Supporting Information: The Pre-Thermodynamic Status of @

Temperature, Entropy, and Boltzmann’s Constant as Emergent Approximations

PT.1 Introduction

PT.1.1 Purpose

This document establishes the precise relationship between the efficiency potential ® and
the three central quantities of classical thermodynamics: entropy S, temperature T, and
Boltzmann's constant k_B. The central claim is that none of these quantities is foundational
to the framework. Each emerges — at a finite, derivable threshold N_th — as an
approximation to structure that already exists in the constraint geometry.

This has a corollary: the framework operates below N_th without thermodynamic
vocabulary. Configurations at small N are not poorly-described thermodynamic systems;
they are pre-thermodynamic systems that the familiar thermal concepts do not yet apply
to. The pre-thermodynamic regime is itself two-tiered: at N = 2, there is no temporal
ordering structure at all — the system is genuinely atemporal, with no T dimension and no
circulation (established in SI_Section4_Ordering_ Emergence.md); at N = 3, full constraint
geometry and the potential ® are defined, but statistical thermodynamics does not yet
apply. The N_th threshold marks the onset of the statistical regime, not of structure. This
formalises, rather than dismisses, a concern Boltzmann himself raised about the regime of
validity of statistical mechanics.

What this document establishes:

1. The pre-thermodynamic status of ® — @ is defined without reference to
temperature, entropy, or k_B

2. Boltzmann'’s concern made precise — the prerequisites of statistical mechanics
fail below a finite threshold N_th

3. Two notions of temperature — geometric (intrinsic, all N 2 3) and statistical
(extrinsic, N = N_th)

4. The derivation of N_th — the threshold at which the statistical approximation
becomes physically useful

5. The asymmetric emergence of S, T, and k_ B — S and T are approximations to
geometric quantities that already exist; k_B is genuinely new

PT.1.2 Relation to Other Documents
Document Relationship

SI_Section3_Constraint_Space_Geom Derives ® =In(Q/K); this document establishes its
etry pre-thermodynamic status

SI_Section5_Thermodynamic_Found Derives the four thermodynamic laws; this



Document
ations

SI_Section5_Bridge_]Jacobson_v2

PT.1.3 Notation
Symbol

o

Q

K

G_N

B_N
N_eff

N_th

k_B

Relationship
document establishes their regime of validity

Uses the two-temperature distinction established
here

Meaning

Efficiency potential In(Q/K)

Accessible configurations from current state
Descriptive complexity of current state

Geometric coupling at N features (intrinsic
temperature analogue)

Number of distinct boundaries: 2*(N-1) - 1
Effective number of independent boundary
samples

Threshold N above which statistical
interpretation is valid

Relative fluctuation of G_N across boundaries:
o(G_N)/(G_N)

Statistical (Boltzmann) entropy — defined only
for N = N_th

Statistical temperature — defined only for N >
N_th

Boltzmann'’s constant — enters only with the
approximation S k B ®

Part I: The Pre-Thermodynamic Status of ®

PT.2 What ® Is — and Is Not

PT.2.1 ® Requires No Thermodynamic Assumptions

The efficiency potential @ = In(£1/K) is derived directly from the axiom &N — =N and the
structure of distinguishability. Its definition requires:

e  Q: Ameasure of the configurations accessible from the current state — a count of

relational possibilities

e  K: The descriptive complexity of the current state — a measure of specification cost
e The logarithm: Forced by the requirement that independent subsystems contribute

additively to @



No temperature is assumed. No equilibrium is assumed. No ensemble of identically
prepared systems is required. No extensivity of any quantity is assumed. @ is defined for
any configuration of N > 3 distinguishable features, regardless of system size. The reason N
> 3 is the relevant threshold — that temporal ordering and circulation require at least
three features — is established in SI_Section4_Ordering_Emergence.md.

PT.2.2 The Precise Distinctions

The following table establishes what @ is and is not:

Property Boltzmann Entropy S Statistical Free Energy F Efficiency Potential ®
Definitio k BInW E-TS In(Q/K)
n
Sign > 0 always Unconstrained Unconstrained
Dimensio J/K ] (energy) Dimensionless
ns (energy/temperatur
e)
Requires No Yes No
temperat
ure
Requires Yes (for W) Yes No
ensemble
Requires Yes (for extensivity)  Yes No
large N
Equilibri Maximum Minimum Critical point
um value
ValidatN No No Yes
=3

The last row is the crucial one. Standard thermodynamic quantities cannot be meaningfully
assigned to an N = 3 system. @ can.

PT.2.3 @ as Efficiency of Distinguishability
The correct interpretation of ® does not involve entropy or temperature at all:
® measures the efficiency of distinguishability — how many accessible

configurations are available per unit of descriptive cost.

e  High ®: many accessible states, low complexity — efficient

e Low ®: few accessible states, high complexity — inefficient

e  V®: the direction of increasing efficiency in constraint space

e V& =0: acritical point — the configuration is locally optimal in efficiency



This interpretation is complete and self-contained at any N = 3. The thermodynamic
vocabulary — entropy, temperature, heat — describes what @ looks like when viewed
from the large-N regime, not what @ fundamentally is.

Part Il: Boltzmann’s Concern Made Precise
PT.3 The Hidden Prerequisites of Statistical Mechanics
PT.3.1 What S = k_B In W Actually Requires

Boltzmann'’s formula S = k_B In W appears to require only a count of microstates. In fact it
carries several hidden prerequisites:

Prerequisite 1 — Factorisation: For entropy to be extensive (S_total =S_A + S_B for
independent subsystems A and B), the microstate count W must factorise: W_total = W_A x
W_B. This is equivalent to requiring statistical independence of the subsystems.

Prerequisite 2 — Subsystem independence: Statistical independence requires that the
correlations between subsystems are negligible relative to their internal structure. This is a
statement about scale: the boundary between subsystems must be small compared to the
bulk of each subsystem.

Prerequisite 3 — Stable ensemble averages: Temperature is defined as a stable average
over many equivalent configurations. For this average to be meaningful — in the sense of
having small relative fluctuations — the number of effectively independent samples must
be sufficient for the central limit theorem to apply.

PT.3.2 Boltzmann’s Own Concern

Boltzmann recognised that S = k_B In W loses its meaning for small systems. He suggested,
qualitatively, that the formula becomes unreliable below roughly a thousand particles. His
concern was not that the formula gives a wrong number for small W — it gives a number —
but that the number does not have the statistical stability and operational meaning that
make “entropy” a useful concept. A fluctuation of order unity in S, which is negligible for N
= 1023, is catastrophic for N = 10.

The framework makes this concern precise. The question is not “how many particles?” but
“how many effectively independent boundary samples?” — a quantity that can be
computed from the constraint geometry.

PT.3.3 N-Dependence of the Prerequisites
In the constraint framework, the number of distinct boundaries for N features is:
By =2N"1-1

These boundaries are not statistically independent — they share features. The effective
number of independent boundary samples scales as:



Neff ~ aN

for some a = 1. We adopt the minimum assumption a = 1 — that each additional feature
contributes exactly one independent degree of freedom to the boundary ensemble, with all
additional correlations among new boundaries exactly cancelling the additional
independent structure they introduce. This is conservative: if a > 1 (each feature
contributes more than one effective independent sample, as would be the case if new
features opened up substantially uncorrelated boundary structure), then N_eff grows faster
than N, and the statistical threshold N_th derived in Part IV would be smaller — meaning
thermodynamics arrives sooner. The linear assumption gives the latest possible threshold;
any faster-than-linear growth in N_eff can only bring N_th down. In this sense, N_eff ~ N is a
minimum assumption rather than a precise claim.

The relative fluctuation of the geometric coupling G_N across boundaries is then:
o(Gy) 1 1
X = ~ ~
N (GN) 4/ Neff vaN

Under the minimum assumption a = 1, this gives x_N ~ 1/\/N, and the threshold derived in
Part IV is:

N 30
th ™~
With a =1, N_th ~ 30 — the latest possible onset. Any a > 1 brings the threshold down
proportionally, meaning thermodynamics arrives sooner. The minimum assumption thus
gives a conservative upper bound on N_th.

For statistical thermodynamics to be valid, x_N must be small. How small is a precision
criterion, not a sharp threshold — the derivation of N_th is given in Part IV below.

Part lll: Two Notions of Temperature
PT.4 Geometric and Statistical Temperature
PT.4.1 The Distinction

The term “temperature” carries two operationally distinct meanings in the context of the
framework:

Geometric temperature (intrinsic): The geometric coupling G_N arises from the horizon
structure of constraint space. When a feature undergoes accelerated motion relative to a
causal boundary — a -t boundary in constraint space — the Unruh mechanism produces a
temperature-like coupling. The detailed derivation of this geometric temperature via the
Unruh pathway is given in SI_Section5_Bridge_]Jacobson_v2.md Section 5C.7. This coupling:

e Isavailableatany N >3
e Requires no ensemble



e Isaproperty of the geometry itself, not of a statistical distribution over it
e [sexact, not an approximation

Statistical temperature (extrinsic): The Boltzmann temperature T = (0®/JE) ™" arises
from ensemble averaging. It requires:

e Sufficient N for the ensemble average to be stable (N = N_th)

e  An effective heat reservoir (a system large enough to define a temperature bath)
e  Ergodic-like behaviour across boundaries

e Isanapproximation, valid to O(1/VN)

The intrinsic/extrinsic distinction is not semantic. An isolated small system has a well-
defined geometric coupling G_N but no meaningful Boltzmann temperature. Asking “what
is the temperature of an N = 3 system?” has a good answer — G_3, the geometric coupling
— and a bad one — a Boltzmann temperature, which is not meaningful at N = 3.

PT.4.2 The Transition

The transition from intrinsic to extrinsic temperature is not a sharp phase transition but a
crossover at N_th. Below N_th, only G_N is defined. Above N_th, both G_N and T are defined,
and they are related by the fluctuation-dissipation structure of the ensemble. In the limit N
— oo, the two coincide exactly; at finite N = N_th, they agree to O(1/VN).

This means the two notions of temperature are not in conflict — statistical temperature is
an approximation to geometric temperature that becomes available, and progressively
better, above N_th.

Part IV: Deriving N_th
PT.5 The Threshold of Statistical Validity
PT.5.1 The Criterion

Statistical thermodynamics requires the relative fluctuation x_N to be small enough that:

1. Ensemble averages are stable — different realisations of “the same” macrostate give
consistent values

2. The identification S = k_B ® holds to a useful precision
3. Temperature is operationally definable as a stable, reproducible quantity

These three requirements are equivalent: they all reduce to requiring x_N « 1, and they all
fail together when x_N is of order unity.



PT.5.2 Derivation

The relative fluctuation x_N = 6(G_N)/(G_N) scales as 1/vN_eff. The central limit theorem
provides a practical stability criterion: N_eff = 30 for ensemble averages to have relative
errors below ~18%.

Since N_eff ~ N under the minimum assumption (Section PT.3.3), this gives N_th ~ 30/a ~
30.

Interpretation: At N = N_th, x_N = 1/v/30 % 0.18. Statistical thermodynamics is valid to
roughly 18% precision — sufficient for physical usefulness, though not exact. The
correction improves as O(l/\/N) thereafter, suggesting a range of precision rather than a
sharp onset:

N x_N Precision of Sx k B ®

3 ~0.58 Notvalid

10 ~0.32 Notvalid

30 ~0.18 Threshold — marginally valid
100 ~0.10 Valid to ~10%

1000 ~0.03 Valid to ~3%

10%®  ~107'* Effectively exact

PT.5.3 Relationship to Boltzmann’s Estimate

Boltzmann's qualitative suggestion of ~1000 particles as the minimum for meaningful
statistical mechanics is conservative relative to N_th ~ 30, but the two are not directly
comparable. Boltzmann was counting particles in a gas; N in the framework counts
distinguishable features. A gas of 1000 particles might correspond to an N substantially
smaller or larger than 1000 depending on the coarse-graining. The framework’s prediction
is not that Boltzmann was wrong but that the correct threshold depends on the effective
number of independent boundary samples, not on particle count per se.

PT.5.4 N_th Is a Precision Threshold, Not a Phase Transition

It is important to be clear: the framework does not change at N_th. The geometry, the
potential @, and the constraint structure are the same above and below N_th. What changes
at N_th is not the physics but the validity of a particular vocabulary. Below N_th,
thermodynamic language is inapplicable — not because the system lacks structure but
because the approximation that justifies that language has not yet become reliable. The
system is pre-thermodynamic, not non-thermodynamic in the sense of being unphysical.

One asymmetry among the four thermodynamic laws is worth making explicit here. The
First, Second, and Zeroth Laws all carry statistical content — their thermodynamic
interpretation requires N = N_th because it rests on ensemble averaging and the validity of
S 2 k_B ®. The Third Law is structurally different: the unattainability of absolute zero (T =
0) is the axiom ¢N — =N in thermodynamic language — configurations cannot approach
indistinguishability from nothingness, which is what T — 0 would require. This derivation



holds at all N, independently of the statistical threshold, and does not rest on the S k_B ®
approximation. The Third Law is exact and geometric; the other three are statistical
approximations valid for N = N_th.

Part V: Entropy as an Approximation to ®
PT.6 The IdentificationS=k_B ®
PT.6.1 How the Approximation Arises

Atlarge N, it seems logical that the descriptive complexity K becomes slowly varying
relative to the accessible configuration count 0 — as N grows, the dominant variation in @
=In(£1/K) should increasingly be carried by In Q, while In K contributes a slowly-varying
correction. This has not yet been proved in full generality and remains an area for further
development; we treat it here as a well-motivated working assumption. In this regime:

@ = In] — InK =~ In + const

Boltzmann entropy is S = k_B In W, where W counts microstates. When the ensemble is
ergodic and the system is large, W = (1 (the accessible configuration count). The
identification then becomes:

S = kg® + kglnkK,

where K_0 is a slowly-varying reference complexity. Up to this additive constant — which
drops out of differences and therefore does not affect any physical observable — we have:

S~ kg® (validfor N = Ny,)
PT.6.2 The Quality of the Approximation

The identification is not an identity. It is an approximation whose quality is controlled by
the relative variation of K. At N = N_th ~ 30, the erroris O(l/\/N_th) ~ 18%. For
macroscopic systems (N ~ 10%%), the error is negligible. The thermodynamic entropy S is
the large-N shadow of @ — a useful projection onto familiar vocabulary, valid in the regime
where statistical mechanics applies.

PT.6.3 Extensivity

® is additive by construction: for independent configurations A and B,
®(A,B) = P(A) + ©&(B)

This follows from the multiplicativity of () and K separately. Standard entropy S inherits
additivity from @ in the large-N limit. The extensivity of entropy is not a separate
assumption of statistical mechanics — it is a consequence of the additivity of ®, valid in the
regime where the approximation S = k_B @ holds. Below N_th, entropy is not extensive
because the approximation that grounds extensivity has not yet become reliable.



Part VI: The Asymmetric Emergence of S, T, and k_B
PT.7 Three Quantities, Three Modes of Emergence

All three central thermodynamic quantities emerge at N_th, but they do so in structurally
distinct ways. This asymmetry is not incidental — it reflects the different relationships
each quantity has to the underlying geometry.

PT.7.1 Entropy S: Approximation to an Existing Geometric Quantity

® exists at all N = 3. Entropy S is an approximation to @, valid for N = N_th. S does not
introduce any new structure — it is @ viewed through the lens of statistical mechanics,
with the slowly-varying K-correction dropped and a dimensional constant k_B attached. If
® is the river, S is a photograph of the river taken from far enough away that the ripples are
invisible.

PT.7.2 Temperature T: Approximation to an Existing Geometric Quantity

G_N exists at all N > 3. Statistical temperature T is an approximation to G_N, valid for N >
N_th. The definition T = (®/dE)* requires the ensemble stability that only holds above
N_th. Below N_th, the geometric coupling G_N plays the role of temperature in the
framework’s equations, without the statistical superstructure. T does not introduce new
structure either — it is G_N in the statistical regime.

PT.7.3 Boltzmann’s Constant k_B: A Genuinely New Quantity

k_B is structurally different from S and T. It does not approximate a quantity that already
exists in the pre-thermodynamic geometry. It is the dimensional conversion factor that
appears precisely when we make the identification S = k_B ® — the factor required to
equate a dimensionless geometric ratio (@) with a dimensioned thermodynamic quantity

(S, in J/K).

The framework’s geometry is dimensionless. @ is a ratio of counts. G_N is a dimensionless
coupling. The constraint coordinates 3, k, p, A, T are dimensionless. Dimensions — joules,
kelvins — enter only when we map the abstract framework onto physical measurement.
k_B is the scale at which that mapping occurs for thermodynamic quantities.

What the framework can establish about k_B:

Claim Status
A conversion factor of this type must Derived — follows from dimensionlessness of
exist @ and dimensioned character of S

The conversion factor must be a ratio of = Derived — follows from the structure of the
energy to dimensionless log (i.e. ] /K) temperature definition

The conversion factor must be universal = Derived — follows from the substrate-
(same for all systems) independence of ®



Claim Status

The numerical value k_B = 1.380649 x Not derivable — requires empirical anchoring
10723 J/K

The universality of k_B is a consequence of the geometry: because @ is defined from
distinguishability alone, without reference to any particular physical substrate, the
conversion factor that maps it to thermodynamic entropy must be the same for all systems.
This is why k_B appears as a universal constant of nature rather than a material-dependent
parameter.

PT.7.4 The Dimensional Barrier

No amount of relational geometry can manufacture dimensions. The framework operates
in a dimensionless register: all its quantities are ratios, counts, or geometric couplings. The
physical constants c, i, and k_B each represent the empirical anchoring of a different aspect
of the dimensionless geometry to the dimensioned world of measurement:

Constant Bridges Status in framework

k_B Geometric Necessity and universality derived; value
efficiency () < empirical
thermodynamic
entropy (S)

h Minimum Necessity derived; value empirical
distinguishability
quantum « action

c Constraint Necessity derived; value empirical
propagation
structure &
spacetime
intervals

The framework does not derive these values. It explains why they must exist, why they
must be universal, and what geometric structure they correspond to. Their numerical
values are the residue of empirical measurement that no purely relational geometry can
replace.

Part VIl: Summary
PT.8 The Pre-Thermodynamic Framework

The constraint geometry operates at all N = 3 without thermodynamic vocabulary. The
viable region, the efficiency potential ®, the geometric coupling G_N, and the constraint-
space gradient structure are all defined and well-behaved for small N. Standard
thermodynamics is not a foundation of this structure — it is a limiting regime that emerges
at N_th ~ 30, when the statistical approximation becomes physically useful.



The three central thermodynamic quantities emerge at N_th but with different characters:

e Sisanapproximation to ®: a projection of the geometric efficiency onto the familiar
entropy concept, valid when the slowly-varying K-correction can be dropped

e Tisan approximation to G_N: the statistical extrinsic temperature, valid when
ensemble averages are stable

e Kk _Bisagenuinely new quantity: the dimensional bridge between the dimensionless
geometry and the dimensioned thermodynamics, whose necessity and universality
are derived but whose value is empirical

Below N_th, the system is pre-thermodynamic — not poorly-described by thermodynamics
but correctly described by constraint geometry in its own terms. This is not a limitation of
the framework. It is a precise formalisation of Boltzmann’s own concern: statistical
mechanics has a finite regime of validity, and operating outside that regime does not make
the physics meaningless but does make the thermal vocabulary inapplicable.

The thermodynamic limit N — oo is where S = k_B ® becomes exact. N_th ~ 30 is where it
becomes useful. Both are properties of the approximation, not of the geometry.

Appendix PT.A: The Boundary Count and N_eff

For N distinguishable features, the number of distinct non-trivial boundaries (partitions
into two non-empty sets, up to complement) is:

By =2N"1-1
N B_N N_eff (approx) x_N
3 3 3 0.58
4 7 4 0.50
5 15 5 0.45
10 511 10 0.32
30 ~5x10® 30 0.18
100 ~6x10%° 100 0.10

Note that B_N grows exponentially while N_eff grows only linearly — the vast majority of
boundaries are not independent. The statistical validity of thermodynamics is controlled by
N_eff ~ N, not by the superficially large B_N.

Appendix PT.B: Relationship to Existing Documents

This document supplements rather than supersedes the existing thermodynamic
treatment:



SI_Section4_Ordering Emergence.md establishes why N = 3 is the threshold at
which @ and full constraint geometry are defined — temporal ordering and
circulation require at least three features. This document takes that result as a
starting point.

SI_Section5_Thermodynamic_Foundations.md derives the four thermodynamic
laws as geometric theorems. Those derivations remain valid, but with an important
asymmetry in their interpretation: the Zeroth, First, and Second Laws carry
statistical content whose thermodynamic interpretation requires N = N_th; the
Third Law is the axiom in thermodynamic language and holds at all N. The broad
statement that the laws require N = N_th for their thermodynamic interpretation
should be understood as applying to the first three laws only. A cross-reference to
PT.6.1 should be added to the Second Law derivation in that document, noting that
the identification S = k_B @ is a well-motivated working assumption rather than a
proved identity.

SI_Section5_Bridge_Jacobson_v2.md uses the distinction between geometric and
statistical temperature (Section 5C.7-5C.8). The present document derives and
grounds that distinction. Note that the consistency measure used in 5C.8 (denoted
¥x_N there) is the same quantity as x_N here.

SI_Section7_Fundamental_Constants_Derivations.md derives dimensionless
constants (a, sin?0_W) within the framework. These derivations operate at N =5 —
well below N_th — and do not depend on the thermodynamic threshold at all.
Dimensionless constant derivations require only the relational geometry of
constraint space, not the statistical regime. The pre-thermodynamic status of small-
N systems does not impede such derivations; it simply means the familiar thermal
vocabulary (S, T, k_B) is not available to describe them.



	X8536df0f99260e52edc296bc544f1f028aabcd4
	X70a4eb4beaa924360ee6c874b6970f5a0c09ea2
	pt.1-introduction
	pt.1.1-purpose
	pt.1.2-relation-to-other-documents
	pt.1.3-notation
	part-i-the-pre-thermodynamic-status-of-φ
	pt.2-what-φ-is-and-is-not
	X9e1cd883917cd714a54b79e53690d4630504b53
	pt.2.2-the-precise-distinctions
	X2dc4c258809f16c4420bce23e094bef8f588a1b
	part-ii-boltzmanns-concern-made-precise
	X833a50b9ff359256cbbf4fb98f43dfd8ae2f7f0
	pt.3.1-what-s-k_b-ln-w-actually-requires
	pt.3.2-boltzmanns-own-concern
	pt.3.3-n-dependence-of-the-prerequisites
	part-iii-two-notions-of-temperature
	X0774a4c3e4038d0855e78361752d794d4a03335
	pt.4.1-the-distinction
	pt.4.2-the-transition
	part-iv-deriving-n_th
	X97d212c6d525e7737b4fe3cc4179c12f41fdad1
	pt.5.1-the-criterion
	pt.5.2-derivation
	Xab504c2b6655b987182bd37c642de974eb3cdd8
	X6a29d9e350d524bfb9e55b4a0e895ac168a9b27
	part-v-entropy-as-an-approximation-to-φ
	pt.6-the-identification-s-k_b-φ
	pt.6.1-how-the-approximation-arises
	pt.6.2-the-quality-of-the-approximation
	pt.6.3-extensivity
	X77e31e7e75eade34f35949bb80277ba16071a80
	X86a08363dfe735d8f95642632521526203e85b7
	X684e993979ed8741c0531141625d950734965fb
	Xb2ced9e1a7fd2b3191a0a10a21ef81b33802fcc
	Xe8967ff4be45ff9acc70f13eec33005017613d8
	pt.7.4-the-dimensional-barrier
	part-vii-summary
	pt.8-the-pre-thermodynamic-framework
	Xf328ef03fd2acd3f9620499a26d4095300c4327
	Xceba46313409246f91b28c97930f7aa4fd49f7c

