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An oscillating electric field with thermal noise increases the rotation
diffusion and drives rotation in a dipole
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Abstract

Here we consider a dipole in a viscous mediumunder the influence of an oscillating electric field and thermal noise. Because of the v
low Reynolds numbers involved in molecular processes, we considered overdamped Langevin dynamics. As a consequence the
becomes negligible. We observed a great increase in the rotational diffusion and also net rotation for some values of the parameters.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction

In recent years, with the advance of nanotechnology,
techniques have evolved to visualize single molecules,
as scanning tunneling[1] and atomic force microscopies[2].
Grimzewski et al.[3] observed rotation of a single molecu
within a supramolecular bearing. After the first examp
of unidirectional rotating molecular motors based on s
ple organic molecules[4,5], several works reported on th
subject[6–14]. Also great theoretical efforts have been d
voted to understanding and proposing nanoscale rotors
stators as molecular motors capable of transforming a dr
random rotation efficiently into a directed translational m
tion [15–17]. A biological example of a molecular moto
consisting of a rotor and stator is the rotatory motor of
bacterial flagellum which is driven by a transmembrane e
trochemical gradient of protons[18]; another is ATP syn
thase, which has been very well studied[19–21]. Most of
these motors are called Brownian motors. For an exce
review on this subject see Ref.[22] and references in it.

Although Brownian motors are known to permit the
mally activated motion in one direction only, the concept o
channelling random thermal energy into controlled mot
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has not yet been very extended to the molecular level
the basic principles are not very well understood. Exp
ments suggest that dynamics is inescapable and may p
decisive role in the evolution of nanotechnology[23].

In a recent paper[17], it was shown that colloidal suspe
sion of ferromagnetic nanoparticles, so-called ferroflu
are ideal systems to test theoretical predictions on fluc
tion driven transport experimentally.

Here we consider one of the simplest rotors in nat
a dipole in a viscous medium under the influence of an
cillating electric field and thermal noise. By applying t
Langevin equation we observe rotation for some value
the parameters.

2. Langevin equation for the rotor

The energy of a dipole in an electric field (Fig. 1) is given
by

(1)Wdipole= − �p �E(t) = −pE(t)cosθ,

where| �p| = qd , q being the positive charge of the dipo
andd the distance between both charges; the vector�p goes
from the negative to the positive charge. In our case the
varies asE(t) = E0 sin(ωEt), with τE = 2πω−1

E . Then

(2)Wdipole= −pE0 sin(ωEt)cosθ.
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Fig. 1. Schematic of the system.

The corresponding torque on the dipole is

(3)Γdipole(θ, t) = −∂θWdipole= −pE(t)sinθ

or

(4)Γdipole(θ, t) = −pE0 sin(ωEt)sinθ.

Then the corresponding Langevin equation for the syste

(5)I
d2θ

dt2
= Γdipole(θ, t) − frot

dθ

dt
+ ΓB.

As we are in the regime of null inertia(I = 0), we have

(6)frot
dθ

dt
= Γdipole(θ, t) + ΓB,

wherefrot (J s) is the rotational frictional coefficient and
related to the diffusion rotational constant,Drot (s−1) by the
Einstein relation

(7)Drot = kBT

frot
,

wherekB is Boltzmann’s constant andΓB is the Brownian
torque, given by

(8)ΓB = (2frotkBT )1/2ξ(t),

where ξ(t) is the thermal noise, defined by its statistic
properties, namely,

(9)
〈
ξ(t)

〉 = 0,

(10)
〈
ξ(t2)ξ(t1)

〉 = δ(t2 − t1);
i.e., the correlation time of the noise is zero.

The corresponding discretization of Eq.(6) is performed
by multiplying both members bydt , dividing by frot, and
performing the integration in the interval(t, t +	t), namely,

(11)	θ = 1

frot

t+	t∫
t

Γdipole(θ, t) dt + (2Drot)
1/2

t+	t∫
t

ξ(t) dt

or

(12)	θ = 1

frot
Γdipole(θ, t)	t + (2Drot)

1/2	W(t),
whereΓdipole(θ, t) is the mean value ofΓdipole(θ, t) in the
considered interval, and for the last term, we use the d
nition of the Wiener’s process[24]. At the limit 	t → dt

the mean valueΓdipole(θ, t) � Γdipole(θ, t), and	W(t) =
dW(t). We recall that “Wiener’s increment”dW(t) is a
Gaussian stochastic process, of widthσ = (dt)1/2. Then, at
each pass of the integration we have to drawdW(t) and
normalize the result properly. Let us callRG an aleatory
number, with Gaussian distribution, centered inRG = 0
and width 1. In MATLAB/OCTAVE RG = randn; conse-
quently we can writedW(t) = (dt)1/2RG. Finally, Eq.(12)
is transformed into the corresponding Euler’s equation
this process, namely,

(13)θj+1 = θj + Γdipole(θj )
dt

frot
+ (2Drot dt)1/2RG.

The corresponding relaxation timeτB will be

(14)τB = 1

2Drot
.

A first basic quantity of interest is the average angu
velocity in the long-time limit, i.e., after transients due
initial conditions have died out, namely,

(15)〈ω∞〉 = 〈θ̇ 〉∞ ≡ lim
t→∞

〈θ(t)〉
t

.

Another quantity of central interest will be the effecti
diffusion coefficient,

(16)Deff ≡ lim
t→∞

〈θ2(t)〉 − 〈θ(t)〉2

2t
= lim

t→∞
σ 2

2t
.

The means are over the realizations of the stochastic proces

3. Computation

The codes were written in OCTAVE and were run un
Linux. The increment in time,dt , was fixed in 10−1τB. We
considered the caseτE > τB with tmax = 103τB. The parti-
tion for each iteration was 104 points, which were consid
ered 103 realizations of the stochastic process. The sim
tions were performed at room temperature. We divide the
tegration interval[0, tmax] in n intervals of sizedt , creating a
“vector” t = (t1, t1, . . . , t1, . . . , t1) = (0, dt,2dt, . . . , tmax).
For procedure efficiency, we draw once all the “Wiener
crements,” creating a vectordW . In MATLAB/OCTAVE we
write

dW = sqrt(dt) × randn(1, n).

4. Results and discussion

FromFig. 2 we can observe local symmetry breaking
the dipole energy caused by the temporal modulation of
electric field and the drag term. We also observe the sens
tivity of the curve shape to variations of the field frequen
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Fig. 2. Plot of the dipole energy, Eq.(2), using the solution of Eq.(6) with
ΓB = 0.

Fig. 3. E = 0.0, (a) statistical angular dispersionσ(t), (b) σ(t)2, Deff =
Drot = 2.0× 106 rad2 s−1.

The input of energy from the field, the symmetry breaki
and the thermal noise are the necessary requirements to
duce a directed rotation (movement)[25].

In Fig. 3, we observe the behavior of the system
E = 0. By the shapes ofσ(t) andσ 2(t) we can observe
pure diffusive process as expected.

In Fig. 4a, we can observe an angular velocity in
long-time limit, ω∞ � 5.6 × 104 rot s−1 which is approxi-
mately 14 times the frequency of the electric field(ωE �
4.0× 103 rot s−1).

Fig. 4b shows the rotor path expressed in number of
tations, showing a slow increase in the number of rotat
with a small range of stabilization at the center.
-

Fig. 4. ωE = 2.51× 104 rad s−1, τE = 2.5 × 10−4 s, τB = 2.5 × 10−7 s,
E0 = 4× 109 V m−1, p = 5e0 nm= 240 debye,Drot = 2× 106 rad2 s−1,
Deff = 1.0 × 1010 rad2 s−1, Γ max

E = 3.2 × 103 pN nm, Γ max
B = 4.14 ×

10−3 pN nm. (a) Average angular velocity in the long-time limit (Eq.(15)).
(b) Average number of rotations. (c)σ(t). (d) σ(t)2.

In Figs. 4c and 4dare representedσ(t) andσ 2(t), respec-
tively. We can observe in both two consecutive sigmoid-t
curves with small modulations. This effect is different fro
the anomalous rotational diffusion[26] in whichσ(t) ≈ tα .

In Fig. 5a, we can observe an angular velocity in
long-time limit, ω∞ � 3.6 × 104 rot s−1, which is approx-
imately 0.6 time the frequency of the electric field(ωE �
6.4× 104 rot s−1).

Fig. 5b shows an inversion of the rotation compared w
Fig. 4b. We observe a negative increase in the rotations
7.8 × 10−5 s, followed by a rather stable plateau arou
−12.5 rotations.

Figs. 5c and 5dshowσ(t) andσ 2(t), respectively. We ca
observe a typical diffusive process with slow modulatio
caused by the electric field.

The conclusions of the results are the following:

(1) The oscillating field in the presence of thermal no
drives net rotation in a dipole. The efficiency of the
tations depends on various parameters:ωE, E0, τB, p,
Drot.

(2) The net rotation is quite sensitive to the field frequen
Observe the inversion of the rotation when the freque
goes from 2.5× 104 to 4.0× 105 rads−1.

(3) The main effect of the field is a great increase in the
tational diffusion: compareDeff of Figs. 4 and 5with
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Fig. 5. ωE = 4.0 × 105 rad s−1, τE = 1.57 × 10−5 s, Deff = 9.04 ×
109 rad2 s−1. The rest of the parameters: same as inFig. 4. (a), (b), (c),
(d) same as inFig. 4.

Fig. 3 (Deff(E = 0) = 2.0 × 106 and Deff(E 
= 0) =
1010).

(4) The oscillating field modulates the rotational diffusion.

We know through the literature that a great insight i
the properties of macromolecules can be obtained by st
ing the relaxation of an oriented system to a state of ran
orientation when the field is suddenly turned off. Here we
concerned with the nonequilibrium process of the rotatio
diffusion. The rotational diffusion coefficient, similarly t
the translational diffusion coefficient, will depend on the s
and shape of the macromolecule. We believe that this s
contribution will help in better understand new proces
emerging in this area, for instance, the great increase in th
rotational diffusion by an oscillating field in a dipolar macr
molecule in a viscous medium. To test this effect we sug
measuring by fluorescence spectroscopy the rotationa
fusion coefficient of a dipolar dye inserted in a biologic
membrane under the influence of the electric field produ
by oscillating electric charges on the membrane surface
also suggest performing a deep study relating the shap
the dipole profile energy(ωE) and rotation of the dipole.
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