Pascal's Arithmetic Triangle and Leibniz's Harmonic Triangle:
An Exploration Of Two- And Three-Dimensional Relationships

Chayenne Theberge M.A.

Robert Powers Ed.D.
University of Northern Colorado

ABSTRACT

Pascal's Arithmetic Triangle is an ever-expanding, equilateral triangle of numbers having the value of 1 at the top Constructions

A—Lﬁnv;t:reom:;‘it;ess of and along the sides, anq eac.h s.ubsequent t_erm .is the sum of it§ two corresponding diagonal qumbers frqm abpve. _ _
- Less commonly known is Leibniz's Harmonic Triangle. It is a triangular array of numbers having the unit fractions Arithmetic Tetrahedron
going down the left most diagonal and each subsequent term is the difference between the number above and the Starting with the value of 1 at the top
number adjacent to it. In this research we utilize known theorems of Pascal's Arithmetic Triangle to discover Each subsequent row is the of its
Order of terms can Order of multiple terms properties of Leibniz's Harmonic Triangle explainable by the commutative and associative properties of arithmetic. three corresponding diagonal numbers
change without changing can change without Results of our exploration include a comparison of alternating row sums, the hockey stick and reverse hockey stick from above

the result changing the result theorems, the hexagonal property, and the reciprocal row sums of each triangle. Further, by noting these

observations In two dimensions, we extend these properties to the construction of Pascal's Tetrahedron and Harmonic Tetrahedron

Addition Addition TR : : : : :
X+Y =Y+ X X+ (Y +2) = (X+Y)+Z Leibniz's Tetrahedron in three dimensions and postulate related relationships between the two tetrahedrons.
3+8 = 8+3 1+(4+9)=(1+4)+9
'\A/'li'gp"cgtfg N (BM*Ugif'iCat\ig%) o Hockey Stick and Reciprocal Scalar Multiples
2*7=7%2 5*(6*2)=(5*6)*2 Reverse Hockey Stick Theorems The of each term in Pascal's Triangle and its
corresponding row number yield Leibniz's Reciprocal Triangle
Pascal's Arithmetic Triangle Pascal's Leibniz's Reciprocal
Constructions Hockey Stick Theorem Arithmetic Triangle Harmonic Triangle
Pascal's Arithmetic Triangle The sum of the terms going down
. . JeTosS 4 flnlte_dlagonal ® _equa!I to the Starting with the unit triangular fractions
Starting with the value of 1 at the top term it in the opposite direction going down the left most diagonal
Ea(?h subsequent te”‘.“ IS the E | Each subsequent term is
of its two corresponding diagonal Xamples
umbers from above 142+3+4+5 =15 the between the number
1+5+15=21 above and the two numbers adjacent
Leibniz's Harmonic Triangle :
. Reflection
Reverse Hockey Stick Theorem -
Leibniz’s Harmonic Triangle T.h?. S?m d9f the tle_r ms QOIIntg ?ﬁ rotss an * Pascal's Arithmetic Triangle utilizes the sum of two corresponding
Starting with the unit fractions going intinite '_aQO”ha IS equialio the term Hexagon Property diagonal numbers from , Whereas Leibniz's Harmonic Triangle
Each subsequent term is the Examples and individual term is of the Is natural the two triangles contain parallel relationships due to math-
between the number above and the 11 1 1 ) three other non-adjacent values ematical properties of equality. The Hockey Stick Theorem produces a
number adjacent 2T e Tz 207" 1 o _ sum equal to a value in the entry in the opposite direction,
o - Pascal's Arithmetic Leibniz's Harmonic while the Reverse Hockey Stick Theorem produces an infinite sum
Note: The of two corresponding diagonal 1.2 2+3 3:4 &+5 " 7 nZiirt[:rH 1) 1 Triangle Reciprocal Triangle equal to a value in the entry in the opposite direction. The
numbers from below produces each term — rows of Pascal's Triangle and the even rows of Leibniz's Harmonic
111 =1 ) Reverse Hockey gy lim N o1 Triangle are , SO their Alternating Row Sums are 0. Since
172 +§+i+"':Z; " Stick Theoremn e (goes off to infinity) = Leibniz's Reciprocal Triangle and Pascal's Triangle are
Alternating Sums ) . iverees duefo the | Divergecwhenp < 1 of one another, the Hexagon Property and Reciprocal Row
S 4ym p-series test | forall positive pvalues Sums are of one another. Based on the properties of
1 Pascal's Arithmetic these t\_/vo trla_ngles, we can cons.t_rgct a Harrr_lonlc Tetrahedron from
; : the Arithmetic Tetrahedron utilizing associated :
»{Ji=o Triangle . NS . L
o Reciprocal Row Sums Future investigation involves extending these known relationships to
e The alternating sums of neclprota’ ROW SUMS discover related properties of both three-dimensional figures.
'1_3:_1=)° . Pascal's Arithmetic The row sums of Leibniz's Harmonic Reciprocal Triangle
a2 n iy Triangle are are of the row sums of Pascal's *E*D4 = %7 7*30*168 = 6*105*56 PRPr
T 175721 = 177715 Future Implications
and thus the sums are 0 Arithmetic Triangle and their row numbers 105 = 105 35280 = 35280
o | e — o Rt ared Research explorations with the Harmonic Tetrahedron
TR, : : : Pascal s Arithmetic -elbnizs Harmonic 600 = 600 30280 = 39280 » Recursive Form » Closed Form
Leibniz's Harmonic Reciprocal Triangle Triangle Reciprocal Triangle 6*7*8  6*7*8 . Row Sums . Alternating Row Sums
" - 105 = 105 . .
g The alternating sums of the A(tjﬁ |t|rc])nally, the prOer:CtSfm * Hexagon Property * Telescoping Series
“ even rows are e NeXagon propery 60*20*105 = 30*30*140 * Hockey Stick Theorem + Reverse Hockey Stick Theorem
. 3_(3_3)+3= Leibniz's Harmonic Triangle ~ - _ _
0 CREIAE T and thus the sums are 0 i *deSOOOt— 12;500t0]c « Additional Dimensions
GRakakas)l— G0+ C-9-G-0-G-+if) to the scalar multiple of the P
5 \a s/ N34 \a 5/ \a 5/ 5 |3 scalar mUItlpleS
J — Rk ekat k) three rows that construct 126000 = 126000 Acknowledgements
CE L) 6D 9G] each value to Pascal's 56*7 567 . | .
= oG e$+0$+$$+$a Note: The alternating sums of the odd rows are 1/n Arithmetic Triangle 600 = 600 | would like to extend my sincere thanks tp Dr. Rlchard Grassl and Dr. Robert
where n is the nth odd row Powers for your guidance as my thesis advisor and research mentor.
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