INDEFINITE INTEGRAL

INTRODUCTION
A function ¢(x) is called a primitive or an antiderivative of a function Ax) if ¢'(x) = Ax).

5
For example, % is a primitive of x* because -2 Xl
5 dx| 5
Let ¢(x be a primitive of a function Ax and let c be any constant.

Then 71“’“‘“ d=¢(x= fin B ¢(®= Ax]

= ¢(x)+ c is also a primitive of Ax).
Thus, if a function Ax possesses a primitive, then it possesses infinitely many primitives which are
contained in the expression ¢(x) + ¢ where ¢ is a constant.

X5 X5 5

For example ot 2,‘% _1 etc. are primitives of x*.

Note: O If F(x» and F(x) are two antiderivatives of a function f (x) on an interval [a, b], then the
difference between them is a constant.

5.1 DEFINITION
Let Ax be a function. Then the collection of all its primitives is called the indefinite integral of

Ax and is denoted by j fix) dx

Thus, <40+ 9= A9 = [ Andx= g+ c
where ¢(x) is primitive of Ax) and c is an arbitrary constant known as the constant of integration.

Here J' is the integral sign, Ax is the integrand, x is the variable of integration and dx is the

element of integration.
The process of finding an indefinite integral of a given function is called integration of the function.

It follows from the above discussion that integrating a function Ax means finding a function ¢(x)
d
h that — = fx).
such that . #(®)= Ax)

5.2 COMPARISON BETWEEN DIFFERENTIATION AND INTEGRATION
(1) Differentiation and integration both are operations on functions and each gives rise to a function.
(2) Each function is not differentiable or integrable.

(3) The derivative of a function, if it exists, is unique. The integral of a function, if it exists, is not
unique.




(4) The derivative of a polynomial function decreases its degree by 1, but the integral of a
polynomial function increases its degree by 1.

(5) The derivative has a geometrical meaning, namely, the slope of the tangent to a curve at a point
on it. The integral has also a geometrical meaning, namely, the area of some region.

(6) The derivative is used in obtaining some physical quantities like velocity, acceleration etc. of a
particle. The integral is used in obtaining some physical quantities like centre of mass, momentum etc.

(7) Differentiation and integration are inverse of each other.
5.3 PROPERTIES OF INTEGRALS
(1) The differentiation of an integral is the integrand itself or the process of differentiation and

integration neutralize each other, i.e., 1“ l(x)dx]z fx).
dx

(2) The integral of the product of a constant and a function is equal to the product of the constant
and the integral of the function, i.e., Icﬂn dx - cj findx

(3) Integral of the sum or difference of two functions is equal to the sum or difference of their
integrals, i.e., [{£(x+ £(0)}dx= [ £(xdxt [ £(x)dx

In the general form,
[l £+l 0+ . W+ ... dx= k| f(Wdx lo [ £(Ndxt ke [ (Wi ...

5.4 FUNDAMENTAL INTEGRATION FORMULAE

. x"! d( x"! .
(1) (l) jX"dY—m-Fcn?’—'—l @Zx(mj—xn (”) J(i\’—x-FC
1 . . P (ax+ &™!
(iii) J.ﬁd\’—Z\/;—Y-i-c (iv) j(ax+b) dy=" " e
2 (1) J.l dx=1log| x| +c ©} i(log| x|)= 1 (i) J.L dx= l(log| ax+ b|+c
X dx ¢ ax+b a
X . x d X\ _ _X
3) jedx—e +c @Z"(e)—e
x g a df a |
“) Ja dx= logea+c © dx{loge aJ_a
5) jsinxdx: —cosx+ ¢ 0 zdx(—cosx)zsinx
(6) jcosxd¥= sinx+ ¢ ¢} i(sinx) = cosx
dx
@) J.seczde: tanx+ ¢ c} Zdv(tanx)zseczx

8) jcosec2xdvz= —cotx+ ¢ e Zdv (- cotx) = coec® x




€)] jsecxtanxd:vz secx+ ¢ 0] i(secx) = secxtanx

dx
(10) stecxcotxdx= —cosecx+ € 0 Ed\' (~oosecx) = casecxcotx
(11) Itanxdy= —log| cosx| +c=log| secx|+c 0] Fd(logcosx) = —tanx
Ix
(12) J.cotxdxr: log| sinx| +c= —log| cosecx| +c Q) Zdv(logsinx) = cotx

(13) Isecxdx= log| secx+ tanx| +c= logtal{% + i;] +c0® Fdlog(seowr tanx) = secx
X

d
(14) Icomcxdvz log| cosecx— cotx| +c= logtang +c O o (log| cosecx— cotx|) = cosecx

dx . _ d 1 -1
15 =sin! x+ c=-cos! x+ ¢ 0 L (sin? -
( )J.ﬁ dX(Sln x) = L2 dX(cos x) = L2
(16) I —sin’1£+ c=-cos'Xic ) d[sinlxj: 1 ,i(cogl_ - 1
«/a _ a a dx a 2_x2 dx a a - X
=tan! x+ c=—cof x+ ¢ ®7¢1(tan"1x): -|—1x2
d 1 -1
“cof! n=—~_
’dx(co X 1+ X2
1 X -1 d X a d X —a
18 = —tan' =+ c=—cof' = ® —|tan' = |= —lcot' = |=
( )Ia 2+ x* a a a2 a+c dx(an aj a+x dv(co a) a’+ x*
dx _ _ d _ 1 d -1
(19) [——=— =sec' x+ c=—cosec'x+ ¢ ® —(sec'®)=———— " (cowc'n)=—————
IX’\/XZ—I dx xwx2-1 dx X -1
dx 1 | x -1 1 X d X -a
20 —'—:_ 1_+ = 1_+ i _lf - a _ 71—:
(20) IX = asec - c . cosec ; c o 2 sec X - —— X(coeec Py

Note : 4 In any of the fundamental integration formulae, if x is replaced by ax + b, then the same
formulae is applicable but we must divide by coefficient of x or derivative of (ax + b) i.e., a.

In general, if j findx=¢(x+ c, thenj flax+ Bdx="plax+ B+ c
a

J.sin(ax+ b dx= _—lcos(ax+ b+¢ Isec(ax+ b dx= llog| sec@x+ b + tan@x+ b | +c etc.
a a

Some more results:

(1 sz e ::lc thl—a+(:—2ialo4x+:'+c, when x> a
(i) J‘ﬁd\{:%tanhngr c=21a104:i:l+c, when x< a

(i) I% =log{|x+Vx*—a" |}+c= cosh‘l()—:]+c
~a

w




(iv) I% =log{| x+Vx*+a® |} + c= sidm‘l(}—:j+ c

(v) I\/az—xzdx:%m/az—xz +%a2sin‘l(fj+c
a
(Vi) I\/Xz—azdvzéxxlxz—az —%azlog{x+\/x2—az}+c:%m/x2— 2 _%azcogh‘l(fj_._c
a
(vii) I\/x2+a2dx=%x\/x2 +a’ +%azlog{x+\/x2+a2}+c=%m/x2 +a° +%a2sirh‘1(fj+c
a

Important Tips

= The sighum function has an antiderivative on any interval which doesn't contain the point x = 0, and
does not possess an anti-derivative on any interval which contains the point.

= The antiderivative of every odd function is an even function and vice-versa

2 -
Example: 1 I;(T;l)l) dx is equal to
+

(@) 1og, x (b) 1og, x+2tan'x  (C) log, £1+1 (d) 10g,{x(x* + 1)}
in- (x+1)%  rx*+1+2x x> +1 B dx 1
Solution: (b) x(x2+l)dx_-[—x((x2+1) dx = -[x(x2+1) +2-[x(x2+l)dx .[ 2.[ —logex+2tan x
Example: 2 J’M equals to
(a) alogx+x2 Sk () alogx+£f§+k () alogxfl—l:f§+k (c) None of these
R a+bxX¥+c b ¢
Solution: (c) 1:j—d j[x = X}dx—alogx—l—"7§+k
Example: 3 [Lrxsvxex®
P I Jx+1+x x
(8) gVirx+e (b) gamsmc (€) Vitx+e (d) 20+ »¥2+ ¢
- 1+ xiVxi \/1+x[\/1+x+\/,_\'] B 2 3/2
Solution: (b)J' A j e dx—j\/1+xdx—§(l+x) .
Example: 4 I(sin“ x—cos X)dX:
(a) —c°;2X+c (b) _sir;2X+c (C) sir;2X+c (d) co;2x+c

Solution: (b) J.(sin‘l x— cos' Xdx= J.(sinz x—- coé ¥)(sirf x+ coé Ndx

—sin2x
+c

2

= J.(sinz x—-coé Xdx = —J.(co§ x—sin’ Xdx= —J. cos2xdx =




Example: 5 .[fl+sir{‘7:j dx=

(a) s[sing_cosg]+c (b) [sm§+cosgj+c (©) %[smg_cosgju (d) s[cosg_sing]+c

Solution: (a) j /1+si{’z“]dx - j \/Ksinzg + coé g]+(28in§.co%ﬂ dx - J- ’(singnosg_jz

. X 4 —cosx/8 sinx/8
:-[ sm§+cos— dx= +

8 1/8 1/8

. X X
= SIn——COo0S— |+ C
8( 8 sj

5.5 INTEGRATION BY SUBSTITUTION

(1) When integrand is a function i.e., j fig(0]4'(x) dx :

Here, we put ¢(x) = ¢ so that ¢'(xdx= df and in that case the integrand is reduced to Ii(z)dt. In this

method, the integrand is broken into two factors so that one factor can be expressed in terms of the
function whose differential coefficient is the second factor.

dx _
2/x(1+ %)

Example: 6 I

(a) gta.,—w;n c (b) tan'6/x)+ ¢ (C) 2tan'W/x)+ ¢ (d) None of these

PUt Vr=f = L dx-ar

Solution: (b) s= d o

X
2/x(1+ %)

I:J dt = tan ! t+c:tan’1\/;+c
1+ 7

(2) When integrand is the product of two factors such that one is the derivative of the others
e, 7= f(x). fix).dx

In this case we put fix) = ¢ and convert it into a standard integral.

Example: 7 For any natural number m I(x””+i’"+i")(2f"’+3i"+6)”"’dx (x>0)=

m+1 m
(253" + 3x2™ 4 6x™) m (2x3™ 1 3x2™ 4 6x™)m1
(@) 6(m+ 1) (b) 6(m+ 1)
m+1 m
(2x3™ + 3x*™ 1+ 6x™) m — (255%™ + 3x2™ 4 6x™)m1
©) - 6(m+ 1) (d) 6(m+ 1)

Solution: (a) l:I(x““ L2 ) @XM 332 6y

on




Put 2x3” + 3x%>™ + 6x™ = t= 6m(x*™ ! + x*™1 + ¥ V)dx= dt

—+1

1
1= [ L tmar LE o L gmim
m -1 6(m+1)

Again put the value of t, then we get option (a).

xztan X3

Example: 8 I dx is equal to

(a) tan 1(x®)+ ¢ (b) %(tan’1 )2 +1c (C) - %(tan’1 )2 +c (d) %(tan’1 )2 1c

Solution: (b) Put tan' x* = ¢

.3x%dx=dt = X26dx:it = lJtdx :l.
3 3 3

1+ x° 1+ x

ﬁ (tzmll\(:*)2
2 6

Example: 9 Ix*‘*s‘/*” dx= &5V 1 ¢ then k is

- b) -21 c) 2 d) =2
@) 2log5 (b) —2logs () logs (d) logs
Solution: () Put x?—¢ = -2x3dx=dt = x3dx=-2
t -
jx*‘sl/*’dx:—ljs"dt 15 -1 sv¥,c Oncomparing, &=-—1
2 2log,5 2log, 5 2log, 5

(3) Integral of a function of the form f(ax + b): Here we put ax+ b= ¢ and convert it into standard
integral. Obviously if Il(x)dv= #(x), then, j flax+ bdx= £¢(ax+ b+c
Example: 10 J' tan@x— 5)secBx— 5)dx=
(3) secBx—5)+c (b) ésecex_ 5ic  (C) tanBx-5)+c (d) None of these

Solution: (b) ® J.secxtande: secx+ ¢

secBX 5)

J.sech 5)tan@x - 5)dx 3

(4) If integral of a function of the form ;Y(X)) dx =log[ f(x)] + c
sin2x :
Example: 11 ja g dxisequal to
(a) b2 32 ——logt?sirf x+ B> coé X+ c (b) a2 bz —— _logt?sirf x+ B> coé X+ c
(C) logé’ sir x— ¥ coé X+ ¢ (d) None of these

Solution: (b) Put a22sin? x+ b% cos® x= # = (a®.2sinxcosx— b2.2cosxsinx) dx= df => sin2x(a® — b%)dx= dt

log&’ sir x+ b?coé X+ ¢

logt+ c =

sin2x 1 J‘ dt 1

1
Zodxr Boodx X @)t F @ 7 7




Example: 12 | dx

1+e* B
(a) logl + e%) (b) —logl+ e ™) (C) —logl-e) (d) loge * + e2¥)
Solution: (b) I = J' dx =I € ax, PUt e* 1=t = —e*dx= dt= Iz—ji“z—logt ——logl+e ™)
1+e* e +1 t
Example: 13 The value of the integral j X __dx isequal to
1+ xtanx

(@) 10g| xcosx+sinx|+c (D) log|cosx+ x|+ C  (C) log| cosx+ xsinx|+c (d) None of these

Solution: (c) J:J' x dx:I&dx

1+ xtanx cosx + xsinx

Put (cosx+ xsinx) = ¥ = (-sinx+ xcosx+ siny)dx= df— xcosxdx= dt

dt
1= I—t =log| 7| +c=log| cosx+ xsinx| +c

n+1
(5) If integral of a function of the form, J[f(x)]" f(x)dx = % +c  [m=-1]
n-+

Example: 14 IX\/1+X2dx:

(a) %H (0) Vit +c (C) 31+ x1)¥2+ (d) Tar w2 se
Solution: (d) Put 1+ x* = ¢ = 2xdx= di, jw1+xzdx:%jf/2dt:%.§7/22+ :§(1+ )32 ¢
Example: 15 J.\/2+ sin3x.cos3xdx=

(@) 5\/2+ sind3x + ¢ (b) %(2+sin3x)2/3+c (©) %(2+sin3x)3/2+c (d) %(2+sin3x)3/2+c

Solution: (d) Put (2+sin3%=¢# = 3cos3xdx= dt

/2

I\/2+sin3x.cos3de:lJ.\/_tdt :l. £ +c :E.(2+sin3x)3/2+c.
3 3 3/2 9

f(x)

J f(x)

dx=2. f(x)+ c

(6) If the integral of a function of the form, j

Example: 16 j—mm‘ dx

sinx.cosx
2 2
a) 2Jsecx+c b) 2/tanx+ ¢ C +c d +C
@) (b) (©) Jtanx (@ Jsecx
i i P x
Solution: (b J'—\/timxdx _ tanx dx — sinx.secx dx - se dx
( ) sinx.cosx vtanx.sinxcosx vVtanx sinxcosx Vtanx

PUt £ tanx = di=sec® xdx then it reduces to, J’% dt=28'%1 ¢ - 2Jtanx + ¢
t

~!




Example: 17 J'

dx

l+x
(@) 6(1+;.f3)"‘/2+c (b) %(I+X3)3/2+§(l+x3)1/2+c
(c) %(1+ 9)3/2%(“ H2ie (d) None of these
H . X5 _ XS. _ 2 _ dt
Solution: (c) Imdx_‘[\/r . PUt 14 %% =t = 3xdx=dt = ¥dx= 5
("/_tl)drsj'[\/} Jdt— [://:—2\/}}% :—(1 B2 2(1 B2
(7) Standard substitutions
Integrand form Substitution
(i) SO 1 EI. x= asinf, x= acost
a-x*
(i) N 1 2 x=atand O x= asirhd
Vi
(D) R 1 e x=asect) Ol x= acosht
R
(iv) \/ X \/a+x — 1 x= atan’ 6
a+x x xa+ 2, Jx(a+ x
(V) \/ x \/a—x e 1 x= asin’ 0
a-x x ' [xa-x)
(vi) x x-a [—— 1 x= asec 0
0 0 X(X_ a)’
xX—a B¢ x(x—a)
(vii) \/a— x \/a+ x x= acos2(
a-+ X’ a— X
Viii _ = cos 0+ Bsirf 0
§ = =B, (6>) sk
Example: 18J' _ sz is equal to
. SR x4 S S
(a) oo ¢ (b) pr (c) FaoE ¢ (d) None of these
d;
Solution: (b) 7- j +;2)3/2

Put x-atand = dx=ased 9 dv

ased 0 do asec? 0 do

sec 0 do

.~.1:J'(a2

e

|

1 1
—|coshdd = I=—;
| 7

2

+ & tan? 9)%'2 a’(sed 9)%? - a

sect

!

sind + c =

sec® 0

2D




Example: 19 ”%dx:

(@) sin® xf% 1-x* +C (D) sin® x+% 1-2 +C(C) sin' x-V1-¥+C (d) sin'x+V1-¥ +C
Solution: (d) Put x- cos2s, then o %1 x = dx——2sin20 db

ya —2J' 1-cos2) noodp — I- —2j J2sin2 6/ 2cod 0. sin20.d0

1+ cos29
= I=-2[ tano.2sindcon b = 1= -22[sit 00 = 1--2[A-cos2n)d) = I- —{Q—Sifﬁ}q
= I=-20+sin20+C, = I=—cos' x+VJ1-x* + G = I=—%+sin’1x+\/l—x2 +C
= I=sin' x+V1-x* + C [Where C= leg]

Trick : Rationalization of denominator and put 1- x* = 2.

5.6 INTEGRATION BY PARTS
(1) When integrand involves more than one type of functions : We may solve such integrals by a
rule which is known as integration by parts. We know that,

I‘i(uv) = u%:+ V% = duv) = udv+ vdu = J. d(uy) = I udv+j vdu

If u and v are two functions of x, then Iuvd)r: uf vdx—j{ﬂ'.f vdxrdx i.e., the integral of the
11 dx

product of two functions = (First function) x (Integral of second function) — Integral of {(Differentiation
of first function) x (Integral of second function)}

Integration with the help of above rule is called integration by parts. Before applying this rule proper
choice of first and second function is necessary. Normally we use the following methods :

(i) In the product of two functions, one of the function is not directly integrable (i.e.,
log| x|,sin” x,cos’ x;tan" x......etc), then we take it as the first function and the remaining function is

taken as the second function.

(i) If there is no other function, then unity is taken as the second function e.g. In the integration of
j sin' xdx j logxdx1 is taken as the second function.

(iii) If both of the function are directly integrable then the first function is chosen in such a way that
the derivative of the function thus obtained under integral sign is easily integrable.

Usually, we use the following preference order for the first function. (Inverse, Logarithmic,
Algebraic, Trigonometric, exponential). This rule is simply called as “I LATE”.

0




Important Tips

x"e™ n
a a

= |f I,.:Ix".e"“’dx then I,=

- |f I,,:I(logx)dxthen I, = xlogx— x

(log®® N (log®® N
2.2 33

- If IH:J'de then 1 -log(logd+logx+
logx

- If I,,:J.(logx)"dx; then 1, - xlog®”—ni,,

= Successive integration by parts can be performed when one of the functions is x* (n is positive
integer) which will be successively differentiated and the other is either of the following
sinax cosax e™, e ™, (x+ a™ Which will be successively integrated.

= Chain rule : ju. Vdx= 1 — vy + ' Uy — Uy + eoereoeeoe )Ty, +(—1)"Iu".v,, dxWhere « stands for n®"

differential coefficient of u and v,stands for n" integral of v.
Example: 20 If z,- J'(logx)" dx then 1,+nr, =
() xlogw” (b) (x1ogx" (C) (ogw™ (d) mogn”
Solution: (a) 1, - I (logw”dx, .. 1, - I (log®™dx
Now 1,- I (log®)".1dx = (logn)” . x— nJ.(Iogx)'“.i .xdx = (log9".x— n| (logy™ dx
1, = xlogx" —nl,; - I,+nl,,=x(logx)"
Example: 21 If j xsinxdx= —xcosx+ 4 then A=

(a) sinx+ constant (b) cosx+constan (c) Constant (d) None of these

Solution: (a) Since J. xsinxdx=—xcosx+ A = — xcosx+ sinx+ constant —xcosx+ A

Equating it, we get A= sinx+ constani

Example: 22 j xsec? xdx-

(a) tanx+logcosx+ ¢ (b) %sec2 x+logcosx+ ¢ (C) xtanx-+logsecx+ ¢ (d) xtanx+logcosx+ ¢
Solution: (d) J.XSBCZ xdx= xtanx— Itanxdx = xtanx+ log(co®) + ¢

Example: 23 J.[l(x)g"(x)— £ (0 gx]dx is equal to

(&) 2 () fWen-ANg® (C) AW FHaen  (d) ARG+ £ g

Solution: (¢) [(fxg (- rgnldx= [ Ang'(dx-[ £ g dx

~ (AN j £(Ng(xdil - [gx £(%)- j FRf(Ndi = AN G- (g




Example: 24 j::l\/‘/:;‘;: ?dx is equal to

(@) Z1@x-Dsin' Vx+ JHl_R]-x+c (b) 21@x-Dsin Va - xR+ x+ ¢
T T
(c) %[(2;(7 Dsin® Vx+ M- 2)|-x+ ¢ (d) None of these

Solution: (a) Is.nl‘/[ cosl‘/[ ZUSml\/_dX—Icoslx/_dx} |:®si!f1\/;+00§1\/;:%:|
Sin + Ccos
Now we solve first and second expressions separately. For first expression, jsin-lJ}dx

Put x=sinfd = cos20=1-2x = dx=sin20d¥
-6 cos20

jé’.sin29d€= +%J‘c0529d€ =‘9°;’S2‘9+5i';29+c1 =(2X2 D gint Vx+ ,/x(l D+

For second expression, jcoglJ}dx

Put x=cof6 = dx=-2cosdsind db = —sin20 dv

0 cos20 B sin20
2 4

Icos‘1 de=—.|-9.sin29d6=
Therefore, 7- 2 [(2"2 D (sin Vx - cos? X}+,/x(l—x)}+c

1= 2 @x-)sin’ \/}7(2‘“—2_1).%+,/x(17 Bt e = 1=2|@ex-Dsint Vx+ M- 2] x+ c
T a

Example: 25 j

(Xsmx+ cosx)2

(a) sinx+ cosx (b) xsinx— cosx (C) sinx— xcosx (d) None Of these
xsinx+ cosx xsinx+ cosx xsinx+ cosx
Solution: (c) Differentiation of xsinx+cosx IS xcosx. Then, 7= j X dy xcosx X dx
(xsinx+ cosx)? (xsinx+ cosxr)2 oSsx

Integrate by parts, [@ j% dt= —ﬂ

-1 X 1 cosx.1- x(—si -1 x
=— . + - . MCsiny dx = I=— . +J‘seczxdx
(xsinx+ cosx) | cosx (xsinx+ cosx) coé x xsinx+ cosx cosx
fa -1 X, sinx o oy x+ xsin x+ sinxcosx o I sinxcosx— x(1—sin’ x) _ sinx— xcosx
xsinx+ cosx cosx cosx (xsinx+ cosx)cosx (xsinx+ cosx)cosx xsinx+ cosx

(2) Integral is of the form jex{f(x)+ f(»}dx: If the integral is of the form J’ e*{fix+ f(»}dx then by

breaking this integral into two integrals integrate one integral by parts and keeping other integral as it
is, by doing so, we get

() [elfin+ f(0]dx=e*Ain+ c
(i) [e™[mhx+ £(0)]dx=e™ AR+

(iii) Ie’"”[f(x) f(x)} _eTRY

m

Tt




Exam ple: 26 J.ex(l— cotx+ cof x)dx
(a) e* cotx+c (b) e* cosecx+ ¢ (C) —e*cotx+c (d) e* cosecx+ ¢

Solution: (C) J.e"(coec2 x—cotx)dx = J. e*[- cotx + coseé 5] = —e* cotx+ ¢

Example: 27 [e (1 smxjdx

— COSX

—e*tan> + e cotX + R o 1 o+
@) e tan2 C (b) -e COtE C (©) 2 € tan2 C (d) 2 € COtE C

1-sinx 1 25in‘—"cos§ 1 X '
Solution: (b) ® 1 - 2 2 :EcosecZE—cotE
—cosx 2sin’ ‘—; 2sin® ‘—;

e 1 sinx dx=_[e la)seczf—cot‘—v dx= —eXcots + ¢
2 2 2 2

1-cosx

. eZtan71X(l+ X)Z B
Example: 28 [€—— 2% dx-
(@) xe™'*ic (b) xe2='x . (C) 2xe™'*+c (d) None of these

Solution: (b) Put tan'x=¢ = — 1 dx- dt
1+ x°

. I eztanl:f‘lr;x) dx :J.ez’(1+tan$2dt:I82t(seg t+ 2tand dt

I= J. e* se tdt+ Z{tant— - J. sed t£_ dt:l = I= J- e’ sed tdt+ e* tant— I 'sec® tdt+ ¢

~1
I= étant+c = I=xe®™ *+c

Example: 29 j‘;”?zf dx is equal to
X+

e* e* 1 e*
(a) X+4+C (b) X+3+C (C) W-FC (d) (X+ 4)2 +cC
lution: (x+3)e* dx— (x+4-1e* dx — (x+4)e” dx— e* dx — e* dx— e*
Solution: (2) I a2 T e T a2 I xr a2 J- ) J (x+ )2

e* e* e* e*
:[(x+4) +-[(x+4)2 dX:I_J‘(X+4)2 dx+c = X+4+c
(3) Integral is of the form [x f(x) + fix)1dx: If the integral is of the form j[xf(x)+ fix]dxthen by

breaking this integral into two integrals, integrate one integral by parts and keeping other integral as it
is, by doing so, we get, I[xf(x)+ fiX]dx= xfix)+ c

Example: 30 If %ﬂx’)zxcosx+sinx and 70)-2 then Ax-

(a) xsinx (b) XCosx+ sinx+ 2 (C) xsinx+ 2 (d) xcosx+ 2

Solution: (C) jdxﬂx) = xcosx+sinx = fix)= I(xcosm— sinx) dx= xsinx+ ¢

Since A)=2 = c=2, .. fix)=xsinx+2




Example: 31 Ifjs‘“dk
COSx

() —xtanx/2+c (b) xtanx/2+c (C) xtanx+c (d) %xtamﬁ c

Solution: (b) IX+ sinxd :—J.xsec2 dx+J.tan—d 1 xtanx/2 Itanf dx+ jtan‘—" dx— xtan> + ¢
1+ cosx 2 1/2 2 2 2

Trick : By InSpeCtlon —{xtani+c} - xse X +tan—* 1{ X 2sinx/2} _ X+ sinx

+
2 cos x/2 cosx/2 1+ cosx

Hence the result.

(4) Integrals of the form J.e"”sinbde,J‘e"cosbxcbv :

Working rule : To evaluate j e sinbxdx Of j e cosbxdx proceed as follows

(i) Put the given integral equal to 1.
(i) Integrate by parts, taking e** as the first function.

(i) Again, integrate by parts taking e** as the first function. This will involve I.
(iv) Transpose and collect terms involving | and then obtain the value of I.

Let 7= J. &*sinbxdx. Then I= I e”™ .sinbxdx=—e™. cosbx I ae™.| — cosbx dx
I Il b b

= -1 e™.cosbx+ 2 _[ e™.cosbxdx = -1 ~ > e™.cosbx+2 €".sinbx j aé™. Sinbxdx
b b’ 1 n b b b b

= _bl e*.cosbx+ ? e‘“ sinbx— —I e .sinbxdx = Tl e~ cosbx+ 5 e’ .sinbx— ; 1
a2 ea ax

I+ bz 7 — (asinbx— bcosbxy) — I= a2 7 —— (asinbx— bcosbx) + ¢

Thus, Je‘“sinbx= L (asinbx— bcosbx)+ ¢ = _° sinbx— tan ! i’) +c
az + b2 a2 + b2 a

Similarly I e™*.cosbxdx= (acosbx+ bsinbx) + ¢ =

b
bx—tan —j +c
a2 + b

eaX
V& + b 7o a
Note : O .[eaX~Sian+ odx= %[asiu(uﬂ O bcosbx+ 9]+ k= —Tejbz Sil‘{(bX+ o- tanl(gﬂ +k

; ~ Prad . B e . -1 2
_[e"" .cosbx+ 9 dx= ) [acosbx+ o + bsinbx+ c)] + k= —T 7 co{(bx+ d - tan (aﬂ + k

Important Tips

- _ xe™
Ixe sm(u’-!—c)dx-az+b2

[asinéx+ 0 - beosbx+ 9]~ %y bz) € _[(@ - ) sinbxbx+ O - 2abcosbaibx+ 9|+ k

@ I x.e™ cosbx+ 9 dx— [acosbx+ O+ bsinbx+ 9| - ———— [(a® - b?)cosbx+ O + 2absinbx+ ]+ k

eax
@+ )2




- I a*.sinbx+ 9 dx= 5 [10gdsin6x+ o beosu: o]+ k

_a
(loga)? +

@ I a*.cosbx+ odx= Lz[(loga)cosbl\% o+ bsinbx+ 9]+ k
(loga)? + &

Example: 321If [e* sinxdx=%ex.a+ ¢ then a-
(a) sinx— cosx (b) cosx— sinx (C) tanx+ c (d) None of these

Solution: (a) Iex sinxdx= lzeﬁ(l.sinx— l.cosx) +c= 7(sinx— cosx)+ ¢

Clearly a= (sinx— cosx)

Example: 33If u= Ie"cosbxdx and v= Ie” sinbxdx then @+ ) W? +v*) =

(@) 2™ (b) (@*+ b*)e?™ (c) & (d) (@*-b*e*™
Solution: (C) u= | e™ cosbxdx = e™ sian7% e™.bxdx= e” sinbxigv

= bu+av=esinbx .. (I)

Similarly, bv- au=-e™cosbx 2= 0020000I@o ... (ll)

Squaring (i) and (ii) and adding. We get, (a® + 6% (@ + v*) = &***.

5.7 EVALUATION OF THE VARIOUS FORMS OF INTEGRALS BY USE OF STANDARD

RESULTS

(1) Integral of the form j%

, wWhere ax* + bx+ ¢ can not be resolved into factors.
+ bx+ c

(2) Integral of the form jﬁ dx
+ OX+ C

dx
(3) Integral of the form I—
Vax + bx+ ¢

(4) Integral of the form I px+q

vaxX + bx+ c

(5) Integral of the form | %

dx, where f(x) is a polynomial of degree 2 or greater than 2.
+ bx+ c

. X +1
(6) Integral of the form (i) | S

(7) Integral of the form I Jax® + bx+ cdx
(8) Integral of the form I (px+ g ax® + bx+ cdx

dx, (i) J’ﬁ dx, where Kk is any constant

(9) Integral of the form Il;i

JQ




(1) Integrals of the form j —b where ax? + bx + ¢ can not be resolved into factors.
ax” +o0x+c

2 2
We have, a,\;+bx+c:{x2+é,x+_cj = (XJrﬂj _ b’ _cll (XJrij B b -4dac
a a 2a 432 a 2a 482

Case (i) : When &* —4ac>0

dx 1 dx dx
J.a)k;2 + bx+ c=; 2 2’ formJ. _ 2
(x+ bj B Vb% - 4dac
2a 2a
N b B Vb? - dac
1 1 2 ga | 1 |2axib-V6*-4daq _
a 2 Vb® —dac X+£+ b* - dac Vb* —dac |2ax+ b+Vb® - 4ac|
) 2a 2a 2a
Case (ii) : When &% - 4ac<0
dx 1 dx dx
e e form| 5 a2
( bj dac- b*
X+ — | 4|
2a 2a
b
11 L *ta, 2 l[ 2ax+ b }
=————tan | —=<2_ |t c=—————tan | ——— |+ ¢
a \Jqac- b Vadac- b Vadac- b Vadac- b
2a 2a

dx

To evaluate this form of integrals proceed as
ax? + bx+c

Working rule for evaluating j

follows :
(i) Make the coefficient of x* unity by taking ‘a’ common from ax* + bx+ c

(ii) Express the terms containing x* and x in the form of a perfect square by adding and subtracting
the square of half of the coefficient of x.

(iii) Put the linear expression in x equal to t and express the integrals in terms of t.

(iv) The resultant integrand will be either in J'dex or J'Xz or j - standard form. After
+ a a

using the standard formulae, express the results in terms of x.
. dx
Example: 34 Im:

(a) itanl(“”l]n (b) 57 tan 1[4”1} (c) tam 1(4”1]” (d) None of these

i\ V1
Solution: (d) 7= —# X[
e X1 (Hljﬂ[ﬁ
2 2 a a

1
1 4 4 ¥, 2 _1{4“1}
I=—.—.tan +¢c = [I=—tan +c
2°f7 {(ﬁ/m J7 J7




Example: 35 Ideequals

sin® x+ 4sinx+ 5

(@) tan’(sing)+c (b) tan'(sinx+2+c  (C) tan(sinx+1+c (d) None of these
Solution: (b) | = [—_°* gy [__Cosx
( ) I Ix J-(sinx+2)2+1dx

sin® x+ 4sinx+5
Put sinx+2=¢—= cosxdx=dt

dt

| =
£+1

=tan! #+ c= tan ! (sinx+ 2) + c.

(2) Integral of the form [—2*>9__ gy : The integration of the function —** 9 s effected
ax“ +bx+c ax’ + bx+ c

by breaking px+ g into two parts such that one part is the differential coefficient of the denominator
and the other part is a constant.
If M and N are two constants, then we express px+ q as

PX+q= Myd(axz +bx+ 9+ N=M(2ax+ b+ N =(2aM)x+ Mb+ N.
X

Comparing the coefficients of x and constant terms on both sides, we have, p=2aM—= M= 2£ and
a

g= Mb+ N— N= q— Mb= q—2£ b.
a

£(2ax+ b)+£q—pbj
Thus, M and N are known. Hence, the given integral is I% dv:j 2a 22 ) gy
a. + OX+ C

axX + bx+ c

P 2ax+ b ( p j dx p ( P j dx

=2 = dx+ | - b ——=—— =L log|a¥ + bx+ c|+ g- = b|| ————+ C

ZaJaA}+bx+c q 2a J'¢'1,\"!+b.!w+c ZaOQIa x|+ g 2a -[a,\;+bx+c

The integral on R.H.S. can be evaluated by the method discussed in previous section.

() If b*> —4ac<0, then J‘pX—-i-q d¥=£log| ax + bx+ c| + (2aq- bp tan' 2ax+ b +k
ax¥ + bx+c 2a a\/4ac— v \/4ac— v

| B2
(iDlf & —4ac> 0,then JLW dxrzﬁlogﬂax2 + bx+ c| + (2ag- bp lo 2ax+ b-Vb —dac +k
ax’ + bx+c 2a 2a/b®> —dac | 2ax+ b+ b® -4dac
Example: 36 | 2sin2) —cos) 4 _
6—cod 0 —4sind
() 210g|sin? 6 -4sing +5|+7tan (sind - 2) + ¢ (b) 210g]| sin? 6 — 4sind + 5| -7 tan (sind - 2) + ¢

(C) —2log| sin’ 6 — 4sind + 5| +7tan (sit - 2) + ¢ (d) —2log| sin’ 6 — 4sind + 5| —7tan (sind — 2) + ¢

Solution: (a) /- [ 22sircod)—cod) 4, , [ @sin)—Tcos)
6—(1-sin’ 0)— 4sind sin’ 0 — 4sind + 5
Put siw=t=cosddi=di, - Izj -1
£-4¢+5

Let 4t—1:M§t(tz—4t+5)+N = 4¢-1= M2{-4)+ N




Comparing the coefficient of t and constant terms on both side, then m-2 ~n=7

22¢- 4) + 7
o E
-[ £ — 4+ 5

2¢1-4
= I- 2I t+j
£ -4t+5 £ -4t+5

— I=2log| # —4£+5 +7J'
gl I e 2)2+1

= I=2log| # - 4t+5|+7tan (- 2)+ ¢ = 2log| sin? O —4sind + 5| +7tan (sint — 2) + ¢

dx

(3) Integral of the form : To evaluate this form of integrals proceed as follows :
J.\/iyu(z +bx+c
(i) Make the coefficient of x* unity by taking vacommon fromax? + bx+ c.
dx 1 dx
Then, | —————— = — | —— .
J.\/af+bx+c \/;J. x2+éx+—c
a a

(ii) Put x* +£’x+—c, by the method of completing the square in the form, v A - X* or V X*+ 4> or
a a

Vv X2 — A where, X is a linear function of x and A is a constant.

(iii) After this, use any of the following standard formulae according to the case under consideration

dx . l(xj dx I
———=sin | — |+ — —  —log| x+Vx*+a |+cand =log| x+ +c
N e reand [ = sl v ¥
dx 1 2ax+ b
Note : Q If a<0, & —4ac> 0, then = sin!| ——— |+ k
'[\/aAz+bx+c J-a [\/bz—4acj
dx 1 2ax+ b
QlIf a>0, ¥ -4ac<0,then | ———— = —sinh!| =" |+ k
J.\/.:u;2+b)|r+c Ja L4ac—b2}
dx 2ax+ b
QIf 0, -4 0| — hl— k
Example: 37 [—%__ equals
P Ivz—ax—xz f
(a) tan_l£%j+c (b) sec‘{zjli;"}i—c (C) sin’{%}+c (d) cos_l(zjli_]sj+c
Solution: (¢) I = ax__ _ dx
© J‘\/273X7X2 j a7 32
[2] _(”E]

Put x+3/2=t= dx=dt

| =J. dx =sin1[ ! ] ¢ =sin (2X+3J+c
J[‘/ﬁ]z—tz V17/2 J17

2




Example: 38 [—2 -

P '[\/xz—4x+2
(@) 1og x-2+V 2% +2-4x|+c (D) 106 x-2-Vx* +2-4x|+c
(C) 1og x—2+ V¥ +2+4x|+c (d) 10g| x-2-Vx* +2+4x|+c

Solution: (a) 1:]

dx - l:J‘ dt
Jix-2?%-2 VP - (/2)?

Put x-2=t = dx=dt = I=log| t+V -2|+c = I=log| x-2+Vx* —4x+2|+c

(4) Integral of the form | PX*4q _ gx: To evaluate this form of integrals, first we write,

vax? + bx+ ¢

PX+q= Mzdll((ax2 +bx+ 0+ N= px+q= M2ax+b+ N

Where M and N are constants.
By equating the coefficients of x and constant terms on both sides, we get

p=2aM—= M= P and g= bM+ N= N= q—@

2a 2a
In this way, the integral breaks up into two parts given by
I pxtq . P 2ax+ b &

bp} dx
=—|—dx+| qg—— -
w0 =t

= b + b, (say)

Vax® + bx+ ¢
2ax+ b
Now, £, = P2 [ 22%°0 gy
' 2"’J.\/;uf+bx+c
; p p P2 p
Putting a¥* + bx+ c= (2ax+ Bdx= dt¢ We have, 1, =2—jf”2dt=2—.T+q =SvVaxd +bx+c+ q
a a a
2
and 1, is calculated as in the previous section.
2aq- b dx
Note: Q —PX* 9  gy= P [a¢ i bx+ c+ 22T P .
Vax* + bx+ c a J-\/a,\2+bx+c
Example: 39 [-3=2* _ 4=
P ‘[\/6+x—x2 y
a) 26+ x— x* —4sin’ 2x-1 +c b) 26+ x— »* + 4sin’ 2x-1 +c
(@) 2/6+ a2 - Jorn :
() —2V6+X—X2—4sin’l[%]+c (d) —2\/6+xi—xz+4sin’l[2xs_lJ+c

Solution: (b) 7- J’% dx
6+ x—

Let 5—2x:M7d(6+x—x2)+N = 5-2x= M1-2x)+ N
X

Equating the coefficients of x and constant terms on both sides, we get
2=2M=M=1and 5= M+ N>N=5-1=4 . 5-2x=(1-2x+4

Hence, 1:]'(1‘2’“)“‘ ax - 1-2x

dx
_— dx+4
V6 + x— x* V6 + x— X% " J.\/6+ x-x°

= i+ 4k, (say)




NOW,II—J. 1-2x

V6 + x— x2

Putting 6+ x— x* = = (1- 2xdx= d¢ We have,
4:]’%‘:2\/}+Q=2\/6+x—{+q and & -

JJ6+X—X2 :-[\/6—(5'2—;:)

dx 3 J‘ dx du
1

RO e i
“sn [ts/zjw2 o {:[X“J}Cz e (2X5_1]+Cz

=K +4l, = 2/6+ x- x2+4sm( 5 j+C(whereC G +4G)

(where,u: X— lj
2

Example: 40 [——**2__ equals
P '[ V¥ -2x+4 f
(a) X -2x+4+ 3Sinhl{ﬂ} te (b) Vi -2x+4 - 3sinh1{—(x_ 1)] +c
V3 73
(C) Va? - 2x+4+ 300811_1{(“;/_:_31)} +c (d) V¥ - 2x+4 - 3cosﬁl{—(x\’/_§n} +c

Solution: (a)j x+2 x+2 x-1+3 3dx

mdx:”( 2 J')Z I\/o« . J')z I 2x+4dx+j\/<x1>2+(\/§)2

Put »?-2x+4=# in the first expression —2(x— 1dx= 2¢d

= (x— 1) dx= td1

X+2

tdt
dx = +3
V2 -2x+4 '[ '[ (x— 1)2+(\/ 3)

J‘Lz dx=Vx*-2x+4 +3sinh1{x;1}+ c
I —2x+4 J3

(5) Integrals of the form IL‘Z) dx, where fx) is a polynomial of degree 2 or greater than
ax + 0xXx+c

To evaluate the integrals of the above form, divide the numerator by the denominator. Then, the

integrals take the form given by % = QX+ R

+ bx+c ax* + bx+ c
where, @x) is a polynomial and Hx) is a linear polynomial in x.

£fx) Hx
Then, we have j—axz — Cdx

+ bx+ c

j Qx)dx+

The integrals on R.H.S. can be obtained by the methods discussed earlier.




x> +8)(x-1

Example: 41 913

dx equals.

(@) (é]{%_zxw (b) ¥sw-2ere (0 WX () None of these

. x*+8)(x—1) (x+2(x* - 2x+4)(x—1) - x
Solution: (a) jmdx s I(x+2)(x D dx _J'(x2+x 2) dx= ?+7—2x+c

Example: 42 The value of '[2”3‘3"2+5x+6dx is
X +3x+2
(8) x*+3x+4In| x*+3x+2] +121ni;+ c (D) x+3x*+4lIn| x+1|-12Inx+ 2+ ¢
(C) (®+3x+8 ln(|X—+2)1+c (d) None of these

Solution: (c) J’2‘3X23X;+5’2”6d
+3x+

_ B Sx - B 2x+ 3)dx X
I[(2X+3) X2+3X+2jdx j(2X+3) 4.[,\'2+3x+2+12J.(X+1)(X+2)

—(x+3x)—41n| 2 + 3x+ 2|+12JL"‘1—12J dx
X+

x+2

(x> +3x)-4Ink+1) - 4Inx+ 2 + 12]n%+ c
+

x* - 3x+8Ink+1)-16lnEk+2)+c = (x2—3x)+81n(| x+ 1|2 .

x+ 2

X +1
x+ kX2 +1

X -1 )
dxandj'x +kx2+1dX'

|:J.£
X kP41

(6) Integrals of the form I

To evaluate the integral of the form dx, proceed as follows

1
1+ —

(i) Divide the numerator and denominator by x* to get 7= J'—Xl dx.
x2 + k+ —

X

y 1 1 1, 1
(it) Put x—;:t:> (1+7jdx: dt and X2+?—2—t2 = X2+X2 =F£+2

Then, the given integral reduces to the form 7= j%‘ which can be integrand as usual.
+2+

¥ -1

— =~ _dx we divide the numerator and denominator by x* and get
X+ kZ +1

(iii) To evaluate 7= I

- 1

I= J-—X2dx




1 1 1 1
Then, we put X+}=t:(l—?jdx': dt and x2+7+2—t2 = x2+7—t2—2.

dt

Thus, we have ¢= jm which can be evaluated as usual.
-2+

Important Tips

J‘x2+1 ,[
x*+1 X+1
2

2 ¥ +1 ¥ -1 2x 2
dx :.[ dX—J. dx, J. dx I dx
Ix4+l Pl | Pl | x* 11+ kx? ** +1+ P)

We know the result of 4 :I"z“
x +1

dandlz_"zi

| j‘z dx and for
x +1

the result of ’1;2’2 and '1;2’2

dx

= Trigonometric twins: I\/tanxdx j\/co dxj

dx j +sinx+ cosx

6

(sin® x+cos' ¥ Isin x+cod x J a+ bsinxcos

Example: 43 J'de:
X+ X+

(a) —l {X2+X+1 ve

+1 2 +x+l

1
2 ) ) 1 _1 41— 1 ¥-x+1
Solution: (d) IX2+1+dX - ( 2 1 e _210 x2+1+j+c _2]0 x‘l+x+1Jr
1

Example: 44 I\/tanx dx=

(d) %1 {xz x+1

1 _4 tanx—1 1 tanx—v2tanx+1
(a) — tan +
v 2

log +c
JV2tanx V2 tanx++/2tanx +1

(b) t l[tanx 1}_21 lo tanx—+2tanx+1

g
J2t \/E tanx++v/2tanx +1

tanx-1
(C) lo m)+c
(d) None of these
Solution: (a) Let I:J.\/tanxdx

Putting vtanx = = tanx= £, We have sec® xdx= 2tdt=> (1+ tan® ¥dx= 2td1

6., (1+ A)dx=2tdt= dx=—2L_ dt
1+ £
_ (E+D+ (-1, (£ +1 -1
a J.\/tanxdx jtl+t4dt—jl+t4dt_ = [t [

=




1+i 1—i 1+i 1- 1

_ Z e _ a Pl
_J.t2+ i dt‘+J.t2+ i dt _J.(t_i]2+2dt+—[(t+ ﬂz_zdt.

Again putting t-lt:u [ Fjdt— duin the first integral and t+—t:V:>£ tszt—dv in the

second integral, we have,

.[ j =— nl(lj+ilo v-2
zh(f)z V- (J_)z V2 V2) 2/2 v+i2

+C

*ltan’1 t_lt + 1 lo +7_\/_‘
_‘/E ‘/E 2‘/5 t+;+\/_

1 _4f tanx—1 1 tanx— v 2tanx + 1|
=—tan + lo +c
V2 J2tanx ) 22

+C =—F—

1(12 1] 1 lo t\/_+1|
«/_ w2 | 2/2 tz+t«/_+l|

tanx+ /2tanx + 1|

Example: 45 [(Jtanx + Jeotx)ax

1 \/tanx—m 1 \/tanx-!—m
(@) v2tan (T] +c (b) V2 tan [T] +c
() tanl{—\ma}z‘/ﬁx] iy (d) None of these

Solution: (a) | = j(m+m)dx

Put tanx=7# = se? xdx=2tdt— dx= dt
1+ 4
[ j [ntlzjdt
| = ( j t =2 dt =2
I I +—+2 2 'f

G

Put t—lt:p :[1+%)dt:dp =J.ﬂ+dp‘/—§?=%tan1%+c =J2tan 72 +c

=+/2 tan! —tanx—m +c
J2

(7) Integrals of the forms J.\/axz +bx+cdx . To evaluate this form of integrals, express

ax* + bx+ c in the form ;{(x+ a)? + ﬁz] by the method of completing the square and apply the standard
result discussed in the above section according to the case as may be.

2
Note : O [Vax? + bx+c dx- (2ax+b)m 4ac—b f

\/a,\} + bx+c




Example: 4GI 2 +8x+12dx
@ %(x+4)\/x2 +8x+12 +2lod x+4+x* +8x+12 |+ ¢
(b) %(X+ 4)Vx® + 8x+12-2log x+4+x* +8x+12 |+ ¢

(C) (x+2)Vx* +8x+12 +log x+4+x* +8x+12 |+ ¢
(d) (x+2)Vx®+8x+12 -lod x+4+x* +8x+12 |+ c
Solution: (b) Let 1=J'\/i+8x+12dx=J' (#+8x+16-4 dx

:J' (x+4)2—22dx:.[Jt2—22dx:IJtz—22dt (putting x+4 = £= dx— dy
=% f7227%.22log|t+\/ﬂ|+c:%(x+4)m72log|X+4+\/m|+c
:%(x+4)m—2log| x+a+2 1 8x+12|+c.
Example: 47 jmdx:
(a) %(x— a)m%.—f sin’l[x_ "j+c (b) %(x— a)m—%az sin’l(x_ "’j+c

a a

(c) %(lxr—a)\IZa,\'—);r2 +%a2co§l(x_aj+c (d) %(x—a)VZax—x2 —%azcos’l[x_a}rc

a a

Solution: (a) I\/Zax—xz dx :I\/az—a2+2ax—x2 dx:j\/az—(xz—ZaX+a2) dx :I & (x—a?% dx

:%(x—a)\IZaX—x\*2 +%a2sin’lw+c

a

(8) Integrals of the form I (px + @) ax* + bx+ c dx . To evaluate this form of integral, proceed as
follows:
(i) First express (px+ g as px+ q= M}'(‘m2 +bx+ 9+ N=> px+q= M2ax+ b+ N
X

Where, M and N are constant.
(if) Compare the coefficients of xand constant terms on both sides, will get

p=2aM= M=2 and q= Mb+ N= N=q- Mb= q_ﬁh
2a 2a

(iii)Now, write the given integral as
j(pX—i— @V aX + bx+ cdx= 2—paj(2ax+ b ax + bx+ c dx+ (q—ibjj‘ ax¥ + bx+ c dx

= 2%’11 +(q—2—l;b] 1, (say.

(iv) To evaluate #, put ax® + bx+ c= ¢ and to evaluate £, follows the method discussed in (7)

Example: 48 J' @x+3Va? + Ax+ 3 dx=

(@) 1og| (x+ 2+ (/x* + 4x+3) | +¢ (b) 10g] (x+ 2+ (/x* + 4x+3) | +¢
(C) 1og| (x- 2+ (/x* + 4x+3) | +¢ (d) None of these

N
w




Solution: (d) Let 2x+3:M7d(x2+4x+ J+N = 2x+3- M2x+ )+ N
X

Equating the coefficients of x and constant terms on both sides, we get
2-2M— M-1 and 3-4M+ N= N=3-4x1=-1
S 2x+3=(2x+4)-1

Hence, l:j[(2X+4)—l]\/,\2+4x+3dx :J.(2x+4)\/x2+4x+3 dx-.[\/£+4x+3 dx = I — I, (say

Now, # =_[(2x+4),/x‘l+4x+3 dx

Putting »® + 4x+ 3= ¢= (2x+ 4)dx= dt We have
llzjtl/zdt:%+q :g(xz+4x+3)3/2+cl lzzj\/md,‘rzj (x+2? -12dx

:%(x+2)\/m-%.lzlog{x+2+\/m +cl:%(x+2)\/m—%104x+2+\/m
I-k-1 :%(xz+4x+3)3/2—[%(x+2)\/m —%104 x+2+Vx%+4x+3

Example: 49 I(ZX—S) V2 —4x+3 dx-

TG

}+¢; (Where, c=¢q - G),

(a) 1og| x—2+Vx* -4x+3|+c (b) 1og| x-2-Vx* -4x+3|+c
(C) log| x+2+Vx* —4x+3|+c (d) None of these

Solution: (d) Let 2x—5=M7d(x2—4x+3)+N:> 2x-5= M2x-4)+ N
X

Equating the coefficients of x and constant terms on both sides, we get
2-2M= M-1

-5=-4M+N = N=4M-5=-1

Hence, l=I{(2x—4)—1}\/x2—4x+3 dx = 1=J'(2x—4)\/x2—4x+3 dX—J.\/x2—4x+3 dx I- k- b(say

A:J.(Zx—4)\/,\2—4x+3 dx =2 (2 -ax+3%21 g 12:J.\/x2—4x+3dx :j\/,\'z—4x+4—4+3dx

"3
:J',/(x—z)z—l2 = L-lx-2/2_4x+3 _—21.12105{(X—2)+\/,\'2—4x+3}

T2

—%(x— 9% —4x+3 _?llog[(x— 2+ ax+ 3]“;2, Therefore 7- -1,

I= %(xz —~4x+3)%2 +%(72) V¥ -4x+3 f%log{(xf 2+ —Ax+ 3} +c (Wherec= g + G)

(9) Integrals of the form IPLL\/Y_Q , (where P and Q and linear or quadratic expressions in x): To
evaluate such types of integrals, we have following substitutions according to the nature of expressions
ofPandQinx:

(i) When Q is linear and P is linear or quadratic, we put Q= 7.

(i) When P is linear and Q is quadratic, we put P= —1

(iii) When both P and Q are quadratic, we put x= —i




Example: 50 I

(x- 3>\/F
(@ 1o {gf}c (b) {?”] c(0) L {JE Z] ¢ (d) None of these
Solution: (C) Put x+1=2 = dx=2¢dt
.[(X_s;i’/'ﬁlz.[(tfi‘gt P x+1=F= x=F£-1= x-3=£-4)
_ZIF - 22 {:3”_2 {g;} i

dx

5.8 INTEGRALS OF THE FORM | . dIT
a—+ DCOSX a+ osin x

To evaluate such form of integrals, proceed as follows:

1-tart X 2tan’
(1) Put cosx=——2 and sinx=——2 .
1+ tanzg 1+ tanz)—zk

(2) Replace 1+ tan® %’in the numerator by sed ‘—;

(3) Put tan> = £ so that lsec2 X dx= dt
2 2 2

(4) Now, evaluate the integral obtained which will be of the formf dt by the method
at* + bt+ ¢
discussed earlier.

i
( ) -[a+ bcosx
Case I: When a> b, then J' d 2  ant| 2800 ® e

a+ bcosx a2 b? a+b 2

1 N atan£+ Vb+ a

Case I1: When a< b, then J' - lo 2 +c

a+ bcosx b’ - a mtan—— b+ a

2

Case I1l: When a= &, then I—=ltanf+ c.

a+ bcosx a 2
i
( ) J‘a+ bsinx

2 atan)—;+ b
2 —1
Case I: When a2 > &% or a>0 and a> b, then ja+ b~ [ tan T +c
1 V-4

Case I1: When a% < &%, then J' lo +c

a+ bsz Vo - 2 (atang+ b+ - 2

N
on




Case I11: When a? = &?
In this case, either b= aor b=—

(a) When b= a, then J.L :_—lco(£+‘—Y]+ c:l[tanx—secxi+c
a+ bsinx a 4 2 a
(b) When b=—a, then I—zlta z+’—“j+c.
a+ bsinx a 4 2
Example: 51 I3+4cosx=
1 tan(x/2) - 7 1 tan(x/ 2) + 7
d) —log ————— b —l _—
@) o{tan(x/2)+ﬁ]+c (b) {tan(x/Z) J’] €
1 J7 + tan(x/ 2) 7 —tanix/ 2)
C) —log X~ *'< d _1 N/ —tanx/ &)
© V7 o{ﬁ—tan(v/2)]+c (@ {\/_+tan(x/2)J ¢
1 Vvb— atan—+\/b+a 1 tan‘—"+ 7
Solution: (b) If 5> a then, j lo te = I=—log—2  |i+c
a+ bcosx Jo?— 2 \/_tan— ~Jb+a V7 tan}—zY -7
X
Example: 52 If I1+SInX—tar(§+a]+h then
T -
@ a=, b=3 (b) a=—-, b=3
(C) a:%, b= arbitrary constan (d) a:%, b = arbitraryconstan
Solution: (d) If a- 5, then [ 2 f_lco{Lf]n
a+bsmx a 4 2

dx TOX) — T T X — T X — X
=—-colfl —+— | — —tan ————— +c——tan ——— |[+c¢c — tan ——— |+ ¢
1+sinx {4 2] l{2 4 2) 3{4 2] {2 4)

Hence a:% and »- arbitrary constant.

Example: 53 Iﬁ:

() gtanflgtanxjn (b) 1 tan ( tmjn (€) Ztan [;tan§]+c (d) 1 tan [ tan;jn

Solution: (C) If a>a then I 2 .tanl{ a_btanf}+c
a-+ bcosx |a% _ b?

Ix 2 ,1(1 xj
=—tan | —tan— |+ c.
5+4cosx 3 3 2

dx _[ dx
a+bcosx+csinx’

dx

a+ bcos x + csinx

5.9 INTEGRALS OF THE FORM j . i
asin x + 0S X

: To evaluate such integrals, we put b= rcosz and

(1) Integral of the form j

c=rsina.

Sothat, 2 = & + & and aztaﬁlg.

dx :I dx

= j
a+ r{cosx cosx + sinp sinx) a+ rcosix— )




Again, Put x—a = ¢ = dx=dt we have I= J'—t
a—+ rcos.

Which can be evaluated by the method discussed earlier.
(2) Integral of the form J’ dx

: To evaluate this type of integrals we substitute
asin x+ bcos x

1 b
a=rcos), b=rsiny and SO r=+va? + b*, a =tan! —
a

= !Icosedx+ a)dx
r

—;lo tar{f +ltan’1 —bj
Va? + b? 2 2 a

So ILZI _dx
" J asinx+ bcosx  r! sin+ )

_1 ta,{Lz
r 2 2

+C

1-tar’ x/2

Note : U The integral of the above form can be evaluated by using cosx=——-—-—"= and
1+ tarf x/2
. 2tanx/ 2
sSinx = 2
1+ tan® x/ 2
Important Tips
= |If axg 2>6%+ 2 thenj dx 2 tanll(a—b)tanx/2+c}rk
a+ bcosx+ csinx N JZ2_ - &
= |f a>b a2<b2+cz,thenj dx = 1 lo (a- Htanx/2+ c— VP + - & K
a+ bcosx+ csinx \/b2+¢:2—az (a— b)tanx/2+c+\/b2+c2 2

- |f a<aj ~1 (b-dtanx/2-c- B+ -2 |,
a+bcosx+csmx \/b2+cz az (b— Atanx/2— c+\/b2+¢2 7

Example: 54 j—=
SInx + COSx
(a) 10gtan(z/8+ x/2)+ ¢ (b) 1ogtan(z/8-x/2)+c
(c) %logtan(ﬂ/8+x/2)+c (d) None of these
lution: dx sec x/ 2 d
Solution: (c) I 2tanx/2 1 tafx/2 ) 2tanx/2+1-tax/2

+
1+tan® x/2 1+tan’ x/2

Put tanx/2=¢ = %secz x/2 dx= dt

- j2t+1—t2 zzjz—(F—zt+1)

R o 24 t-1 L I62 D tana/ AWR-T)
W2)? (- 1? 2J' JE 1 € 2 %12+ 1) tanx/ 212 1]
1 tanz /8 + tanx/ 2
I=—1 log/2 -1 =L /8
= 72 og 1 (\/E Dtanx) 2 \/_ af )+c = T2 ogtan(z/8+ x/2)+ ¢
where qzﬁlog(\/i—l)Jrc
Trick: 7L dx g dx
‘/E".lsinx-i—lcosx \/Ej.sin(r/ll-rx)
J2 J2

cosedrz /4 + x)dx :ilogtan(ﬁ/8+ x/2+c.

1
-5 7

N
~!




Example: 55 I%:

sx—sinx

€)) 104 (b) lo%l—tan)—; +c (c) lo4 - (d) lo4l+ tanl; +c
Solution: (c) Given 7= j—"
1- cosx-sinx
l:J‘ dx - I sed x/2.dx
1- (1- tan® x/2) _ 2tanx/2 “J 1+ tan® x/2-1+tan® x/ 2— 2tanx/ 2

(1+tan’ x/2) 1+tan® x/2

sed x/2.dx j_[ 1/2.sec x/2.dx
2tan’ x/ 2 2tanx/ 2 tan® x/ 2— tanx/ 2

PUt tanx/2- ¢ = J sec® x/2.dx- dt therefore 7- [T = - [_&

H1-1)
:,j[__+_}dt L
-1 t

tanx/2-1

-1
I=1 1 I=1
og¢—1)—logt+c = 04 p tanx/ 2

+c 3114

+c¢ = I=logll-cotx/2+c

Example: 56 The antiderivative of Ax- 1 whose graph passes through the point 0,0) is

3+ 5sinx+ 3cosx

(a) ( 41—§tanx/2D (b) %[lo4l+gtanx/ZD(C) %(lo4l+gcotx/20 (d) None of these

P ?x/2dx 1 1 5
Solution: (b) y- dx _ [sec X/ - Zlogbtanx/2+3)+ ¢ = —log—tanx/2+1
(b) v I(3+58inx+3cosx) 10tanx/2: 6 5 csetanx/2+3+c —<logtanx/2+1)+c
Passes through (0,0

- c=0 then y:llo4 1+§tanx/4 .
5 3

5.10 lN’I‘EGRALS OF THE
J' dx I dx
a+ bcos x J a+ bsin’x

I dx dx
asin’x+ becos’x’J (asinx+ beosxP ' J a+ bsin’x+ ccos’x

To evaluate the above forms of integrals proceed as follows:
(1) Divide both the numerator and denominator by cos’ x.
(2) Replace sed x in the denominator, if any by 1+ tar® »).
(3) Put tanx= ¢t = sec xdx= dt

FORM I

(4) Now, evaluate the integral thus obtained, by the method discussed earlier.

Example: 57 Il+3sm -
(a) 1 Jtan'Gtaf p+c (D) éta.fl(ztanm ¢ (C) tan'(tan®+ ¢ (d) None of these
PR sed xdx sed xdx
Solution: (b) J-se(:2 x+3tar® x J 1+4tan? x
Put 2tanx= ¢
sed xdx=— dt

2




Lr_dt —ltan’1 t+c = lzétan‘l(2tanx)+c-

:E 1+ 2
Example 58 jllsm2 x+5coé x
1 4/ 2tanx 1 _1| tanx 4| 2tanx
a) —tan! b) —tan?! c tan! d) None of these
@) fan (222 (0) Lan{¥)c (@) o200 (@
lution: sec® xdx Put 2tanx= ¢
Solutio (C) J‘lltan2 x+5 2sed xdx=dt
J’ 1 [Ztanx}_c
2 t2+(\/_)2 2\/_ J5
. X
Example: 59 J’m
1 1
( ) (Ztanx-i—lj (b) —log2tanx+ Ve (C) 2+cotx+c (d) _§(2tanx—lj+c
fan- dx B dx [ coed xdx
Solution: () J~(2simr+cosx)2 _J.sinz X2+ cotn)? _J(2+00tﬂ2
Put @2+ coty=¢= - coexdx=dt = ;t 1+c :m+c
Example: 60 [ <o cosxdx_
1 1+ \/§tanx 1 + \/§tanx
a 1
( ) 23 ogl—\/gtanx+c ( ) 1 \/Etanx+c
(©) iGtan-l(JEtanX)+c (d) None of these
COSX _ COSX
Solution: (a) Let 7= I o d _I—4cos’x_3cosxdx
Dividing the numerator and denominator by co¢ x we have | :J'¢
4coé x-3
3 1+«/§
’I1 3F 3 ltz 3.[( J B l—ﬁ:'n

1 lo 1+ \/§ tanx|
2\/_ \/E tanx|

Example: 61 | dx equals

4sir? x+ 4sinx.cosx+5co€ x

() tanfl(tam%}c (b) %ta..fl(tam%}c ©) 4ta..fl(ta..x+%]+c (d) None of these

Solution: (b) | :J' dx _.[ se® xdx :lj sec xdx
- 4sin® x+ 4sinx.cosx+5cod x 4tan® x+5+4tanx 4 ( 1)2
tanx+— | +1
2
1 dt 1

Put tanx+1:t = sed xdx=dt== =—tan ' t+c= | :lj.tan’1 tamHl +c.
2 4) 2+1 4 4 2

N
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asinx+ bcosx asinx + bcos x+ q

5.11 INTEGRALS OF THE FORM j and j

csinx+ dcosx csinx+ dcosx+r

asinx+ bcos x

(1) Integrals of the form J' dx: Such rational functions of sin x and cos x may be

csinx+ dcos x

integrated by expressing the numerator of the integrand as follows:
Numerator = M (Diff. of denominator)+N (Denominator)

. d
1.e., asinx+ bcosx= M— (csinx+ dcosx)+ Mcsinx+ dcosx)

The arbitary constants M and N are determined by comparing the coefficients of sinx and cosx from
two sides of the above identity. Then, the given integral is

B J- asinx+ bcosx dx — J- M(ccosx— dsinx) + Mcsinx+ dcosx) ccosx— dsinx

dx :Mj dx+1vj1dx

csinx+ dcosx csinx+ dcosx csinx+ dcosx

= Mlog| csinx+ dcosx| + Nx+ ¢

(2) Integrals of the form | asinx + zos’” 9 4x: To evaluate this type of integrals, we express the
cSinx + OSX +r

numerator as follows: Numerator = M(Denominadr)+ MDiffereniationof denominate) + P

I.e., (csinx+ bcosx+ @ = M(csinx+ dcosx+ )+ Mccosx— dsinx) + P.

where M, N, P are constants to be determined by comparing the coefficients of sinx,cosx and
constant term on both sides.

I e 7 = I M+ Nj Dif;o::s::i)::tl;atod‘”r I csinx—‘:;i:osx+ r

dx

csinx+ dcosx+r

csinx+ dcosx+ r

= Mx+ Nlog| Denominato| -+ Pj

Important Tips

acosx+ bsinx ac+bd ad-bc
& I dx

= X+ log ccosx+ dsinx|+c.
ccosx+ dsinx E+d E+d o |

27 3 . 27 3 .
(a 11 xX— 4—llog(lsmx+ 5cosx)+ ¢ (b) 11 X+ 4—llog(lsmx+ 5cosx)+ ¢
(©) i—z x 431 log@sinx - 5cos®) + ¢ (d) None of these

Solution: (a) 3cosx+ 3sinx= M7d (4sinx+ 5cosx) + M4 sinx+ 5cosx)
Ix

= 3cosx+ 3sinx= M4 cosx— 5sinx) + M4sinx+ 5cosx)
= Comparing the coefficient of sinx and cesx0n both sides.

~ -5M+aN-3 and amM+5N-3 = mM-"5 N-27
41 41
_—3(4cosx—5sinx)+g(4sinx+ 5cosx)
1= j 41 41 dx = I:I2—7dx+[_—3j Acosx—Ssinx
4sinx+ 5cosx 41 41)J 4sinx+ 5cosx
lzgx—ilog(lsinx+5cosx)+c.

41 41




Example: 63 | dx_ _

1+ cotx
(a) 1 X+ llog| sinx+ cosx| +c (b) 1 x— llog| sinx+ cosx| +c
2 2 2 2
(C) _—21 x+ llog| sinx+ cosx| +c¢ (d) None of these
Solution: (b) Here, - j -[ dx___[__sinx g
1+ cotx 14 €OSX sinx+ cosx

sinx

Let sinx= de (sinx+ cosx) + Msinx+cosx) = sinx= Mcosx—sinx)+ Msinx+cosx)
Ix

Comparing the coefficients of sinx and cesx of both the sides, we have
1=—-M+ Nand0= M+ N

Solving these equations, we have M=_—21andN=%
1 1,
sinx= ~32 (cosx—sinx) + 2 (sinx+ cosx)

(cosx siny) + — (smx+cosx)
Hence, /- [-2 dx = [ OSSN g 2 [1ax

sinx+ cosx 2 ) sinx+ cosx

1 . 1
=——log| sinx+ cosx|+—= x+ ¢
2 2

5.12 INTEGRATION OF RATIONAL FUNCTIONS BY USING PARTIAL FRACTIONS

(1) Proper rational functions: Functions of the form % where Ax and g(x» are polynomial

and g(x) = 0, are called rational functions of x.

£x

If degree of A(x)is less than degree of g(x), then P is called a proper rational function.

(2) Improper rational function : If degree of Ax) is greater than or equal to degree of g(x), then

M, is called an improper rational function and every improper rational function can be transformed

to a proper rational function by dividing the numerator by the denominator.

X3

For example, Z 5116 IS an improper rational function and can be expressed as
- S5x+

M, which is the sum of a polynomial (x+5) and a proper function w.
x* -5x+6 x> -5x+6

(3) Partial fractions: Any proper rational function can be broken up into a group of different
rational fractions, each having a simple factor of the denominator of the original rational function. Each
such fraction is called a partial fraction.

(x+5)+

If by some process, we can break a given rational function % into different fractions, whose

denominators are the factors of g(x), then the process of obtaining them is called the resolution or

decomposition of % into its partial fractions.

Depending on the nature of the factors of the denominator, the following cases arise.




Case I: When the denominator consists of non-repeated linear factors: To each linear factor
(x—a occurring once in the denominator of a proper fraction, there corresponds a single partial

fraction of the form

, Where A is a constant to be determined.
X—a

Case I1: When the denominator consists of linear factors, some repeated: To each linear factor
(x— a occurring r times in the denominator of a proper rational function, there corresponds a sum of r
partial fractions of the form.

Al + A2 Foeeeeeenenn +— A’
x-a (x-2a° (x—a"
Where A s are constants to be determined. Of course, Ar is not equal to zero.

Case I11: When the denominator consists of quadratic factors: To each irreducible non repeated
Ax+ B

ax® + bx+c

quadratic factor a¥* + bx+ ¢ there corresponds a partial fraction of the form where A and

B are constants to be determined.
To each irreducible quadratic factor ax* + bx+ ¢ occurring r times in the denominator of a proper
rational fraction there corresponds a sum of r partial fractions of the form
Ax+ B Ax+ B, Ax+ B,
T+t eeeeiiiiemnnnnen —_——————————
axX’ + bx+c (a¥ + bx+ o? (ax2 + bx+ 9"

Where, A's and B's are constants to be determined.
(4) General methods of finding the constants
(1) In the given proper fraction, first of all factorize the denominator.

(i1) Express the given proper fraction into its partial fractions according to rules given above and
multiply both the sides by the denominator of the given fraction.

(iii) Equate the coefficients of like powers of x in the resulting identity and solve the equations so
obtained simultaneously to find the various constant is short method. Sometimes, we substitute
particular values of the variable x in the identity obtained after clearing of fractions to find some or all
the constants. For non-repeated linear factors, the values of x used as those for which the denominator
of the corresponding partial fractions become zero.

Note : U If the given fraction is improper, then before finding partial fractions, the given fraction

must be expressed as sum of a polynomial and a proper fraction by division.

(5) Special cases: Some times a suitable substitution transform the given function to a rational
fraction which can be integrated by breaking it into partial fractions.

Example: 64 J' cosx
(1+sinx) (2+ smx)
(a) lod(1+sin®)(2+ siny)]+ ¢ (b) lo {24— s;n;i} c
© '°{ > Si-nx} te (d) None of these
2+ sinx

Solution: (c) Putsinx=¢# = cosxdx= dt

cosxdx

(1+ sinx)(2+ sinx) I(l+t)(2+t) J.[Hl +2

}dt_log(nl) logé+ 2+ c= lo{“_l}rc
t+2




{l+ sinx}
=1lo +c
2+ sinx

3x+1
Example: 65 | ———— =
P j(X— 2%(x+2
(a) ilo x+2 7 (b) > 5 2 7 ..
x-2| 4x-2 x+2 Ax-2)
(G 16 4— LA (d) None of these
x+2 4x-2)
Solution: (b) We have, 3"2*1 4 , B . C
2°(x+2 (x-2 (x-2° (x+2
3x+1= Ax-2(x+2+Bx+2+Ax-2®> .. M
Putting x=2and-2successively in equation (i), we get B=%, C=I—i
Now, we put x=0 and get A:%
3x+1 d«  5(dx _5 71 5
J-(x—Z)z(X+2) 16.[x 2 4 w22 16)xr2 167 2 G g 1608 D€
5 4}(—2 7
=—1Io - +c
16 x+2| 4x-2
Example: 66] Xz” dx=
(@) logﬁ+c (b) —log—x2_1+c (c) log—zX +c (d) —log—>—+¢
X X x°+1 X +1

Solution: (a) I:I(%—l}ix = I=logk® -1)-logx+c = I—logﬁ+c

Example: 67 If J%dx— alo{i;

(@ 1-1 (b) -11 (€) v2-1/2 (d) v21/2
Solution: (d) Put #*-=y

2¥+3  2y+3 . _+3 __ A B
(-D(2+4 (y-D(y+9) V-Dw+d -1 W+

2y+3=Av+4+ Byv-1)
Comparing the coefficient of yand constant terms

- A+B-2and 44-B-3

ij+ btan’l()—;}- ¢ then values of a and b are

A=1 and B=1
I= de—s—j 1 dx = I:J- 1 dx+j 1 dx = lzllo X_1+ltan’lf+c
v-1 y+4 X% -1 X +4 2 Tx+1 2 2
a:l andb:l.
2 2

Example: 68 [ %

2 a2 2 2 4 2
© x(x+2)+log(;—1)+log(f+1>+tar;ac (d) None of these

P x' B X' -1 1 C[((x+D(x-D(¥*+1)
Solution: (a) I(x—1)(f+1)dx_ (x—l)(x2+l)dX+.[(x—l)(x2+l)dX R Y dX+J.(x—l)(x2+l)

(a) x(x+2) N log(x-1) log(x*+1) tan! X, c (b) x(x+2) N logx-1) N log‘\r2 +1) B tan! X c

w

w




d. _ X2 1 1 1,
Im —7+XJ{Elog(!s'—l)—zlogﬁerl)—Etan x}rc

1
_ x(x+2) N logk—1) _ log” +1) _tan X, c
2 2 4 2

- J' (x+1) dx+

Example: 69 jwdgﬁ

(a) glog| 1+ tang | +%log| tan® ¢ — tang + 1| +%tan‘1[ 2ta\r/)_§ - IJ +c

-1 1 1 _1f 2tang -1
D) “"log|1+tang |+ = log| tan®  — tang + 1|+ —— tan | 22"~ |4 ¢
(D) 5 logl 1+ tang | + ¢ log| tar ¢~ tang + 1] + = N

© L {l“ﬂ]w

’ g
(d) None of these
P tang + tan® ¢ tang(l + tan’ ¢) tang sed ¢
Solution: (b) Let - J 1+ tan® ¢ % = I 1+ tan® ¢ J1+tan¢ %

Putting tang = £= sec®p dp = dt We have, I= J' 5 J‘(l t)(idtt =
+ + +

t A Bt+C
-_— e
A+dA-2t+7A) 1+t 1-t+F

= t=Al-t+ H)+BOA+y L (i)
Putting #=-1 in equation (i), we get, 71:Al+1+1):>A:—%

Comparing the coefficients of # and constant terms on both the sides of equation (i)

we get
0:A+B:>B:—A=% and 0= A+ c= C:—A:%
t 11 1 #1
S = — . ——+—.
1+d1-2t+2) 3 1+r 3 1-£+7
Hence. l___J- t+1 Jlp 22 . 1pdt 10@-D+3
1+t 3 £ - t+1 1+t 6J) 2P_t+1 3 1+t 6 £ - t+1
10 dt 1 2¢-1 3 dt 1( dt 2¢-1 I
-—— | —+= H—. =
3liie 6 216l Foe T Bl 6 - t+1 "2 3
[ J .
(1
- —glosl 1+ ] +glogl £ e 1] +5 —tan’| —2 s c =~ Zlogl 1+ 4]+ clog F-t+1|+%tanl[2";lj+c
2
1 1 2 1 _1 2tan¢—l
=——log|1+ta +—log| tan” ¢ — tang + 1| + — tan +c
3gl n¢l6sl¢n¢l‘/§[‘/§]
Example: 70j
x"+1)
(a) —log%+c (b) nlog%-s—c (C) —log—1+c (d) —nlog%+c
“/rl
Solution: (a) Let /- I
x(x"+l) x"(x”+1)
Putting x” = = nx"'dx= d¢ We have
1 - - - -
I-= - \|d by resolving into partial fractions
J.(t+1) n.[[t t+1} g (y g P )




Lilogt-logt+ 1]+ ¢ = Llogt
n n t+1

+cC

1 X"
+c=—lo
n [xX"+1

5.13 INTEGRATION OF TRIGONOMETRIC FUNCTIONS
(1) Integral of the form jsin"‘xcos"xdv: (i) To evaluate the integrals of the form

I= Isitf"xcos" xdxwhere m and n are rational numbers.

(a) Substitute sinx= £ if n is odd;
(b) Substitute cos x =t, if m is odd;
(c) Substitute tanx= ¢ if m+ n is a negative even integer; and

(d) Substitute cotx= ¢ if %(n— 1) is an integer.

IS a negative integer, then substitution cosx= ¢

(e) If m and n are rational numbers and (%"_2)

or tanx = # is found suitable.
(i) Integrals of the form J.Rsimgcosx)dx where R is a rational function of sinxand cosxare

transformed into integrals of a rational function by the substitution tan‘—;z twhere —z < x< . This is

the so called universal substitution. Sometimes it is more convenient to make the substitution cot‘—;= t

for 0< x< 27.

The above substitution enables us to integrate any function of the form Hsinx,cosx). However, in
practice, it sometimes leads to extremely complex rational function. In some cases, the integral can be
simplified by:

(a) Substituting sinx= ¢ if the integral is of the form j Hsiny)cosxdx

(b) Substituting cosx = ¢ if the integral is of the form J'Rcosx)sinxdx

(c) Substituting tan x =t, i.e., dx= _dt
1+ 72

(d) Substituting cosx= ¢, if H-sinx, cosx) = —Hsinx, cosx)
(e) Substituting sinx= ¢, if Hsinx,—cosx) = —Hsinx, cosx)
(F) Substituting tanx= ¢, if H-sinx,— cosx) = —Hsinx, cosx)

, if the integral is dependent only on tanx

Important Tips
= To0 evaluate integrals of the form '[sinmxcosnxdx jsinmx.sinnxdx‘[cosmxcosnxdx and Icosmxsinnxdxwe

use the following trigonometrical identities.

sinmx.cosnx— %[sinmf nx+sinm+ nNx] = cosmx.sinnx= %[sinhﬁ nx-—sinfn— nx]

sinmx.sinnx= %[cosh)— nx—cosn+ nNx] = COSMX.COSNXx= é[cosh)— nx+ cosm+ nx]

w
on




Example: 71 J.sing xco?xdx

(a) Cof X_ COS% X+C (b) COé c03 (C) Slﬁ5 51113 ‘e (d) Slﬁ5 Sll{l

—+—+c — —+
3

Solution: (a) I= jsinx(l—cog ¥ coé xdx

Put cosx=¢ = —sinxdx=dt = l:—I(f—f)dt—g—g +c= cos x cos"’x+c

5 3

Example: 72 J'—smg T

(a) logtand + tan® 0 + ¢ (b) logtan@—%tanzé’-t- c (C) logtan6’+%tan29+ c (d)None of these

,[ se0dy [ seO(1+ tan’ 6)db
sind cos"l 1Z] sind cos tand df

Solution: (c)j
1+
PUt ¢-tanw = di=seodo then it reduces to :»j dt—j[t tjdt

=logt+%+c:logtan:9+%tan20+c

Example: 73 js“‘ 2X -

COS:; X

(a) tan® x+ ¢ (b) tandx+ ¢ (C) tan® 2x+ x+ ¢ (d) tan 2x+c

Solution: (d) Given, 1=j sir;::zx dx.The given equation may be written as
[o{0 ] X

J‘ sin® 2x 1
cos 2x co¢ 2x
Put tan2x-=¢ and 2sec® 2xdx- dt

4
I= lJ.t"’dz‘z £+ c:tan82X+c

dx= J‘tan3 2x.sec? 2xdx

Example: 74 If 1 ISIMXd where n>1 then -1, ,-

sinx
2 2 2
(a) = cosfr— Dx (b) smh Hx (C) ;cosnx (d) ;smnx
Solution: (b) 1, j%"dx
I, :J'Sinf?——z)xdxj L—1, :J‘sinnx— .sinh— 2)XdX :J'2cosh—' l)x.sinXdX
sinx sinx sinx
L-1,- 2sinp- 1) x
(n-1)

(2) Reduction formulae for special cases

a1
0] jsin” xdx= —cosx.sin” X, n_ljsinm"’ xdx

n n

- 1
(i) J'cod' xdx— Sinxcos” x  n- lj.codh2 xdx
n n

tan’” ! x
1

(iii) j tar’ xdx= - j tar 2xdx




(iv) Icof’ xdx=—L cot ! x— Icot’*z xdx
n-1

(V) J.sec" dez( 1 m [sec'k2 x.tanx+ (n— Z)Isec'*zxd\}
"_
(vi) I coed’xdvz(—ll) — cosec 2x.cotx+ (n— Z)Icoedr ZXd\}
n_
- 1 1
Vil) | sin® xcos’ xdx=— + 5~ | sinP? x.cos’ x
" & wdx siff " x.cos’ 'x p-1 P2 & wdx
p+q p+q
- 1 1
Viii) | sirf xcos? xdx= : + &~ |sir’ x.cos" % x
" & xdx sif”" x.cos” ' x p-1 " 2y dx
pP+q p+q
(I )J' X (2n 3 dx

(X2 B K2n-2(x* + B " u2n-2) (x*+ ™!

Important Tips

1 sin'x  (n-1)
m— 1 * codml x (m_ 1) *Hn-2,m-2)

« Reduction formulae for g,, =J' Si';"nx dx 1S L, =
COS X

Example: 75 Itmsedez

4 2
(a) tan® 0 tan’ 9+l ogsecd + ¢ (b) tan" ¢ tan 9_10§ec6+c
4 2 2
4 2
(c) ““; ‘9—“‘; 9 log|sect | +c (d) None of these
) 4 4 2 4 2
Solution: (C) jtansﬁdﬁzls _ fan 0—13 _fan’0 _tan 9+11 _fan’0 _ tan 0+log|sec¢9|+c
4 4 2 4 2
Example: 76 Icoec“xdx
3 3
(@) cotx+ co: Xic (b) tanx~+ tar; Xic (C) cotx- coEt: Xic (d) -tanx- tal; Xic

i 3
Solution: (C) I oec xdx= J.coseczx(l+ cof Ndx = Icosczxdx+ Icotz xcoed xdx =—cotx+ (CO;X) +

Example: 77 Integrate j sitf xdx

(a) smSX g sin6x+ 285in4x_ 56sin2)|{+ 35x+ ¢

6 4q 2
( ) [ sinSx .8 sir;6x 28snn‘lx 5 5sn;ZX 355+ c}
(C) smSX_ 8 su;6x 285m4x_ 5 5su;2x+ 35x+ ¢

(d) None of these
Solution: (a) Let cosx+isinx=y; then

2cosx= y+ L, 2cosnx— ,/'+% — 2isinx= y— L, 2isinnx— y"—% (Remember as the standard
14 14

results)

w
~!




8
Thus 282 sir® x= [y—l] = (ys +i]—{yﬁ +ij+2{y“ +ij—5{yz +iJ+70
v »® v° v v
=2cos8x—16cosbx+ 56cosdx—112cos2x+70

Thus sir® x= 2—17 (co8x—8cosbx+ 28cosdx— 56cos3x+ 35),

and Isilis xdy= 1| SIDBX g sinbx  ,gSindx ;eSINZX . 3hx|ic
27| 8 6 4 2

5.14 INTEGRATION OF HYPERBOLIC FUNCTIONS

1) J.sinhxdxrz coshx+ ¢ (2) Icoshxdvz sinhx+ ¢
(3) Isechzxdvz tanh x+ ¢ 4) Icoszchzxdvz —cothx+ ¢
(5) Isechxtanhxdvz ~sechx+ ¢ (6) jwsechxcoﬂl dx=—coechx+ c

Example: 78 | co§1[}—1¥j dx=

(a) xsec! x+cosh'x+c (b) xsec! x—cosh'x+c

(C) coshi'x— xsecl x+c¢ (d) None of these
Solution: (b) ICO§1[lj dx:jsec’1 xdx = xsec! X—J. 1 xdx = xsec! x—cosh'x+c

X -1
Example; 79 [<es*=sinx ;. equals
P -[ Vsin2x x €0

(a) coshi ! (sinx+ cosx) + ¢ (b) sinf (sinx+ cosx) + ¢

(C) —coshl(sinx+ cosx)+ ¢ (d) — sink (sinx+ cosx) + ¢
Solution: (a) 7= cosx— sinxd _ [_cosx— sinx dx— cosx— sinx d

( ) Vsin2x x V1+sin2x—1 . I,l(cosx+ siny? -1 y
Put cosx+sinx=+¢t = (cosx—sinx) dx= df = I dt =cosh ' #+ c= cosh ! (sinx+ cosx) + ¢
VA -1

Example: 80 J‘ sinh ' xdx€quals

(a) xcosh'x—V¥+1+c¢ (b) xcosh'x+Vx*+1+c¢

(C) xsinh 'x+Vx*+1+c¢ (d) xsiph 'x—Vx +1+c¢
Solution: (d) Isim_lx.ldx = Xsilil_lej‘ 1 xdx = xsiph 'x-VJ1+ ¥ + ¢

" 1+ 2
Example: 81 [ €2 ax-
e“-a
(a) cosh™l(e*/ @) +secl(e*/a)+ c (b) (lj [codfl(e"/a) + sec’l(ex/a)]-r c
a
() (lj [coshl(e*/ 2+ sec e/ a)+ (d) None of these
a

i - e*+a , e +a B e* a B e*/a 1
Solution: (a) J. ex—adx_ jmdx _J-\/ez"—az d“ur"‘\/ez"—a2 dX_‘[\/de+'[\/(ex/a)2—12

dx




e — - — _ -1/ x -1/, x
Put € —+= € dx di = I\/ jt\/ = cosh’l(e*/ @+ secl(e*/a+ ¢

Example: 82 [ : ,,)z
e“+e

(3) tanhx+c (b) %tanhx+ c (c) %tanhx+ c (d) None of these

1 4.dx
X)Z 4l em?

Solution: (c) I :lj.sechzde:ltanhx+c
(e’r +e 4 4

Example: 83 j\/ﬂ
1-tan® x

(a) cosh \(V2 cosn+ ¢ (b) —cosh’ (2 cos®+ ¢ (C) % cos (V2 cos®+ ¢ (d) _T; cosh '(V2cos® + ¢

Solution: (d) [_tenxdx _(__ sinxdx _r sinxdx
( ) I\/l—tanzx J.\/coszx—sinzx J.\/Zcogzx_l

Put \/Ecosx': = —\/EsinXdX: dt

j = cosh (/2 cosx+ 9.
Example: 84 J' sinxsinhxdx -
(a) é(ex_emc (b) g[simom_cosxsimw
(c) %[sinxcoshm— cosxcoshxl + ¢ (d) None of these
Solution: (b) 7- J' sinxsinhxdx = —sivhxcosx+ I coshxcosxdx = sinhxcosx+ [codu'sinx—jsirhxsinxdx]

I= %[sinxcosx— cosxsinhx] + ¢

5.15 INTEGRAL OF THE TYPE f[x, (ax+ )™, (ax+ b)™”"..] WHERE F IS A RATIONAL
FUNCTION AND m,, n;, m,, n, ARE INTEGERS

To evaluate such type of integral, we transform it into an integral of rational function by putting
(ax+ B = £, where s is the least common multiple (L.C.M.) of the numbers n,, n,.

Integrals of the form Ix’"(a+ bx")? dx

Case | : If pe N (Natural number). We expand the integral with the help of binomial theorem and
integrate.

Example: 85 Evaluate I 32+ 22 dx

(@) 3x*3+ ;,\'7/3-5-0 (b) X4/3+§x5/3+c (C) 3x%3+ ,\'5/3+c (d) 3x*3 3,\'7/3+%,\’11/6+c
Solution: (d) I:J.xl/?’(2+x1/2)2dx

Since P is natural number,

4/3 /3 16
1:le/3(4+x+4xl/2)dx:I(4xl/3+x4/3+4x5/6)dx _axt® A0 axt g B 24 ave
4/3 " 7/3 " 116 7 11

w
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Case Il: If pe r (i.e. negative integer). Write x= ¢, where k is the L.C.M. of denominator of m
and n.

Example: 86 Evaluate j X231+ x2%) dx

(a) 3tan '(¥*'3)+ ¢ (b) 3tan! x+c (C) 3tan '(¥*'3)+ ¢ (d) None of these
Solution: (a) If we substitute x=£(as we know p< negative integer)
- Let x=¢,wWhere k is L.C.M. of denominator m and n.

o x=£F = dx=32dt O l:J. tz:?ltzd:;): tzdtl =3tan'(d+ c= I=3tan 1 (x"3)+ c.
+ +
Case IlI: If m-+1 is an integer and pe fraction put (a+ bx") = 7, where k is the denominator of the
n

fraction p.

Example: 87 Evaluate J'x-2/3(1+ 232 4y

(3) 201+ 2331 ¢ (b) 2a+23%21¢c  (C) 20+ 2% %+ c (d) 2a+ 22323+ ¢
Solution: (b) If we substitute 1= »3 - 2then, —L _dx- dt
3X2/3

1:I"61"”:6J't2dt 281 cOr I=20+ 2332+ ¢

Case IV: If [m+1+Pj is an integer and Pefraction. We put (a+ bx")= £*.x", where k is the
n

denominator of the fraction P.

Example: 88 Evaluate jx-“(u »)V2dy

(a) %(f+t3+t)+c (b) —l[£—£+t}+c (C) l{£+2+t}+c (d) None of these

where ¢ [1+-L
X

Solution: (b) Here (’"+1+Pj_[‘11“+ﬂ_—3

If we substitute then

1 -4 dx dx
1+— =2 and == dx=2tdt— I- =
T 2 = -[xll(l+x4)l/2 If‘.xzml/x‘)‘/z

2 dx C1p2tdt 1 2. 1 ~ _1[F 2f
]—J.X13(1+1/X4)1/2_Z P = 2J.(t2 1) dt= 2 J.(IA 2t2+1)dt—7|:€—?+{|+c

where ¢= 1+ L
X




5.16 INTEGRALS USING EULER'S SUBSTITUTION
Integrals of the form j fix),/(a¥ + bx+ d dxare calculated with the aid of one of the there Euler

substitution:

(1) Vax® + bx+ c= t+ x/a, if a>0.
(2) Vax® + bx+ c= tx+ /¢, if ¢>0.

(3) vax* + bc+ c= (x—a) t if ax® + bx+ c= ax—a)(x— p),i.e., if xis real root of (ax + bx+ 9.

Note : O The Euler substitution often lead to rather some calculations, therefore they should be
applied only when it is difficult to find another method for calculating the given integral.

Example: 89 Evaluate I%
X -x+1

(a) 2]og,_,|t|—%logg|t—1|—%logg|t+1|+ t3 +c (b) 2]oge|t|+lloge|t—1|+§loge|t+1|+ +c

(t+1) 2 2 (t+1)
+c (d) None of these

1 3 3
C) 21 tH-=1 t-1]+_1 t+1
(€) 2log | f|-Glog | t-1]+Glog | t+1]+

\/xz—x+1+lJ

X

{Where t=

Solution: (a) Since here <=1, we can apply the second Euler substitution.
V&2 —x+l=tx-1

Hence @ 1x=(#-1x?; x= 21

#-1
Mand x+ xz—x+lzi
(#-1? t-1
-2 +2¢-2
e -
J‘X+\/X2—X+1 J.(t—l)(t+l)2
Using partial fractions, we have,
-2¢+2t-2 A B C D

— = - 2 2 —
D D2 —t+n+m (t+1) Or (-2¢+2¢-2)= At-1)(¢+1)* + Bt+1)* + Q- 1) (t+ V) t+ Dt

We get A-2B-1/2C--3/2 D--3.
dt 1( dt 31 dt dt

codx=

=2log, | t|flloge| t71|f§loge| +1]+

Hence 7-2[<-2[-%-2 —3[ = ‘e
1 20y ey 2 2 £+ 1)
[Whm P xitin
Example: 90 Evaluate [-—X*9
P I JTx-10- )3
(@ﬂéﬁﬂ @(_@ (@{4%0 (d) None of these
where tz—”"‘f‘;‘xz

Solution: (a) In this case a<o0 and c<o. Therefore neither (I) nor (11) Euler substitution is applicable.
But the quadratic 7x-10- x* has real roots «-24-5.

~We use the (Ill) i.e., V7x-10-x* = [(x-25- 0 = (x- D¢

41




where - x=(x-220r 5+27 = x(1+ )

.. 5+2F o, [B+2F ). 3 . -6t
e oW Z)t_{l+t2 ]t_1+t2’ R
[5+2t2] -6t
B xdx 1+ J@+#)?®  _6(5+2¢ , -2(5 _-2[-5
Hence, 1_~[(\/7;.r-10-;.{2)3_J [ 3t )3 "ol _?(?ﬂjdh?[_ﬁzt}c
1+ 7
.-.jx—"“z‘—z(fmtjw, where ¢ Y7x-10-x*
W7x-10-2%® 9\ ¢ x-2
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