! x+sin!y+sin! z= 7, then x1- % +y\/1—y2 +a1-2 = 2xyz.
= |f cos!x+cos!y+cos! z=3r, then xy+ yz+ zx=3.

= |f cos! x+cosly+cos! z=r, then X+ P+ 2+ 2xvz=1.

= |f sin! X+sin'1y+sin‘lz:3—;, then xy+ yz+ zx=3.

- |f sin! x+sinly=0, then cos! x+cosly=7-0.

1X+sin'ly:7r—9.

= |f cos! x+ cos!y= 0,then sin
= |f tan x+tan’1y:%,then xy=1.

= |f cof1x+cof1y:%, then xy=1.

= If cos ;+cosli 0, then aﬁf%/c s9+%—si1120.
. .43 .
Example: 15 The value of tanl:sm ( J-&—cos ( \/_:«xﬂ
6 6 V13 17
(a) 17 (b) e (c) = (d) 3

Solution: (0) tfsin® 2] cos{ 25 | = i’ 3 tan2]

3.2
= tan tan! 4 3 = tar{tan’1—7 1—2} H
I—E.E 12 6 6

4 3

Example: 16 tan‘l% ; tan’l%:

(@0 (b) = © = (d) =

1
Solution: (b) tan! 2+tan ;—tanl 2




Example: 17 If sin® +sm ;—sin_lx, then x is equal to

()0 (b) Y522 (c) B2 ()2

Solution: (c) sin® 3+sm sm{ \/74 \/7_} 1{\/_+4\/_}

\/§+4\/§.

Therefore, x-=
9

Example: 18 sirfl%+cof13 is equal to

T 7 7 7
@2 0 2 © 7 @2
-y 2x3-1
Solution: (b) sin \/§+cof 3 = cot’ T5 +cofl3= COf1(2)+cof1(3):cof[ ;+2 j 1(1)_
J5
Example: 19 If sidlg+co§l£i—§j=siﬂlc then c-
65 24 16 56
Solution: (d) Given, sin! C=sin §+cosli—§
- sin! C:sin’1§+sin’1i =sin! E\/1—E + > \/1 9 —si'fl(5_6j2 C:5—6_
5 13 5 169 13 25 65 65

Example: 20 If Ax=cos* x+ cos’l{)—;+%\/3—3xz}, then

@ £3)-3 0) {2)-2e052% () (1)-5 (@) £1)-2co -
Soltuion: (a,d)  Ax—cos’ x+cosl{1x+_ S }

1

cos Xi(cos’lé—cos’l,\'), according as cos’1%> Or <cos'x

cos-lé if cogléms—lx, which holds for ng

2cos’! xfcos‘lé if cos‘l%<cos'l X, which holds for x::—i

Example: 21 sin 112 o2 tan1 83
13 5 16
3
(a) 0 (b) 5 () (d) 5
Solution: (C) tan” 12+tan’1 3+tan’1§ = 7 +tan?! 48+15+tan’ — (xy>1) = - tanlﬁ-kt 163 =7.
5 4 16 20-36 16 16
Example: 22 If a=sin’1§+sin’1§ and ,b’=cos’1§+cos’1§ , then
@) a<p (b) a=p (€) a>p (d) None of these
Solution: (a) a:sinl[éJl_Lz\/l_l_ﬂ - [ﬂi} (M}
5 9 3 25 15 15 15
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Example: 23 If cos? }—;+ cos! g =0, then 9x? - 12xycosd + 4v” =

(a) 36sin? o (b) 36cos 0 (C) 36tan®0 (d) None of these

Solution: (a) cos’l)—;-s-cos’1 §=9

2

o (xv—6cos9)? =@ - x*)9- v*) = 9x% — 12xycosd + 4y* = 36(1 - cos’ 0) = 36sin’ 6 .

=

N b

Example: 24 The number of solutions of sin? x+ sin! 2x=% IS
@a~o (b) 1 (c) 2 (d) Infinitie
Solution: (b) sin! 2x=sin! g —sin! x= sinl{g.\ll— ¥ -x 1—%:]

2x:§\/1—x2 —’—2'

(5x)* 3. - \/?1\/5 _1\/5

Example: 25 If co§1[§j+co§l[%]:a, then X 2w .o, . Y _

& ab v
(@) sita (b) coda (C) tar’a (d) cota
Solution: (a) We have cos-{’—:.i;— (1-§]J[1-§]1=a :%—J(l—;]J[l—%J:cow

L SNCISEE A A - S -
b

X cosa+2-=1-codf a=sit a .
b2

aa+ b+ 9 + tan! ba+ b+ o
c ca

Example: 26 If a, b, ¢ be positive real numbers and the value of ¢-tan™

+tan’11/da+—:+c) , then tano IS
a

@a~o (b) 1 (C) a+b+c (d) None of these

Solution: (a) 0=tan? [#a+ 69  q1 [Batbro o [davbio
bc ca ab

Let 2-2+b+c 5 O=tan' V2 + tan ' VB + tan! 2

abc

= O=tan'(ag+tan'(b9+tan'(c§ > 0= tan—l{ as+ bs+ cs- abed }

1- abs® — bcé — cas




= tan&:{ (a+ b+ 9—abcé }:0 [- abc# =(a+ b+ O]
1- (ab+ be+ cis?

Trick : Since it is an identity so it will be true for any value of a,b,c. Let a= 6= c=1 then

0=tan!V/3 + tan! 3+tan’1\/§:7r, tand=0.

Example: 27 All possible values of p and q for which cos!/p+cos® J1- p+cos!1- q=% holds, is
(a) p:—l,q:% (b) q>l,p:% (C) 0< p< l,q:% (d) None of these

Solution: (c) cos® /p+cos? 1—p=377r—cos’1 Ji-g¢ = cosl\/;+cos1w/l—p:cosl[_T;J—cosl,ll—q

= VofT o T pfp| ST |~ 0-fia-fa = a-.

2

5.3 INVERSE TRIGONOMETRIC RATIOS OF MULTIPLE ANGLES
(1) 2sin’ x=sin'(2x/1- x*), If - 1 < x< 1 (2) 2sin! x=7 —sin'(2x/1- x*), If 1 <x<1

J2 J2 J2
(3) 2sin' x= -7 —sin'(@2x/1- x%), If —1< x< _T; (4) 3sin' x=sin'(3x-4x°), If ;21 < x< %
(5) 3sin' x=7—sin'(3x—-4x>), If %< x<1 (6) 3sin’ x=—7—sin’(3x—4x>), If
-1<x< 1
2
(7) 2cos* x=cos'(2¥* 1), If 0<x<1 (8) 2cos! x=27—-cos'(2x* -1, if —~1<x<0
(9) 3cos' x=cos'(@x*-3x |If % <x<1 (10) 3cos* x= 27 —cos'(4x* —3x),If - % < x< %
(11) 3cos® x=27+cos'(4x® —3x), If —1< x< —% (12) 2tan! x= tanl(lz—;) Jf —1<x<1
(13) 2tan” x=7 + tan‘l(l_z—);zj, If x>1 (14) 2tan' x= -7 + tan‘l(l_z—);zj A x<-1
(15) 2tan’ x= sinl(lfizj , If —1<x<1 (16) 2tan' x= ﬁ—sinl(lf};zj, If x>1
(17) 2tan™ x=—7 - sin‘l(lf);zJ A x<-1 (18) 2tan' x= cos_l(i; ﬁ} , I 0< x<o0
3
(19) 2tan” x= —cosl[%} If —0o<x<0 (20) 3tan’ x= tanl(::‘f;:z J, If _T; < x< %
(21) 3tan’ x= 7 + tan‘l(%] A x> % (22) 3tan'x=-7+ tan‘l(::f;:j] A x< —%
23 _1 X _ -71‘_" 24 1 332X—X3 _ _lx_Y
(23) tan l:m} sin . (24) tan [—a(az—sz) 3tan .
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(25) tan* Vi # +V1-# :£+lcos’1f (26) tan‘lwfl_—lecos‘lx
Vit -J1-2| 4 2 1+ x

Example: 28 2tan!(cosx) = tan (coseéx), then x =
@2 OF; © @

Solution: (d) 2tan (cosx) = tan !(cosec®x)

2cosx 1 2cosx 1 T
=t *1[ j:t *1[ ] = — 2cosx=1= x=—.
an 1-coé x an sirf x = siftx sitx 3

Example: 29 The solution set of the equation sin' x=2tan® x IS

(@) {1, 2} (b) 12 (€) +L10 (d) {1,%,0}
Soltuion: (C) sin! x=2tan' x = sin! x=sin! lfj'z lffzz =x = ¥ -x=0 = x(x+D(x-1D=0=x={-110}.

. . _1 1—4"2 _1 1—4\'2 1
Exmaple: 30 sm{tan ( e ]+cos (1”2]} Is equal to

(@0 (b) 1 () V2 (d) %

Solution: (b) si [%—Ztan‘l Xj+2tan‘1 x} = sin% =1.

- . -1 2a _ ,ll—bz_ _1 2x _
Example. 31 If sin [ 7 cos 1+b2—tan 2 then x-
a+ b a-b
(a) a (b) b (c) 2+ (d) 22
Solution: (d) Put a=tano, b=tang and x=tany, then reduced form is
sin'(sin20) — cos'(cos2y) = tan (tan2y) => 20-20=2y =0 —p=y
: H — tand — tang _
Taking tan on both sides, we get tan¢ - ¢) = tany = 1+ tand.tang tany
Substituting these values, we get 2=2 _ »
1+ ab
Example: 32 ta{Ztanl(lj—l}—
5) 4
17 17 7 7
(a) = (b) 7 (c) 17 (d) ~17
2 5 4
Solution: (d) ta{Ztan‘{%)—%}—ta tan! 1_5L—tan'1(1) = tat{tanlliztanl(l)}tan.tanl{llfle_;.
25 12
Example: 33 atan' L tan' L s tan? L -
5 70 99
@) % (b) % (c) % (d) None of these
2
Solution: (C) 4tan’llftan‘li+tan‘li = 2tan! —3 —tan‘1i+tam'li

. L 70 99

25

5 70 929




= 2tan! i —t ’1l+tan’l— = tan! —tan!— +tan! —
12 70 99 25 70 99
144
1 1
= ta ’1( j tan! 1 +tan’ — = t ‘IE)-rtan‘1 99 _70 |= (a5t + ’1[ —293
119 70 99 119 11 19 693
99°70
120 1
= tan! E)—tan’lﬁztan’1 E)—tan’liz tan| 119 239 =tan’1(1)=£.
119 6931 119 239 1+1—20><i 4
119 239
Example: 34 The value of sin[Ztanl[%D + cos(tan ' 2//2) =
16 14 12 11
a) — b) = c) = d) —
()15 ()15 ()15 ()15
2
Solution: (b) si 2tanl[%ﬂ+codtanl(2\/5)]: sin| tan! 31 +cos[tan’1(2\/§)]
1- -
9
=si tan’IE +cos[taﬁl2\/§] = sinsin!> |+ coscos! = :—+l*1—4
4 5 3 15
Example: 35 tan Z + —cos' 2|+ tan = - —cos' 2| equal to
4 b 4 2 b
2a 2b a b
a) =2 b) =2 c) 2 d) 2
(a) 2 (b) 2 © = (d) ¢

Solution: (b) Let cos’l%=9:>cos9=%

tal £+lco§lf +ta Z—lcos’lf :u+u , Where t=tang =2(1+—t2)= 2 =£’.
4 2 b 4 2 bl 1-t 1+¢ 2 1-7 co® a

Example: 36 4tan'léftan’li is equal to

239
a b) Z c) Z d) Z
(a) # (b) 2 © % (d)
Solution: (d) Since, 2tan™ x=tan —2¥
2 20
dtan’! = = Z{Ztan’l —} =2tan! 5 _ _ 2tan’! E =tan! 24 _ tan! 1—20
1 24 1 100 119
25 576
120 1
SO, 4tan? l — tan! L = tan! E)— tan!— =tan! 119 239 _ tan! w —tan11=2 .
’ 5 239 119 239 1,120 1 (119x239+120 4
119' 239
2
Example: 37 The formula cos! i‘ ; - 2tan! x holds only for
+
(a) xc R (b) | xlc1 (C) xe(-1L1] (d) xe[l,+ )

Solution: (d) If x=-1, LHS = % RHS = 2{—%). So, the fomula does not hold.

If x<-1, the angle on the LHS is in the second quadrant while the angle on the RHS is 2x

(angle in the fourth quadrant), which cannot be equal.
If x>1, the angle on the LHS is in the second quadrant while the angle on the RHS is 2x
(angle in the first quadrant) and these two may be equal.
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If -1<x<0, the angle on the LHS is positive and that on the RHS is negative and the two

cannot be equal.
is independent of x , then

- _1 . -1 2x
Example. 38 2tan! x+ sin e
(C) xe(w,-1] (d) None of these

(b) xcl-1L1
in’! 2tand = sin ! (sin20)

(a) xe[l+ )
Solution: (a) Let x=tano. Then sin! _2*__
() x=tand s 1+ %% s 1+ tan® 0

. 2tan! x+sin? —=X_ — 20 + sin’!(sin20)
1+ x% ( )
= 20+20 = 4tan* x = independent of x.

If ~Z<20¢< ﬁ 2tan! x+ sin! 2x
2 2’ 1+ %
If -Z<z-20<2 2tan xesin' 2 = 204sin'ising - 2]~ 20+7-2 = ~ = independent of
+

. T T 37
He[—z ﬂ butﬁe[ } and from the principal value of tan® x.

ae[-% %j Hence, 96(4 2]

He[” ”) = tan! x+sin’112X2

Also at 0:2,2tan’lx+sin’1 X 2% sint1=24+%—4
4 1+ %2 4 2 2

-. The given function = ~ = constant if 06[%,%). I.e., xe[l+)

Example: 39 The number of positive integral solutions of the equation tan! x+ coslﬁ:sml% or

tan! x+cot! y=tan'3 IS

(@) One (b) Two (c) Zero (d) None of these
Solution: (b) tan’! x+ tan” l—ta 30l tan'== tan'3-tan'x Of tan’ll—tan’1 3-x = _1+3x

v y v 1+3x 3-x
As x, y are positive integers, x=1, 2 and corresponding y=2 7
- Solutions are (x»=01,2,27.
’1L+sin’1[—lj and y:co§l[lj.
2 2 3

Example: 40 o,p and , are three angles given by «=2tan'(/2-1),3=3sin 7

(d) None of these

Then
(a) a>pf (b) B>y (C) a<y
P 1 _ i o T _ a1
Solution: (b,c) «=2tan'W/2-1)=2tan tang = 2x g =7 =cos'
T n© 1r
P=34"6 12

. B>a. Also, :—:<% —> cos %>co§1\/l§ Z

So, y>a
Again cos ( ] belongs to the first quadrant and g is in the second quadrant.

B>y




3 3 .
Example: 41 2 cmecz(l tan’! i’j L secz[l tan’! i’j is equal to
2 2 b) 2 2 a
@) (a-H@*+8» (b) @+ B@* -6 (C) (a+B(@®+b?) (d) None of these
Soltuion: (C) Let tan' 2 = 9, tan"! b_ ¢ = .. tanf= E,tanqﬁ _b
b a b a
3 3
a a)seé(l tan! fj + i se (l tan! ej
2 2 b 2 2 a
_ & ¥ _ & b a* b*

B al T 1-cow 1 - b
2sinz(Ej 2cosz(%] -co teos) 4 1 a

- +
Va? + B Va? + b?
— m{aﬁ\/az +b0’+ 8 BNa+ b —a]}

(rationalized)

(@ + b*) - b* (@ +b6%)-a*

N+ BPaNR + B + B+ b2+ 6 — @] = Va? + B[ a® + b% (a+ B]=(a® + BP)a+ B .
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ASSIGNMENT

PROPERTIES OF INVERSE TRIGNOMETRICAL FUNCTION

Basic Level

1.

10.

11.

The domain of sin! x IS

@) e (b) [ 1, 1]

The range of tan!x iS

@ (-] ®0)(-53)
sin' x+cos' x IS equal to

(8 = (b) Z
a1 41

SII‘I{SII’I E+COS E}:

@20 (b)-1

The value of cos’l[cos%rj+ sin’l[cos%rj is
T 57
(a) 3 (b) 3

-1 -1 . -1 -1 _
co{cos [7j+sm (TH_
@ -+ (b)0
3
The value of tan! x+2cot! x IS
@ 3 (b) r3
If tan' x+2cot! x=z, then x-=
3
(a) V2 (b)3
If 4sin! x+cos' x=7, then xis equal to
1
(3) 0 (b) 1
co{2c0511+sin1 l} =
5 5

2/6 2/6
(a) T (b) _T
The value of snf‘(cos%j is

@ % (b) =

(c) ©27)

(C) (~7,7)

(c)-1

(c) 2

(c) &

© 1

©) =

(© V3

() -2

© 1

© %

(d) (—o0,0)

(d) .
(d) 1
(d) 1
(d)0
@ 3
(d) 2-

J3-1
(d) J3+1

@ L

(d) -3

(@) -2




12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

If sec’l[lj +2sin'(1) =z, then x equals
X

@ 5 (b) 1 © %

The value of sinl(ﬁ}—sinl(l) is
2 2

(@) a5° (b) 90° (€) 15°
The value of cos(tan!(tan2) IS
1 1
a) — b) -~ C) cos
@+ 0) - (©) cos2
The value of x which satisfies the equation tan® x= sin’ {‘/_OJ I
(23 (b)-3 © 5
If sec! x= cosecly, then cos’ll+cos’11:
x 1%
(@ 7 (b) © -3
If cos 1(1] 0, then tano =
1
(@) N (b) V22 +1 (€) V1-#
If sin'x=2 for some xe(11), then the value of cos® x IS

(@ & (b) > (© =

sec(cosec'x) IS equal to

(a) cosedsec’ x) (b) cotx (C) z
tan(cos ! ») 1S equal to
(a) \/l—Xz (C) \/1+X2
sin(cot X =
(@ Vi+# (b) x (C) a+ 232
cos(tan! x) =
(@) 1+ # (b) Jll—xz (€) 1+ 22
Al
co{cos [2—5H =
25 25 24
(a) 24 (b) - (c) 25

(d) None of these

(d) 30°

(d) —cos2

(d) -3

()2

(d) V-1

9
@ %
(d) None of these

(d) V1-2

(d) a+ xz)_%

(d) None of these

(d) None of these
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24.

25.

26.

The value of sincot! tancos x IS equal to

(@) x (b) % (€)1 (d) None of these
(3]

{su{tan Zj:| =

(a) 2 (b) 3 OF (d) 28

sec(tan! 2) + csed(cof! 3) =

(@) 5 (b) 13 () 15 (d) 6

Advance Level

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

If cos! x> sin? X, then

1 1
(@) x<o (b) -1<x<0 (©) 03;«E (d) —15x<E

If (cos! x%-(sin! »2 >0, then

(a) X<§ (b) ~1<x<v2 (c) OSK% (d) _1gx<%

The greatest and the least values of (sin! »®+(cos' »* are

(@) =, Z (b) == = () = 7% (d) None of these
272 8’8 32" 8

If x satisfies the equation #-#2>0, then there exists a value for

(@) sin'x (b) cos'x (C) sec!x (d) None of these

If Ax=sec'x+tan'x then A is real for

(@) xel-11 (b) xe R (C) xe(-o1ul,+x) (d) None of these
If isin’lxtzmr, then ix,:
(a) n (b) 2n () # (d) None of these

% is the principal value of
(a) co§1(cos7?”) (b) sin‘l(sin%[) (C) sec‘l(sec%[) (d) None of these

The number of real solutions of (xy; Where | y|= sinx, y= cos }(cosx),— 27 < x< 27 1S

(@2 (b) 1 (c) 3 (d) 4
The set of values of k for which »*- &x+sin(sing)>0 for all real x is
@) ¢ (b) 22 (c) r (d) None of these

cos‘l{%xg+v1—x2."1—§}:co§lg—co§l x holds for

@) |x<1 (b) xe R (c) 0<x<1 (d) -1<x<0




SUM & DIFFERENCE OF INVERSE TRIGNOETRICAL

Basic Level

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

If cos! x+cos' y+cos' z= 3z, then xv+ vz+ zx=
(a) 0 (b)1 (c)3 (d)-3

The value of tan(tan’l % —tan™ %) is

@ ® 7 OF OF
tan’l(lll] + tan’l(l—22j -
(a) tanfl[l‘%] (b) tngj ©) tanfl[;i;] (d) None of these

If sina+sin’ b+sin’ c=7, then the value of a/a-a?) + 6/a- 8% + a/a- ) will be
(a) 2abe (b) abc (c) %abc (d) %abc

If tan! x—tan! y=tan! A then A=

D X+y
(@) x-v (b) x+ © X2 @ X2
If tan!2x+ tan! 3X=% then x =
(a) -1 (b) % (c) —1,% (d) None of these
If cos? 3 sin’! 4. cos' x, then x=
5 5
(a) 0 (b)1 (c)-1 (d) 2
If cot!a +cot! § =cot! x, then x=
1+af aff-1

@ a+s ©) ap © L (@ <
tan! 3 + tan! 3 tan! 8 _

4 5 19
@) 1 (b) 3 (©) s (d) None of these
co{tanll +tan ! l} =

3 2

1 J3 1 ﬂ
@ L () 2 © 1 (d) =
tan' X _tan ' XY (where x> y>0)

14 Xty

T z 3z
@ 4 (b) T (c) "y (d) None of these
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48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

tan[cos % +tan! ﬂ

@ S (b) ¥ © 16
tan’l(%j + tan’l(gj =

@ Lostd) (6) 2o (2) (©) tan’(})

sin’I%-t-cofl 3 is equal to
(@ 3 (b) 1 (c) 3
If sil{sin’I%Jrcos’l Xj:l, then x =

(@)1 (b) 0 © 3

A solution of the equation tan'(1+ » + tan'(1- » :% IS

@x=1 (b)x=-1 (c)x=0
|fta’lx 1 tan12x-1 ta’123 then x =

2x+1
@ 22 (b) 3.2 © 33

If sin! X+ caec? E :E, then x-=
5 4) 2

(@) 4 (b) 5 ©1
sin'| 2 tan 11 -
@ % (0) § (©) eos'(3

If tan?2tan'3 are two angles of a triangle, then the third angle is
Vs 3z Vs
@ 1 (b) 2 (c) 1

If cos' x+cosly+coslz= 7 then

(a) PP+ +xpz=0 (b) A2+y2+22+2xy220 (C) PP+ 2+ xvz=1

If tan! x+tan v+tan! z= %, then

(a) x+y+z—xyz=0 (b) x+y+z+xyz=0 (C) xy+yz+ zx+1=0
If tan! x+ tan™ yv+tanlz= 7, then 1 + 1 + 1_
Xy yz zx

(@0 (b) 1 (©) ﬁz

(d) 16

(d) Both (a) and (c)

()

(d) 1

(d) x—r

(d) None of these

d 3

(d) =
(d) None of these

(d) PP+ 2 +2xpz=1

(d) xv+yz+ zx—1=0

(d) xez




Advance Level

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

If we consider only the principal values of the inverse trigonometric functions, then the value of

tal{cos1 % —sin! ﬁ] is

29 29 3 3
(@ 2 (b) 2 © |2 @2
The sum of first 10 terms of the series cot!3+cot!7+cot' 13+ cot! 21+....... is
() tn(g] (b) tan(100 (©) tn(g] (d) tn[l_;oj
Sum of infinite terms of the series cofl[lz 4 ﬂ ; cof1[22 4 ﬂ 4 cof1[32 ; ﬂ o, is
@) % (b) tan'2 (C) tan'3 (d) None of these
tan' L tan' Lo fant Lo + tan’l( 1 j +errens to «» is equal
3 7 18 7 +n+1
Vs z 2
(8 = (b) 2 OF (d)0
If sin! x+sin’ y+sin! z=1, then »* + i+ 2+ AP = KXV + V2 + X, where K =
@1 (b) 2 (c) 4 (d) None of these
The sum of the infinite series sin® %+ sinl[ ‘/—jg 1J+sin1[‘/§\/;_2‘/§}k .............. +sinl[% “:’;)1} IS
(a) = (b) % OF (d) =
If sum of the infinite series cot!(2.1%)+ cot!(2.2%) + cot'(2.2%) + cotR.2*) +..... IS equal to
v T v T
(@ 5 (b) 1 () 3 (d) 5
If sin!x+sin!y+sin!z= 37”, then the value of 0+ POy ZIOO—W is equal to
(a0 (b)3 (c) -3 (d)9
If X, Xy, X3, X, Al'€ I00LS of the €q uation x* - x*sin23 + »* cos2f3 — xcosf —sinj = 0,
then tan!x, +tan!x, + tan’! X, +tan ' x, =
(@) 5 (b) -5 (€) =-p (d) -
If a,a,a,.....,a, iISan A.P. with common difference d, then
tm{tanl[LJ + tanl[ d ] + ereeenenee + tanl[ d H =
1+ aa, 1+ aay 1+ a,,a,
(n-1)d (n-1)d nd a,—a
(a) a +a, (b) 1+ aa, (C) 1+ aa, (d) a,+ a
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INVERSE TRIGNOMETRIC RATIOS OF MULTIPLE ANGLES

Basic Level

70. 3tan'aiSequal to

1 3a+d
(8) tan 72

71. If A=tan! x then sin24-

1 3a-4°
(b) tan T2

2x 2
a b) =X
@ 2 (b -2,
72. sin@sin!0.8) =
() 0.96 (b) 0.48
73. |If cosesirflx):%, then x-=
(2) Only 2 (b) Only -2
15 (1
74. cosl(17J+2t 1(5)—
z 4171
(8 % (b) cos'( 573
1 1 (1
75. 2tan [Ej-rtan [7j:
(@) tan 5g) (b) £
76. sin! 4 +2tan’! 1 =
@ 3 (b) 3
.y 22 .4 2 . _
77. If sin 2 +sin 7 =2tan x, then x
a-b b
(a) 1+ ab (b) 1+ab

_11

J tan' L —tan' 1, then x equals

X

1
78. |If 3tan?
2+ \/§

(@1 (b) 2

79 cof! J1-sinx +1+sinx —
’ J1-sinx—1+sinx

(a) T—X (b) 27 - x

(©) tan? 3222
©) %

(c) 0.64

©) 55

© 7

(©0

© 2

() l—bab
©3

© %

_1 3a-
(d) tan 1

a3

-34

(d) None of these

(d) None of these

(d) Neither

2 nor-2
3 3

(d) None of these

() =

(d) None of these

@

(d) V3

(d) -




80. sir{l cos’12 =
2 5

@ 75 (b) - © & (@ -L

Advance Level

81. 2tanl{‘/a;b tang} =
a+b 2

(@) cos 1( acosh + bj (b) cos l( ar bcosﬁj (C) cos 1( acos) j (d) cos l( beoy J

a+ bcost acost+ b a+ bcost acosf+ b

82. |If cof![(cosx)" 2] - tan [(cosx)" 2] = x. Then sinx=

(@) tanz(%] (b) colz[%j (C) tana (d) co(%)

83. The value of sinl{(sinz cos— whereg <x<2k k> OJ is

S e i s

@ tanl[%J (b) tanl[%J (©) tml[%j (d) None of these
_ _ —2xi

84. Solution of equation sincos'{cot@tan’ ®}]=0 IS

(@) x=+1 only (b) x=1+42 only () x=1+J2) only (d) All of these

85. The greater of the two angles A4-2tan'@/2-1 and B- 3sinl(%j + sinl[gj is

(@B (b) A (cC (d) None of these
(V5
86. tal{% cos [;ﬂz
3-J5 3+J5 2 2
@ —— (b) =, © 3% @) 7%
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ANSWER

INVERSE TRIGNOMETRICAL FUNCTIONS

ASSIGNMENT (BASIC & ADVANCE LEVEL))

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

b| | b|{b|d|a|b|c|c|b|b|d|b|jd|c|a|]d|d|]a]a]|a
21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40
d|b|d|a|c|c|d|d|c|]c|]c|b|b]Jc|a|]c|c|d|d]|a
41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60

c|b|bjd|lala|b|b|d|b|d|c|d|d|a|b|d|d|b]|d
61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

a|b|{b|b|jc|bja|b|b|d|c|ajc|d|d|ja|]d|b|d]|a
81 82 83 84 85 86

alal|c|d|b|d




