
 Thegoal is to prove that we have a quasifibration

BLF's 71315 8 2 BKS 27

and usingthis show that if B 5.27 iscontractible then
BLS'S BLS H fast of

Red Given a monoidal categorySactingon It wedefinethe orbit
category S.K

oblf I robot

Morphism I G is an isomorphism class ta y with

Acobs

Y Atf G morphism in It

CA 6 A y if thereexists a A A in S s t

Atf É A'tf

AE
We then furtherdefined the localisation f It to be S Sx2

where theaction of L on Sat isgiven by
Sx Sit Sit
ca b d

f
at
actionof f on Itmonoid

As last time we will need some assumptions

Assumptions

S if
YBES

seano SCAB A B
a at idb

is injective



All morphisms in Ot are monomorphisms

UF et
seaA Ot Atf Atf
a atide

is injective

conctution Recall that we last timeshowedthat

P S St 45.5
B F B

is cofibered For Btobs weget that p B is the collection of

pairs B F in f lot hence for all Fest n so we identify p B

with It Let
y B Be

be a morphism in S J represented by A Bo Ba Then
thecobasechange functor 4A P Bo P Bi becomes the
translation

ta Ot
F Atf

We
say theaction of S on

Ot is invertible it for each At obs Ta

induces a homotopy equivalence on classifyingspaces

Ex Theaction of S on 5 Ot givenby
Lx f x S lot
A B F B Atf

is invertible To see this compare the twofunctors

Ta S H J
B F IT B Att

SA FA f iz
B F A At B F

We see that theycommute
TaoSA SAOTA



and for each Atf wehave a naturaltransformation
id Shota

givenby themorphism
taid id B F A B A F

in 5 at Then follows that itinduces ahomotopy equivalence

on classifyingspaces 2.4

SEE The functor

T E SDE
F COF

induces a homotopyequivalence on classifyingspaces iff f acts

invertibly on It

PI E If Sactsinvertibly on Ot then byassumption we know
that the cobase change functor

4 P Bo p Be

identified with the translation functor Ta E It

induces a homotopy equivalence on classifyingspaces so it

satisfies the assumptions ofQuillen's theorem B for cofiberer

functors hence weget that

B p Bo B S Ot Is B SS

is aquasifibration with B p Bo QB Jt Since SS

admits the initial object o from themonoidalstructureon S

we getthat B SS BLS 27 Bip Lone Bee
hence T induces a homotopyequivalence
If T f t induces a homotopy equivalence then the

action of f on Ot is invertible since by the above example



we know this is the case for 5 It

F Joe
Ta jtÉ

I
Wenow turn our focus to how S acts on fast so we can understand

how the localisation of

9 5 H S x
B F I

looks like We let I act on S't byacting on the first component
i e

g g
5.5 2

J E
CA CBF I A B F

Using that this actionis fiberwise withrespectto g we can extend

q to a functor

I L S E L.a
A BF 9 B F F

To describewhat g does on morphisms we first need to understand
how morphisms in 5 5 E looks like Note that

f S se S S S xx

so let
y a B F A B F

be a morphism in 9 f St Then y is an equivalenceclass
of a 5 tuple IV w le 42,4 with

V Weobs

4 Uta A

42 Wto B B
In J

43 Wtf F In JE



So
I EVW Ya 42,4 twice

That The localization

9 5 Six S E

of the functor g induces a quasifibration

BCS S B S S ED BI B KS K
If Wewish to apply Quillen'stheorem B for cofiberedfunctorshence

we need to show

E is cofibered

Everycofiber lift of q induces ahomotopyequivalence
I I F I 5 S for all Fest

Pff Given a morphism
Ew6 ICA CBF I

we have universal lift

w4T o w ida idw 43 CACBF A wt B F

which is just the universal lift of
GCBF F F represented by Yz Wtf I
B F WtB F representedby

A B ATF A B F

Hence I is cofibered

Pfaff É CF E L S Theobjects of E f is of theform

A B F with A B E obs A morphism

9 CA B F A BTF
in g F is represented by

V O Ye 42 ide



which corresponds directly to
V 4,42 CAB CA B

in 5 L

Pfof3 Assume we are given a morphism F F in S K

represented by 43 wtf F we then have that the

cofiber lift

93 E F g CF
isgivenby

Tw gig 5 S
CAB A CAWAB

which we know from our earlier examples induces a

homotopyequivalence with homotopyinverseinducedby
Sw A B H CW A B I

Thug If the category 15.20 has contractible classifying space then

the functor
i g g ft

A B A CABTF

induces a homotopy equivalence on classifyingspaces for all Fest

If Consider the following non commutative square

ya
FETE Fist's

qcb.cnr TT
ATB S'S J St BIG

A B A B F

Claim B j 08 B Tip
Pf To prove this we first note that



To if A B O A B F

jeo JIA B B CAF

Weintroduce athirdfunctor

Kp 5 S L S E

AIB B CB A B F

andsee that we have natural transformations

O B idid id j or K To if B o id idid

which implies that Blj 2 I B To if
Claim2 je induces a homotopyequivalence on classifyingspaces

Pf Wehave assumed BKS E e soby 1118 we have
a quasifibration

B L L F1 B S f x A

Claim3 8 induces a homotopyequivalence on classifyingspaces

Pf Joy id so inparticular id 208

claim4 T induces a homotopyequivalence on classifyingspaces

PI From example 11.16 we get that facts invertibly on
f at so thedesired followsby 11.17

So it follows that Blip is a homotopy equivalence


