INDICES AND SURDS

1.2.1 DEFINITION OF INDICES

If a is any non zero real or imaginary number and m is the positive integer, then
a"=aaaa........ a (m times). Here a is called the base and m the index, power or exponent.

1.2.2 LAWS OF INDICES
1) a8 =1, (a=0

(2) am™= im, (a=0)
a
(3) a™ " =a™.a", where m and n are rational numbers

(4) a™" ==, where mand n are rational numbers, a=0

a”
e

(5) (@) =a™ 6) a”7=9a"

(7) If x=y, then a* = a*,but the converse may not be true.

For example: 1) =@®?®, but 68

(1) If a=+10r 0, then x=y (if) If a=1, then x ymay be any real number

(iii) If a=-1,then x ymay be both even or both odd

(iv) If a=0,then x y may be any non-zero real number

But if we have to solve the equations like [Ax)1"™ =[Ax)]"¥ then we have to solve :

(@ fim=1 (b) fix=-1 (c) A =0 (d) ¢(x=Hx)

Verification should be done in (b) and (c) cases

(8) a™.b™ =(aB™is not always true

In real domain, Vav/b=/(a§, only when a>0,6>0

In complex domain, va~/b=./(aB, if at least one of a and b is positive.

(9) If a* = b*then consider the following cases :

(i) If a=+bthen x=0 (ii) If a= b= 0,then x may have any real value

(i) If a=-b, then x is even.

If we have to solve the equation of the form [AX]*™ =[g(x]*™“i.e., same indeX, different bases,
then we have to solve

(@) An=9x, (b) Ax)=-ax, () p(x»=0
Verification should be done in (b) and (c) cases.




o (P+Im+-m) o (n+ nm+-n?) o (P+nl+P)
Example: 1 For x;tO,(—] (_J [_j =
x" x" x
@1 (b) x (c) Does not exist (d) None of these
. X, P+ Imv-m? Xm m? + nm-n® X" ol P
Solution: (a) [?J [7J [YJ
- (‘Ykm)(lzﬁimn;) (Xltrn)n;+mwuzz (A;rl)nzﬂxhlz - Xla—ma .Xm3—n3 .1‘;13—13 - Xla—m3+m3—n3+n3—la — XO :1

Example: 2 If 2r—4¢-g-and wkzssthen2i+i+i:

x 4y 8z

(a) 11/48 (b) 11/24 (c) 11/8 (d) 11/96
Solution: (d) 2~ -2% -2% ie,x=2y-32z=k (Say). Then xyz- "—63 -288, SO k=12

1 1 1 11
- x=12y=6,z=4. Therefore, —+ —+ ~—-"-
x=12y=-6z 2x 4y 8z 96

2.3 731

Example:3 == 2 _
p 3n+2 _ 2(1/3)1—11

Solution: (a) 2.371 +7.:~'.'1*1 _ 237132 73! _3"'18+7) _ 1
gm2 _ 2(1} - gmlgd_g3n1 371272
3

Example: 4 If (g]m - [gjz_h, then x =
@1 (b) 3 () 4 (d) 0

. . 2 x+2 3 2-2x 2 x+2 2 2x-2
Solution: (c) (gj =(§j = [5) =[§j . Clearly x+2-2x-2 = x-4

Example: 5 The equation a**+2 —9.2¢*:2 . g_ohas the solution
(a) x=1 (b) x=-1 (C) x=42 (d) x=-2

- 2
Solution: (a, b) a4**2_92+*:2,8_¢ :»(2“2+mj 92+, g0

Put 22" _ . Then y?*-9y+8-0, which gives y-8 y-1
When y=8 = 2°2-8= 2°2_-28= »,2-3=> ¥-1=x=1-1
When y=1=> 2¥2-1=>2"2_2°=> 4, 2-0 = ¥*=-2, Which is not possible.

1.2.3 DEFINITION OF SURDS
Any root of a number which can not be exactly found is called a surd.
Let a be a rational number and n is a positive integer. If the a*root of x i.e., x"/”is irrational, then
it is called surd of order n.
Order of a surd is indicated by the number denoting the root.
For example 7,3/9,(13%%,%/3are surds of second, third, fifth and n' order respectively.
A second order surd is often called a quadratic surd, a surd of third order is called a cubic surd.
Note : QO Ifa isnot rational, %a is not a surd.

For example, {(5++/7) is not a surd as 5++/7 is not a rational number.




1.2.4 TYPES OF SURDS

(1) Simple surd : A surd consisting of a single term. For example 2v3,6,/5,/5¢tc.

(2) Pure and mixed surds : A surd consisting of wholly of an irrational number is called pure
surd.

Example : /5,37

A surd consisting of the product of a rational number and an irrational number is called a mixed
surd.

Example : 5v3.

(3) Compound surds : An expression consisting of the sum or difference of two or more surds.

Example : V5+/2,2-/3+3./5 etc.

(4) Similar surds : If the surds are different multiples of the same surd, they are called similar
surds.

Example : v/45,./80are similar surds because they are equal to 3v5and 45 respectively.

(5) Binomial surds : A compound surd consisting of two surds is called a binomial surd.

Example : V5 —/2,3+32etc.

(6) Binomial quadratic surds: Binomial surds consisting of pure (or simple) surds of order two
i.e., the surds of the form a/b+ ¢/d or a+ bJ/care called binomial quadratic surds.

Two binomial quadratic surds which differ only in the sign which connects their terms are said to
be conjugate or complementary to each other. The product of a binomial quadratic surd and its
conjugate is always rational.

For example: The conjugate of the surd 247 +5v3is the surd 27 -5J3.

1.2.5 PROPERTIES OF QUADRATIC SURDS

(1) The square root of a rational number cannot be expressed as the sum or difference of a rational
number and a quadratic surd.

(2) If two quadratic surds cannot be reduced to others, which have not the same irrational part,
their product is irrational.

(3) One quadratic surd cannot be equal to the sum or difference of two others, not having the same
irrational part.

(4) If a+b=c++/d,where a and c are rational, and /&,/dare irrational, then a=c and b=d .

Example: 6 The greatest number among ¥9,¥11,¢17is
(@) ¥9 (b) 411 (c) 17 (d)Can not be determined
Solution: (a) ¥9, 411, $17
®@ LCcMof 3,4,6is12
<9 =93 =912 = 6561V, Y11=ay/*ar)V? =333/, §17=017"° =72 = (289"
Hence %9 is the greatest number.




15 H
710+ 720+ 205780

Example: 7 The value of

(@) V566+v2) (b) V52++2) (c) Vsa++v2) (d) V53++2)
— - - 15 15
Solution: (c) Given fraction o Ta0 a0 T Tos " Tio as 2o e il
15 5 _ 1045 - 5. /5 - VBWz+)

" 3/10-3/5 V105 10+ V5
Example: 8 If x=3v2+1-¥w/2-1n;then »*+3x=
(@ 2 (b) 6 (c) 6x (d) None of these
Solution: (a) x=W2+pV3-W2-1"3
x’=(JE+1)—<J§—1)—3<JE+1>”3(ﬁ—l)‘”ﬁ/m#ﬁ}

¥=2-32-1D3x=+»+3x=2.

1.2.6 RATIONALISATION FACTORS

If two surds be such that their product is rational, then each one of them is called rationalising factor
of the other.

Thus each of 23 and /3 is a rationalising factor of each other. Similarly +/3++2and
V3 —/2 are rationalising factors of each other, as (/3 ++2)/3-+/2)=1, which is rational.

To find the factor which will rationalize any given binomial surd :
Case |:Suppose the given surd is fa— 76
suppose &%= x#/7=yand let n be the L.C.M. of pand g. Then x"and y"are both rational.
Now x"— y”is divisible by x— v for all values of n, and
X -y =(x-9& '+ ¥ 2y+ X3P+ .+ ).
Thus the rationalizing factor is x"* + ¥*2y+ x"3¢* +.....+ ¥** and the rational product is x" - y".
Case 11: Let the given surd be Za+7b.
Let x ynhave the same meaning as in Case I.
(1) If nis even, then x"— y”is divisible by x+ y and
X -y =(x+ " - X Zyr X3 -
Thus the rationalizing factor is x** — x*2y+ x*3¢* —.....— y"'and the rational product is x” - v”".
(2) If niis odd, x”+ ¢”is divisible by x+y, and x"+ ¢ = (x+ P (X" — ¥ 2y+...+ V")
Thus the rationalizing factor is x** — x¥*2y+.....— x" % + v and the rational product is x"+ ¢”".

Example: 9 The rationalising factor of &/3+a3is

(@) av3-avs (b) a#%+a?3 (c) a#3-a?3 (d) a#2+a?3-1
Solution: (d) Let x=a"3,y=a3then a=x®a'=y*

¥+ g = (x+ )& - xv+ P

So rationlising factor is («* - xy+ ¢ . Put the value of x and y




Thus the required rationlising factor is 2#% +a?%3-1.

1.2.7 SQUARE ROOTS OF A VB AND A + VB + V¢ + YD WHERE VB, V¢, \D ARE
SURDS

Let \/m =Jx+./y,where xy> 0are rational numbers.

Then squaring both sides we have, a+b= x+ v+ 2/x/v

= a=x+yJb=2/xy = b=4xy

So, (x-p?=(x+p?-Axy=a" - b

After solving we can find x and y.

Similarly square root of a—+/#can be found by taking m —Jx—y, x>y

To find square root of a + Vb + V¢ + Vd : Let J(a+Vb+ve+Vd) =Vx+.v+z(xuz> 0 and

take +(a+Vb—vc—Jd) =JVx+.[y—z. Then by squaring and equating, we get equations in x, y, z. On
solving these equations, we can find the required square roots.
Note : Q If a® - bis not a perfect square, the square root of a++/&is complicated i.e., we can't find

the value of /(a+ /&) in the form of a compound surd.
QIf J@+Vb) =Vx+.y,x> ythen J(@a-Vb) =Vx—/v

0 a+\/6—\/ a+\/;2bJ+\/[a\/;2bJ

o - (25} [

Q If ais a rational number, Vb,+/¢,+/d, are surds then

() Var Vb Jer Ja= B, b ed iy oo JpJer Ja- [Bd [ed [be

(i) Ja_@_mm:@_\/g_\/g

Example: 10  J@3++/5) is equal to
(a) V5+1 (b) V3+v2 (C) W5+1/V2 (d) %uau)

Solution: (c) Let y3+v5 =Vx+v
3+v5 = x+y+2/xy. Obviously x+y=3 and 4xy=5. SO (x-»?=9-5-40r (x-p=2

. 5 1 5 1 J5+1
After solving x=gy=g Hence "3”3‘@*\&‘?

Example: 11 10— 23 - /@0 + /60 -
(a) J5+43+42 (b) J5+/3-42 (C) J5-3+4/2 (d) J2+3-45




Solution: (b) Let 10-v24-/40+J60=(Ja-Jb+Jo?
10-/24-J/40+/60= a+ b+ c-2/ab-2/bc+2/ca abc>0. Then a+b+c=10 ab=6, bc=1Q ca=15

282 -900— abCc = 30 #+30.S0 a=3 b=2 c=5
Therefore, J10-v24-/40+/60) = +/3 + 5 -2)

Example: 12 4a7+12/2) =

(@) v2+1 (b) 242+ (c) 2/2+1 (d) None of these

Solution: (a) Ja7+12/2) = 3* + 2/2)? + 2.3.2/2] - 3+ 2/2
~Yazi12/2) - B3+ 22 = V241

1.2.8 CUBE ROOT OF A BINOMIAL QUADRATIC SURD
If (a+/B)Y3 = x+,/ythen (a-V/B)¥3 = x— [y, where a is a rational number and b is a surd.

Procedure of finding (a++/&)"3is illustrated with the help of an example :
Taking (37-30/3)"? = x+./ywe get on cubing both sides, 37-30/3 = x* + 3xy— 3% + Wy

- X +3xy=37

3x* + Yy =30/3 =15/12

As /3 can not be reduced, let us assume y=3 we get 3x* + y=3x*>+3=30.. x=3
Which doesn't satisfy x* +3xy=37

Again taking y=12 we get

3x¥+12=15, .. x=1

x=1,y=12satisfy x>+ 3xy=37

~337-30/3 =1-/12=1-2/3

Example: 13 $61-46/5) -

(@) 1-2/5 (b) 1-V5 (c) 2-V5 (d) None of these
Solution: () ¥61-46/5 — a—/& = 61-46J5 = (a—Jb)? = & + 3ab— (32 + &b

= 61=a° +3a846/5 = (34 + B /b= 61= (2’ +3ba, 23/20- (34 + B/b

S0a-1, b=-20. Therefore 361-46/5 =1-J/20-1-2/5 .

1.2.9 EQUATIONS INVOLVING SURDS
While solving equations involving surds, usually we have to square, on squaring the domain of
the equation extends and we may get some extraneous solutions, and so we must verify the solutions

and neglect those which do not satisfy the equation.
Note that from ax= bx, to conclude a= bis not correct. The correct procedure is xa— =0 i.e.

x=00r a=b. Here, necessity of verification is required.




Example: 14 The equation (x+1) -/(x-1) = /@x-1), xe Rhas

(a) One solution (b) Two solution  (c) Four solution (d) No solution
Solution: (d) Given Jx+1-Jx-1y=Jax-» .. (i)

Squaring both sides, we get, - 2,/(x® -1 =2x-1
Squaring again, we get, x:%, which does not satisfy equation (i)

Hence, there is no solution of the given equation.




ASSIGNMENT

INDICES
Basic Level
1. gmesan—
(@) a (b) mr (€) »

2. If @"=a", then the value of 'm" in terms of 'n" is
@n (b) s (©)

3. (X5)1/3(16X3)2/3 [l X4/9J3/2 _
4

(@) x/9? (b) @»® (c) 85
a. If &/ =#/v=27and # = acthen x+z-

@y (b) 2y (c) 2xyz
5. |If a=bct’ =cac=anthen xyz=

@a~o (b) 1 (€) x+y+z

6. If &=(x+v+2%a"=(x+v+2°, £ =(x+y+2*then
(@) x=y=z=a/3 (b) x+y+z=a/3 (C) x+y+2z=0

7. If a'=bcb" ' =cac?=anthen Z(l/x):

(@1 (b) O (c) abc
8. |If %:Lthen m =

(a) 0 (b)1 ©)n
9. If =y then (x/ 99 = ¥k where k-

@o0 (b) 1 (c) -1
10. If ¥ —(x.¥x*thenx =

(@) 1 (b)-1 (c) 0
11. If &=+ =(ap~,then x+y-

(a) 0 (b)1 (c) xy
12. If x=23_2V3 then 2x%+6x=

(@) 1 (b) 2 (c) 3
13.  If x=2+2%3.2Y3 then the value of »*-6x*+6xIS

(@3 (b) 2 (€)1

14. Solution of the equation (»™* = (x/x)*are

(d) None of these

(d) None of these

(d) None of these

(d) None of these

(d) X+ty+z+2

(d) None of these

(d) None of these

(d) 2n

(d) None of these

(d) 64/27

(d) None of these

(d) None of these

(d) None of these




(€)1

(c) 3

()0

(c) c-2

(c) 3/2

(C) 10g,9/+/8)

SURDS

(c) %[1—,/ 4a-1)]

(c) 13/7

(c) %[56+ 12/10]

(€) 145 + V102

(o)1

(@) 9/4 (b) 1
15. If 57145,0.2*2-26then X may have the value
(@) 25 (b) 1
Advance Level
1
16. Z 1+ 0
(@)1 (b)-1
17. Let L _A4.B2V*+Cc2'2+ D2¥*, then
27°+2"%+1
(@) Aa-1 (b) B-3
18. Solution of the equation 4.9~* = 3/2?**!) has the solution
(a) 3 (b) 2
1 3
19. Solution of the equationg~—2"2 =22 _ 32«1
(@) 10g,9/+/8) (b) 10gy,,(9/V8)
Basic Level
20. If a>othen \/a+\la+\/a+....oo IS
@) %,/(4‘-:—1) (b) %[1+,/(4a+ 1]
91, [4+m]3/2+[4_m]3/2 _
[6+‘/@]3/2_[6_‘/@]3/2
(@1 (b) 7/13
J5+J2  J5-2 a2
22. |If xf\/g_ﬁ,yfx/g_kﬁ,then&\;-s-llxy 3/ =
(a) %[56\/ﬁ)712 (b) %[56\/ﬁ)+1z
12
s
(a) 1+/5+./10 +V2 (b) 1+4/5-,/10 +4/2
24, 1 3 4 _
Ja1-2/30 J7-2/10) |8+4/3)
(a) 0 (b)-1
95, N6/ +T-3/5) _

J@7/2 +a6-57)

(d)0

(d) None of these

(d) None of these

(d) D=1
(d) 2/3

(d) None of these

(d) %[li,/(4a+ 1]

(d) None of these

(d) None of these

(d) 1-V5-12+ /a0

(d) None of these




26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

(a) Rational (b) Surd
\/E =
J2+43) - J2-3)
(a) 0 (b)1
4 —
1+v/2-V3 -

(@) 2+v2+6

32 43 Ve
V6+V3 J6+V2 V3442

(b) 1+v2+43

(@) sv2 (b) 3/2

If 4+33 _ . /5 then @s-
\/(7+4\/§) *

(a) (12,2) (b) (1,12)

The rationalising factor of 2/3-17 is

(@) v3+47 (b) 2v3+47

The square root of 134 + /6292 is
(@) 21+,/a3 (b) 11+ /a3
The value of \/[12— (68+48/2)] =

(@) 2++2 (b) 2-v2
The square root of /50 +./@8 IS

(@) 2v*@3+v2) (b) 243 +2

VB+B) —y(2+3) =

(a) V65/2+/3/2 (b) V5/2-/3/2
The value of 12/5 + 2,551 is

(@) sV /ap+1 (b) 5¥2Jap-1

The cube root of 9/3 +11/2 is

(@) 2v/3+V2 (b) V3+2/2
If x+J#+1)=athenx =

1 1
@) J@va (b) S@-1a

If x=v7+V3 and xv-4, then »*+¢*=
(a) 400 (b) 368

X v

If x:2+\/§,xy=1,then \/E+\/;+\/§—\/;:

(c) Multiple of vz

(©) V2

(C) 3+J2+43

(c) 2/3

(©) (-1,12)

(C) V3+2V7

(c) 13+ /ay

©) v2-1

(c) 2v%2+V2)

(c) Je/2-Ja/2

(c) 5V4Jap+1

(c) 3/3++2

(C) (@a+ah)

(c) 352

(d) None of these

(d) 172

(d) None of these

(d) 0

(d) (12, 1)

(d) None of these

(d) 13+, 23

(d) None of these

(d) 2V4(/3+V2)

(d) Je/2-Ju/2

(d) s"*iyan-1

(d) V3+v2

(d) None of these

(d) 200




40.

41.

42.

(@) vz (b) V3
If x=3-5then Jx

J2iJ3x-2
(@) 5 (b) V5
If a=/21-J20 and b=/a8-/a7, then
(@) a-=» (b) a+b6-0
Solution of the equation J/(x+10+./(x-2 =6are
(a) 0 (b) 6

Advance Level

43.

44.

45.

Let 4 J—[{Hf]”_[l_fﬂ , n=0,12...then

(a) Uy = U, + U, (b) b, =+,
JI6+ 23 + 22 + 2J6] - 1//(5 + 26) =
(@)1 (b)-1

Jix+ 2/ D] +1x- 2/(x- D] =
(@ 2,if 1<x<2 (b) 2,if x>2

**k*k

©1

(c) 1/5

(C) a>b

(c) 4

(C) tpr=u,+u,,

(0

() 2Jx-1, If 1<x<2

(d) None of these

(d) 1/45

(d) a<b

(d) None of these

(d) None of these

(d) None of these

(d) 2/x-D, if x>2




