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e”(imr) + 1 = 0, rearranged as 0 — 1 = e”(im). Subtract identity from nothingness
and you get structure.

Abstract

Euler’s identity e” (i) + 1 = 0 is conventionally regarded as a remarkable fact about
analysis — a coincidence connecting five fundamental constants through a single equation.
We propose a different reading: it is a structural result about the self-consistency of
mathematical objects that emerge from a single axiom. Working from &N — =N
(nothingness cannot exist) in modal logic, we show that the three non-trivial constants in
the identity are independently produced by the structures the axiom generates. The
constant e arises from the requirement that independent subsystems have multiplicative
state counts and additive potentials (Cauchy’s functional equation, with continuity
guaranteed by the smoothness of the resulting potential). The imaginary unit i arises from
the relational geometry of three or more distinguishable features in the Clifford algebra
C1(5), where the trivector T = a A b A ¢ satisfies T = —1. The constant r arises from the
closure of the exponential map e”(T6) on the bounded viable region, where compactness
requires orbits to be periodic. That these independently derived structures satisfy Euler’s
identity is a self-consistency theorem, not a tautology. Each constant has a structural
parallel to a specific thermodynamic law: e to the second (entropy increase via exponential
measure), i to the first (energy conservation via Noether’s theorem for t-translation), and «
to the zeroth (equilibrium transitivity via smoothness on compact domains). The identity
itself encodes the third law — the unattainability of nothingness. The algebraic hierarchy
within the identity — e as base, i as exponent — suggests that entropy is more fundamental
than energy: entropy should remain conserved in regimes where energy conservation fails.
This suggestion is independently supported by recent work of Aoki, Onogi, and
collaborators, who show that in general relativity, the generic conserved charge associated
with the energy-momentum tensor is an entropy current, not energy. We connect the two
results through the Jacobson correspondence (thermodynamic consistency — Einstein’s
equations) and identify two open questions: the formal map between the axiom’s efficiency
potential ® and Aoki’s entropy current /*, and the interpretation of running coupling
constants as holonomies of a deformed Euler identity e”(i(mt+8)) + 1 = §’, where the known
running of the fine structure constant from 1/137 to 1/128 at the Z mass corresponds to a
closure-angle correction § ~ -0.103, a 3.3% tightening of constraint-space geometry.



1. The Five Symbols
1.1 The equation
e™+1=0

Five constants — e, i, m, 1, 0 — connected by three operations — exponentiation,
multiplication, addition — in a single equation. The equation is often called the most
beautiful in mathematics. It links the base of the natural logarithm (e = 2.718...), the
imaginary unit (i* = -1), the ratio of circumference to diameter (7 = 3.14159...), the
multiplicative identity (1), and the additive identity (0). No other equation connects so
many fundamental constants with so little apparatus.

The standard appreciation treats Euler’s identity as a fact about analysis. It follows from
the definition of the complex exponential and the Taylor series of sine and cosine. It is true
because we defined things in ways that make it true. On this reading, the equation is
beautiful but not about anything — it is a tautology elevated by aesthetics.

This paper offers a different reading. We propose that Euler’s identity is a structural
theorem: a statement that the mathematical structures emerging from the non-existence of
nothingness are mutually self-consistent. Each of the five constants has an origin traceable
to a single axiom, and the equation relating them is a closure condition that the axiom
imposes on its own consequences.

1.2 The claim

The argument rests on the axiom ¢N — =N — nothingness cannot exist — developed in [1]
under the title Being from Nothingness (hereafter BfN). The axiom produces, through chains
of reasoning detailed in [1, 2, 3], a five-dimensional constraint space equipped with a
Clifford algebra CI(5) and an efficiency potential ® = In(£)/K) whose gradient flow yields
structures with close parallels to the four laws of thermodynamics.

We show that this structure produces the three non-trivial constants in Euler’s identity:

e earises from the requirement that ® be additive for independent subsystems
(Section 4).

e iarises from the relational geometry of three distinguishable features in CI(5)
(Section 5).

e marises from the closure of the exponential map on the bounded viable region
(Section 6).

These three derivations share no intermediate steps. That they combine to satisfy equation
(1.1) is therefore a consistency check on the axiom — a confirmation that the structures it
produces do not contradict each other (Section 7).

Epistemological note. This paper explores the mathematical structures that emerge from
the distinguishability axiom and identifies structural parallels to physical laws and



constants. Following [3], we distinguish between the mathematical results (which stand
independently) and their physical interpretation (which requires bridge assumptions
about what the mathematical objects represent in the physical world). Where we say a
constant is “forced” or “required,” we mean it is forced by the axiom’s mathematical
consequences. Where we identify connections to thermodynamic laws, we are noting
structural parallels — correspondences between mathematical forms — not claiming to
derive physics from logic. The parallels are sufficiently close and numerous to be worth
developing in detail, but the reader should bear this distinction in mind throughout.

1.3 The prediction

The identity contains an internal hierarchy. The constant e is the base of the exponential; i
and m appear in the exponent. In the BfN derivation, e carries the entropic content (the
second law, unconditionally valid), while i generates the dynamical symmetry whose
conservation law is energy (the first law, conditionally valid). The identity therefore
suggests: in any regime where dynamical symmetry breaks down, entropy should survive
as the conserved quantity while energy does not.

This suggestion is independently supported by recent work of Aoki, Onogi, Yokoyama,
Kawana, and collaborators [4, 5, 6, 8], who show that in general relativity — precisely the
regime where global time-translation symmetry fails — the generic conserved charge is an
entropy current, not energy (Section 8).

1.4 The open questions
The paper identifies two questions it does not resolve:

First, the formal relationship between the BfN efficiency potential @ and Aoki’s entropy
current /*u. Both are entropic, both are generically conserved, and the Jacobson bridge [7]
connects the thermodynamic structure that produces @ to the Einstein equations within
which J*p is defined. But the explicit map requires a “Level 2” theory of how constraint
geometry produces spacetime.

Second, the interpretation of running coupling constants as deformations of Euler’s
identity. If constraint-space geometry acquires curvature at high energy, the exact closure
angle 7 picks up a correction §, and the identity becomes e”(i(n+6)) + 1 = &’. We show
(Section 9.3) that the known running of the fine structure constant from 1/137 to 1/128 at
the Z mass corresponds to § ~ -0.103 — a 3.3% tightening of the closure angle, with the
correct sign and qualitative behaviour.

1.5 Plan of the paper
[Figure 1 — Logical architecture: from axiom to Euler’s identity — placed here.]

Section 2 introduces the axiom and derives the viable region. Section 3 establishes the five
constraint dimensions, the Clifford algebra CI(5), and the efficiency potential ®. Sections 4,
5, and 6 derive g, i, and 7 respectively from distinct aspects of the axiom. Section 7

reassembles the identity and shows it is a self-consistency theorem. Section 8 presents the



convergence with Aoki’s work on conserved charges in general relativity. Section 9
develops the two open questions. Section 10 concludes.

2. Zero Cannot Stand Alone (The Axiom)

2.1 The rearrangement
Euler’s identity is conventionally written e”(im) + 1 = 0. We begin with the rearrangement:
0—1=¢e"

Read literally: nothingness, minus the minimum unit of distinction, equals exponential-
rotational-periodic structure. The left side is absence; the right side is the full apparatus of
continuous dynamics. The equation says you cannot subtract identity from nothingness
without producing structure.

This paper argues that reading (2.1) is not metaphor but mathematics. It rests on a single
axiom, developed in detail in [1] and summarised here.

2.2 The axiom
Axiom (BfN). In modal logic S5:
ON = =N
In words: if absolute nothingness is possible, then absolute nothingness does not obtain.

The argument is self-referential. To assess whether nothingness is possible requires a
conceptual framework — a logical space in which the assessment takes place. But a
conceptual framework is not nothing. The very act of considering nothingness produces
something, which contradicts the nothingness being considered. The axiom is therefore not
an empirical claim but a logical observation: nothingness is self-undermining.

The contrapositive — N = =GN — makes the same point: if nothingness did obtain, then it
would not be possible (since there would be no framework in which possibility could be
assessed). Nothingness, if actual, refutes its own possibility.

This axiom is formulated in S5 (the strongest standard modal system), where it concerns
metaphysical possibility — what could exist in the most fundamental sense — not merely
physical or epistemic possibility. The proof is robust across weaker modal systems; see [1]
for details.

2.3 What the axiom requires

If nothingness cannot exist, then something must — and that something must be
distinguishable from nothing. The axiom therefore imposes a positive requirement: every
configuration C that exists must satisfy a distinguishability condition

D(C,0)? > 2



where D is an appropriate distance measure in configuration space and € > 0 is the
minimum distinguishability threshold. A configuration with D(C, 0) = 0 would be
indistinguishable from nothingness and therefore, by the axiom, cannot exist.

Equally, no configuration can be infinitely distinguished from nothingness — this would
require infinite relational capacity, which is itself a form of unboundedness incompatible
with the finite character of distinguishability. An upper bound also holds:

D(C,0)% < A2

Together, (2.3) and (2.4) define a bounded shell in configuration space — the viable
region V. All configurations that exist live within V. The inner boundary dV_ (nothingness)
and the outer boundary 0V, (contradiction) are limits that can be approached but never
reached.

2.4 The third law, immediately

The inner boundary dV_ is unreachable because at dV_ a configuration would be
indistinguishable from nothingness — and the axiom forbids this. This is the third law of
thermodynamics in the language of the BfN derivation:

Cannotreach dV_ & T = 0isunattainable & ON - =N

The third law is not a separate postulate. It is the axiom itself, expressed in thermodynamic
vocabulary. The unattainability of absolute zero is the unattainability of non-existence.

The rearrangement (2.1) encodes this: the zero on the left is the nothingness that the axiom
forbids. The structure on the right is what replaces it. Euler’s identity is the axiom in
mathematical language, just as the third law is the axiom in thermodynamic language. They
are three expressions of the same logical content.

3. One Is Not Optional (Distinguishability and Unity)
3.1 The identity element

The “1” in Euler’s identity is the identity element — the multiplicative unit, the number that
leaves everything unchanged when multiplied. In the BfN derivation, it has a precise
physical meaning: it is the minimum unit of distinction. The axiom does not merely
forbid nothingness; it requires that something be distinguishable from nothing. That
minimum something is the unit — the “1” that must be subtracted from zero to force
structure into existence.

The requirement is not that a large, complex, richly structured universe must exist. It is that
at least one distinction must be present. Everything else — the five constraint dimensions,
the Clifford algebra, the efficiency potential, the four thermodynamic laws — follows from
the consequences of maintaining that minimum distinction under all conditions.



3.2 The five constraints

What does robust distinguishability require? The answer, developed in [1] via categorical
exhaustion, is that five independent kinds of constraint are necessary and sufficient. These
are best understood not as properties of individual features but as aspects of every
relationship — each captures something that the relationship between two distinguishable
features must satisfy:

Constraint Symbol What it requires of the relationship

Boundary B Demarcation — where does one relatum end and the other
begin?

Pattern K Internal structure — what characterises this relationship?

Resource p Instantiation — what sustains the distinction against
dissolution?

Integration A Coupling — how do the relata cohere as parts of a larger
whole?

Temporal T Sequencing — in what order do the relationship’s states

ordering stand?

Necessity: Remove any one constraint and the relationship becomes indistinguishable
from nothingness in at least one respect. A relationship with no boundary is
indistinguishable from its environment; one with no pattern is indistinguishable from
noise; one with no resources cannot sustain itself; one with no integration is a collection of
unrelated parts; one with no temporal ordering has no before-and-after and cannot be
tracked as a persisting entity.

Sufficiency: A relationship specified in all five respects is fully characterised — there is no
sixth question that could be asked about its distinguishability that is not already answered
by some combination of the five. The completeness argument is detailed in [1, SI:
Categorical Exhaustion].

Independence: No constraint reduces to any combination of the others. This is supported
empirically: principal component analysis across 256 elementary cellular automata, 90+
Game of Life patterns, and ~222 Gray-Scott reaction-diffusion regimes shows five-
dimensional structure with variance inflation factors below 5 [1, 9].

A note on t. The temporal ordering constraint as used in this paper refers to the intrinsic
ordering structure — mathematically, the trivector magnitude (circulation) in constraint
space, which measures whether the constraint vectors around a closed loop have a
preferred orientation. This is distinct from persistence (temporal autocorrelation), which is
an observer-dependent relational quantity measuring how stable a configuration appears
across time. The two are genuinely different quantities: a frozen configuration can have
zero circulation but high persistence, while a dynamic configuration can have strong
circulation but low persistence. Where this paper connects i to t-translation and energy
conservation (Section 5), the relevant quantity is the intrinsic circulation, not persistence.



3.3 The constraint space and CI(5)

The five constraints span a five-dimensional real vector space R °. Features —
distinguishable configurations — are represented as vectors in this space. The natural
algebraic structure over R® is the Clifford algebra CI(5), generated by orthonormal basis
vectors {e;, e, e3, ey, es} satisfying:

eq.ep +epey = 204,

C1(5) has dimension 2° = 32, decomposing into grades 0 through 5. The grade structure will
be essential to Section 5 (the trivector and the origin of i). For the present section, the key
point is that CI(5) is not a modelling choice — it is the unique associative algebra that
respects the orthogonality and norm structure of the five constraint dimensions.

A note on signature. This paper works with the Euclidean signature CI(5,0), where all
basis vectors square to +1. Preliminary empirical analysis of constraint coupling patterns
across computational substrates suggests that a mixed signature — possibly CI(3,2) with
and t as the two non-Euclidean dimensions — may better reproduce the observed sign
structure of pairwise correlations [1]. The key results of Sections 5-6 (T2 = -1 and the
consequent closure of the exponential map) hold for simple unit trivectors constructed
from spacelike basis vectors in either signature. The signature question is an open issue for
the programme; we flag it here and proceed with the Euclidean signature, noting that the
algebraic arguments are robust to this choice.

A fact special to d = 5: the grade-2 subspace (bivectors, representing pairwise relations)
and the grade-3 subspace (trivectors, representing three-body structure) both have
dimension 10. This coincidence holds only at d = 5 and is part of the structural argument
for why the constraint space is five-dimensional [1, 3].

3.4 The efficiency potential ®

Within the viable region V, each configuration has a set of accessible relational states Q(C) >
0 (the multiplicity of ways it can be distinguished) and a descriptive complexity K(C) (the
minimum specification needed to identify it). The efficiency potential is defined as:

o=n(l)

® measures, in a precise sense, how efficiently a configuration is distinguished from
nothingness. Higher ® means more accessible states relative to the complexity required to
specify them.

The potential @ is not entropy, though it is closely related. It is a negative free energy —
balancing relational richness (1) against pattern specificity (K). Its gradient V& defines the
geometric structure that organises configurations relative to one another within V.

The logarithm in (3.2) is forced by the requirement that @ be additive for independent
subsystems — this is the content of Section 4, where the constant e is derived. The



argument is not circular: the definition of ® as a logarithmic potential is itself a
consequence of the axiom, not an assumption.

3.5 The gradient flow and the four laws

The dynamics within V are governed by gradient flow on &:

ac

di
where A is the ordering parameter (not time — temporal ordering is itself one of the five
constraints and emerges at N = 3). Along this flow:

Vo

4P _ Vo -V = |[VP|?2 > 0

ar B -
This geometric identity — the inner product of any vector with itself is non-negative — has
the same mathematical form as the second law of thermodynamics: the efficiency
potential does not decrease along the flow. Its identification with the physical second law is
a proposed correspondence, well-motivated by the structural parallels but requiring the
bridge assumption that ® corresponds to a thermodynamic potential and A to a physical
ordering parameter.

The remaining thermodynamic laws have structural parallels in properties of ® and V[1,
2]

e  Zerothlaw: @ is smooth (C”*o0) throughout ’°, making equilibrium transitive.

e  Firstlaw: The symplectic structure of constraint space, inherited from the axiom’s
measure-preservation requirement, produces energy conservation via Noether’s
theorem.

e Second law: Equation (3.4) — a geometric theorem about gradient flow.

e  Third law: The inner boundary dV_ is unreachable (Section 2.4).

No thermodynamic postulate is introduced at any stage. The four laws emerge as geometric
properties of a potential function on a bounded region of a five-dimensional space, where
both the potential and the region follow from the requirement that configurations be
distinguishable from nothingness. Whether this geometric derivation constitutes a physical
derivation of the thermodynamic laws depends on the bridge assumptions connecting
mathematical structure to physical content — a question that this paper notes but does not
attempt to resolve.

3.6 What Sections 4-8 will show

The setup is now complete. The axiom produces a bounded viable region in a five-
dimensional constraint space equipped with a Clifford algebra Cl(5) and an efficiency
potential ® =In(Q/K) whose gradient flow yields the four thermodynamic laws.

What remains is to show that this structure requires the three non-trivial constants in
Euler’s identity — e from counting (Section 4), i from relational geometry (Section 5), ©



from closure (Section 6) — that their combination is self-consistent (Section 7), and that
the resulting entropy-over-energy hierarchy is independently supported by Aoki’s analysis
within general relativity (Section 8).

4. Why e — Counting Forces the Exponential

The constant e = 2.71828... is typically introduced as the base of the natural logarithm or
the limit of (1 + 1/n)”n. In either presentation it appears as a fact about analysis — a
number that happens to arise when one studies continuous growth or the properties of
certain integrals. We argue here that e is not a discovery of analysis but a structural
necessity: any framework in which (i) distinct configurations can be counted and (ii) a
potential function must be additive for independent subsystems is forced to the natural
logarithm, and the natural logarithm defines e.

4.1 The counting requirement

The axiom ¢N — =N requires that every configuration be distinguishable from
nothingness. Distinguishability implies multiplicity: for a configuration C to be
distinguishable, there must exist a set of accessible states 1(C) > 0. If two configurations C;
and C; are independent — meaning the accessible states of one do not constrain the
accessible states of the other — their joint state count is the Cartesian product:

2(Cy, Cy) = 2(Cy) x 2(Cy)

This is not a physical postulate. It is the definition of independence applied to countable
sets. Any framework that admits the concept of independent subsystems inherits equation
(4.1) as a theorem of combinatorics.

4.2 The additivity requirement

The BfN derivation defines a potential ® = In({1/K) whose gradient flow governs dynamics
(see Section 3 for the derivation of ® from the axiom; the full treatment appears in [1]). For
the gradient flow to respect independence — that is, for the dynamics of non-interacting
subsystems to decouple — the potential must be additive:

(D(CL Cz) = ‘1’(61) + (p(Cz)

If this failed, the gradient V& for the joint system would contain cross-terms coupling C; to
C,, contradicting their independence. More precisely: consider the gradient flow equation
dC/dA =V®. If ®(C4, C;) contained a non-separable term g(C3, C;), then 0®/9C; would
depend on C,, and the evolution of the first subsystem would be influenced by the state of
the second — which contradicts the definition of independence. Additivity is therefore not
a convenience but a consistency requirement.

4.3 The logarithm is unique

Equations (4.1) and (4.2) together demand a function f: R* — R such that:



fly) =f) + f(y) forallx,y >0

This is Cauchy’s multiplicative-to-additive functional equation on the positive reals. We
now show that the only functions satisfying (4.3) that are compatible with the BfN
derivation’s requirements are the logarithms, and that the choice among them is a choice of
units, not of structure.

Step 1: Rational arguments. Setting x = y in (4.3) gives f{(x*) = 2f(x). By induction, f{x"n) =
n - f(x) for all positive integers n. Setting x = y*(1/n) yields f{y*(1/n)) = (1/n) - f{y).
Together, these give:

f&x?) =q-f(x) forallqgeQ

Step 2: Continuity from physics. The functional equation (4.3) admits pathological,
discontinuous solutions (constructed via a Hamel basis of R over Q). However, the BfN
derivation requires @ to be smooth throughout the interior of the viable region V — this
smoothness is what yields the zeroth law of thermodynamics (transitivity of equilibrium)
[1]. A continuous solution to (4.3) is determined by its values on the rationals, which are
already fixed by Step 1.

Step 3: The unique continuous solution. Fix any a > 0 with a # 1 and set ¢ = f{a). For any
rational g, equation (4.4) gives f{a"q) = c - q. Since every positive real number x can be
written as x = a”t for a unique t = log_a(x), and since the rationals are dense in R, continuity
forces:

f(x) = ¢ 10ga() = —In(®)

Writing C = ¢/In g, this is simply f(x) = C - In(x). The constant C sets the scale — it is the
analogue of choosing Boltzmann’s constant k_B in statistical mechanics, a unit convention
rather than a structural degree of freedom.

Step 4: What is fixed and what is free. The structure of the solution — the natural
logarithm — is completely determined. The only freedom is the multiplicative constant C,
which corresponds to the choice of units for the potential ®. This is precisely analogous to
the freedom in choosing temperature units: the zeroth law fixes that temperature exists as
a well-defined quantity; the choice between Kelvin and Fahrenheit is a human convention
that carries no physical content.

The constant e then enters as the unique positive number satisfying:
In(e) =1
or equivalently as the base of the unique function whose derivative equals itself:

d

X
—e
dx

= ex
Property (4.7) is not incidental — it is the mathematical expression of the fact that the rate

of state-count growth is proportional to the state count itself. A system with () accessible
states, upon gaining access to one additional degree of freedom, gains access to a number of



new states proportional to (). This self-referential growth — the rate of increase is the thing
itself — is the signature of the exponential, and it is forced by the multiplicative structure
of independent state counting.

4.4 The thermodynamic consequence

The exponential measure has a direct physical consequence. The number of configurations
with potential value near @, scales as:

N(D,) o e®o

This means that configurations with higher ® are exponentially more numerous than those
with lower ®. At @, = 10, there are approximately 22,000 times more configurations than
at @, = 0. At d, = 20, roughly 485 million times more.

The second law of thermodynamics — d®/dA = |[V®|? = 0 — is a geometric identity about
gradient flow. But its physical force, the reason systems overwhelmingly evolve toward
higher entropy, rests on equation (4.8). The exponential measure makes it not merely
geometrically permitted but statistically inevitable that systems move toward higher ®.
The constant e is doing the thermodynamic work.

Every Boltzmann factor e (-E/k_BT) in statistical mechanics, every partition function Z=X
e™(-BE_i), every occurrence of the exponential in thermodynamic and quantum-mechanical
expressions inherits its form from the chain of reasoning above. These are not choices of
convention but consequences of the requirement that independent systems have
multiplicative state counts and additive potentials.

4.5 The derivation chain

The complete logical sequence is:

ON - =N (nothingness cannot exist)

| requires

Distinguishability: every configuration satisfies Q(C) > 0
| independence of subsystems

Multiplicative counting: Q(C4, C3) = Q(C1) x Q(C3)
l consistency of gradient flow

Additive potential: ®(C4, C;) = P(C1) + P(C>)

l Cauchy’s equation + continuity (zeroth law)
Unique solution: @ = C - In(Q1/K)

| defines

e=-exp(1)



No step in this chain involves a choice. The axiom produces counting; counting produces
multiplicativity; additive potentials produce the logarithm; the logarithm defines e. The
constant is not imported from analysis — it is manufactured by the requirement that
nothingness cannot exist.

5. Why i — Rotation Requires the Imaginary Unit
5.1 The problem of i

The imaginary unit i, defined by i* = -1, occupies a peculiar position in physics. It appears
in the Schroédinger equation (i 0y /dt = HY), in the canonical commutation relations ([%, p]
=ih), and in the definition of the quantum inner product. In each case its presence is
axiomatic — it is put in rather than derived. The question “why does nature require a
square root of minus one?” is rarely asked, and when asked, is typically answered by
gesture toward the mathematical convenience of complex numbers rather than by
identification of a physical origin.

We show here that the axiom ¢N — =N forces an algebraic element that squares to -1 ata
precise structural threshold. This element is not imported from complex analysis; it is
manufactured by the relational geometry of the constraint space.

5.2 The Clifford algebra of the constraint space

The five constraint dimensions — boundary (), pattern (k), resource (p), integration (),
and temporal ordering (t) — span a five-dimensional real vector space R °. The natural
algebra over this space is the Clifford algebra CI(5), generated by orthonormal basis vectors
{e1, 2, e3, e4, s} satisfying:

eqep +epey = 204,

That is, distinct basis vectors anticommute (e_a e_b = —e_b e_a for a # b) and each squares to
+1 (e_a® = 1). The full algebra CI(5) has dimension 2° = 32 and decomposes by grade:

Grade Elements Dimension Physical role

0 Scalars 1 Magnitudes

1 Vectors e_a 5 Features (constraint values)
2 Bivectorse_a e_b 10 Pairwise relations

3 Trivectorse_ae_be_c 10 Three-body structure

4 Quadvectors 5 Collective modes

5 Pseudoscalar e;ezezeqses 1 Orientation

A fact special to d = 5: the grade-2 and grade-3 subspaces have the same dimension (both
10). This coincidence holds only at d = 5 — it is part of the structural argument for why the
constraint space is five-dimensional rather than four or six [1, 3]. For the purposes of this
section, the critical structure is the grade-3 (trivector) subspace.



5.3 The trivectorat N =2 3

Consider N distinguishable features represented as vectors a, b, ¢, ...in R®. At N = 2, only
two vectors exist, and their exterior product a A b is a bivector (grade 2). No trivector can
be formed.

At N = 3, three features a, b, ¢ form a trivector:

3
T=aAbAce AR’ c CI(5)

This trivector is generically non-zero. It vanishes only if the three features are coplanar —
but coplanarity would mean one feature is a linear combination of the other two, which
would make it indistinguishable from them in at least one relational direction, violating the
axiom’s requirement that all features be mutually distinguishable [1, 6]. The trivector is
therefore a necessary consequence of having three or more distinguishable features.

5472=-1

Theorem (Trivector squares to minus one). For any unit trivector T = T/|T| in CI(5) with
positive-definite signature:

T2 = -1

Proof. Since T is a simple (decomposable) trivector — it is the wedge product of three
vectors — we may choose an orthonormal frame in which T = e e,e3. Then:

T2 = (ereze3)(ereze3)
We reduce this using the anticommutation relations (5.1). Move the rightmost e, leftward
through ez and e;:
e e3e; =-eq ez (onesign flip)
e eye;=-eqe;(onesign flip)

Two flips yield a factor of (-1)* = +1, and e,* = 1. This leaves:
T? = eyeze,e,
Now move the rightmost e, leftward through e;:
e e3e;=-e;e3(onesign flip)
This gives —e;2 es* = -(1)(1) =-1. =

The result extends to any simple unit trivector by the frame-independence of the Clifford
product: the choice of orthonormal frame is a computational convenience, not a restriction.
For the general case, the grade-0 component of T2 is -|T|? = -1, and for a simple trivector
the higher-grade components vanish identically. The result also holds in mixed-signature
Clifford algebras (such as Cl(3,2)) for trivectors constructed from spacelike basis vectors,
since the anticommutation relations and the squaring to +1 of spacelike vectors are
unchanged.



What this means: The algebraic object T, constructed from the relational geometry of
three distinguishable features, satisfies the defining property of the imaginary unit. It was
not introduced by hand; it was forced into existence by the axiom’s requirement that three
features be mutually distinguishable.

5.5 The complex structure
The identity T2 = -1 equips the algebra with a complex structure. Define the map:
Jv) =Tv
for any element v in the relevant subspace of CI(5). Then:
JPV) =T(Tv) =T*v=—v

so J* = -Id. This is the defining property of a complex structure: an endomorphism whose
square is minus the identity.

The structural threshold. At N = 2, no trivector exists. There is no J, no complex structure,
and — within the framework — no “i.” The relational geometry at N = 2 is purely real: it
admits symplectic structure (from bivectors), which yields classical Hamiltonian mechanics
[6]. At N = 3, the trivector appears, the complex structure activates, and the algebraic
character of the system changes qualitatively. This is the N = 2 = N = 3 structural transition

that the framework identifies as the boundary between classical and quantum regimes [6].

Why complex and not quaternionic? The framework provides a structural answer to a
question that in standard quantum mechanics is settled by experiment (or by Solér’s
theorem). Real quantum mechanics corresponds to N = 2 (no trivector). Complex quantum
mechanics corresponds to N 2 3 (one trivector providing T2 = -1). Quaternionic quantum
mechanics would require two anticommuting complex structures — two independent
trivectors Ty, T, with T,% = T,2 = -1 and T, T, = -T,T,. While CI(5) is rich enough to contain
such pairs, the constraint geometry at N = 3 produces a single privileged trivector (the
wedge product of the three features), not a pair. The quaternionic option is algebraically
available but geometrically unrealised.

5.6 The exponential map: where e meets i

Section 4 showed that the axiom forces e through the counting-additivity chain. The
present section shows that it forces T (algebraically identical to i) through the relational
geometry at N > 3. These two structures meet in the exponential map.

Consider the exponential of a trivector-scaled angle:
R(6) = eT8/2 = cos(6/2) + Tsin(0/2)

This is a rotor — an element of the spin group within CI(5) that generates continuous
rotations. The Taylor series of the exponential, combined with T2 = -1, produces the
cosine-sine decomposition exactly as in the complex exponential e”(i0) = cos 6 + i sin 6.



Equation (5.8) is not a formal analogy. It is the same mathematics: the exponential function
(forced by counting) applied to the imaginary unit (forced by relational geometry)
produces continuous rotation. The exponential map is the mathematical structure where
the entropic aspect of the framework (e, state counting, the second law) and the geometric
aspect (i, relational structure, complex phases) become algebraically unified.

In the language of Lie theory: T is a generator in the Lie algebra; the exponential map
e”(T0/2) produces the corresponding element of the Lie group. The framework does not
borrow this machinery from group theory — it produces it, because the axiom
simultaneously forces the exponential (Section 4) and the generator (this section).

5.7 Connection to the first law

The rotors (5.8) generate the evolution of configurations in constraint space. In particular,
the T-component of the generator produces temporal evolution — advancement along the
ordering parameter A. The efficiency potential ® is invariant under these rotations (since ®
depends only on the Gram matrix of mutual inner products, which is preserved by
orthogonal transformations). By Noether’s theorem, this continuous symmetry implies a
conserved quantity.

The conserved quantity associated with t-translation is energy:

aE _ E,H} =0

dl - { 4 } -
where {:,} is the Poisson bracket inherited from the symplectic structure [1, 2]. The first
law of thermodynamics — dE = §Q - 6W — is a consequence of this conservation law,
decomposed into work (changes in macroscopic constraints) and heat (changes in
microscopic configuration at fixed constraints).

The chain linking i to the first law is therefore:

~ exponential map continuous symmetry T-translation dE

72 =-1 - R(8) = eT0/2 - Noether’s theorem - -
=0

The imaginary unit is not merely a notational device in the evolution equations. It is the
generator of the symmetry whose conservation law is energy. Without T, there is no
continuous evolution; without continuous evolution, there is no t-translation symmetry;
without t-translation symmetry, there is no energy conservation. The first law of
thermodynamics requires i.

5.8 The derivation chain

requires
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CI(5) product
- T? = —1 (imaginary unit)



complex structure

- J? = —Id (quantum geometry)
exponential map - ] )
- eT9/2 (continuous evolution)
Noether

—  energy conservation (first law)

As with e, no step involves a choice. The axiom requires three distinguishable features;
three features produce a trivector; the trivector squares to -1 by the Clifford product; the
resulting complex structure is algebraically identical to i. The constant is not imported from
complex analysis — it is manufactured by the requirement that three things be mutually
distinguishable.

5.9 Remark: the connection between Sections 4 and 5

Sections 4 and 5 derive e and i from different aspects of the axiom — counting structure
and relational geometry, respectively. That these two derivations converge in the
exponential map e”(i0) is itself significant. It means that Euler’s identity is not connecting
two unrelated mathematical objects; it is connecting two consequences of the same axiom,
revealing that the entropic and geometric aspects of physical structure share a common
root. This convergence will be made precise in Section 7.

6. Why m — Closure Demands the Circle
6.1 The remaining constant

The constant m = 3.14159... is universally known as the ratio of circumference to diameter
for any circle. Unlike e and i, which can seem abstract or technical, m appears so naturally in
geometry that its presence in physics is rarely questioned. But “naturally” is precisely the
problem — why should physical law involve the geometry of circles at all? If the
fundamental arena is a five-dimensional constraint space governed by an algebraic axiom,
where do circles come from?

We show here that 7 enters the framework through the same mechanism that produced e
and i: the exponential map e”(T0) forced by Sections 4 and 5 traces a closed curve, and the
closure condition defines . The constant is not imported from Euclidean geometry; it is
manufactured by the requirement that continuous evolution in constraint space be
periodic.

6.2 The orbit of the exponential map
Section 5 established the rotor:
R(6) = eT8/2 = cos(6/2) + Tsin(0/2)

This rotor lives in C1(5) and generates continuous rotations of constraint configurations.
Consider the orbit — the set of all values R(0) as 6 varies over R. This orbit is a curve in the
Clifford algebra, parameterised by the angle 6.



The Clifford algebra CI(5) inherits a natural inner product from the positive-definite metric
of the constraint space. In this inner product, the scalar part 1 and the trivector T are
orthogonal (they have different grades), and both have unit norm. The rotor R(8) therefore
traces a path on the unit circle in the 2D subspace spanned by {1, T}:

|R(8)|? = cos?(8/2) +sin?(8/2) =1

for all 8. The orbit is a circle, and it is a circle because T2 = -1 and the metric is positive-
definite — both of which were forced by the axiom.

6.3 Why the orbit closes

The critical property is that R(0) is periodic: there exists a smallest positive angle 8, such
that R(68y) = R(0) = 1. For the rotor (6.1), this occurs when cos(80/2) = 1 and sin(8,/2) =0,
which gives 0, = 41 (or 0, = 2m for the rotation itself, since the rotor double-covers the
rotation group).

This periodicity is not optional. It follows from the compactness of the orbit, which in turn
follows from the boundedness of the viable region V. The axiom requires:

€2 < D(C,0)? < A?

— configurations must be distinguishable from nothingness (lower bound) but cannot be
infinitely distinguished (upper bound). This double boundedness makes V a compact shell
in constraint space. Any continuous one-parameter group of transformations acting on a
compact space must have compact orbits — which, for a one-parameter subgroup of a Lie
group, means the orbits are circles. Open orbits (spirals escaping to infinity) are excluded
by the upper bound; orbits collapsing to a point are excluded by the lower bound.

Compactness forces closure. Closure means the orbit has a finite period. That finite period
defines m.

6.4 What fixes the value

The existence of a period is forced by compactness (Section 6.3). The specific value of the
period is fixed by the algebraic structure.

The exponential map e (T0) satisfies, by the Taylor series and T2 = -1:

o Z’O: (T@)n ~ i (—1)kg2k o7 d (—1)k@2k+1
B nl (2k)! & 2k + 1)!

n=0 k=0

= cosO + Tsinf

e

The functions cos and sin are completely determined by this series — they are not
imported from trigonometry but produced by the exponential of an element squaring to -1.
Their period is:

cos(8 + 2m) = cosf, sin(B + 2m) = sind

where 7 is the unique positive real number satisfying:



el™ = —1

This is Euler’s identity, now appearing not as a fact about complex analysis but as a closure
condition for the exponential map in CI(5). The number 7 is the half-period: the angle at
which the exponential map reaches the antipodal point of the identity element. Its value is
determined by the convergence rate of the Taylor series (6.4), which in turn is determined
by the normalization | T| = 1 and the algebraic relation T = -1 — both consequences of the
axiom.

In other words: given that e exists (Section 4) and i exists (Section 5), the specific number
7 is the unique positive real solution to e”(i-m) = —1. It is not a free parameter. It is fixed by
the requirement that the exponential map, applied to a unit imaginary element, must reach
the antipodal point at a definite angle.

6.5 Phase closure and the physical role of it

The constant m appears explicitly in a conjectured derivation of the fine structure constant
within the framework [3]:

V3 1
a = =
24m% + [7/30 137.036

The numerical agreement with experiment is striking (approximately 1 part per million),
though the derivation chain passes through structures — notably the monogamy polytope
and its topological invariants — that are still being validated against direct simulation. The
factor 24m* = (2m)* x 3! arises from the phase closure of the minimal N = 3 configuration.
Each pair of features in the equilateral triangle has a correlation with magnitude and phase:

Aap = A48l eT0ap

The three phases must satisfy a closure condition:
HAB + HBC + HCA =27

This is the statement that traversing all three correlations around the triangle returns to
the starting configuration — a topological requirement (the first Chern class c; = 1 of the
correlation bundle over the triangle). It fixes one of the three phases, leaving two
independent U(1) degrees of freedom, each contributing a factor of 2 to the phase space
volume. Combined with the 3! = 6 permutation symmetry of the three indistinguishable
features, this gives the denominator factor (2m)?* x 3! = 2472,

The correction term V(7/30) derives from the monogamy polytope in correlation space —
the region of valid three-feature configurations. The integers 7 = V + x (vertex count plus
Euler characteristic) and 30 = 5 x 3! (constraint dimensions times permutations) are
topological invariants. Direct simulation has confirmed that these invariants are robust: the
fundamental monogamy constraint is the Gram determinant (det Gz = 0), which defines a
larger region than the original linear budget formulation, but the topological invariants V +
x =7 and x = 2 are preserved [1].



The number 7 therefore enters the fine structure constant not as a geometric curiosity but
as the angular period of correlation phases — the same periodicity that Section 6.4 derived
from the exponential map. The 247? in the denominator of « is a direct measure of “how
much phase space is consumed by the requirement that correlations close.”

6.6 Compact gauge groups

At N = 4, the framework produces an SO(3) gauge freedom — the group of rotations of the
trivector complex structure [3, 7]. At higher N, larger gauge groups emerge. All of these
groups are compact: they have finite volume and their elements are periodic. The volume of
S0(3) is 8m%; the volume of SU(2) (its double cover) is 167 Every gauge group volume
involves  because every gauge group is built from the same exponential map (6.1), and its
periodicity is 2.

Compactness of the gauge groups is not a separate assumption. It follows from the same
boundedness of V that forces orbit closure (Section 6.3). The viable region is a bounded
shell; the symmetry groups acting on it inherit this boundedness; their finite volumes are
measured in units of 7. If V were unbounded — if configurations could be arbitrarily far
from nothingness — the gauge groups could be non-compact, their volumes infinite, and
would play no privileged role.

6.7 Connection to the zeroth law

The zeroth law of thermodynamics — transitivity of equilibrium — was derived from the
smoothness of ® throughout the interior of V' [1, 2]. Smoothness on a compact domain with
the topology induced by the rotation orbits has a specific consequence: any physical
observable must be a smooth function on the group manifold, which means it admits a
Fourier decomposition in terms of the group’s irreducible representations. For the rotation
group, these representations are the spherical harmonics, whose periodicities are all
integer multiples of 2m.

The zeroth law therefore requires that the physical observables respect the periodicity of
the underlying group structure. Temperature — defined as the inverse of the T-component
of V& — is single-valued and continuous precisely because @ is smooth on a domain whose
topology is built from 2m-periodic orbits. If the orbits did not close (if 7 did not exist as a
finite number), @ could not be smooth in the required sense, equilibrium could not be
transitive, and the zeroth law would fail.

6.8 The derivation chain

requires
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The constant 7 is not a property of flat Euclidean circles. It is the angular period of the
exponential map in the Clifford algebra of the constraint space — the specific number that
appears because continuous evolution, generated by an element squaring to -1, must close
after a finite angle. The axiom forces boundedness; boundedness forces compactness;
compactness forces closure; closure, combined with T2 = -1, fixes the period at 2m. The
ratio of circumference to diameter for Euclidean circles is a consequence of this deeper
algebraic fact, not its source.

6.9 Summary: the thermodynamic correspondence

Sections 4-6 have now derived all three non-trivial constants in Euler’s identity from the
axiom. Each constant has a structural parallel to a specific thermodynamic law:

Constant Derived from Thermodynamic parallel

e Counting + additivity =~ Second law: exponential measure drives
(Section 4) entropy increase

i Relational geometry First law: generates t-translation symmetry —
at N = 3 (Section 5) energy conservation

m Closure of the Zeroth law: smoothness on compact domains
exponential map — equilibrium transitivity

(Section 6)

The fourth thermodynamic law — the third law, unattainability of absolute zero —
corresponds not to a constant but to the equation itself: e*(im) + 1 = 0, rearranged as 0 - 1 =
e”(im), encodes the founding axiom that nothingness (0) minus identity (1) yields structure
rather than void. The third law is the axiom in thermodynamic language. Euler’s identity is
the axiom in mathematical language. The structural parallel between these three
expressions is the central observation of this paper.

7. The Equation Reassembled
7.1 Five symbols, one axiom

The preceding three sections derived e, i, and m from distinct aspects of a single axiom:

e e (Section 4): forced by the requirement that independent subsystems have
multiplicative state counts and additive potentials. The derivation uses counting,
independence, Cauchy’s functional equation, and the continuity guaranteed by the
zeroth law.



e i(Section 5): forced by the relational geometry of three or more distinguishable
features in CI(5). The derivation uses the wedge product, the Clifford product, and
the anticommutation relations of the basis vectors.

e (Section 6): forced by the closure of the exponential map on a compact domain.
The derivation uses the boundedness of the viable region, the positive-definite
metric, and the algebraic relation T2 = -1.

These three derivations share no intermediate steps. The counting argument for e never
invokes the Clifford algebra. The trivector argument for i never invokes state-count
multiplicativity. The closure argument for = depends on both e and T? = -1 but derives its
content — the specific value of the period — from the metric structure of the algebra, not
from counting or relational geometry directly.

The remaining two symbols require no derivation:

o 1 is the identity element — the minimum unit of distinction, the “something” that
the axiom requires to exist. It is the mathematical expression of “there is at least one
distinguishable configuration.”

e 0isnothingness — the state the axiom declares impossible. It appears in the
equation not as something that exists but as something that is constructed from the
other four symbols and shown to be internally consistent.

7.2 The equation as a theorem

Euler’s identity is conventionally presented as a remarkable fact about analysis: the
exponential function, when applied to i, yields -1. In the present framework, it is a
theorem about the self-consistency of structures forced by the axiom.

The argument is as follows. The axiom ¢N — =N produces, through the chains detailed in
Sections 4-6:

1. An exponential function exp : CI(5) — CI(5), uniquely determined by counting and
additivity.

2. Aunit imaginary element T € CI(5), uniquely determined (up to sign) by the
relational geometry at N = 3.

3. Aclosure angle 7, uniquely determined by the periodicity of the orbit of exp(T8).

The equation e”(im) + 1 = 0 is then the statement that these three independently forced
structures are mutually consistent: the exponential function, applied to the imaginary unit
scaled by the closure angle, returns the additive inverse of the identity element. No further
condition is needed to make these structures cohere — the equation is automatically
satisfied because all three are consequences of the same underlying algebraic and
geometric structure.

This is what distinguishes the present reading from the conventional one. In analysis,
Euler’s identity is a consequence of the definition of the complex exponential. It is true
because we defined exp, i, and m in ways that make it true. In the framework, none of these



objects is defined — each is derived, from different aspects of the axiom, through
arguments that make no reference to the others. That they satisfy Euler’s identity is
therefore not a tautology but a consistency check: it confirms that the axiom does not
produce contradictory structures.

7.3 The equation read physically

Each symbol corresponds to a physical structure, and the equation encodes their
relationship:
i T

. -
rotation closure

e + 1 = 0
entropy distinction nothingness

Read from right to left as a construction: nothingness (0), minus the minimum distinction
(1), yields the full apparatus of continuous dynamics — exponential growth (e), internal
phase structure (i), and geometric closure ().

Read from left to right as a constraint: if you take the entropic measure (e), evolve it
through a full half-rotation (i-m), and add back the unit of distinction (1), you recover
nothingness (0). The structures that replace nothingness are exactly calibrated to return to
it under the appropriate operation — but since nothingness cannot exist, the return is
formal rather than physical. The equation describes a balance that cannot be disturbed.

7.4 The thermodynamic reading

Section 6.9 established a correspondence between each constant and a thermodynamic
law. The full equation assembles these correspondences:

Symbol Thermodynamic parallel Role in equation

e Second law (entropy increase) The measure that makes
higher-® configurations
overwhelmingly more
numerous

i First law (energy conservation) The generator of the symmetry
whose Noether charge is
energy

T Zeroth law (equilibrium transitivity) The periodicity that makes
observables single-valued on
the group manifold

1 Distinguishability The minimum that must exist
for the axiom to be satisfied
0 Third law (unattainability of The state the equation
nothingness) constructs but the axiom

forbids



The structural parallels between the four thermodynamic laws and four aspects of this
single equation are sufficiently precise to be worth taking seriously. Each law was derived
from the axiom through the same chains that produced the constants, and the constants are
related by exactly this equation. Whether the parallels rise to the level of derivation —
whether the thermodynamic laws are these algebraic structures rather than merely
resembling them — depends on bridge assumptions about physical interpretation that this
paper notes but does not attempt to settle.

7.5 Why this is not numerology

A legitimate concern about any derivation of mathematical constants from physical
principles is that it might be numerological — selecting structures post hoc to produce a
predetermined answer. Three features of the present argument guard against this.

First, the derivations are independent. The argument for e does not know about T; the
argument for T does not know about counting; the argument for  discovers its value from
the convergence of a Taylor series, not from a pre-assigned geometric meaning. That they
combine to satisfy a known identity is therefore a prediction, not an input.

Second, the derivations are constructive. Each constant is produced by a specific
mathematical mechanism (Cauchy’s equation, the Clifford product, orbit closure) that can
be verified step by step. There are no free parameters adjusted to fit the answer.

Third, the framework produces additional quantitative results that use these constants. A
conjectured formula for the fine structure constant, a = v3/(24n% + V(7/30)) = 1/137.036,
agrees with experiment to approximately 1 part per million [3], and is built from 7 through
the phase closure condition. A conjectured formula for the Weinberg angle, sin?0 W =
49/212 =~ 0.2311, agrees with measurement to 0.03% [3] and involves the same constraint
geometry that produces i. These numerical agreements are striking, and each factor in the
formulae has a clear geometric origin within the framework, but the derivation chains
remain conjectural — they depend on specific assumptions about how the monogamy
polytope structure determines coupling constants, and these assumptions are still being
tested against direct simulation. The agreements should be taken as motivation for further
investigation rather than as confirmed predictions.

7.6 What the equation does not say

Euler’s identity, even on the present reading, does not constitute a complete physical
theory. It encodes the algebraic skeleton of the framework — the fact that counting,
rotation, and closure are mutually consistent consequences of the axiom — but it does not
specify:

e  The dimension of the constraint space (d = 5 requires additional arguments about
the coincidence dim(grade 2) = dim(grade 3), developed in [1, 3]).

e  The metric stiffnesses that determine specific coupling constants (these require the
detailed geometry of the viable region and the monogamy polytope).

o  The dynamics beyond the algebraic level (the gradient flow d®/dA = |[V®|?> >0
involves the specific form of @, not just the existence of the exponential).



The equation is a necessary condition for the framework’s consistency, not a sufficient
condition for all of physics. It tells us that the axiom does not contradict itself. It does not,
by itself, tell us what the universe looks like.

8. Convergence — Entropy as the Fundamental Conserved Quantity

8.1 What Euler’s identity suggests about energy and entropy

Sections 4-7 established that the five symbols in Euler’s identity correspond to distinct
physical structures forced by the axiom. Among them, a hierarchy is visible.

The constant e carries the entropic content of the theory. It enters through counting and
additivity (Section 4), and the exponential measure e”® gives the second law its statistical
force. The second law — d®/dA = |V®|? = 0 — is a geometric identity about gradient flow.
It holds universally, for any configuration in the viable region V, without additional
assumptions.

The constant i carries the dynamical content. It enters through relational geometry (Section
5), and the exponential map e”(T68/2) generates continuous evolution. The first law —
energy conservation — follows from this evolution via Noether’s theorem: the t-translation
symmetry generated by T produces a conserved charge, which is energy. But this
conservation law is conditional — it requires the specific symmetry to hold.

Euler’s identity locks e and i together: e”(im) + 1 = 0. Read in the light of the hierarchy just
described, the identity says that the unconditionally conserved quantity (entropy, carried
by e) and the conditionally conserved quantity (energy, generated by i) share a common
algebraic root. They are not independent features of reality — they are two aspects of a
single structure. But they are not equal partners. The entropic aspect is the base of the
exponential; the dynamical aspect is the exponent. The base is always present; the
exponent modulates it.

This leads to a specific structural suggestion: in any physical regime where the dynamical
symmetry breaks down — where the conditions for energy conservation fail — entropy
should remain the surviving conserved quantity. The suggestion follows from the algebraic
structure of the identity: e is unconditional; i produces conservation only when the relevant
symmetry is present.

8.2 The energy problem in general relativity
[s there a physical regime where energy conservation fails? There is: general relativity.

Since Einstein proposed GR as a theory of gravity, a proper definition of energy — more
generally, a conserved charge constructed from the energy-momentum tensor (EMT) —
has been sought and never satisfactorily found. In flat spacetime, energy conservation
follows from global time-translation symmetry via Noether’s first theorem. In GR, there is
no global time-translation symmetry. The covariant conservation law V_u T*pv = 0 holds as



a consequence of the Bianchi identity, but it does not yield a conserved integral: _p T"pv #
0 in general.

The standard attempts to recover energy conservation each encounter the same
obstruction. Einstein’s pseudo-tensor t*uv supplements the matter EMT to produce a
quantity with vanishing ordinary divergence, but t*pv depends on the coordinate choice,
violating general covariance. The ADM energy, the Komar integral, and the Bondi energy
each define conserved quantities for special cases — asymptotically flat, stationary, or null-
infinity spacetimes respectively — but none provides a universal, covariant definition valid
for arbitrary spacetimes.

As Aoki, Onogi, and Yokoyama have emphasised [4, 5], all existing definitions of energy in
GR derive from Noether’s second theorem for the general coordinate transformation. Their
conservation is therefore an identity — it holds regardless of the equations of motion and
carries no dynamical information. This is the precise sense in which energy conservation
fails in GR: not that energy is violated, but that the “conservation” is vacuous.

8.3 Aoki’s confirmation

Beginning in 2020, Aoki and collaborators proposed a resolution that aligns with the
suggestion of Section 8.1: abandon energy as the primary conserved quantity and replace it
with entropy [4, 5, 6, 8].

Their construction identifies a new class of vector fields " satisfying a scalar equation
derived from the EMT. The conserved current J*u = T*pv _v is a non-Noether charge —
conserved because of the dynamical equations of motion, not because of a local symmetry
identity. This gives it genuine physical content.

When *p is asymptotically timelike, Aoki et al. identify the conserved current with an
entropy current. They demonstrate this identification across several gravitational systems
[4, 6, 8]:

e Expanding universe (FLRW cosmology): The proposed entropy density is
conserved under any homogeneous and isotropic expansion, while conventional
energy definitions yield either zero or divergent results.

e Schwarzschild and BTZ black holes: The conserved charge precisely reproduces
the Bekenstein-Hawking entropy, satisfying the first law of black hole
thermodynamics.

e Gravitational plane waves: The charge vanishes — consistent with the
interpretation that gravitational waves are coherent, low-entropy configurations
that carry energy but not entropy.

The conclusion aligns with the suggestion from Euler’s identity: in the regime where
dynamical symmetry breaks down (curved spacetime, no global time-translation), entropy
survives as the conserved charge while energy does not.



8.4 Two paths to the same hierarchy

The BfN axiom and Aoki’s analysis within GR arrive at the same structural conclusion
through entirely different routes:

Aoki (from within GR) BfN (from the axiom)

Energy conservation fails generically in  Energy conservation is conditional, not
curved spacetime fundamental

Entropy current is the generic ® =In(£1/K) (entropic) is the fundamental
conserved charge potential

Conservation holds via equations of d®/dA = 0 is a geometric theorem, not a
motion, not identity symmetry identity

Special cases (flat spacetime) recover Symplectic structure (a consequence of ®-
energy conservation geometry) yields energy conservation

The parallel is detailed, not loose. Each row identifies a specific claim in Aoki that maps to a
specific feature of the BfN derivation. Both programs arrive at the same structural
conclusion: entropy is more fundamental than energy. They differ in the direction of
argument — Aoki works inward from Einstein’s equations, discovering that entropy
survives where energy fails; the BfN derivation works outward from the axiom, building
entropy as the ground floor and energy as a conditional consequence.

8.5 The Jacobson bridge

The convergence is not accidental. It is mediated by the Jacobson correspondence [7],
which shows that Einstein’s field equations can be derived from a thermodynamic
requirement: demanding that 6Q = TdS holds at every local causal horizon constrains the
spacetime geometry to satisfy G_pv = 8nG T_pv.

In the BfN derivation, thermodynamic consistency of @ across all correlation boundaries
plays a role analogous to Jacobson’s horizon condition [1, 2]. The axiom provides the
thermodynamic-like foundation; Jacobson’s argument provides the bridge to GR; Aoki’s
result shows that, once inside GR, the entropic character of the foundation survives.

The chain is:

. ®=In(2/K) ] Jacobson ) ) ) Aoki )
Axiom - Thermodynamic structure - Einstein’s equations — Entropy is the conserv

Each arrow is a published or independently derivable result. The axiom produces
structures parallel to thermodynamics (Sections 4-7 and [1, 2]). Thermodynamic
consistency produces Einstein’s equations (Jacobson [7]). Within Einstein’s equations,
entropy is the fundamental conserved quantity (Aoki [4, 5, 6, 8]). The chain is suggestive:
the BfN framework’s entropic character is consistent with what Aoki discovers within GR.



8.6 The algebraic root of the convergence

Why does the Jacobson bridge work at all? Why should thermodynamic consistency
produce the equations of gravity?

Euler’s identity offers a structural answer. The identity e” (i) + 1 = 0 says that the entropic
measure (e) and the dynamical generator (i, ) are not independent mathematical objects
— they are algebraically locked. The exponential function that counts states is the same
exponential function that generates rotations. The logarithm that defines entropy is built
from the same algebraic operation as the Lie algebra that produces symmetries.

This algebraic unification is what makes the Jacobson bridge possible. Thermodynamic
consistency constrains gravity because thermodynamics (entropy, grounded in e) and
dynamics (symmetry, grounded in i and ) are manifestations of the same structure. If they
were independent — if e and i were unrelated mathematical objects that happened to share
a symbol — there would be no reason for thermodynamic arguments to constrain
geometric ones. Euler’s identity is the statement that they are related, and the Jacobson
bridge is the physical consequence.

8.7 What the convergence does and does not establish
What it establishes:

The entropy-over-energy hierarchy is not an artifact of the BfN derivation’s particular
construction. It appears independently in Aoki’s analysis within standard general relativity.
Two programs with different starting points, different methods, and different intellectual
traditions arrive at the same structural conclusion. The Jacobson correspondence provides
a plausible mechanism connecting them.

What it does not establish:

The convergence does not prove that &N — =N is the correct foundation for physics. It
shows that the axiom’s thermodynamic-like consequences are consistent with general
relativity as mediated by the Jacobson correspondence and paralleled by Aoki’s analysis.
Consistency and structural parallel are weaker than derivation. The bridge from the
axiom’s mathematical structures to physical thermodynamics requires assumptions that
are motivated but not proven — in particular, that ® corresponds to a thermodynamic
potential and that the gradient flow parameter A corresponds to a physical ordering
parameter.

Nor does the convergence establish a direct formal equivalence between Aoki’s entropy
current /*p and the BfN potential ®. The former is a vector field in curved spacetime; the
latter is a scalar potential on five-dimensional constraint space. Whether there exists a
precise mathematical map between them — and if so, what form it takes — is an open
question that the present paper identifies but does not resolve (see Section 9).




9. Implications and Open Questions
9.1 What the reading suggests versus what it redescribes

Sections 4-8 offered a reading of Euler’s identity as a theorem about the self-consistency of
structures produced by the axiom ¢N — =N. The reading redescribes the constants e, i, and
7 (which are mathematical, not empirical) and the thermodynamic laws (whose structural
parallels were already developed from the axiom in [1, 2]). It suggests two things that go
beyond redescription: the entropy-over-energy hierarchy supported by Aoki’s independent
analysis (Section 8), and the specific role of 7 in the conjectured fine structure constant
formula through phase closure (Section 6.5).

This section identifies two further questions that the reading raises but does not resolve.
Both require what earlier work has called the “Level 2” theory — the account of how five-
dimensional constraint geometry produces four-dimensional spacetime [1, 3]. Neither
question has a complete answer. In both cases, however, the Euler’s identity reading
provides enough structure to state the question precisely and, in the second case, to extract
a quantitative ansatz with the correct numerical behaviour.

9.2 The missing middle: ® and the Aoki entropy current

Section 8 established a convergence between the BfN potential ® =In({2/K) and Aoki’s
entropy current /*u = T*puv B_v. Both are entropic quantities, both are generically
conserved, and both carry genuine dynamical content (unlike the identically conserved
Noether charges from the second theorem). The convergence is mediated by the Jacobson
bridge: the axiom produces ®, thermodynamic consistency of ® produces Einstein’s
equations, and within Einstein’s equations Aoki discovers J*p.

The question is whether the convergence can be sharpened into a formal map.

The structural hint. In the BfN derivation, the dynamical direction in constraint space is
the gradient V& — the direction of steepest increase in efficiency. In Aoki’s construction,
the analogous object is the vector field *n — the direction that, contracted with the EMT,
produces the conserved entropy current. Both serve the same structural role: they pick out
the “thermodynamic arrow” in their respective spaces.

This suggests a natural conjecture:

Conjecture 9.1. The Aoki vector field " is the spacetime projection of V& — the image of
the constraint-space gradient under the map that takes five-dimensional constraint geometry
to four-dimensional spacetime.

If this conjecture holds, then the Aoki entropy current J*p = T"uv B_v is the spacetime
shadow of the constraint-space gradient flow, and the conservation of /*p is the spacetime
expression of the geometric identity d®/dA = [V®|* 2 0.

Why the map cannot yet be written explicitly. The conjecture requires a specific
correspondence between constraint-space vectors and spacetime vectors. This
correspondence is exactly what the Level 2 theory must provide. The Jacobson bridge



establishes that thermodynamic consistency constrains spacetime geometry (producing
Einstein’s equations), but it does not specify how each point in constraint space maps to a
spacetime event, nor how the five constraint-space dimensions project onto the four
spacetime dimensions plus internal degrees of freedom.

What is established. The map must exist if the Jacobson bridge is valid, because both ends
are determined: V& is fixed by the axiom, and J*p is fixed by the EMT and Einstein’s
equations. The existence of the map is a theorem, contingent on the Jacobson
correspondence. Its explicit form is a target for the Level 2 theory.

Connection to Euler’s identity. The identity e” (i) + 1 = 0 encodes the algebraic
unification of the entropic (e) and dynamical (i, ) structures. The @ < J*u map is the
physical expression of this unification: it connects the entropic potential (grounded in e) to
the dynamical current (grounded in the rotational structure that i and m generate) through
a specific spacetime projection. The identity tells us the map should exist; the Level 2
theory must tell us what it is.

9.3 The deformed identity: running constants as holonomy
The second open question is more speculative but admits quantitative analysis.

The idea. Euler’s identity e”(im) + 1 = 0 holds exactly at Level 1 — the static constraint
geometry in which the constants e, i, and m were derived. At Level 2, where constraint
geometry responds to its physical context, the identity acquires a correction:

el™8) 11 =¢
where § is a context-dependent deformation of the closure angle.

The analogy is precise and geometrically grounded. In flat space, parallel transport of a
vector around a closed loop returns the vector to itself. In curved space, the vector picks up
arotation — a holonomy — proportional to the curvature enclosed by the loop. The exact
identity e”(im) = -1 is the flat-space statement: a full half-rotation returns to the antipodal
point exactly. The deformed identity e”(i(m+6)) = -1 + &’ is the curved-space statement: the
half-rotation picks up a correction determined by the curvature of constraint space.

In this reading, running coupling constants are holonomies of the constraint space.
The coupling “runs” because the effective closure angle changes with the scale at which the
constraint geometry is probed.

[Figure 2 — The deformed Euler identity and running of the fine structure constant —
placed here.]

A numerical consistency check. The fine structure constant was derived as:

V3
a =
2472 +/7/30




where the factor 24m? = (2m)? x 3! arises from phase closure (Section 6.5). If T acquires a
scale-dependent correction t — 1 + §(), then to first order in é:

48w 6
V3

Experimentally, a* runs from approximately 137.036 at low energy to approximately
128.0 at the Z boson mass (M_Z = 91.2 GeV). Equation (9.3) then gives:

481w §(M,)
V3

a(8) ' =a(0)! +

=128.0—-137.0 = -9.0

Solving:
5(M;) =~ —0.103

This is a correction of approximately 3.3% to the closure angle m at the Z mass scale. The
negative sign has a clear physical interpretation: at higher energy (shorter distances, more
tightly packed features), the effective closure angle tightens. Monogamy constraints
become more restrictive, the available phase space contracts, and the geometry of the
correlation triangle closes more sharply. This is qualitatively consistent with the
“monogamy tightening” picture of running developed in earlier work [3].

Connection to QED running. The standard QED one-loop running of the fine structure
constant is:

() = —20
1-— %ln (#1—3)

The denominator contains 3m — a loop-integral phase-space factor. In the BfN reading, this
factor corresponds to a specific projection of the constraint-space closure onto the
electromagnetic sector. The logarithmic energy dependence in (9.6) arises from integrating
over virtual pair contributions; in the BfN interpretation, it arises from the scale-
dependence of the effective number of resolvable features N_eff(), which controls the
monogamy constraint and hence the closure angle.

At low energy, many features are resolved (N_eff large, monogamy loose, 6 = 0, identity
nearly exact). At high energy, fewer features are resolved (N_eff approaches 3, monogamy
tight, 6 < 0, identity deformed). The running is controlled by how N_eff(p) maps to §(pn) — a
map that requires the Level 2 theory for a first-principles derivation, but whose existence
and qualitative behaviour are fixed by the structure of the identity.

A broader conjecture. If running constants are holonomies of constraint space, then the
running of all coupling constants — not just a — should be expressible as corrections to
the closure angle, with different projections for different gauge sectors. The conjectured
Weinberg angle formula sin?0_W = 49/212 was derived from the monogamy polytope
geometry [3]. Its running (from ~0.231 at low energy to ~0.238 at M_Z) should correspond
to a deformation of the polytope geometry rather than the phase closure geometry. The



conjecture is that the running of « and the running of sin*0_W are controlled by different
projections of the same underlying constraint-space curvature.

9.4 The Level 2 horizon

Both open questions converge on the same target: the Level 2 theory that specifies how
five-dimensional constraint geometry produces four-dimensional spacetime.

The present paper — and the BfN programme to date — operates at Level 1: static
constraint geometry, fixed constants, algebraic structures derived from the axiom. This is
analogous to special relativity: a theory of flat, constant, universal structure. The Level 2
theory would be the BfN analogue of general relativity: a theory in which constraint
geometry responds to its content, constants run with scale, and the specific map between
constraint space and spacetime is determined dynamically.

Euler’s identity sits at the boundary between these levels. At Level 1, it is an exact theorem
— the self-consistency condition derived in Section 7. At Level 2, it becomes an
approximate statement corrected by holonomy, as sketched in Section 9.3. The identity is
not wrong at Level 2; it is the zeroth-order term in an expansion whose higher-order terms
encode the curvature of constraint space.

The two open questions define the Level 2 theory’s minimal requirements:

1. It must produce a map from V® to spacetime vectors (Section 9.2), recovering
Aoki’s entropy current as a projection.

2. Itmust produce a scale-dependent closure angle §(p) (Section 9.3), recovering the
known running of coupling constants as holonomies.

Whether these requirements are sufficient to determine the Level 2 theory uniquely — or
whether additional constraints are needed — is the deepest open question raised by this
paper. The Jacobson correspondence suggests that thermodynamic consistency may be
sufficient, as it is sufficient to determine Einstein’s equations. But this remains a conjecture,
not a result.

10. Conclusion
10.1 The equation as a structural theorem
We began with a rearrangement:
0—1=¢e

Subtract identity from nothingness and you get structure. The paper has argued that this is
not metaphor but mathematics — a theorem about the consequences of a single axiom.

The axiom ¢&N — =N produces, through the chains detailed in Sections 2-6:

e Abounded viable region V in which all configurations exist (Section 2).



e  Five constraint dimensions whose Clifford algebra CI(5) equips V with algebraic

structure (Section 3).

e An efficiency potential ® = In(Q/K) whose gradient flow yields the four

thermodynamic laws (Section 3).

e The constant e, forced by the multiplicative counting of independent systems

(Section 4).

e  The imaginary unit i (algebraically: T2 = -1), forced by the relational geometry of

three distinguishable features (Section 5).

e The constant 7, forced by the closure of the exponential map on a compact domain

(Section 6).

That these independently derived structures satisfy e”(ir) + 1 = 0 is a self-consistency
condition (Section 7). The five symbols map to five physical contents — entropy, rotation,
closure, distinction, nothingness — and the equation encodes the precise relationship

among them.

10.2 The thermodynamic content

Each constant has a structural parallel to a specific thermodynamic law:

Constant Thermodynamic parallel

Mechanism

e Second (entropy increase)

i First (energy conservation)

T Zeroth (equilibrium transitivity)

0-1 Third (unattainability of absolute zero)

Exponential measure
makes higher-®
configurations
overwhelmingly
more numerous

Generates t-
translation
symmetry; Noether’s
theorem produces
conserved energy

Closure of orbits
makes observables
single-valued on
compact group
manifolds

The axiom itself:
nothingness cannot
be reached

The four laws of thermodynamics correspond to four aspects of a single algebraic identity.
Whether this correspondence constitutes a derivation of the thermodynamic laws from
pure mathematics, or a deep structural analogy between constraint geometry and
thermodynamics, is a question that the present paper identifies as one of the most

interesting opened by the reading it proposes.



10.3 The convergence

The algebraic hierarchy within the identity — e unconditional, i conditional — suggests
that entropy is more fundamental than energy. Aoki and collaborators, working entirely
within general relativity, arrive at the same conclusion: the generic conserved charge
associated with the energy-momentum tensor is entropy, not energy (Section 8). The
Jacobson correspondence provides the bridge between the two programs: thermodynamic
consistency of ® produces Einstein’s equations, and within Einstein’s equations entropy is
the surviving conserved quantity.

This convergence is the paper’s strongest point of contact with established physics. It is not
a derivation of Aoki’s result from the axiom — the Level 2 theory needed for that does not
yet exist — but it is a non-trivial consistency check: two programs with different starting
points, different methods, and different traditions arrive at the same structural conclusion.

10.4 The horizon

The paper identifies the Level 2 theory — how five-dimensional constraint geometry
produces four-dimensional spacetime — as the central open problem. At Level 1, Euler’s
identity is exact: the self-consistency condition of a static algebraic structure. At Level 2, it
becomes approximate: the zeroth-order term in an expansion corrected by the curvature of
constraint space. The deformation e”(i(m+6)) + 1 = §’ parameterises this correction, and
the known running of the fine structure constant provides a numerical consistency check (&
~-0.103 at M_7).

The Level 2 theory must do two things: produce a map from the constraint-space gradient
V® to Aoki’s spacetime entropy current /*y, and produce a first-principles derivation of the
scale-dependent closure angle §(i). Whether thermodynamic consistency alone —
Jacobson’s principle — is sufficient to determine both remains the deepest open question.

10.5 Closing

The most famous equation in mathematics may not be a coincidence of analysis. On the
reading proposed here, it is the minimal encoding of a structural theorem: nothingness
cannot exist, and the mathematical structures that replace it are self-consistent. Each
constant is produced by the axiom; their relationship is a closure condition. Whether this
structural reading captures something about the physical universe — whether the equation
describes not just mathematical necessity but physical reality — is a question the reading
raises but cannot, by itself, answer. What it can show is that the structures forced by the
impossibility of nothingness are richer, more tightly interlocked, and more suggestive of
physics than one might have expected from so spare a starting point.
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