UNIT-1: Differential Calculus

(Successive Differentiation, Leibnitz Theorem, Taylor & Maclaurin Series, Tangent & Normal,
Partial Differentiation, Euler’s Theorem, Curvature, Asymptotes, Maxima & Minima)

MCQs (1-75)
Section A: Successive Differentiation & nth Order Derivatives

1. The second derivative of x3x*3x3 is: Q
A) 3x? ‘

B) 6x
C)6

D) x3 \ ®
Answer: B :x. %

2. The nth derivative of xnx”nxn is: 'b
A)n

B) n!

Q

D) x
- O\

Answer: B

Answer: A




5. The nth derivative of a constant is:

Al

B) constant
C)o

D) infinity
Answer: C

6. The third derivative of x4x"4x4 is:

A) 24x

B) 12x2

C) 4x3

D) 6x
Answer: A

O

O\

7. Successive differentiation means:
A) Integration repeatedly

B) Differentiation repeatedly

C) Partial derivative

D) Limit evaluation

EN
-

A) powers of x in den8ginato
B) exponential terms

C) constants only
D) trigonomettic S
Answer: A

4

>

Answer: C

n(x”*m)=0Dn(xm)=0 when:




10. The nth derivative of cos(ax)cos(ax)cos(ax) involves:
A) sine only

B) cosine only

C) alternating sine & cosine

D) polynomial

Answer: C

Section B: Leibnitz Theorem

11. Leibnitz theorem is used for derivative of: Q
A) Quotient
B) Product

C) Sum

D) Constant \ ¢
Answer: B ES

< B

12. Leibnitz theorem gives nth derivative of:

A) uv

B) u/v

C) u+v %

D)u—v
Answer: A

13. First term in Leibw is:

A) unvu”™n vunv
B) u(n)vu{(a) }van)v
C) uvr

D) wvo
Answegsg

14. L&f Leibnitz theorem is:

A) uv(n)uv™{(n)}uv(n)
B) u(n)vu™{(n)}vu(n)v
C) uv

D) zero

Answer: A




15. Leibnitz theorem includes:
A) factorial terms

B) binomial coefficients

C) logarithms

D) matrices

Answer: B

16. Number of terms in Leibnitz expansion is:

A)n

B) n—1 Q
C) n+tl ‘

D) 2n
S

Answer: C
p

17. Leibnitz theorem is derived using: \
A) Binomial theorem

B) Taylor theorem

C) Integration

D) Limits

EAEN

B) product of functions

C) constants
D) matrices
Answer: B

WO\

18. Leibnitz theorem applies to! J
A) composite functio\‘

(

19. %n term used is:

A)nC r
B) n!

Cr!

D) none
Answer: A




20. Leibnitz theorem simplifies:
A) higher derivatives

B) integration

C) limits

D) matrices

Answer: A

Section C: Taylor & Maclaurin Series

21. Maclaurin series is Taylor series about:
A) x=1

B) x=0

C) x=a

D) infinity

Answer: B

22. Taylor series expands function near:
A) origin only
B) any point a

C) infinity
D) zero only
Answer: B

23. Maclaurin expansion %x begins with:

2\ O
C) x2

24. Mmseries of sinxsin xsinx contains:

A) even powers
B) odd powers
C) constants only
D) logarithms
Answer: B




25. Maclaurin series of cosxcos Xcosx contains:

A) odd powers
B) even powers
C) roots

D) fractions
Answer: B

26. Taylor series is useful for:
A) approximation

B) integration only

C) matrices

D) geometry

Answer: A

O

O\

27. Expansion of In(1+x) starts with:
A) x

B)1

C) x?

D) In x

C) limits only

D) constants
Answer: A Q

SN

4

>

28. Taylor series requires existe @ J
A) derivatives
B) integrals

N4

29. urifseries is special case of:
A) Fo jes
B) Taylo S

C) Power series
D) Binomial series
Answer: B




30. Series expansion converts function into:
A) polynomial form

B) matrix form

C) vector form

D) integral form

Answer: A

Section D: Tangent and Normal

31. Slope of tangent equals:
A) dy/dx

B) dx/dy

C) yIx

D) constant

Answer: A

32. Slope of normal is:
A) dy/dx
B) —dx/dy

C) —1/(dy/dx)
D) dy/dx?
Answer: C

\J
33. Tangent touches cur Q
A) one point
B) two point
C) infinite poi

D) nope
Answe

34. Nmerpendicular to:

A) axis

B) tangent
C) curve
D) origin
Answer: B




35. Angle between curves depends on:
A) slopes

B) intercepts

C) constants

D) area

Answer: A

36. Angle between curves formula uses:

A) tanf
B) sinf
C) cosO
D) secO
Answer: A

O

O\

37. Subtangent lies on:
A) x-axis
B) y-axis
C) curve
D) origin

C) tangent

D) curve
Answer: A Q

EEN

A4

>

38. Subnormal is measured J
A) x-axis
B) y-axis

N4

39.P tangent slope equals:
A) dy/dxX /dt)/(dx/dt)

B) dx/dy

C) dt/dx

D) dy/dt
Answer: A




40. Length of normal depends on:
A) derivative

B) integral

C) constant

D) matrix

Answer: A

Section E: Partial Differentiation & Euler’s Theorem

41. Partial differentiation applies to: Q
A) single variable
B) multivariable functions

C) constants

D) matrices & ¢
Answer: B ;S

42. Symbol for partial derivative is: % :

A)d
B)d

OA
D) > t
Answer: B

NJ
43. While partial differenti &her variables are:
A) zero
B) constant
C) infinity
D) ignored
Answe Q

44, ELmorem applies to:

A) homogeneous functions
B) exponential functions
C) logarithmic functions
D) trigonometric functions
Answer: A




45. If function degree is n, Euler theorem gives:

A) nf

B) f/n

C) n?f

D)0
Answer: A

46. Homogeneous function means:
A) same degree terms

B) constants

C) linear only

D) quadratic only

Answer: A

O

O\

47. Euler theorem relation includes:
A) x0z/0x + yoz/0y

B) x+y

C) xy

D) xly

B @

A4

>

C)0

48. Partial derivative of cons @ J
A) 1

B) constant

D) infinity %

Answer: C Q

\I

49, p aI derivatives are:
A) alw qual

B) equal r continuity)

C) zero

D) infinite

Answer: B




50. Order of differentiation in mixed partial derivative:
A) matters always

B) does not matter (continuous case)

C) undefined

D) random

Answer: B

Section F: Curvature & Asymptotes

51. Curvature measures:
A) slope ‘

B) bending of curve
C) area

D) volume & ¢
Answer: B ;S

52. Radius of curvature is reciprocal of: % :
A) slope

B) curvature

C) area %

D) tangent

Answer: B
NJ
53. Higher curvature me Q
A) flatter curve
B) sharper b
C) straight line
D) constant
Answe G

54. Asym is a line which:
A) cuts curve always

B) approaches curve at infinity
C) tangent always

D) normal always

Answer: B




55. Horizontal asymptote equation is:

A) x = constant
B) y = constant
C) xy = constant
D) slope zero
Answer: B

56. Vertical asymptote equation is:
A) x = constant

B) y = constant

C) x+y=0

D) slope infinity

Answer: A

O

57. Oblique asymptote occurs when degree difference is:

A)0

58. Straight line has curvature: Q J

D) constant
Answer: B

WO\

A1l
B)0
C) infinity %

O
C)2

D) 3

Answer: B L%

O\
c:)\‘\l

59. R
A1l
B)O
C) infinity
D) constant
Answer: C

o
adills ofeurvature of straight line is:
@




60. Curvature depends on:
A) second derivative

B) first derivative only

C) constant

D) integral

Answer: A

Section G: Maxima & Minima (Two Variables)

61. Critical point occurs when: Q
A) derivatives zero
B) derivatives infinite

C) constant value

D) integral zero & ¢
Answer: A A

62. For maxima/minima in two variables we use; % :

A) partial derivatives ®

B) integration

C) limits
D) matrices
Answer: A

O\

NJ
63. Second derivative te &
A) Hessian determin
B) integratio
C) limits

D) matrices

@,

64. If&Dw and fxx>0f {xx}>0fxx>0, point is:

A) maximum
B) minimum
C) saddle

D) none
Answer: B




65. If D>0D>0D>0 and fxx<0f_{xx}<0fxx<0, point is:

A) maximum
B) minimum
C) saddle

D) none
Answer: A

66. If D<OD<0D<O0, point is:
A) maximum

B) minimum

C) saddle point

D) zero

Answer: C

O

O\

67. Function of two variables written as:
A) ()

B) f(x.y)

C) f(x?)

D) f(y)

68. Necessary condition for ext % J
A) first derivatives ze {

B) second derivatives ze
C) integral zero

D) constant

Answer: A Q

WO\

AN

4

>

69. Xeans function value is:

A) sma rby
B) larges by
C) zero

D) infinite

Answer: B




70. Minima means function value is:
A) largest nearby

B) smallest nearby

C) zero

D) constant

Answer: B

71. Saddle point means:
A) max only

B) min only

C) neither max nor min
D) constant

Answer: C

O

O\

72. Optimization problems use:
A) maxima & minima

B) integration

C) limits

D) algebra

Answer: A

73. Second order partial deri @ Ip%n:
A) classification of e mi\

B) integration

C) limits
D) geometryanl
Answer: A

oD

4

>

WO\
\",

74. Lgcalmakimum is also called:

C) saddle
D) asymptote
Answer: A




75. Maximum and minimum problems belong to:
A) optimization theory

B) matrices

C) statistics

D) algebra only

Answer: A

UNIT-I1 : COORDINATE GEOMETRY (2D)

(Change of Rectangular Axes, Rotation & Shifting of Origin, Second Degree EquagionNCorties,
Tangent & Normal using Calculus, Polar Equation)

(Question Number starts from 76 as requested) ' Q

N g

MCQs (76-150) :X. QJ\

Section A: Change of Rectangular Axes 'b

76. Change of axes is used to:

A) simplify equation
B) increase degree
C) integrate function
D) differentiate function
Answer: A \Lﬂ >

\v
77. Translatiog o %ﬁ:
A) rotation on

B) shifting i

C) refl 'OQ

D) sc

Ans

78. Rotation of axes changes:
A) intercepts

B) orientation of axes

C) degree of curve

D) constants only

Answer: B



79. In rotation through angle 0:
A) axes remain fixed

B) axes rotate

C) curve rotates only

D) origin shifts

Answer: B

N
80. New coordinates after shifting origin are expressed using: \
A) linear relations '

B) quadratic relations

C) logarithmic relations

D) exponential relations & ¢
Answer: A ;S

81. Equation form remains same after transformatign b
A) degree unchanged

B) constants vanish

C) variables vanish

D) axes fixed

Answer: A

82. Rotation eliminates '% in second degree equation?

A) x2

oy 662)

83. Angle tation is obtained using:
A) tanb = B/A

B) tan26 = B/(A—C)

C) sinf = A/B

D) cosb =B/C

Answer: B




84. Shifting origin replaces:
A) x — X+h

B) x — X-h

C)x — hX

D)x — X2

Answer: B

85. Purpose of transformation is mainly:

A) simplification

B) complication Q
C) integration <

D) differentiation
LAQ\. :

Answer: A
\
Section B: Rotation and Shifting of Origin

86. Rotation keeps origin: %
A) fixed

B) shifted

C) removed %

D) undefined

Answer: A

87. Shifting origin chan Q
A) axes direction

B) origin positio

88. Cmtransformation includes:

A) rotation & translation
B) differentiation

C) integration

D) reflection only
Answer: A




89. After shifting origin, constants may:
A) disappear

B) increase degree

C) become zero sometimes

D) become infinite

Answer: C

90. Transformation helps identify:
A) nature of conic

B) derivative

C) integral

D) limit

Answer: A

O

O\

91. Coordinate transformation preserves:
A) degree of equation

B) constants only

C) axes length

D) slope always

B) tan only

C) logarithm
D) exponentials
Answer: A

SO

4

>

92. Rotation formulas involve: J
A) sin0 and cosf ‘

%ﬁer rotation are:

C) perpendicular always
D) coincident
Answer: B




94. Transformation removes linear terms by:
A) rotation

B) shifting origin

C) integration

D) differentiation

Answer: B

95. Canonical form means:

A) simplified standard form

B) expanded form Q
C) polynomial form <

D) integral form
t.AQ&. :

Answer: A
4
Section C: General Equation of Second Degree %

General form: 'b
Ax2+Bxy+Cy2+Dx+Ey+F=0Ax"2 + Bxy + CyA2 + y+F=

0AX2+Bxy+Cy2+Dx+Ey+F=0
N

96. Degree of general conic equati
MRS
B) 2

C)3

D) 4 (b

Answer: B

h

97. T le for rotation is:
A) A

B) Cy:

C) Bxy

D) Dx

Answer: C

98. Nature of conic depends on:
A) coefficients



B) constants only
C) variables only
D) slope
Answer: A

99. Discriminant used is:
A) B—4AC
B) A2+B?

C) AC
D) A-C Q
Answer: A ‘

N g

B) parabola

100. If B2-4AC=0B"2—4AC=0B2—4 AC=0, conic is: %
A) ellipse \

C) hyperbola >

D) circle

Answer: B

B) hyperbola

C) parabola
D) pair of lines
Answer: A %

AVa\®

)
101. If B2—4AC<0B"2—4AC<0B2 , ic is:
A) ellipse Q

Answer: C

103. Circle is special case of:
A) ellipse
B) parabola



C) hyperbola
D) line
Answer: A

104. Equal coefficients of x2 and y? indicate:
A) circle

B) parabola

C) hyperbola

D) line

Answer: A

O

105. Conic classification depends mainly on:
A)A B, C

B) D only

C) E only

D) F only >
Answer: A g

»
Section D: Tangent and Normal us %\s

106. Equation of tangent uses:
A) dy/dx Q
B) integral

C) limit only Q
D) matrix %

Answer: A

&

u\'
107. nt at point equals:
A d iveWalue

B) fun lue
C) integr ue
D) constant
Answer: A

108. Normal slope equals:
A) dy/dx



B) —1/(dy/dx)
C) dx/dy

D) zero
Answer: B

109. Tangent touches curve at:
A) one point locally

B) two points always

C) infinite points

D) none

Answer: A

110. Tangent equation form:
A) y=y; = m(x—Xy)

B) y=mx

C) x+y=0

D) ax+by+c=0 only
Answer: A

111. Normal passes through:

A) slope zero

B) perpendicular direction Q
C) origin only

D) axis only \

AYa\®

Answer: B

Answer: A

113. Calculus method uses:
A) differentiation
B) integration



C) matrices
D) vectors
Answer: A

114. Tangent slope at turning point is:
A) zero

B) infinite

C) constant

D) undefined always
Answer: A Q
115. Vertical tangent occurs when:

A) dx/dy =0 %
B) dy/dx =0 \
C) slope finite %

D) constant

Answer: A g%

\‘
Section E: Polar Coordinates %

116. Polar coordinates represen
A) (x.y)

B) (1,0)
C) (6,x)
D) (r,x)

een Cartesian and Polar is:

Answer: C

118. Polar equation represents:
A) distance & angle



B) slope only

C) intercept only
D) derivative
Answer: A

119. Pole means:
A) origin

B) axis

C) tangent

D) normal
Answer: A

120. Initial line is:

A) polar axis
B) normal
C) tangent
D) diameter
Answer: A

121. r represents:
A) radius vector
B) slope

C) derivative

D) intercept
Answer: A

Answer: B

123. Circle in polar form may be:

A)r=acosf
B) r=asinf



C) both
D) none
Answer: C

124. Cardioid is polar curve when equation contains:

A) a(1+cos0)
B) ax?

C)y?

D) x+y
Answer: A

125. Polar coordinates useful for:
A) symmetric curves

B) algebra only

C) matrices

D) limits

Answer: A

Section F: Additional Conceptual Q

126. Transformation S|mpI|f|es
A) conics

B) derivatives
C) integrals
D) limits
Answer A

127. \mout Xy-term indicates axes are:

Ar

B) rec

C) parall
D) shifted
Answer: B

128. Rotation angle zero implies:
A) no rotation



B) shift only
C) reflection
D) scaling
Answer: A

129. Conic symmetry depends on:
A) coefficients
B) constants only

C) derivative
D) integral Q
Answer: A ‘

N g

130. Tangent line approximates curve: %
A) locally \

B) globally

C) randomly

D) infinitely

Answer: A

A )
131. Normal gives direction of: b
A) perpendicular slope
B) parallel slope Q
C) zero slope
D) infinite slope \

Answer: A %
AVa\"®

132. P 3 0 eEgonds to:
A) po

B)y
C) tan

D) norma
Answer: A

133. Negative r means point lies:
A) opposite direction
B) same direction



C) origin only
D) infinity
Answer: A

134. Polar curve symmetry checked by replacing:
A) 0 by —0

B) rby —r

C) both

D) none

Answer: C

135. Transformation does NOT change:
A) geometric nature

B) algebraic degree

C) bothA & B

D) constants

Answer: C

Section G: Advanced Concept MCQ

A) pair of lines

B) circle
C) parabola
D) hyperbola

136. Conic degenerates when e

A\ M
tex of parabola is:

137. \

A) a ra

B) per ar to axis
C) rando

D) undefined
Answer: B

138. Normal at vertex of parabola coincides with:
A) axis



B) tangent
C) chord

D) asymptote
Answer: A

139. Hyperbola has how many asymptotes?
A1l

B) 2

C)3

D) none

Answer: B

N g

O

140. Ellipse has eccentricity:
A) >1

B) =1

C)<«1

D) 0 only

Answer: C

)
141. Parabola eccentricity equals: w

A) 0
B) 1

o Q
D) infinity Q
Answer: B %

O

2
X

142. reEtricity is:
A) <

B) =

C)>1

D)0
Answer: C

143. Focus-directrix definition applies to:
A) conic sections
B) lines



C) circles only
D) matrices
Answer: A

144. Polar equation of straight line is:
A) r cos(6—a)=p

B) x+y=0

C) y=mx

D) ax?

Answer: A

145. Angle between radius vector and tangent involves:

A) dr/de QJ
B) dy/dx \

C) integral

D) constant

Answer: A

\\
146. Pedal equation relates: %
A) radius vector & perpendicular dis

B) slope & intercept
C) derivative only

D) integral only Q
Answer A

\l
147. Symm le checked by replacing:
A)r—

B) 6
)6

D) all
Answer:

148. Rectangular axes always meet at:
A) right angle

B) acute angle

C) obtuse angle



D) variable angle
Answer: A

149. Coordinate geometry connects:
A) algebra & geometry

B) algebra & calculus only

C) geometry only

D) arithmetic

Answer: A Q
(-

150. Main aim of coordinate geometry is:

A) geometric study using algebra

B) differentiation %
C) integration \

D) statistics

Answer: A

UNIT-1 Differential Calculus %®

Step-by-Step Solutions (Q1-Q30)

. \
«/ SECTION A — CE8si fferentiation & nth Derivative

Q1. n@e of y=xneaxy=x"n e”{ax}y=xneax
e Mibnitz Rule

nr)u(n-r)v(r)DAn(uv)=\sum_{r=0}*{n} {n \choose r} ur{(n-r)}v*{(r)}Dn(uv)=r=03n

u=xn,v=eaxu=x"n,\quad v=e”*{ax}u=xn,v=eax




Step 2: Derivatives
dkdxk(xn)=n!(n-k)!xn-k\frac{d*k {dx k}(x*n)=\frac{n!H{(n-k) }x*{n-k}dxkdk(xn)=(n-k)!n!xn-k
drdxr(eax)=areax\frac{d*r}{dx"r}(e*{ax})=a*r eM{ax}dxrdr(eax)=areax

Step 3: Substitute

y(n)=eax3r=0n(nr)n!rixra n-ry*{(n)}=e*ax}\sum_{r=0}*{n{n\choose r} \frac{n!{r!}x {r}a*{\,n-
r}y(n)=eaxr=03n(rn)r!nixran-r g

N\
«/ Final Answer
y(n)=eaer=On(n!)2(r!)2(n—r)!an—rxry"{(n)}=e"{ax}\sum_{r=0}"{n}\frac{(n@! A2(n-r)1tar{n-
rixMr}y(n)=eaxr=03n(r!)2(n-r)!(n!)2an-rxr .

J

Q2. nth derivative of y=eaxsinizibxy=e~{ax}\sin bxyze(xsin

Step 1: Write in complex form %
sinizolbx=J (eibx)\sin bx=\Im(e*{ibx})sinbx=J(ejlx) y= ib)x)y=\Im(e*{(a+ib)x})y=J(e(a+ib)x)

N
Step 2: Differentiate n times
Dn(e(a+ib)x)=(a+ib)ne(a+ib)xD"nFe" )=(a+ib)*n e?{(a+ib)x}Dn(e(a+ib)x)=(a+ib)ne(a+ib)x

Y4
Step 3: Convert to polar

Let

r=a2+k2,0=tamn; r=\sqrt{a”2+b”2},\quad \theta=\tan”{-1}(b/a)r=a2+b2,6=tan-1(b/a)
(a+ib)n= % +isinivin@)(a+ib)An=r*n(\cos n\theta+i\sin n\theta)(a+ib)n=rn(cosnO+isinnd)

V4 Firmr

Q3. nth derivative of y=Inlelxy=\In xy=Inx



Stepwise Differentiation
y'=1xy'=\fraclxy'=x1y"=-1x2y"=-\frac1{x"2}y"'=-x21 y""'=2Ix3y"'=\frac{2 | {x"3}y""'=x32!

Pattern:

y(n)=(-1)n-1(n-1)!xny*{(n)}=(-1)M{n-1\frac{(n-1)!{x*n}y(n)=(-1)n-1xn(n-1)!

&/ Final Answer
v(n)=(—1)n—1(n-1)!xn\boxed{y"{(n)}=(-1)"{n-1}\frac{(n-1)!}{x"n}}v(n)=(-1)n-6 '

-

Q4. nth derivative of y=1lax+by=\fracl{ax+b}y=ax+bl

&

y=(ax+b)-1y=(ax+b)*{-1}y=(ax+b)-1 %
Using chain rule repeatedly: 'b

y(n)=(-1)nn!an(ax+b)-(n+1)y*{(n)}=(-1)*n nfatn (ax+b)*{-(n+1)}y(n)=(-1)nnlan(ax+b)-(n+1)

\y

</ Final Answer

y(n)=(-1)nn'an(ax+b)n+1\boxe )}=\frac{(-1)*n n!
a"n}{(ax+b)"{n+1}}}y(§-(a@ nnlan

Q5. nth derivati

Apply |b.o
Let:

u=x2,v=co0 @ u=x"2,\quad v=\cos axu=x2,v=cosax

coslelaxy=x"2\cos axy=x2cosax

Derivatives:
u’'=2x, u'’=2, u'=0u'=2x,\; u"'=2,\; u'""'=0u’=2x,u’’=2,u’"’=0

Hence only first three terms survive.



1}(\cos ax)+n(n-1)D*{n-2}(\cos ax)y(n)=x2Dn(cosax)+2nxDn-1(cosax)+n(n-1)Dn-2(cosax)

Final Result

Substitute:

Dn(cosiiax)=ancosii(ax+nm/2)DAn(\cos ax)=a”*n\cos(ax+n\pi/2)Dn(cosax)=ancos 2
Q6. Show amplitude-phase form Q"

From Q2: \
Dn[eaxcosibx]=rneaxcosii(bx+nB)D n[e”{ax}\cos bx]=r"r\%

eMax}\cos(bx+n\theta)Dn[eaxcosbx]=rneaxcos(bx+n0) ‘

where 'b
r=a2+b2r=\sqrt{a”2+b"2}r=a2+b2 ®

v proved.

Q7. nth derivative of\@an"{-l}xy:tan—lx
y'=11+x2y'= fracl{l% x21

Repeated differe

y(n)=(~ Pn-1(x)(1+x2)ny?{(n)}=\frac{(-1)*{n-1}(n-1)!P_{n-
1}(x) AN}y (n)=(1+x2)n(-1)n-1(n-1)!Pn-1(x)

where Pn P_{n-1}(X)Pn—1(x) is polynomial.

Q8. nth derivative of

y=xx2+a2y=\frac{x}{x"2+a"2}y=x2+a2x



Write using partial fractions:

xx2+a2=12(1x-ia+1x+ia)\frac{x{x*2+a*2}=\frac12\left(\frac1{x-ia}+\fracl{x+ia}\right)x2+a2x
=21(x-ial+x+ial)

Differentiate using result of Q4.

Successive differentiation pattern:

‘\
Q9. nth derivative of y=sin[=l(ax+b)y=\sin(ax+b)y=sin(ax+b) Q
n %Q

sinivi>cosioi->—sinivi>-cosol\sin = \cos > -\sin > -\cossin%cos%&—c
®

Hence, %
y(n)=ansi Z“i(ax+b+nrt/2)\boxed{y"{(n)}=a"n\sin(ax+b+ns&r E-ansin(ax+b+nn/2)

Q10. Higher order derivatives (Theory) ®
Higher derivatives measure: %
acceleration (physics)

curvature

error estimatio

oscillation behaVigr

Applications;

O

/ SECTION B — LEIBNITZ THEOREM

Q11. Statement & Proof



Statement

If y=uvy=uvy=uv,

Dn(uv)=3r=0n(nr)u(n-r)v(r)DAn(uv)=\sum_{r=0}*{n}{n\choose r} ur{(n-r)}v*{(r)}Dn(uv)=r=05n
(rn)u(n-r)v(r)

Proof (Outline)

1. Verify for n=1: Q

(uv)’=u’v+uv’(uv)'=u'v+uv'(uv)'=u'v+uv’

2. Assume true for n=k. \ ¢

3. Differentiate both sides.

4. Use binomial identity: \
(kr)+(kr-1)=(k+1r){k\choose r}+{k\choose r-1}={k+1\%rbk)+(r—1k)=(rk+1)

Hence proved by induction.

Apply Leibnitz:

y(n)=3r=0n(nr)n!r!xrapsr
r}eA{ax}y(n)=;=ozn(m

Q12. y=xneaxy=x"n e"{ax}yzxne%

}=\sum_{r=0}"n {n\choose r} \frac{n!}H{r!}xAr a*{n-

—reax

Q13.y= %x’?\sin Xy=x2sinx

derivatives of x2x"2x2 exist:

y(n)=x2Dn(Sthizix)+2nxDn-1(sinix)+n(n-1)Dn-2(sinixx)y*{(n)}=xA2D"n(\sin x)+2nxD*{n-1}(\sin
x)+n(n-1)DA{n-2}(\sin x)y(n)=x2Dn(sinx)+2nxDn-1(sinx)+n(n-1)Dn-2(sinx)

Q14. y=x3coslelxy=x"3\c0s Xy=X3C0SX

Same process; terms up to third derivative remain.



Q15. y=xnlInizixy=x"*n\In xy=xnlInx

Use Leibnitz rule:

X)y(n)=r=03n(rn)Dn-r(xn)Dr(Inx)

Substitute known formulas.

\V
Q16. Significance

®
Leibnitz theorem helps: \%

« higher derivatives quickly

e series expansions %
« differential equations %

N\
Q17. y=eax(x2+1)y=e™ax}(x"2+1 e@

y(n)=eax[an(x2+1)+2nan-1x+n( (n)}=eMax}[arn(xA2+1)+2na”{n-1}x+n(n-1)a*{n-

2}]y(n)=eax[an(x2+1)+2nan—tf®an—2]

N4
Q18. Case n %\

uv'D(uv)=u'v+uv’

D(uv)=u'v+g
Henc \ uces to product rule.

7/

«/ SECTION C — TAYLOR & MACLAURIN SERIES

Q19. Taylor’s Theorem



f(x)=f(a)+(x-a)f'(a)+(x-a)22!f"(a)+:--f(x)=f(a)+(x-a)f'(a)+\frac{(x-
a)M2H2!1}" (a)+\cdotsf(x)=f(a)+(x-a)f'(a)+2!(x—a)2f"(a)+:

Proof uses repeated integration and mean value theorem.

Q20. Maclaurin Series

Put a=0a=0a=0:

f(x)=f(0)+xf'(0)+x22!f"(0)+---f(x)=f(0)+xf'(0)+\frac{x"2}{2 !}f"(0)+\cdotsf(x)@02!x2

/(04

Q21. Maclaurin for exe”xex \%

All derivatives = exe”xex

Atx=0— 1

ex=1+x+x22!4+x33!+x44!+x55!e”x= 1+x+\f \frac{x*3H3!}H+\frac{x*4H4!}+\frac{x 55!
lex=1+x+21x2+31x3+41x4+5!x5

Q22. Maclaurin for si h
""" in%s c{x"33!}H+\frac{x5}{5!}-\cdotssinx=x-3!x3+5!x5-:-:

v
Inizoi( ;x33 x44+--\In(1+x)=x- \frac{x"2}{2}+\frac{x"3}{3}
\frac cdotsIn(1+x)=x—2x2+3x3-4x4+-

Valid for [x]<1|x|<1|xI<1.

Q24. Taylor expansion of cos x about x=n/4x=\pi/4x=n/4

Use formula:



f(x)=f(a)+(x—a)f'(a)+:--f(x)=f(a)+(x-a)f'(a)+\cdotsf(x)=f(a)+(x-a)f'(a)+- -

Compute derivatives at a=n/4a=\pi/4a=m/4.

Q25. Taylor expansion of exe”xex about x=1

ex=e[1+(x-1)+(x-1)22!+:-- Jerx=e\left[1+(x-1)+\frac{(x-
1)A2H{2!1}+\cdots\right]ex=e[1+(x-1)+2!(x-1)2+-++]

‘O
Q26. Maclaurin for tanf=—1x\tan”{-1}xtan—1x
®
ta Zf<i—1x=x—x33+x55—---\tan"{-1}x=x-\frac{x"3}{3}+\frac{x"5}{5%&n—1x=x—3x3+5x5—---

o )i
7 SECTION D — APPLICATIONS %

Q27. Approximate e0.1e”{0.1}e0. %\

e0.1=1+0.1+0.012+0.0016e7{0.1}=1 ac{0.01{2}+\frac{0.001}{6}e0.1=1+0.1+20.01
+60.001 =1.10517=1.10517=1.

\_c\i
Q28. Limit 'b\

Use series: Q
sini?iib@\lQr x=x-\frac{xA3}{6}+...sinx=x-6x3+... sinfoix-xx3=—16\frac{\sin x-x}{x"3}=-
inXsx=-61

Q29. Approximate 1.02\sqrt{1.02}1.02
(1+x)1/2=1+x2-x28(1+x)M{1/2}=1+\frac{xH{2}-\frac{x 2 }{8}(1+x)1/2=1+2x-8x2

Put x=0.02x=0.02x=0.02:



=1.00995=1.00995=1.00995

Q30. Approximate Iniz=i(1.1)\In(1.1)In(1.1)

Put x=0.1x=0.1x=0.1:

=0.1-0.005+0.00033=0.1-0.005+0.00033=0.1-0.005+0.00033 =0.09533=0.09 095
1.

Q3 \ ,J

Expand 1+x\sqrt{1+x}1+x using Maclaurin’s series up t@t ining x4x"4xA4.

Solution

Maclaurin series: 'b

f(x)=f(0)+xf'(0)+x22!f""(0)+x33!f""(0)+---f(x)=f(@)+xT4Q) +\Frac{x 2 {2 !}f"(0)+\frac{x*3H{3!}f'"'(0)+\c
dotsf(x)=f(0)+xf'(0)+2!x2f"(0)+3 !x3f%(0)

Let:
f(x)=(1+x)1/2f(x)=(1+x?’\{1/§x@1/2

Step 1: Derivative
f'(x)=12(1+x)-1/@ % 12(1+x)M-1/2}'(x)=21(1+x)-1/2 f""(x)=-14(1+x)-3/2f"(x)=-

\frac14(1+ =-41(1+x)-3/2 f"'(x)=38(1+x)-5/2f""(x)=\frac{3}{8}(1+x)*{-5/2}""(x)=83
(1+x)—5§( 1516(1+x)-7/2fA{(4)}(x)=-\frac{15{16}(1+x)*{-7/2}f(4)(x)=-1615(1+x)-7/2

Step 2: at x=0x=0x=0
f(0)=1f(0)=1f(0)=1 f'(0)=12f'(0)=\frac12f'(0)=21 f"’(0)=—14f"(0)=-\frac14f"(0)=-41
f'’(0)=38f""(0)=\frac38f"’(0)=83 f(4)(0)=—1516f*{(4)}(0)=-\frac{15}{16}f(4)(0)=-1615

Step 3: Substitute
1+x=1+x2-x28+x316-5x4128\sqrt{1+x}=1+\frac{x}{2}-\frac{x 28} +\frac{x*3}{16}-
\frac{5x"4}{128}1+x=1+2x-8x2+16x3-1285x4



«/ Final Answer
1+x2-x28+x316-5x4128\boxed{1+\frac{x}{2}-\frac{x 2 {8}+\frac{x*3}{16}-\frac{5x*4}{128}}1+2x
-8x2+16x3-1285x4

Q32.

Expand Inizi(1—x)\In(1-x)In(1—X) using Maclaurin’s series up to X4x"4x4. Q
Solution ‘

Known expansion:

Inizo( 14x)=x-x22+x33-x44+---\In(1+x)=x- \frac{x’\2}{2}+\frac®

\frac{x*4H4}+\cdotsIn(1+x)=x—2x2+3x3-4x4+

Replace xxx by —x-x—x:

(x+\frac{x"2}{2}+\frac{x"3}{3}+\fra(i{x’\4 Q? (x+2x2+3x3+4x4)

o/ Final Answer

Inizoi(1-x)=-x—x22-x33-x44 %-x) =-x-\frac{x"2}{2}-\frac{x*3}H3}-
\frac{x*4H4}}In(1-x)=- §Q

tanizoi-1x=x-x33+x55----\tan*{-1}x=x-\frac{x*3}{3}+\frac{x*5}{5}-\cdotstan—-1x=x-3x3+5x5---




Step 1: Substitute x=0.2x=0.2x=0.2
=0.2-(0.2)33+(0.2)55=0.2-\frac{(0.2)*33}+\frac{(0.2)*5}{5}=0.2-3(0.2)3+5(0.2)5

Step 2: Calculate

0.23=0.0080.2"3=0.0080.23=0.008 0.25=0.000320.2"5=0.000320.25=0.00032
=0.2-0.0083+0.000325=0.2-\frac{0.008 {3}+\frac{0.00032}{5}=0.2-30.008+50.00032
=0.2-0.00267+0.000064=0.2-0.00267+0.000064=0.2-0.00267+0.000064

N
« Final Answer
tani©i~1(0.2)=0.1974\boxed{\tan*{-1}(0.2)\approx0.1974}tan-1(0.2)=0.1

Y
N

Use Taylor’s series to expand Iniix\In xInx about X%%c\to (x—1)3(x-1)"3(x—1)3.

Solution

Taylor expansion about a=la=1a=1;

f(x)=F(1)+(x-1)f' (1)+(x-1)22!f"(1)+-- f(1)+\frac{
1)A2H2 13" (1)+\cdotsf(x)= f1)+ 1)2f"(1)+

Step 1: Derivat

f'(x)=1xf'(x) =x1 f"(x)=—1x2f"(x)=-\frac1{x’\2}f”(x)=—x21
"%ac 2H{xA3}"(x)=x32

f(x)=2

Step 2: V3 @ at x=1x=1x=1

f(1)=0,f'(1)=1f(1)=0,\quad f'(1)=1f(1)=0,f'(1)=1 f*(1)=-1,f"(1)=2f"(1)=-1,\quad
f''(1)=2f"(1)=-1,f"(1)=2

Step 3: Substitute

+3(x 1)3



&/ Final Answer

1)A3H3Hnx=(x-1)-2(x-1)2+3(x-1)3

Q35.
Using Maclaurin’s series, evaluate the limit: Q
limizix>0ex—-1-xx2\lim_{x\toO}\frac{e”x-1-x}{x*2}x—>0limx2ex—1-x ‘
Solution

®
Maclaurin expansion:

ex=1+x+x2214x331+---erx=1+x+\frac{x 2}{2}+\frac{x* 313! }+\c ex=1+x+21x2+3Ix3+:-

Step 1: Substitute U

ex—1—x=x22+x36+-~-e"x-1-x=\frac{x"2}{2ﬁi AIH6}+\cdotsex—1-x=2Xx2+6x3+-+-

v

Step 2: Divide by x2x"2x2 Q
=12+x6+-~=\frac12+\frac{x}ff=21+6x+---

\v
Step 3: Take limit
x—>0x\to0x—> e acl2}21

SEC — Tangent & Normal (Cartesian Form)

Q36.

Find equations of tangent and normal to the curve
y=X2+3xy=x"2+3xy=x2+3x

at x=1x=1x=1.



Solution
Given:

y=x2+3xy=x"2+3xy=x2+3x

Step 1: Differentiate
dydx=2x+3\frac{dyHdx}=2x+3dxdy=2x+3

At x=1x=1x=1:

m=2(1)+3=5m=2(1)+3=5m=2(1)+3=5 @

Point:

®
y=1+3=4=(1,4)y=1+3=4 \Rightarrow (1,4)y=1+3=4=(1,4) %\

N
Step 2: Tangent
y-4=5(x-1)y-4=5(x-1)y-4=5(x-1) y=5x—1\boxed{E X- -1

\\
Step 3: Normal slope
mn=-15m_n=-\frac{1}{5}mn=-51

Normal:

y-4=-15(x-1)y-4=-\frac %:—51(#1)

Find t rmal to y=Inixixy=\In xy=Inx at x=ex=ex=e.
Soluti
dydx=1x yHdx}=\fraclxdxdy=x1

At X=ex=ex=e:
m=1em=\fraclem=el

Point (e,1)(e,1)(e,1)



Tangent:
y-1=1e(x-e)y-1=\fracle(x-e)y-1=el(x—e)
Normal slope:

=—e=-e=-¢€

Normal:

y-1=—e(x-e)y-1=-e(x-e)y-1=-e(x-e)

C

N
Q38. ®

Find tangent and normal to y=x3y=x"3y=x3 at (1,1). @

Solution S
dydx=3x2\frac{dyH{dx}=3x"2dxdy=3x2

At x=1x=1x=1: slope = 3 &
Tangent: %
y-1=3(x-1)y-1=3(x-1)y-1=3(x-1

Normal slope: Q

-13-\frac13-31 Q

Q3. 6\)
Find% CUrve X2+y2=25x"2+y"2=25x2+y2=25 at (3,4).

Solution
Differentiate implicitly:
2x+2ydydx=02x+2y\frac{dy {dx}=02x+2ydxdy=0 dydx=-xy\frac{dyH{dx}=-\frac{x {y}dxdy=-yx

At (3,4);



m=-34m=-\frac34m=-43
Tangent:

y—4=-34(x-3)y-4=-\frac34(x-3)y-4=-43(x-3)

Q40.

Prove tangent to circle is perpendicular to radius. Q
Solution (Theory)

Slope of radius:

mr=yxm_r=\frac{y {x}mr=xy @

mt=-xym_t=-\frac{x}{y}mt=-yx mrmt=-1m_r m %1
Hence perpendicular v/

Slope of tangent:

SECTION B — Parametric F@Q

\v
Q41. (b
Find t ngerQ
\ y=t"3x=t2,y=t3

at t=1t=

Solution
dydx=dy/dtdx/dt=3t22t=3t2\frac{dy}{dx}=\frac{dy/dt}{dx/dt} =\frac{3t*2}{2t}=\frac{3t}{2}dxdy
=dx/dtdy/dt=2t3t2=23t

At t=1t=1t=1: slope = 3/2

Point (1,1)



Tangent:

y-1=32(x-1)y-1=\frac32(x-1)y-1=23(x-1)

Q42.

Find normal to parametric curve of Q41.

Normal slope:
-23-\frac23-32 y-1=-23(x-1)y-1=-\frac23(x-1)y-1=-32(x-1) ‘ Q

N 4

\ L
Q‘”" Q
Find tangent to cycloid <\
x=a(t-sinilt), y=a(1-cosiit)x=a(t-\sin t),\ y=a t), y=a(1-cost)

(2-\ s%
Solution
dydx=asiniita(1-cosiit)=sini®it1-cosi} \f% xJ®\frac{a\sin t{a(1-\cos t)} =\frac{\sin t}{1-

\cos t}dxdy=a(1-cost)asint=1-costsi

\N"J
Q44. %
Explain geometrical % rametric derivative.

Solution (Theo

Slope gre®t f change of y w.r.t x along parameter motion.

SECm— Angle Between Two Curves

Q45.

Find angle between curves:



y=x2,y=2xy=x"2,\quad y=2xy=x2,y=2x

at origin.

Solution

Slopes:

m1=0,m2=2m_1=0,\quad m_2=2m1=0,m2=2

Angle formula:

taniiB=|m1-m21+mim?2|\tan\theta=\left| \frac{m1-m2}{1+m1m2}\%ag-1+m 1m?2

m1l-m2 =21=2=\frac{2}{1}=2=12=2 O=tanii- (2)\theta=\tan"{-l}($—tan—‘

Q46. <\
State formula for angle between curves.

tan©B=|m1-m21+m1m?2|\tan\theta=\left|\fractm_1-n_2H1+m_1m_2}\right|tanB=1+m1m2
ml-m2

Q47.

-
Find angle between cun\%;y:xz and x=y2x=y"2x=y?2 at intersection.
Solve intersection %, )

Compute sloE stitute in formula.

-

SEC — Subtangent & Subnormal

Q48.

Show subtangent length:

=ydy/dx=\frac{y}{dy/dx}=dy/dxy



Proof

From tangent geometry using similar triangles.

Q49.

Find subtangent of y=x2y=x"2y=x2.

dydx=2x\frac{dyH{dx}=2xdxdy=2x
subtangent=x22x=x2\text{subtangent}=\frac{x"Z}{Zx}=\frac{x}{2}subtang(—J X

. -
®
> Q/
Find subnormal for y=x2y=x"2y=x2. \
Formula: )

ydydxy\frac{dyHdx}ydxdy =x2(2x)=2x3=x"2(

a N

Define geometrical meanin ‘ﬂal
Projection of normal 0\

SEC NGQI Differentiation

9
QSZ.%

Find:
0z0x,0z0y\frac{\partial z}{\partial x},\frac{\partial z}{\partial y}0xdz,0yodz

for z=x2y+y3z=x"2y+y"3z=x2y+y3.



Solution
0z0x=2xy\frac{\partial z}{\partial x}=2xydxdz=2xy 0z0y=x2+3y2\frac{\partial z}{\partial
y}=x"2+3y"20y0z=x2+3y2

Q53.

Find second order partial derivatives of z=x2y3z=x"2y"3z=x2y3.
zx=2xy3z_x=2xy"3zx=2xy3 zxx=2y3z_{xx}=2y"3zxx=2y3 zy=3x2y22_y=3x"2y"®

C

Q54.

\ .
Show mixed derivatives equality. @
&)

02z0x0y=02z0yox\frac{\partial*2z}{\partial x\partial ial*2z}{\partial y\partial
x}0x0y02z=0y0x02z

(Clairaut theorem)

SECTION F — Euler’s Theoref

State Euler’s

If zzz s degree n:

XZX+ ZXWX+Y Z_y=NnzXzx+yzy=nz

- N&
e

L~ 4
Q56.

Verify Euler theorem for

Z=X2+Yy2z=x"2+y"2z2=x2+y2 zX=2X, zy=2yz_X=2X,\;2_y=2yzx=2X,zy=2y
XZX+YzZy=2X2+2y2=27X7_X+Yyz_Yy=2Xx"2+2yN2=27X2X+yzy=2X2+2y2=22



Verified v

Q57.

Verify Euler theorem for z=x3y2z=x"3y"2z=x3y?2.

Degree =5

LHS: Q
x(3x2y2)+y(2x3y)=5x3y2=52x(3x"2y’\2)+y(2x"3y)=5x"3y’\2=52x(3x2y2)+y% y2=5z

L
SECTION G — Curvature \?J\
)

Q58. '6)

Find curvature of y=x2y=x"2y=x2.

Formula: %

K=ly"”|(1+y'2)3/2K= \frac{Iy"I}{ 2}}K (1+y'2)3/2ly"| y'=2x,y"=2y'=2x,\quad

y'=2y'=2x,y"'=2 K= 2(1fx2)g 2}{(1+4x"2)"{3/2}}K (1+4x2)3/22

Find Q

\rho=\frac{1}{K} =\frac{(1+4x"2)*{3/2}42}p=K1=2(1+4x2)3/2

S
Q60.

Show curvature of straight line = 0.

Since y"=0=K=0y"=0\Rightarrow K=0y""=0=K=0.




SECTION H — Asymptotes

Q61.

Find asymptotes of:

y=2x2+3xy=\frac{2x"2+3{x}y=x2x2+3

Divide: Q
y=2x+3xy=2x+\frac{3K{x}y=2x+x3 < l

As x—oox\to\inftyx—oo

\ .
y=2Xy=2xy=2X \%
Oblique asymptote v/ g%

xy=1xy=1xy=1

AS X—00X—>00X—00, }x 0
Hence axes :ag%ﬁt

A Y
Q62.
Find asymptotes of hyperbola %

Q63, \\) ‘

Define tal & vertical asymptotes.

e y=ay=ay=a horizontal
e X=bx=bx=Db vertical

SECTION I — Maxima & Minima (Two Variables)



Q64.

Find extrema of;

f=x2+y2f=x"2+y"2f=x2+y2

Solution
fx=2x=0=>x=0f x=2x=0\Rightarrow x=0fx=2x=0=>x=0 fy=2y=0=y=0f y=2y=0\Rightarrow y=0fy

=2y=0=y=0 Q
Second derivatives: <

D=4>0, fxx>0D=4>0,\;f {xx}>0D=4>0,fxx>0 \ ®
Minimum at (0,0). \%

v -

J
Q65.

Find extrema of f=x2—y2f=x"2-y"2 :XZQ
D=-4<0D=-4<0D=-4<0

Saddle point. Q

N\
Q66. %
State cong est.
D=fx \ {xx}_{yy}-(f_{xy})*2D=fxxfyy—(fxy)2

Conditi sify extrema.

Q67.
Find extrema of f=xyf=xyf=xy.

Critical point (0,0)



D=-1<0D=-1<0D=-1<0

Saddle point.

Q68.

Explain geometrical meaning of saddle point.
Surface rises one direction and falls another. Q

Q69. \ ®
Optimization application example (Theory). \%

Used in economics, engineering design, machine lear

\'
Q0.
Explain steps to find maxima & mir%%/ariables.

Find partial derivatives

Equate to zero

Find critical poli %

Compute sec i S

Appl determ

SECTION C\Qe of Rectangular Axes

orwdE

Q71.
Explain change of rectangular axes and derive transformation equations when origin is shifted.

Solution

Suppose old origin = 0(0,0)0(0,0)0(0,0)
New origin = O'(h,k)O'(h,k)O’(h,k)



Let new coordinates be (X,Y)(X,Y)(X,Y).
Then,

x=X+h,y=Y+kx=X+h,\qquad y=Y+kx=X+h,y=Y+k
These are translation equations.

Result:
e Axes remain parallel.
e Only origin changes.
x=X+h, y=Y+k\boxed{x=X+h,\; y=Y+k}x=X+h,y=Y+k Q
= S ®

\ )
Q72. \
Shift origin to (2, —3) in equation (b )

y

X2+y2—-4x+6y+9=0x"2+y"2-4x+6y+9=0x2+y2- +

Solution %
Use: 5
x=X+2,y=Y-3x=X+2,\quad y= -% =Y-3
Substitute: \
(X+2)2+(Y-3)2%4 %)+9=O(X+2)"2+(Y-3)"2-4(X+2)+6(Y-
3)+9=0(X+2)2+ (X+2)+6(Y-3)+9=0

Y+9-4X-8+6Y-18+9=0X"2+4X+4+YN2-6Y+9-4X-8+6Y-

18+9=0 @ 4+Y2-6Y+9-4X-8+6Y-18+9=0

Simplify:
X2+Y2-4=0X"2+Y"2-4=0X2+Y2-4=0

Final Answer
X2+Y2=4\boxed{X"2+Y"2=4}X2+Y2=4



Q73.

Show shifting origin removes linear terms.
Solution

General equation:

Ax2+By2+Dx+Ey+F=0Ax"2+By”2+Dx+Ey+F=0Ax2+By2+Dx+Ey+F=0 Q
Put: < l

x=X+h, y=Y+kx=X+h,\; y=Y+kx=X+h,y=Y+k

\ .
Choose h,kh,kh,k such that coefficients of X and Y vanish.\%
Thus linear terms eliminated v'. g%

N
Q74.

Find new equation after shifting ori of circle:

X2+y2-6x+8y+9=0x"2+y"2-6 + +y2-6x+8y+9=0
Solution \Q

Center: %

(3,-4)(3,-4) Q

Use: Q

x=X+3, V= =X+3,\; y=Y-4x=X+3,y=Y-4

Substitute — simplify:

X2+Y2=16X"2+YN2=16X2+Y2=16

Q75.



Explain geometrical meaning of translation of axes.

Solution (Theory)

« Figure unchanged.
e Only reference frame moves.
o Distances and angles preserved.

SECTION B — Rotation of Axes

Q76.

Derive rotation transformation formulas.

Solution

If axes rotated by angle 6:

Derived using trigonometric pr

Show rotatlonce

Solutio

Distd

X2+y2x"2 X2+y2

Substitute rotation formulas — simplifies to:

X2+Y2XA2+YA2X2+Y2

Hence invariant V.



Q78.
Find angle of rotation removing xy-term from:
3x2+4xy+2y2=03x"2+4xy+2y"2=03x2+4xy+2y2=0

Solution

Formula:

A=3, B=4, C=2

1}(4)}26=tan-1(4)

Q79.

Why rotation removes xy-term? %
Solution Q
Cross-product term ari d% axes.

Proper rotation alignSje ncipal directions.

Solut

4
Q80. QV
Tran \a 1on after rotation through 0.
ion

Substitute rotation relations into original equation and simplify.

SECTION C — Combined Transformation



Q81.

Explain combined rotation and translation.
Solution

Steps:
1. Remove linear terms (shift origin)
2. Remove xy-term (rotate axes)
Result — canonical form. Q
: S ®

Q82. b

Reduce equation:

>
x2+y2+4x—6y+9=0x"2+y’\2+4x-6y+9=0x2+y2®7
to standard form. %
Solution 6
Complete squares: @
(x+2)2+(y3)2=4(x+2® €4(x+2)2+(y-3)2=4

Circle with cen

O

Q83! \\I

Find tran ation reducing equation into principal axes.

Solution



Then substitute rotation equations.

Q84.

Explain invariant quantities under transformation.

Solution
Remain unchanged: Q
o Degree
« Nature of conic
y_QS )

e Discriminant B2—-4ACB”"2-4ACB2—-4AC
\
N

Show degree of equation remains unchanged &%ﬁtion

Solution
Transformation equations are linear %ower preserved.

&\

SECTION D — Gener atien of Second Degree

0.\

\ 4

General forQQ
\ Ey+F=0Ax"2+Bxy+Cy"2+Dx+Ey+F=0Ax2+Bxy+Cy2+Dx+Ey+F=0

AX2+6‘
V

Q86.

Classify conic using discriminant.

Solution
A=B2-4AC\Delta=B"2-4ACA=B2-4AC



e =0=0=0 — Parabola
e <0<0<0 — Ellipse
e >0>0>0 — Hyperbola

Q87.

Determine nature of:
2x2+3xy+y2=02x"2+3xy+y"2=02x2+3xy+y2=0 B2-4AC=9-8=1>0B"2-4AC=9-
8=1>0B2-4AC=9-8=1>0 Q
Hyperbola.

®

Q8s. cj\b

Find nature of;

X2+4y2=1x"2+4y"2=1x2+4y2=1 ®

Since A,C same sign — ellipse.

N 4
Q89.
Show circle is speci% se.
Solution Q

rac{x"2H{a"2}+\frac{y?2H{b” 2}=1a2x2+b2y2=1

X2+y2=a2x"2+y"2=a2x2+y2=a2

Circle V.




Q90.

Find center of general conic.

Solution

Solve:

00x=0,00y=0\frac{\partial{\partial x}=0,\quad \frac{\partial}{\partial y}=00x3=0,0y0%0

(simultaneous linear equations).

C

SECTION E — Reduction to Canonical Form

S

®
Qo1.

Reduce: %
x2—y2+4x—6y=0x"2-y’\2+4x-6y=0x2—y2+4@

to standard form.

Solution Q

Complete squares:

(x+2)2-(y+3)2s5 %) 2=5(x+2)2-(y+3)2=5
Hyperjo la. Q

N
Q92.

Explain principal axes.
Solution

Axes obtained after removing xy-term; symmetry axes of conic.




Q93.

Show transformation preserves conic type.
Solution

Because discriminant invariant.

o Q‘Q‘

Explain geometrical interpretation of second-degree equation. <

Solution

2

ellipse
parabola

e hyperbola 'b
e pair of lines
depending on coefficients. } %

o~
Q95.
Outline steps to redu \%md-degree equation.
Solution (Agc@
1. ria quation.
_ St

— remove linear terms.
tat@axes — remove xy-term.

in canonical form.

conic.

UNIT-I1: Coordinate Geometry (2D)

Conditions for General Equation of Second Degree to Represent Parabola, Ellipse and
Hyperbola

General Equation:



Ax2+Bxy+Cy2+Dx+Ey+F=0Ax"2 + Bxy + Cy"2 + Dx + Ey + F = 0Ax2+Bxy+Cy2+Dx+Ey+F=0

These questions are designed for B.Sc / BCA / Engineering Semester Examination (15 Marks
Level).

«/ LONG QUESTIONS WITH SOLUTIONS (96-120) g

N

SECTION A — Fundamental Theory & Conditions Q
N 4

\ ®
Q96.
State the condition under which the general second-degr%& represents a parabola.

Solution

QO

Ax2+Bxy+Cy2+Dx+Ey+F=0Ax"2 + Bxy + Dx + Ey + F=0Ax2+Bxy+Cy2+Dx+Ey+F=0

Discriminant:

A=B2-4AC\Delta = B 4A‘A=®C
Condition:
B2-4AC=0\béxed{B/?2 = 0}B2-4AC=0

Heanqua@ ts a parabola.
A
Q97.

State condition for ellipse.

Solution

If

B2-4AC<0B”"2-4AC<0B2-4AC<0



then equation represents an ellipse.

Special case:
If A=CA=CA=C and B=0B=0B=0 — circle.

Q98.

State condition for hyperbola.

Solution @

If

®
B2-4AC>0\boxed{BA2-4AC>0}B2-4AC>0 %\
the equation represents a hyperbola. E\

Q99. .&
Explain geometrical meaning of disChimi ACB"2-4ACB2-4AC.

Solution

Show cir special case of ellipse.
Solution
Ellipse:

Ax2+Cy2+Dx+Ey+F=0Ax"2+Cy"2+Dx+Ey+F=0Ax2+Cy2+Dx+Ey+F=0



If:
A=C, B=0A=C,\;B=0A=C,B=0
then:

X2+y2+Dx+Ey+F=0x"2+y"2+Dx+Ey+F=0x2+y2+Dx+Ey+F=0

Circle .

SECTION B — Identification Problems Q ’
.

o1 c;\%\

Identify nature of: %
3x2+2xy+y2=03x"2+2xy+y2=03x2+2xy+y2=0

Solution

A=3, B=2, C=1 &
Bz—4Ac=4—12=—8<05A2-4AC=4%< —4AC=4-12=-8<0
Hence ellipse. Q

Q103.



Identify nature:

2x2-3xy-y2=02x"2-3xy-y"2=02x2-3xy-y2=0 9+8=17>09+8=17>09+8=17>0

Hyperbola.

Q104.

Show equation represents circle: Q
X2+y2-6x+4y+9=0x"2+y"2-6x+4y+9=0x2+y2-6x+4y+9=0 < |

Solution

\ .
A=C=1, B=0 — circle. @

Q105. '6)

Determine nature:

Ax2+9y2=364x"2+9y"2=364x2+9y2= %
Since same sign and B:OB:OBQ e.

\V
SECTION G — e% ases

QlOG\Q"

Explal erate conic.
Solution
When conic reduces to:

e pair of lines

e coincident lines
e point



Condition:
Determinant

|AB/2D/2B/2CE/2D/2E/2F|=0\begin{vmatrix} A&B/2&D/2\\ B/2&C&E/2\\ D/2&E/2&F
\end{vmatrix}=0AB/2D/2B/2CE/2D/2E/2F=0

Q107.

Show equation represents pair of lines:

x2-y2=0x"2-y"2=0x2-y2=0 @

Factor: \ °

(x=Y) (x+y)=0(x-y) (x+y)=0(x-y)(x+y)=0 \%

Pair of straight lines. %
O

Q108.

Explain condition for real ellipse. 6%

Solution Q

Need: \g

A,C>0andB2 AC<O% d \text{and} \quad B~2-4AC<0A,C>0andB2-4AC<0

N

Expl inary ellipse.
Solution

If ellipse equation gives negative RHS after reduction — no real points.

Q110.



Condition for rectangular hyperbola.
Solution

If:

A+C=0A+C=0A+C=0

hyperbola is rectangular.

SECTION D — Reduction & Classification < wl

Reduce equation and identify conic:

X2+y2+4x-2y—-4=0x"2+y"2+4x-2y-4=0x2+y2+4 =
Solution &
Complete squares: &
(x+2)2+(y—1)2=9(x+2)’\2+(y-1)" y-1)2=9
Circle. Q

O

QL. a)\g/\

Q112, U

Identi\Q

9x2+1 Ix"2+16y"2=1449x2+16y2=144

Divide:
x216+y29=1\frac{x"2H16}+\frac{y*2}{9}=116x2+9y2=1

Ellipse.




Q113.

Identify:

y2=8xy"2=8xy2=8x

Compare with y2=4axy"2=4axy2=4ax

Parabola.

Q1l14. QQ X

Identify:

\ .
Xx2-9y2=1x"2-9y"2=1x2-9y2=1 \%
Opposite signs — hyperbola. %

o %‘Q

Explain why parabola has smgle sq after rotation.

Solution

Rotation aligns axis of s ry moving second squared term.

L.\

\ 4

SECTjON gnptual & Proof Based

N

Q116.
Prove discriminant invariant under rotation.

Solution

Rotation substitutes linear combinations of x,y only — coefficients change but expression
B2-4ACB"2-4ACB2-4AC remains constant.



Q117.
Explain why ellipse is closed curve.
Solution

Both squared terms same sign — bounded distance.

otts QJ\)'

Explain why hyperbola has two branches.

&

Opposite signs allow solutions in two separate regio %

N\
i %4
Derive condition for parabola from% m.

Solution

Quadratic form matrix % zero = one eigenvalue zero = parabola.

NP\

\ 4

1. Write coefficients A,B,C.
2. Compute B2-4ACB"2-4ACB2—-4AC.
3. Apply condition:



Value Conic
=0 Parabola
<0  Ellipse

>0  Hyperbola

&

Check degeneracy.

Reduce to standard form. Q

LONG QUESTIONS WITH SOLUTIONS (121-150)

o1

SECTION A — Tangent & Normal (Using Calculusi S

Q121

Find the equations of tangent and no, %urve

y=X2+2x+1y= xA2+2x+1y—x2+2x

at x=1x=1x=1. < '

Solution
dydx= 2x+2\fr 2dxdy 2x+2

y=(1+1)2=4=(1,4)y=(1+1)"2=4 \Rightarrow (1,4)y=(1+1)2=4=(1,4)

Tangent
y-4=4(x-1)y-4=4(x-1)y-4=4(x-1) y=4x\boxed{y=4x}y=4x

Normal slope
=-14=-\frac14=-41



Normal:

y-4=-14(x-1)y-4=-\frac1l4(x-1)y-4=-41(x-1)

Q122.

Find tangent and normal to y=x3—3xy=x"3-3xy=x3—3x at Xx=1x=1x=1.

Solution
dydx=3x2-3\frac{dy}dx}=3x"2-3dxdy=3x2-3 : Q

At x=1x=1x=1: slope =0

®
Point (1, —2) Q/
Tangent: \
y=-2y=-2y=-2 fb)

Normal:

x=1x=1x=1 } %

Q123.
Find tangent and normal bsqrt{x}y:x at x=4x=4x=4.

r
dydx=12x\fra %1}{2\sq rt{x}}dxdy=2x1
At x= ﬂg
f =41

m=1
Point (4,

Tangent:
y-2=14(x-4)y-2=\frac14(x-4)y-2=41(x-4)

Normal slope = —4.



Q124.
Find tangent to curve x2+y2=13x"2+y"2=13x2+y2=13 at (2,3).
Differentiate implicitly:

2x+2ydydx=02x+2y\frac{dy {dx}=02x+2ydxdy=0 dydx=—xy\frac{dy Hdx}=-\frac{xHy y=

At (2,3): Q
m=-23m=-\frac23m=-32 < |

Tangent: \ L Y
y-3=-23(x-2)y-3=-\frac23(x-2)y-3=-32(x-2) \%

Q125. )
Prove tangent to circle is perpendicular to @alculus.
Slope of radius: 6@
mr=yxm_r=\frac{yH{x}mr=xy Q

Slope tangent: Q

-xy-\frac{x}{y}-yx m% *rm_t=-Imrmt=-1

Hence perpﬁ'

\v
Q126.

y'=1/xy'=1/xy'=1/x
Slope =1

Point (1,0)



Tangent:
y=x-1ly=x-1ly=x-1
Normal:

y=—x+1ly=-x+1ly=—x+1

Q127.

Find tangent to y=exy=e”xy=ex at x=0x=0x=0. ‘

y'=exy'=e xy'=ex

Slope=1 @

Point (0,1) %

Tangent: %

y=x+1y=x+1ly=x+1 ®
\Q,

N4
o N
Find normal to y=x2y: X2 X=2X=2.

N2
Normal slop&

-14-\fraed4
Point
Normal:

y-4=-14(x-2)y-4=-\frac14(x-2)y-4=-41(x-2)

Q129.



Find tangent where curve y=x3y=x"3y=x3 is parallel to line y=12x+1y=12x+1y=12x+1.
Slope required =12.
3x2=12=x=23x"2=12 \Rightarrow x=23x2=12=x=2

Point (2,8)

Tangent:
y-8=12(x-2)y-8=12(x-2)y-8=12(x-2) Q
C N\

Q130.

\ .
Find tangent where slope is zero for y—x36x2+9xrx’\3-® X2+9X.
y'=3x2-12x+9y'=3x"2-12x+9y'=3x2-12x+9 %

Set zero:

x=1,3x=1,3x=1,3

Horizontal tangents at those points. %

SECTION B — Tang @Parametric Form)

e\

s 6QU

Find t t
X=t2, 2,\ y=t"3x=t2, y=t3
at t=2t=2t=2.

dydx=3t22t=3t2\frac{dyHdx}=\frac{3tA2}{2t}=\frac{3t}{2}dxdy=2t3t2=23t
Slope=3

Point (4,8)



Tangent:

y—8=3(x-4)y-8=3(x-4)y-8=3(x-4)

Q132.

Find normal to Q131.

Normal slope:
-13-\frac13-31 y-8=-13(x-4)y-8=-\frac13(x-4)y-8=-31(x-4) < Q

Q133. \Q> ’

Find tangent to parametric curve

x=acosieit, y=asini“itx=a\cos t,\ y=a\sin tx=acost, =a%;——cotiﬁﬂt\frac{dy}{dx}=-\cot tdxdy

=-cott

Q134.
Show tangent to circle in para
Point: Q

Q135.

Explain geometrical meaning of parametric differentiation.

Slope obtained from motion along parameter.




SECTION C — Polar Equations

Q136.

Define polar coordinates and derive relations.

(\)‘
Q137.
®

r2=2rcosiBrr2=2r\cos\thetar2=2rcos0 x2+y22xx"2+y’\2@
Circle. S

QY
Q138.
Convert r=ar=ar=a into Cartesian. 6%
x2+y2=a2x"2+y’\2=a"2x2+y2=Q
Circle centered at orig\g

(N

Q140.

Differentiate r and substitute into slope formula.



SECTION D — Polar Tangent & Normal

Q141.

Angle between radius vector and tangent.

O

Q142.

Find tangent at pole for r=a0r=a\thetar=a®. @

At r=0=06=0r=0\Rightarrow \theta=0r=0=6=0

Tangent = initial line. g%

Q143 %\ ‘

Find pedal equation relation.

Pedal length ppp: \< |
p=rsinizipp= r\sm\ph

Q144 Q\’

Sho le metric about polar axis.
Replace 0 \theta\to-\thetab——0.

Equation unchanged.

Q145.



Test symmetry about pole.

Replace r——rr\to -rr—-r.

SECTION E — Applications & Theory

A
Q146. Q
Explain advantages of polar coordinates. <

e symmetry handling Q

e circular motion K
« spiral curves \

Q147. rb
Compare Cartesian and polar tangents. %

Cartesian — dy/dx
Polar — dr/d0 relation.

Q149.

Substitute into slope formula — vertical tangent.



Q150.

Outline steps to find tangent of polar curve.

Algorithm

agrownpE

Write r=1(0)
Compute dr/d6

Use slope formula
Find point coordinates
Apply point-slope form. <
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