
 
INTRODUCTIONTOHIGHERALGEBRA 7 SYMMETRICMONOIDAL A OPERADS

If a N LAND

Thebasicalgebraicstructure wewanttogeneraliseis

commutativemonoid SetM t multiplication MxM M unit t.CM sit

H X Xyyx XYZ XyZ tx.grEM
For categoriesthis is a symmetricmonoidalcategory category C Iec unit

whenworkingwithcategoriesits unnatural to ask for Q Cxc C

X Yaz XOYOZ insteadwewantthisstructuretobegivenbyextradatainformisomorphis

ax text X Bxy X Y YO Justcalledmonoidal if we
I yz X01402 I 1 04702 donot assumethis

It isclearthatthisapproacetcattotitusettogeneralizeto o categories Lets spellout howto

get an equivalent description ofsymmetricmonoidal The idea is that instead ofgiving
the bifunctor Q Cxc c weinsteadforeach n tuple a on and dec wespecify

thecollection ofmaps

c o een d t compositiondata andcoherence

This isdonebycoloredoperads what I calledmulticategories in an earlier talk

Def A colouredoperand Oconsistsof
A setofobjects obo sometimescalled thecolours

Uxo xn Y in 0 A setofmultimorphisms MoloXo xn Y
Composition Given

Xi Xi l Ye Xin Xin Yu

cancomposethis with CY ku Z toobtain

Hi Xi l Z

Unit id IX X

sit thecompositionlaw isunitalandassociative

Rem Everycoloredoperad O has an underlyingcategorybysetting
objects obo

HomXY MulaKx Y



Socanview a colouredoperad as a category extradata in formofthe collection

of multimorphisms

Rem Given a symmetricl monoidalcategory C D we can obtain a coloured operad cow

underlyingcategoryGby assigning
Mule Xo xnY HomeXoo oxnY

We can recoverthesymmetricmonoidalstructure of co upto canonical isomorphism

byYoneda'sLemmaE.g thetensorproduct x Y ischaracterizedby the fact that
corepresents thefunctor ZrMule XY Z

Canconsider symmetricmonoidalcategories as aspecial case of colouredoperads

Toidentifywhichassumptions it is on a colouredoperandthatmakesitinto asymmetricmonoidal

Firstrecall

Def Fine n pointedsets

f an am is inert if ittakes somepointtothebasepointandinjective isomorph

on therest

Pi n a takes J
O if j i g f is active if f lo o

i i
Construction Let O be acoloredoperad 00category
2 7

Objects sequences ofobjects of O Xo Xn

Xiseism Yj sin is givenby a map x m n inFine togetherwith

a collectionof multimorphisms

UjEMuto XiliexYj YDogen
in O

Composition ofmorphisms in 0 is determinedbycompositionlawsonFine and
on O

Byconstruction 00 comes equippedwith a forgetful functor
T 00 Fin
xu exults us

Using T wecan reconstruct theoperadstructure

Write OR TYen



pi n i m piOg 0 t Oeunderlyingcategory of O
whichinducesequivalencies Of I 0

Hoi Xu is I

MulolXo Xn y1 I fix Y in00 st Tiff n e satisfiesTiff 10 o

T O Fin determinesMulolXo hi Yt in thecoloredoperad O

canshowthatcomposition law for morphisms in O can be recoveredfromthe

one in 00

Can think of a colouredoperad as an ordinary category 00 togetherwith

a forgetfulfunctor T O Fink St Of e 09,7
It turns out that if I is further an opfibration thenthis isexactly
thesymmetricmonoidalcategories

So this iswhat wegeneralise to o land

Def An a operad is a functor of a categories p O NFin sit

1 cocart lift of everyinert f n m

In particular it induces fi Og Of
2 For each no the functors Pi09 0 tien determines an equivalence

ofcategories O to

So we inparticularget that exo tu't 0 corresponds to anobject of Og
Def Asymmetric monoidal o category is an o operand 80 Fin which is

also coCartesian fibration

Let'sunderstandwhy thisgivesthedesiredstructure
Notethat n m in Fin no 88 89m
so theactivemorphisms o 117 2 e

IIe
wedenoteby 1

The reason we wentthrough all this work introducing a operads is because



theyare exactlywhat weneed to getnicealgebraicstructures andsymmetric
monoidal categories is just one ofmany monoidal ish categories
In general

we

tht
bits easomonoid o category ie

11 P is coCartesian

2 00 Fine is an co operand and Go 00 Tina exhibits

EI symmetricmonoidal a Fine monoidal

Rey If f is Omonoidalby p fo 00 then any
XEOE Xo Xn EO

Given
femulotto xn Y Iifa x 7 EY

fiber overX

It can beshownthat one of thekeyelements is that p in particular is
a morphism of co operads
ALGEBRAOBJECTS

Def A morphismof a operads

p cocast
yofs q cacart

Def

A8010 EFunen100O
a

a

onunderlying
Assume p 80 00 be a fibration of g opera

e his t fibration

andgiven a Oa Oo

Algo G eFun lola go
O 0 80

It
Equivalently

Algo e fib of Algolet Algo 10
Lots o g ga g

at a

case 0 010 a id Algol e Algo e 05 48



Case O 0 00 Fini
CA's e Algo le Argyle

Fina 8

In
It's specific cases whichgives usalgebras
Base case is agebra
Classically Anassociativealgebraobjectin amonoidalcategory C is anobject Aef unitmap
e t A and multiplication m AxA A 5t

10A t's AoA

Ig Im
A Aaa

up

AGA0A
d AoA

AIAmm at

Wewillapplythe formalismof cooperadsto introduce thenotionof monoidal o category
and to eachmonoidal o categoryassociateanother o category Algol of associativealgebra
objects of f

Def Coloredoperand Assoc associativealgebra
ObAssoc a

Mulassoc a ice a setoflinearorderings on I

anyfiniteset

composition

Obtain a category Assoc byapplyingconstruction 2.1.1.7
Unwinding the def ofAssoc

obassock obfinx
m n in Fine s m n in Assoc consists of a pair x Ki cisu
where x m a is a map inFins and fi is a linearorderingon

the inverseimage f i e m for Kien

Assoc NlAssoc ECato
Notation Wewrite Assoc Assoc I

e



Notethat as a simplicialset Assoc is isomorphictothe OsimplexDo Butweusethenotation

Assoctoemphasizetheroleofthesimplicialsetastheunderlying o categoryforthecooperandAssoc

Def A monoidal o category is a coCartesianfibrationof o operads 60 Assoc

Def 80 cOpa equipped w afibration q80 Assoc Then the wategory ofassociative

algebraobjects of f is Aigle Algassode cooperandsectionsofq

Assoc
A 8

Let's understandwhat thismeans Let 60 Assocbe a monoidal o categoryThen

Ifi 89ns TxAssockn G andforeverylinearordering on 1 in thecorresponding

map n e in Associnduces afunctor E f In particular

n o n unitobject tee

n 2 standardorderingon 1,2 Q ft f

Evaluating on atAssoc's determines a forgetfulfunctor

OAlyce f

Byabuse ofnotation weoftenidentifyAEAlg8 withit'simageOCAinE Foreachnzo
a choice oforderingon 1 in determinesanactivemorphism a sienna in Assoc

whichinduces a morphismOCA 01A in 8 In particular

n 2 andstandard ordering of 1,23 m OAROCA OLA

Associativeandunitalupto homotopy

In particular itendowsOCA with thestructureofanassociativealgebra

objectinhee

LEFT RIGHTMODULES

Classically CmonoidalcategoryW unit A A associativealgebraobject of C A leftAmodt
in C is an object Met actionmap a A M M sit



AoAo MII AoM 1am É AaM

y
a

where memultiplication in a
Lidaa u unit

AaM m

no All left A modules Modae

Wewishto introduce a larger o operandLM whichcontains Assoc If AeAigle wewant

a left A module to be amap of cooperadsM Ma E s t Massoc A

Def Defineacoloredoperad2Mas

obLM aim

Let Xi ice be afinitecollectionofobjects ofLMThen
4 Molay x a

all linearorderings of I if allXi a

Empty otw

Mulan Xi m Aulinearorderings fine in on I sit Xinm 4Xia forjan
a a a mRem aELM no subcoloredoperand of LMisomorphic to Assoc

4.2.1.2
Rem
µ

We first in this lecategorical caseseehowthiscanbe usedtounderstandmodules
Assumee symmetricmonoidal Film e mapofcoloredoperads

F assocAssoc I no AssociativealgebraobjectFla Aef LetMFemiee
Then theuniqueoperation deMolen aim m determines 714Aam M whichexhibits

M as a leftAmodule

so MFassociativealgebra
in to leftmoduleoverthatalgebra

Notation Applyconstruction2.1.1.7toLMtoobtainthecategoryIMOfromLM Unwindingthis
construction we seethat

1 obLma n S Sc n

2 n s n 5 a n n in Assoc s.t

i Suk IS'VE
ii s es 3 x s containsexactlyone element of S andthatobject is

maximal w r t thelinearordering of x Ys



Remi LM LM
a 43,0
m KD1170

Def MO NLMG This is an o operand via theforgetfulmap Mo Fini

Rem The underlying o categoryLMofLMPisisomorphic tothediscretesimplicialset DID

w twovertices corresponding to a meLM

Rey Assoc LM no Assoc Lie whichis an isomorphismfromAssocontothefullsubcategory

of LMPspannedbyobjectsoftheform n 0

Notation Let 80 Lie be a fibrationof o operais Write

68 f xLawAssoc underlyingco categoryGatetama a

Def Let go Assocbe afibration of a operands q00 LM fibrationofcooperads s tqq.fi fIfiIh
anomalywesay exhibitswasweaklyenrichedovere

ModM Alyam10 o categoryof leftmoduleobjectsofM MIMI
Composition w Assoca Loo determines a categorical fibration

Mod1M Algamo Algassoco Algie

ModaM ModMtangle A o categoryof leftAmodulesobjectsofMs

We thinkof LModCom asgivenbypairs AM where A is an associativealgebraobjectof

Oa and M is aleftAmodule in Om

144 I Assoc fibrationof co operands O egg Lm Then O exhibits f as

weaklyenrichedover60 me Canconsider Moodle Algerassoc
Latif

Ex
a

let e Assoc't be a monoidal o category Then

LMode AlgarAsso e LN 80
assured

FlassoceAlg e which weidentifywithitsunderlyingobjet Fla Aee

I Also have Fim Me6

Theunique operation yeMol claim m determines a map
a AaM sM in f

which is welldefinedupto homotopy



Since F is defined on all of 2Mt wegetthatthis actionmap is compatible with the
associative multiplication on A up to coherenthomotopy In particular if

m AaA A multiplication

N T A unitmap
on A

Aaaam_MAOM

III ya
10M A.am

Mla

commutes upto homotopy

Re If 809 2Me is a colartesian fibrationthe theinducedmap
68 Assoc is also a cocartesianfibration of a operands

Wefurthersee that bystraightening 9 is classifiedby a map x No Cato

which is an LM monoidobject of Cato we have

XtMonaKato I AlgarCata LModCat 1
Moreinformally q can bethoughtof asgiving an associativealgebra Ea inCatotogetherwith

a leftmodule Em over Ga In particular q determines an actionmap
ox faxem em

whichis welldefineduptohomotopy and compatiblewiththemonoidalstructure on Ca


