
 

Recall For E E CCat we define the L groups
Lo E E _Coker TioPoincCMetGE ToCPoincleE

forms cobordism

E E e E en f E 9

Today L theoryspace additivefunctors bordism invarience

L theory spectrum

1 LTheorySpace
Construction For Eu CID

Functorialin Ended
1

In Po Eng
opposite of category maps incl

of nonempty
posets

For Leo E e Cat we want to equip Inc Tn e w a
Poincareby I G6.1 which is stable

Poincare structure Mop

IT qq.ueuqqlimi
mlth.ee e Sp Funtime sp

nwhere evi Fun Tn e e is evaluation at ie Eu We
theygenerallywrite B toobtain

DuCE E Fun TuEy Eth ECaffo cotensor

p construction Reference

Pce E DOP caff
I pick

In 1 PmGE
e.gSp f

Defi Let CE be an oo category w sifted caliurits and
FCatz E a functor

Adf Cat'S E
e E 1 18016,911

Using functionality of ph 1 we can extendthis to a

functor ad Foulcat'S E FunCat'S E
F adF IFPceE I



i 71

Note Poincle E for Ce E cCatz extends to a functor
Poinc Cat S

Def The L theory space is the functor
I ad Poiana Catz f

e Q ad PoincceQD
n

IPoincple 071

Rein Ice E considered as simplicial space is Kan VCe ECatI

Claim Lo E E ETOLLEE V e E CCatto
Pf Firstwenotethat poleE e EE so we get a canonicalmap

Pointe E LCE E s IPoincCP e E71

We claim that the natural map
W o term lpoiucce.ES
and every term of aTiPoincle E TOLLEE coliunithave

a map into the
descends to an equivalence colimit

LoCE E To GE

Now in general for A B monoids f g A B twomaps
Then

coeqcf.g3NB.tv
where is the relation generated by

b b Fa E A SA b et a b

In our case since ICEE is Kau we get
ToLCEE coeq do.de rCE.E Ice E o

I Toke E ow
l To Poincce 71N

he



where
Cc q Lc 93

iff

T xc topoinccdletc.EE s t dox c g 7

dex CC 97

which exactly means that cc 97 and Cc q are

cobordant So since
Topoinccee

EE forms cobordism

the result follows
D



2 Additive functors
David will talk more about thisnexttime

Def A sequence eEEE.EE qo.rffooe.fi
1

e ElkeE CeE t

in Cat'S w vanishingcomposition is called a Poincare Verdiersequence

if it isboth a fiber and a cofiber sequence incaff

Wesaythat it is split it the underlyingfunctor
f e e

or equivalently F G e admits bothadjoints

Let E be an a category w finite limits and FCatz E

a functor We say F is reduced if Sco is terminal in
E We further say a reduced functor of is additive
if

splitPoincareVerdiersequences i Cartesiansquares

Wedenote the fullsubcategoryspawnedbysuchfunctorsby
Fonadd Catz E E Fon Catz

Prop Given a PoincareVerdier sequence
I 44.2

CeEl CD E EE Y

thefunctor
PoincCPCDOI PoincCPTEND

is a Karr fibrationof simplicialspaces w fibre PoincCPleED
Cor The L theory

spaces
Cat'd S

is additive

PI First we need to show that I is reduced Cat'S is
additive with 0 object



clearly stake
E E Sp

to

and we see that

LC E I Poinc p CA E
L E n Poincp A En

PoincCA Qin
c g Est Ect some card

3
as desired

To further see that 2 is indeed additive we note that

Lce E ad Poincle E PoincCP CeE

sousing Ii 44.2 together with the fact that geometric
realization takes Kan fibrations w fibre to Cartesian

squares the desired follows
I



3 Bordism invariance

Let GE D 0 cCatan then we define the hermitian
co category internal functor category

tune e E CD Fun GD Eton
P
so where thequadraticfunctor Ian FoneCeD Sp is

stn dbY
Eton FurnaceD OP Sp

Ef
f natCE f etB

spectrumof
It e E D E cCat'S nat trans

e e
then Tuuexcce.ES CD 1 cCaff of t t

t 3 D
DIO

Sp SpDef A cobordism betweentwo poincare objects ix 93 CX 9 I
I 1245

in e E cCat'S is a span of the form
B

x w X
n
E

t
a path y x q peg in STECW

s t
say morefbtw sc IDs fibro xD about this
PoincareLetsceh
condition

Def Let eQ D E CCat and
I 3 i I

f g E Q DOI
two Poincare functors A cobordism between f and g
is a cobordism in Fun e E Cb El betweenthe
Poincare objects correspondingto f andg

Rem A cobordism f to g is a span
I e67

f h g
soinparticular e e is

in tune E D and X B naturaltransformations



There exists aPoincare category Qi GE which has spans of

6 as the underlying stable a category

Usingthis we notethat the data of a cobordism f to g equivalently
can beencoded in a Poincare functor

0 GE QeCD
st

do f d O g
Def A Poincare functor f y Ce E CDIO is a bordism
E35 i

equivalence if thereexists a Poincare functor

g O D E Le E s t the composites

Liz CgO Lg 070 f z
are cobordant to the respective identities

Def Let E be an oo category w finite products Then we
I 35.3

say that an additive functor FCatz E is bordism

invariant if it sendsbordismequivalences ofPoincare
a categories to equivalences in 8

We write Funbord Catz E EFonadd CatIo E for the full

subcategory spawned by the bordism invariantfunctors
Rem Bordisminvariantfunctorsvanishes on allmetabolic Poincare co
I p91

categories

Let FCat'S E be bordism invariant Then we claim that
Holdssince t in particular is reduced

FCMetLE E7 NO FCO

i.e want a bordism equivalence since I isbordisminvasion

Mette E F o E Mapped to 0 by ETerminalandinitial
id Object so canonical

map into and outof



2 vid This composite is the O map so want a

bordism between

Mette II Mette Q
It can be shown that this bordism is given
by the diagram

9c SEECd
C

span in Mettee
id I Ty fibH

y t 0 froing
a cob

Pd o
objects in Mette E I

won't need this part
For socalled group like additive functors we havethat theconverse

holds i e that it isbordism invariant exactly whenitdissepeers on metabolics

Lee The forgetful functor
I 1.57

FunaddCCatIo Mon E Fonaddccatfo E

is an equivalence

j An
additive functor FCat E is calledgrouplike if the

natural lift of F to Mone E takes values in the
I communativemonoids

full subcategory GIPE EI Engroups Corgroup likemonoidse.gSpRem If E is additive then any additive functor APE E eMoneI 159 whichadmitsinverse
FCat'S E is group like since both forgetful functors

Money E T E s GrpenEE T E are equivalences

Remi If Tio of theimage of F is a group then F is

group like

we know L Cat 5 is additive and



e know L Cal T is additive and

TOLLEE e LolE E is agroup Hence
he is grouplike

If.glI Let FCat's I be agroup like additivefunctor Then F isbordism

invariant iff FCMet GE e for all Lee E cCatto

Prop For any e E cCatz we have

TheL E E I Ln E E Lo EEEn
Formscobordism

Pt see seperate document

Prop L Cat'T 05 is bordism invariant
I35.5
Pf Consider

dode Qce E GEt idLY Z DTanatka

anhlQCEEI TULLEE

x z to Ex viz

so wegetthat doand d induce the sauce map on Lgroups

Now let fg 8 D be cobordant Then we equivalently

have a Poincare functor

s t
H GE QeCD

dolt i f deHing
Then using that we by the above argument knows that

Tn Ltd I Tullde
we get puff f e tu Ltd H

e auf deh
a Tinklg

hence any corbordant functors between Poincare
co categories induces equivalent maps on the



g
homotopy groups of the Z spaces

which equivalently is the L groups
Now assume that CF y Leo E D E is

bordism equivalent with inverse givenby
CG i CD E Ce E

cobordant s

i e F270 G O idea and

G O o CF 2 Nub idle
Hence by the above we get that both composites
induces identity on Lgroups and so LF g induces

an isomorphism w inverse inducedby CGO
TinLCF.cz iso Vu 3 LCF z eq I



4 L Theory Spectrum
Prop Assume F Cat'S E is bordism invariant Then the natural
I 35.8

RF Ce E 0 FCCEE'T

arisingfromthemetabolicPoincareVerdier sequence is an
equivalence

PI The metabolic Poincare Verdier sequence has the form
split Puffeierardie et I Mette E F GE
fibresequence

1
FibresequenceFCE.EE FCMetteED FceE
since F is
inparticularadditive

By I 35.4 we know I is bordism invariant iff

FCMetce.ED X V ce.EECat so we get fibre sequence

F e EE'T
n

f
such a pullback

Estee.es is perdefinition

6 Fce E the loopspace ie

Ice EeD RF CeE a

since LiCatz S is bordism invariant weget
RICE Q1 EL Ce EE'T

MD ti Lte E t Tofte E J

Ce Et i3

Li EQ
In general I 35.8 gives us that the image of any bordism
invariant functor can be deelooped by shifting the Poincare



structure
fee E LceEID Ice Eid

with structure maps given by I 3.58
Def We define the LTheoryspectrum L Cat'S Sp by

LCEE Idle E LCEE LCEEu sufintffolfe

mapsfrom
above

Cor By definition wehavecanonical equivalencesE44.5

to i LIE E e f lb EID ht iez

hence we have isomorphisms

STILLE E E LoLeEE i L lb E
Pf

T LLeeE a To Toti Lee E
e toLCEEEid

t LoCEEt i3

Li Le El

Cor The functor i CatE sp isbordism invariant
I 44.6

Pt Follows by the facts that
Title E E ToL LEED Vi.cz

and that L is bordism invariant

Them Ranicki Periodicity Let R be a discretewingspectrum and

M a discreteinvertible module W involution Then
522L Db r Efi E L D CR E

In particular weget that LLbble E nm is 4 periodic

Pf First recall the categoricalequivalence
DbcRJEZE E DMR E

By I 41.6 we know that L CatI Sp isbordisminvariant so



by I 35.8 we get that suspending the spectrum isequivalent
to suspending thequadratic functor hence

I L D b CRI EET e LCDber 82Efi
So by categorical equivalence

we get
IL NbCRS Efi e LCDber 82Efi

N LCD.be EInMt
as desired I


