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--31.Motivation : Enriched 1 -CaLegones
Def: Let V be a monoidal category. A V - Enriched category C consists of

· A set of objects obC

· Exycobt : hom-object ((X,Y) -V

· Composition maps : ((X ,y)((y ,z)-> CIX ,z)

· Units : Ex ((X , X)

such that composition is associative and unital



51: Motivation of enriched 1-categories
Examples of eniched 1-categories
· v = Set mus locally small categories
· v = Chain complexes mus DG-categories
· V = Cat us Strict 2-categories
· V = set or Top ~m> (00 , 1) - categories
2 : How to generalize?
A : Multicategories!



51: Motivation of enriched 1-categories
$1

.
1 : Multicategories - Also called non-symmetric coloured operads

Intuition : Category with morphisms having a list of objects as source

Def : A Multicategory M consists of

& set of objects : obM

· For X11-X , Y obM, On ,
a set M- Xn; Y) Of

multimorphisms from (Xo
,
-

,
Xn) to 4

· Identify multimorphism : idx: -Y

· Associative & unital composition laws

composition : ((z1-,i) - Y , o (in-Ein)-Yn) with

(Y, Yn) X

mus (
,
n) X



Def: A multifunctor F :M-N between multi-motivationof enriched Categoriesa

categories assigns
X 1 x F(X)

(1 ,Xn)Y( (F(x) ,
- ,F(Xn) -> F(Y)

in a way compatible with unit and composition
Ex : v monoidal category ~> multicategory v

*

by
v(X

1) -XniY) := /X-RXncY

↑Normal set of maps



Ex : v monoidal category~ multicategory u* by StMotivationof enriched Categoriesa

vx(X
1) -XniY) := U(X/ - OXn , Y)

Def : An Algebra of a multicategory M in a monoidal category V is a

multifunctor

M->(

Ex : S a set~> Multicategory Os defined by
· Ob0g := SxS

· Multimorphism set

&(c), , Yn) ; (YXn) :
*Yi zienE ① oth



51: Motivation of enriched 1-categories
& Ob 0g := SxS 51

.
1 : Multicategories

· Os((XcY, X, Yn) ; (YoXn) :

* S =Xi for enE O , oth

Os-algebra C :Os-& gives the following structure:

D (X
,Y) tobog & CER

& unique map (1 - (X
,X)
es umit Ex -> C(X

,X)
& over case n = 0

· Unique multimorphism/(x,Y), (Y,
2)) -> (X

,
z)

- composition written C(X
,Y)((Yz)-C(X ,z)

Looking at triples ofpairs we get that this is associative & unital

&
v . enriched categoryOs-algebras in6* <W

. obC=S



51: Motivation of enriched 1-categories
Os - algebras in v-enriched category

51
.
1 : Multicategories

↳ &
v c with obC =S

A
This version we can generalize

LL

Idea : Many object associative algebras"
↳ ways of doing this :

Gepner-Haugeng &Manerson Hinch
Do Assoc ->Quix (U)



S2 : Many-object associative algebras
2.1 : Non-Symmetric -Operads

multicategoriesums (generalized) non-symmetric -operads
Defi A non-symmetrico-operat is an inner fibration It : 0 -> St.

1
. 4 : [m] -> [n] inert

, XeO s Exist it-cocartesian morphism

X ->4 !X
over 4

2. For every InJE,
the functor

Otus-(01) standard
inverts

. Pi: [7] [in,in [n]
↓

&

induced by coCartesian arrows over the inert maps P,
(i =t

,- ,
n) is

an equivalence.
3

.

- . -



Def: A morphism of non-symmetrico-operads
Sh: Manyobjectassociativealgebrasee

0 - P :

cocart-> cocart

Y

Jo
· D

Inert Dop

↳ Also called O-algebra Alga(P) &Fun10,R)

es Category Op



S2 : Many-object associative algebras52
.2 : From multicategories to you-symmetric-operads
M a multicategory mus NIM) non-symmetrico-operad

Def: The category of operads MO is defined by
& Objects: Lists (X-Xn) , XIEM, n=0

, 1,-

& Morphism (X11-xn) (Y1 ,
Ym) :

> 4 : [m] - [n] in

> For each j= 1
, - ,m a multimorphism in M

(Xy(j -1) +xXx(j -1)+ 2) ,Xy(y)oY)

Renn: M · AOP ↳ Non-symmetricco-operad
(X1- > Xu) +> [n]



S2 : Many-object associative algebras
Def : LetIbe amonoidal -category & S a set. ↳2

. 2 : From multicategoriesto you-symmetrico-operads

A U - ennicked category with set of objects S is an

Q)N/ yOs
⑦

Os-algebra in 1 mic. a morphism of non-symmetric 8. operads Os-V

Rem : 5 : 03 V gives the desired structure
& (X

,
Y)0 +E ,Y) Ev

· ((X
,Y), (Y ,)

+ (X
,7) in 03 over ditz] [T]

C((X
,
Y)

,
(Y

,z)) = f(x,Y)G(Y,z) · J(X
,
) in R

* ( - (X
,
X) in0 IU-e(X

,x) in
0

We want Space of objects



2
.

3 : Enriched with space of objects
S2 : Many-object associative algebras

Virtual double categories instead of multicategories
· objects
+ Vertical & horizontal morphisms& Ot non-trivial

+ Cells with list of vertical
On

arrows as source

- Generalized non-symmetrico-operads

Generalize non-symmetric -operads so the fibre over toJ is

not necessarily contractible



S2 : Many-object associative algebras

Key : Consider colartesian lifts of the inert maps
2

.

3 : Enriched with space of objects

[n] > [0]
,
9:: [n]-[i] ,

instead of just the standard inverts

Def : A Generalized non-symmetric -op is an inner fibration It : 0 ->P
St.

1. 4 : [m]- [n] inert
, XeO s Exist it-cocartesian morphism

X -4!X
over Y

2. For every InJE,
the functor

Ous-(OEs)
*"

Ou - Lim Otis Did O[n] -[i) inert
i =0

,
1

induced by coCartesian arrows over the inert maps P,
(i =1

,- ,
n)

[n]-> [0] is an equivalence

3
.

- . -



-S2 : Many object associative algebras
Def: A morphism of generalized non-symmetric -0

2
.

3 : Enriched with space of objects
scrap

0 - P :

cocartesian I colartesian
- Y

O · D

& Dop
Inert

- Also called O- algebra
es

Algo() =Fun10,R)

es Category Opsigens



S2 : Many object associative algebras
trieDef : A double -category is a generalized non-symme

seenished with space of objects

-operat0 which is also cocartesian

Explanation of name:

O-OP straightning Simplicial category Co :A- Catonu

doubleo-category Satisfying Segal-Rezk condition :

Enkbexg
.

-

X 8 be

Exactlythe internal categories in Cate



S2 : Many object associative algebras
Construction : Fix a spaceX.

32
.

3 : Enriched with space of objects

[03 +> X

[5033 <N (o..
2) X

+1

↓
Double -category

Ban mus↓ A- DOP

APP [n]
(xo

,- ,Xn)t> [u]

Def : Let V be a monoidal category. A categorical v-algebra with space of

objects is a A-algebra in V

~ i
. e. a morphism of generalized non-symmetric -operads

O or

Do



S2 : Many object associative algebras
Let C: -V be a categorical v-algebra

32
.

3 : Enriched with space of objects

& (x
,y) e x

+2 my ((x ,y) in R

· (x ,y , z)EX+3, by : [c]+ [i] m> ( ,y ,z)+ z) in DOR

Composition maps -D e,y) C(y ,
z)=(( ,z) in 8

· (x)EX
,
[0] - [1] ms(x) - (X ,x) in DO,

Unit -I + f(x
,x) in 0

Ex : Categorical U-algebra
Associativeo.algebra ↳ · with contractible space

of objects

Ex : Fr: -> U

*



S2 : Many object associative algebras
Construction:

32
.

3 : Enriched with space of objects

Opejop · (Opsigen
op All

· Cata

- Alget(U->S associated Cartesian fibration

Prop: Al()Seg,

* We want s-emiched Cato &S Need a completeness condition

Thm : Caty Algat(S([FFEST)

Def : V-enriched category Cat : = Algat() [FFES)



:Enrichmentthrough closed action
S3

.
1 : Motivation v a closed monoidal category
C a v.enriched category The U-tensors endow

2 -> J
with U-tensors 3 m S C with a TX+Mory (v ,Morc(c ,
) &

is corepresentable by some UCEC Closed -action

for all VEV , CE

Underlying v-enriched category

3 S Category
with

-

that admits v-tensors
-

closed V-action

D-enriched category
* category with

with r-tensors closed -action



:Enrichmentthrough closed action
----S3

.
1 : Molvalon

v-enriched categories & * categories with
with V-tensors closed -action

Relaxed version of categories
with closed -action

un ·. emichedcategoing N

in which U-tensors need

not exist



5
.
2 : Right-tensored -categories

ris entthrough sloud action

Def : · BM := A/[]
> [n] [1] m> (0,-10, 1 . + 1)

· RM = BM of the form 10 ,
1 ,-11) s (1 .-- 1)

Prop : BM-
, RM- are both double -categories

Def. ForM a generalized non-symmetric co-category
· BMod(M) : = AlgB(M)
· RMod(M) : = Algry (M)
· :A : RMO(M) Alg(M)

~ RMod(M) : E Fibre of it over de Algop (M)

Rem : This agrees with Lurie's definition



--:Enrichmentthrough closed action
Def : A weakly right-tensored -category is a35.

2 : Right-tensored -categories

morphism of generalized non-symmetric8-categories
9 : M-> RM

such that both Mos ,May are contractible.

· Mm :=M(0, g exhibits Mm as weakly
· M : i M A top sign S right-tensored over Mr

If g is furthermore coCartesian we say it exhibits Mm as

right-tensored over Mr
↓

T : RM-P

Ex: 1
*
monoidal s R - RM exhibits his as right-tensored

over V



--:Enrichment through closed action
--Intuition : Let g : M-RM exhibit t as $5

.
2 : Right tensored -categories

right-tensored overa

Unstraightning FiRM->Cate such that-

· F(0 , 1) C

FEMONRM (Cate
· iF is the associative algebraS - * RMod (ato)

corresponding to v

mus can think of gas giving rise to an action map

: Exx - 0

which is well-defined up to homotopy & compatible with

the monoidal structure ona



:Enrichmentthrough cloro action
33 .3 : Closed right-tensored - Categories
Def: Assume g :M-RM exhibits t as weakly right-tensored Over v

· For VeU
, C ,
cef , we write

Mapp((V , () := Map ((Co ,
)

,() = MaM((CO) ,C) which
is mapped to the unique

· A morphism object of Copet active map 4 : [ -> [2)

consists of

An object FR(Co,) Ev

> A morphism < : CoF (Coc) o C in
,
such that

Mapp (v,
F (Co

.<ill Mag(CV , C
,) Fuel

· g is closed right-tensored if there exist a (right)
morphism object F (Co..) for all Co ,GET.



D -:Enrichment through closed action
Def: 9 :M-RM exhibiting I as closed right-tensored 33 .3 : Closed right-terrored -Categories

overV : C ,G ,
FR(o,)EU St

. Ma(v ,
#(co

,<77= Mape(Cov , c)

· RTens s Open/RM

· P > RM ~s Projection RTens Mona

~ RTens" (v) = Fibre of It at U

Ex : g :M-RM exhibits & For every cel the

as closed right-tensored & &
right-tensoring functor

Over v Q - : + y

admits a right adjointF, )



D -:Enrichment through closed action
All of this could have been done with 33 .3 : Closed right-tensored - Categories

LM EBM of the form (0, - ,
0 ,1) , (0,

- , 0)

~> Doal theory of left-tensored

· Right version :
FR(9 ,b)x F

*
(b ,c -> FP(9 , c)

· Left version : # ((b
,a)F (c ,b) ->F"la ,d

Construction: LetU* be a monoidal caoptegory
m vo - APP &A

7

,rv

· Op : BM ->BM ms LTens Curey RTens (U)

LM1- RM fop 1 6

RMH- LM



54 : Comparison
Thm : (Heine) Let O be a monoidal category. Then

LTens" (Urew) Cath

Prop: R . ) There exists a functor

: Cat -> Cat

preserving the underlying -category.



Prop : OR. F : Cate Cats
54 : Comparison

Proof : C E Cate mu Ind(e)ePrt
,

52 Indie) full subcategory
GH 7

.
4.13

· HA
.
4

.
8

.
2

.
18 : PR Modsp(PrY m Ind() both right- and

left-tensored over Sp

· co-admits right-adjoint for all Ind (C)
~ 9 :M-> RM exhibiting Endle) as closed right-tensored

over Sp
-

und (-) : Catex
In Put Modsp(Pr) RTens" (SD)

-

· ES C full subcategory St .
for any FR in Cat,

E factors throughD
uns Subfonator El :Cat -> RTens" (Sp) Cat



54 : Comparison

M Closeo
↓anyffeta nee obC Sensore

&GregAlgebrag
-

orey

- Intuitive how we get + Geometric intuition
the desired structure

+ More "hands on"
+ Follows higher algebraare = Bookkeeping
- Nicely "packaged" theory + Yoneda

= Hard to work with

- No Yoned

+ Easyextensiontseebra"



5 :EnrichedAlgebra
5 .

1 : Bimodules
Def: X

,
Y spaces

(1) - Y

(01 -X

(o)- , ( yr+x- ,32)
xRHxpxn
-

(iv:[us - Is <(0) , (173 D
↳ i -

↓ - e
~ A-> AYED

Ran

f: [n] -> [T]APP/[t] 0,-,
10

k+1, -,n + 1

Prop : The composite

A,
->/ ->AP

is a double co-category



5 : EnrichedAlgebra

Understanding - algebra in U 5.
1 : Bimodules

Laying over -the two inclusions S
*- AY/[T] -> M
given by - J v
with the

composing II Op

two maps I
XIY

[0] - [T] ->
D

· EX
, yeY no M(x,y) Ev

· EX
, yeY ,

de : 10
,
1

,1) - (0, 1) no (Op =y- (20 ,D)

-D G(x0,) M(x, y) - M(x0 ,Y)

· similarly for EX
, Yo,EY mo M,20) (20,1 ->M,)



5 : EnrichedAlgebra
C

5.
1 : Bimodules

EX
, YoY,

EY

(20 , ( , yo , y1)
= (o

,Yo ,ye) M J

- J

(C(
, x , ye) - (o, y))
i Dv

V V

D

C((0,1) M( /Yo)D(YoY) O M( ,Yo) D(yo ,Y1)

-D

G( ,
x) M(x , ya) · Mo

,y !)

my M: ev is what we want as U-enriched 6-1-bimodule



5 : EnrichedAlgebra
Construction: LetI be a monoidal category .

5.
1 : Bimodules

2 , op Als-
(

- Cato mus Bimodcat(l) · 12 Cartesian fibration

Recall that

Alg()
zop ·Catym Algoat() >S Cartesian fibration

Using the two inclusions

A AOY

# AX
,Y
3 ~ Bimodcat() -> Algat(U)*2

A venriched E-Dibimodule is an object in the fibre over

(G
,
R Alycaf(k) > Bimode

,a (0)



5 : EnrichedAlgebra
Thm : Haugseng) LetU be a monoidal category and

5.
1 : Bimodules

categorical v-algebras with space of objects X ,
Y

,
E.

M:.4 -Le E-R-bimodule MON
->

SP 2-3-bimodule
N :1 ,z

->V R-E-bimodule xz- v

MQN evaluated at C
,z)+ XXZ is

D

[colim M( ,) (, (ynn)N(yn ,
z)

(yo) -,yn)EY xn+

Thm: (argseng) There exists an 100 ,2) -category ALGca+(r) ,
called

the Morita category , which has

· objects : Categorical U-algebras
· Morphisms : V-enriched bimodules

·Composition : - product



5 : EnrichedAlgebra
Prop : ()R .

) C:A e0 categorical Ralgebra ,
then St is the

5.
1 : Bimodules

*8
- unit

,

i

. e.

MEM , SGNIN



5 : EnrichedAlgebra
5 .2 : Enriched Modules
Def : Let I be a monoidal category ,

C:-U a categorical Uralgebra
& venriched right e-module : In-6-bimodule

> RMob (U) : = BimodIviel

& v-enriched left E-module : 3-Ir-bimodule

2 (Mod() ·=Bimode
,I
(M

& op & (Op,geny op AlgoCatomo RMod(V) os

D Sop
-X

-

,Ev (osgen yop Algilo d Cato muxMode (R) -S

Rem : · RMod (6) = LMod(V)

& RMode (b) Modernat (OR)



:wickedAleeThm: DR . D Given a monoidal category U
,
then there exists a

functor
Cat/ -R Modif(

6 : 6+5+ RG

where

RG(x , - ,X , Co i - ,
cn)= G((o)FP(Co,()- DFR((n

-1<)



Shank
OfL




