
 what is an o category or set

Def Aquasicategory G is a simplicial set such that for Ocian
we have horn fillings
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Corresponds to 1 categories through thefollowing
Thur The nerve functor N Cat asset is fullyfaithful withessential

imagegivenbythose simplicialsets X where the horn fillings
are unique Cat cat he has 0 6

morp empt classes of f
One of the main differences between 1categories and o categoriesis

7 Categories are exactlythat we work with a hom space insteadof set the co cats with
Def beCato a bEG Then the hour space is their Bright

morphs
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when we sayspace what we mean is an o groupoid anima

which means that tf is a groupoid every
morphisms is an eq

eq in a cats if Ifl isiso
in TfButjust think space

Thu o groupoid iff kan
compton

fillingfor all osien



Ex D ecat COED non full subcategoryspannedby isomorphism
called the core D is obviously a groupoid For Gelato we

define its core as thepullback
G E
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Then it is a space and in fact the largest spacecontained in
G

Other than as nerve of 1 categories our main source of

a categories is through the so called coherent nerve
Construction Let 6 be simpliciallyenriched category i.e Mapelabesset

The coherent nerve is the simplicial set givenby
NgE n Homscat CCN E

where Dn is a thickening
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The idea is that we this wayencode thehomotopies betweenmaps
Ex If fescat sit tayeb Map x y is Kan

NgeeCato
Sete scat

Mapsset XY Homsset D x X y Esset

so in particular is Kan Esset the full subcategoryspanned

by Kan complexes simplicially enriched



Fact Xesset Kekan Fun XK e Kan

Si NaKan
the o category of spaces

qcatesset fullsubcategoryofquasicategories
Cato Nggcat

We will throughoutneed to assume 8 is stable whichmeans
1 It admits a zeroobjectinitial terminal
2 Everymorphism g X y admits a

fibration cofibration

bereg X X EY

f to tottery
3 Pullback Pushoot

Everymorphism is the cokernel of its kernel
and the kernel of its cokernel



Arrow categories
Construction Twisted arrow category is the simplicial set

TwAr e n Homsset D D E

Instead ofthinking of In In Ents Joint It EPI 593
as cocac anti we think of it as
Coeseec chec n 1 re or titty Ept4 9
with C le and cor the left or right of simplicialsetspart

exam nitwit
Ex TWA Dn

Objects Arrows in A

Weorganizethese into an upwards pointing triangle
with rows o e n from the bottom to the top
Row i arrows that goup by i i.e

Co it Cy it Cn i n

Row o All the identities

Row n the one map o n

r
n

g

The rest ofthe
2 morphisms canthey

iii iii be taken as composites

ofthese



Def The arrow category Ar e Fun D e eCato

Ex Arco objects in D

Morphisms in D o o
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The idea is that we will use Tw Arles to define the
Q construction and Arce the S construction for a stable
o category As throughout our entire readingcourse we will
start with S construction

Prop Tw Arce I care



Ko of a stable co category
We first see that for a ring R we don't need aprojective
module to define an object of Ko R A perfectmodule
is sufficient i.e Me Mod R which admits a finite projective
resolution

o pu Pu Po M 0

So for such M we can put
EM C 1 EP E K R

This isindependent
of choice of
resolution

Def LCR N Cher the o category of chai
Perf R E DLR full sub o category spannedby thefinite
complexes of finite projective R modules

Than Sending a perfect complex Pu Pm Rm to it's

Eveler characteristic Ii m 1 Pi defines an isomorphism

To setof connected
set set

ÉII
componenthere next is the equivalence relation generated by

B next Aoc for all fibresequences

Def For a stable o category E

Kole Tool next
whereagain next is the equivalencegenerated by brextaoc
for all fibresequences a b e in E

So we don't have to group complete instead we split all

fibresequences



The S construction

construction let 8 be a stable o category For all Intent we let

Sule e Fun Arce e

be the full sub o category of those functors F Arlen I

satisfying
7 Fci si o ti o in

2 All squares in Arlen go to a pushoutpullback square
in 6

0 I 2 3 n i n
o o o o o O

8
8 o i o z

8 o 3

o o n t

o n
It can be shown that

Sn e Fun En i f

which gives us it is stable again Furthermore we have that
Fun Arlen E is functional in both in and E and one can

check that the full subcategories Su e arepreservedunderthe

face and degeneracy maps in AP

simplicialstable a categoriesno S e Caffee categories

s cats scat



Unraveling the definition So e A S 8 if sale e Arce
but we mainly think of a typical element of sales as a

diagram o s a b

to alb

rather than an arrow a b Wehave the facemaps

Sale nArce sale e

o a b

y

do
alb

I at I b

a

Def For a stable o category to we define the algebraic k theory
space re el istell the spectrumversion

Th There are canonical isomorphism

Kb is reserved for

Ko f I Tokle I Th Icel

It can be shown that hee admits the structure of a commutative

groupoid structure over S functor X N Fig op I sit Xocut DOP S
is a Cartesiangroupi e it is an E group since to keen Kole is an ordinary

abelian group

Weobtain a functor

k Cats s carp S

To understand this better we needto compare it to an co

categoricalversion of the Q construction



Q Construction
1
NoteWedon'taged to assumestable

Construction Let f beany o category and let

Qu e Fun TwAr EngOPG

be the fullsubcategory spanned by those functors which
takes every square in Twa Ens to pullbacksquares
in G

The Qule assemble into a simplicial o category
e AP Cato

to see this we firstnote that
Quillen Q construction

FoulTwAr P E Hop Cat

gives a functor since
Tw Arl set set

is the rightadjoint to
a OP sSet sSet

Onethen has toprove that all the boundary and degeneracymaps
preserves the foll subcategory Quee

This looks alot like a collection of uspans which explains
the following
Thin Let 6 be a stable o category The simplicialspace

Q e Ao g

is a completeSegalspace which means we can straighten



it to a functor

span f IP o category ofspans in f

with fiber over in being Quee
Fact IcQelelspanel
Comparisontheorem We have a functor

Tw Ar Enzo 0Arlen InOP

ifj I o lie Jr
case 4 2

TWARCED Ar EJ ETP I Ar EST

Oeste Oeste 062 Orser
Cosi 0 27cos costs

Oeste0108 58 5 oesor

012

let1 Gsi o o o o 1 1 5 resort

iiiOso rel 2 2

2rE2r 31370 o o 31315 2reor

Orson 8 5 1515

We have a functor

DOP Dop
Es no Ey Ingots

Ge'd sf sg Edgewise
subdivision

Then The map Tw Ar In OP Ar In In restricts by taking
Funk L to a map
Intravariant sejesd Qle

so we get jiggle legged In leQuestelspancel
wegetthat kieserlspancell



Results
We have a functor

CE Homspance 0,0 Houyspane 10,01 Erl spancells ble

Using ble is an E group this mapfactors over an In groupmap
e o gre ble

which through theinclusion Proj R E copert R in particular gives a

map
k R eProj R GRP DperfR 81 be aperf r

which turns out to be an equivalence

Holds inhighergenerality
Tum If G is a stable o category with an exhastggesight

stature then 2 fullsubcategories
c e ogree ble 820 Go

butnot the same
Resolution theorems as a t structure

Universal Additive invariant

Blumberg Gepher Taboada additivesfactor s

Thu RCats S is the initial geop
functor whichadmits

a natural transformation cc k cat cmon s

Moreprecisely

Theinclusion Additive Foot final object

Fun8PCCatst.CGrplgjjeFundccafst.g
splitVerdier squares

I
pullback

admits a left adjoint
c greenspan

Note c is additivebotand
be car notgroup like



Additivity theorem F.cat sSgrouplike sFcArces FcelxFce
m Klarce eklexkle


