
 
1 Motivation

Homotopygroupsof spheres HARD

Ism o nom

Titus Map sit s onlydepends on n for large n so it

stabilizes

Try to understand just thestable part
stablehomotopygroupsofspheres Tis him Titus

The sphere spectrumcapturesthese

Ti Is him Tims
Tn finiteab groups I

Maybeenoughto calculate one torsion at a time

Tig I Isp where T p describes the
pprimarypart

7 5 T 151

215

b 2152

2153

1stchromaticLayer closely related to k theory
Periodbetweeneachdot Zip17 8

ve periodic imageof F
2nd chromaticLayer

V2periodic 2p2 17 48



3rd chromaticLayer
e v3periodic 2 p317 248

chromatic filtration

T Y
T 2 Tl 3 TSp

Stain 183 Spin

To2,2 To 3,2 4 72I
7 2,1 7,83 ToSIPI

Have
convergence

theorems

Idea Fix p construct spectra Kio Kiel14117 calledMoravaK theories

Define
Lux Lianv van

It's a resultbyHopkinsRavenel that

sp holimIIchromaticlayer
so want to study p through this filtration



Spectra

Def An IR Spectre E
Sequence of based spaces En neo

Weak equivalences

Wn En É Renta

Morphisms fie F fuEn Fu sit

En Fn

É IE tn

so
getassumingSp

Def Spectification of E En n o together w inclusions wa Ena rent

HE LegsEntre Hwa big R'war
is a spectrum SpE

Eg SpElo HE colin IE It I Ezo

The idea of a spectracomes from cohomologytheories due toBrownrepresentability
theorem

If E is a cohomologytheory then there exists a spectrum KenWnt s.t
En represents the ireduced colournext Effluent classesof

for
limum

E Complexkthory Bolt periodicitygives aim un unitarymatrices

24 2 BU 212 Bu IU
way

gilimlBuinia
Burnt ice I

complex K theory Kitt is representedby
K 2xBU U 2xBU U

Suspensionspectra Think of basedspaces as living in spectra
XETop Then E X is the spectrification of



TX End w X rent
Ex ans
a Mapsse x 9Theadjoint to theidentity

on x Entry

Spherespectrum E S

Construction Complex Cobordism Mu is the spectrification of

MIMI EMIN Mille EMI121

ru Bu in t ar Cal

M see

L.figggyexuedorbondecTfIIecation
allpointsat are P EP n plane inside a
senttoonepoint

consider the followingpullback Tautological
o

Jn luxi Buin x481x vet
IonEt i'out Tnt

trivial f d fEtienne Buin I Buchta

Induces a map on Thomspaces
MUM Th i Fun t's Thiru MU n ted

sins addinga trivial bundle meansyoususpend w the
dim

Wente EMUlentil murn is adjoint to gene
togetthe loopadjoin

a factor
Wan Mulu IMU n is adjointto the identity

Wu En Rent

Wanty MU anti IMU 12h 27

E Mutante MU 2n 27



3 StablehomotopyCategory
Def E a category WEE

iso few
2 out of 3 of f ggot in W then so isthe third

The homotopycategory of f lif it exists is

Category HoleW

c b Ho f Wl whichmapsall maps in w toisomorphisms

andit's theinitialsuch map i.e

É
tide

EI StableHomotopyCategory Sit HospWo where

Wo weak equivalences Tix isos Tre fu TrenEn
Severalniceproperties

ExY SH XY E Ah

Finiteproductsand coproducts are equivalent É
Closedsymmetricmonoidal withunit so

if sit x sit SH If StixSH SH

Fink Z FIX FIY Z Tex nE n
Triangulated n'En spertify

Note There existsothermodels for spectra
know that having a cohomologytheory weget a spectrum but we can also

gotheotherway
Def EESp Eomology É sit Ab givenby

ET SH Ab
X Tin Eax

Homology Et SHOP Ab givenby



En III ix E Ex Ene
functions

Unreduced versions

Eu En1 TuE E 187 E n

Ex For E then the stable homotopygroups are the E homology
lx e x Fort aspace TrsX confirmTux

Weakequivalences in Sp are Sta isos and sit is obtained fromSp
byinvertingthese

Q whataboutinvertingothermaps



4 Bousfield Localization

Defo f X Y in SH is an Equivalence if

Elf EIHT FEELY
WeEsp fullsubcategory of E equivalences

E local SHE HoSpWe
x is E acyclic if É 1 7 0 orthogonal toeachother
Y is Élocal if Ex43 0 t X Eacyclic in SH

Write SpeEsp full subcat of E localspectra

Fact SHE HoSpe weak eg in SPE
f X Y inspy is a weakeg c it is an E equivalence

construction Bousfieldlocalization let Eesp XESH

An E localization is an E equivalence 2 ÉÉÉÉ
are unique in sit soweIt's a resultbyBousfield that these exists and

geta functor Le sa sa t y p fit this is leftadito
the inclusion

Bousfield localization wir.t E

It hasthefollowinguniversalproperty Isoinitial

x y
ESPE

I Fife Est
Fact Thereis adistinguishedtriangle Ce Xs X Let

X X y q
I
so sits in a caliberseq

where Ce X is the terminal Ex acyclicspectrum with a map toX

We use this for p localization and completion

Ex Let E Sip plicalsphere which is thespectrum representing thehomology
theory

x x q25
d

p local spectra E localspectra o Xp Lsi X
East For any spectrumX Tala X I Ta X62,247



In particular A spectrum is plocaliff it'shomotopygroupsare

Ey Let EXp be the mod p sphere
I complete E local Xp LgoX

EmEpiEast LspX Emtip m t happy e y xayy
nose limit

so there is a connectionbetween the homotopygroups of p local and p complete

spectra

Ex s k I Igp
EilenbergMaclanespace

SpeKZp17
Sip K2m 1



 

2 ComplexorientedCohomologytheories

G group BG classifyingspaceof G
Classifiesprincipal Gbundles

BG I NB lone
object category Hom h

EG IEG I contractible freeGspace
EGn GxGx x G simplicial space

This has a G atcha Ind from thisPOV

BG EGG
We obtain the universal Gbundle

EG BG
i e O principal G bundles v X arises as thepullback of EG BG

f V EG

F p

txBG Principal Gbundleover x isLt

statement o G qq.am principal Gbundle real n dimensional vectorbundle

G am principal G bundle complexn dimensional vectorbundle

Why care Mmanifold i TM is a real vector bundle

In particular if we consider 6 411 5 then
ExBUMI ExEPT ExKIZ27 EH NZ

Onceyouhavepicked the isomorphisms complex linebundle u x over y

c 107eH x2 firstchemclass
when we havechosen such for the universal bundle H IBU51727 ZED I4 2

it is easytogeneralise usingthepullback
V 061 8 f H Bute Z If x Z

I t f t CCuII Burn



what abouthigherdimensional
Prop A Buin 2725s isn where si fundamentalsyntheticpolynomial in

aEffin
where

y
y
universalbundle

i
BUY

apox xapt Gpo
Def C If l S and for U x an n dimensional complexvectorbundle

classifiedby x Buin we extend this to

Cilv7 f IS ith Chem class
The inclusion Buin BUinti makes thern classes compatible

We write

U C CU Cz U t t Cnfu t

Prop o c vow Clu U

Close Htt

Now consider the multiplicationmap
pox apo Is ape

snow
L linebundle

c 121024 CCL CSL

sowhy did this work It boilsdownto the fact that
H EP z ZEE

A 19PM QP Z ZEE tz
Def Complexoriented cohomology theory E is a multiplicative cohomology

theory such that
Ezyep I É IEP IE S I ETpt 77

is surjective

A complexorientation is such a lift XeÉ4EP9
AtiyahHirzebruch spectralsequence tells us that

EYEIt CaptEY E F Etta Epa



Luriesays that a cohomologytheory is complex
oriented iff Altss collapses

at the Eapagefor EPO
Prop If E is an evencohomology theory AHS collapses

E CAPOI E E Ipt IED
Ex Complex K theory is even Kat epa IZ Tx It

Mll is also even MU't I Zen x2 1 1 2

whish to consider this on the tensor of linebundles
CE 21022 FE e 12 C1247

Formal group laws



 

Landwehr exact functortheorem Thomas read
01.02.23

Today howdowe

go the otherdirectionComplex oriented cohomologytheory E

I pp
1st EChemclass for line bundles

Ringphom.MU
L R

H
Formal group laws FGL over R

The idea for ourapproach comes from the followingtheorem

Thur ConnerFloyd

KU X EMU x
a
KU

Generalize this

Efx MU IN YaR
Q Is this a homology theory
Since Mu isalreadysuch most axioms holdstrivially Au we are

missingto check is exactness

A B c caliber sequence of spaces
Want MU AlOmar exact would be nice if flat Butnotso

interesting

We have that
O Mu IA 7 MU B Mk K O

is an exact sequence of Max MaxMUI comodules

The LandWeber exact functor theorem givesus a condition forwhen
f YaR comod Mu Mu Ab NoteMight be a

cohomologytheory
without thisbeingexact exact sodoes not
giveus a completedescription



Recall Given an R moduleM a sequence re ra ER is regular for
M if

Mitre rn
M try ra

nicetitration of
themodule

is injective for le ked
Thin Landweber Exact functor theorem For p prime let u EMU be

thecoefficient of XP in EITI't the Immerse formalgroup law
Further let M be an Mll module Then

0mnM Comod MyMU Ab

is exact iff tprimes p p us uz is regularforM
Cor Let I be a Fal over R corresponding to

0 MUA R

Further let u ER be the coefficients of xp in Ep pls Then

I Ma R is exact iff U p p u u is regular forM

Variation in the literature Defining u using the Lazard ringin the followin

M Me Ztt ta vie Epi madP
so when our Fal satisfies this we get a cohomologytheory and one can

show that bygoing back from cohomology theories to Facs we will

recover the original Fal
Ex Fitz ix y xty

Ep bat poi e u o for iz

i 2 42 injective

Xp not injective
Not landweberexact

Ex Faabuy x y Fixes theabove

Ch a injective

Gpa Chiao injective
Landweberexact



Ex FrauPig say Buy KU ZEB 1131 2

U B v to for i 1

ZEB zip injective r

E tr Ip É zept p ingenue r
D landweberexact

Restwilljustbecome 0 0 ejective
common

II

wear about

a triffid Ysidnitentilage of the generators of
all is Epi Vi

exact functor theorem

For qt P q is a unit

BPA BP injective

l n'un n Jlp I z v5 y ing
a landweber exact

so this gives rise to the spectrum BP

Fact Plays the role of MU in the settingof p typical for R an Zep algebra

p typical FGLs correspond to BP R

Construction Johnson Wilson theory Un p
Echl BP TUT Luna untz using that this is Landweber

exact
Kin Eln A lip ve un I IpEun got exact



 
Fix apefectfield k of characteristicpand FGL fix.glekllx.gl of heightn over k

Def A deformation of f over a completelocalring ategiiipfdhwite.atsijection

Faf fall Al i k Alma
such that

ite off
t

agg
ta

its 16
An isomorphism of deformations

fail Ita IT YEIIteEIIIItidma
ta fi ta theyonlydifferby aninvertible

powerseries a HlfALTE St

it f 4 faEgg fat in quaint t
t mad Ma

DefA Deformationstover A and isomorphisms

This defines a groupoid Everymorphismis invertible and can bedescribedas

Def A Paypal
fansubcategory of Ifa it w ij

This extends to a functor fr fixed k f

ftp.hiaksof Anna47 Groupoid

A Def A

and we wish to understand this one better

Ex Let'sconsider a specificdeformation of f
w ik ringof Wittvectors of h R W b Iv rn LubinTatering
Have a canonical map

4 R RIM ok ma lp.ve un

fetal th of height n is classified by a map characterisationbyheight

to Lip k lip tZip ItaEz
Lazard ring

Itil Zi



Assumethat
Ep y

Recallfrom lasttime u thecoefficient
of x in Index

for Isi en 1 Since f has height n we get
tpig of k

Next let a L R be any homomorphism which lifts do and

maps tri t v for oc is notessaysm

Fatih Fella

tri
classifies a formal or w

EChifleDeep
since kerim

Thm Lubin Tate Elk.fiEFGL IR R w1h7Fun undis a universal deformation

of f For all 1AMaO I Elk.fi gives a bijectionfi fYYYfYElk f represents Hom R A Def 1A Ifa in s t if f Ontfa
DeffIAI her a htFIR.FI

GRhA 2
d R E A determines a formalgrouplaw Falla

Intuition whenAMA

gift
Lip

R TA

Cov ToDefAl E Mat corresponds to choices for the coefficients

xp k e n t in Ei 1 7

TyDeff la 1 i 7 ico fa i I Cfta i

Keypartsofproof
17 At Def Al fatly smooth i.e A A surjective Def in Delia's

surjective

Because any FGC over A extends to a Fal over A since L

is polynomial



27 A Be a surjective maps Deflate Def A pet's bijection

Argument for this uses spas

Proof is then done by induction on thelength of A
Rem Elk f Laudweber exact

Vo P Vi Un regularper
construction

Un has invertibleimage in R Ivove un I k by the assumptionthat
f hasheight n 7957,45dand I periodicversion n
o cohomology theory En Morava E theory satisfying

Enl a En I WIk Fui unDEB 1131 2
Motivation Ie behaveslike

Enloe will tire Unif restricting to theopensubstack
MEEMFaxspeckpA connectionto the JohnsonWilson spectrum Lenthem smashingpreserveslives

Awaytotryand understand this thingis bythe Moravastabilizergroup which
acts on ten automorphisms of f over R

Gn Aut ik F Moravastabilizergroup
Produce automorphisms of the universaldeformationbynaturality
Gu acts on Enl which extends IEn

Ex n t

wit k for the complex K theoryspectrum This has a canonical
complex orientation whichdetermines a Fat

Felxiglex ty Bay petizk Boltelement

Fix p and write Kp for the p adic completion of k Then

ToKpiXp
we getthat

typing xtytxy Efa4217

is a cleformationof

It ing xty Xy EFGLlap IepDefyZt

Fix Fip asabove Then Ey thp IE XpTB



In this case

6 I 2 A leak theopposite of theAdamsoperations
Forevery pactsunit X we let Y denote the correspondingmap in G

Gives X Kp Kp andthese are what isgiven by the Adamsops
Construction of Morava Ktheory

Man tLip e Zip It ith

where we mayassume u t for iso and by convention we set tapetoMap
Write

Mlk ofibEmma Main
Prop Miki homotopyassociative algebra over Melip
Fix prime p and n o MoravaK theory

Kent MU Eun A One n Mlk
which bythe above hasthe structureof a homotopyassociativeMapalgebra
If p 2 its homotopy commutative

One can calculate that

Tak int e IT Map Eun kota itemten I
III Lunt lunt 21pm

We get a map of ringspectra
Mapp Kint complexorientation on Kcal

aFGL Tak int with height u

One can show that this construction of kin is independent of all the
choices wemade

IntiEin yGeneralmotivation Intuition

Mochi stack

Cecumunitin R EEL

sEg
I heighten at p

If furtheretui o for osicu

Fheight L



Un emuz coefficient of x in

Fma pxt vex't tux

Un
no

Xps mod Pixie xp 2



 

6 Morava KLffeogy
PartPantae 22.02.23

Recall k perfect field of charp fetalfk A an infinitesimalthickening

of K A k Then a deformation of f over A is a geFGLAl st

Wehave that R Wsh Eu unD k is the universal deformation

in the sense that FG A Def lat EHom IR l

m The Lubin Tat formalgroup law
m Landweber exact Echl p local ring spectrum

Formal groups Group object in formalschemes
o Mea Modulistack of formal groups

Recall Elliptic curve y x'tax b when2,3 are invertible in R D 0

over IR

4 D fFightin
the

yIi me
Consider F Sch a Set

siteof schemesoverspeed

Fix EHom x Mee
Issue Men can't be a scheme

to sheetshatin eaint's runes
havenontrivial

Men will be a stat
Thu Gauss Hopkins Miller The structure sheaf ofMen can be lifted to a

top sheaf of I ring spectraOt and the spectrum of global sectionsof
emiti this O is bydefinition Turf thespectrum of topologicalmodularformcohomology



This is a good approximation of height 2

Elliptic curves to formal groups of height 2
E s É complete

Mraturf allows you to understand Eri local

spectra

Slogan Localizing spectra at ME

Echl is like restricting
MEG EMEG

MEwant to look at Mia those of exactlyheight n

E MUM Much MIL

MiaMain is a ring spectrum Miki is an algebra

over Main
kin Mai Evi3g Qian Mill MoravaKtheory

Lken is like restricting to Meg
Thin The following is a homotopy pullback square

Leia X Lean i X

I d 1
Fracturesquare

or the Hassesquare

LKintX Lem i LiciaX comes from HasseMinkowskith

Tm Chromaticconvergence Zin Q

x I holim Lein Lemn I É I at ChezEp
Prop Tekin EFpEun
Def A grand field is an evenlygradedring s t either

R ERo Ek R I kept Ipl 2k too
Def A ringspectrum E is a field if HE is agradedfield
Ex Ha Http Kent
Thin Uniqueness Kint is the uniquespectrumhaving height n Egland

which is a field



Prop E field E module is w.es to f ERE
if p completion of spectra

Litz p localization of spectra
Balmer

Speggy

HF

K121

KntProp Lem is smashing i n it preserves direct sum b
HQLem X ELean nX

Lian is not smashing
We have

Ela local sat Ha toed SHT
Ecel I Ku

BHO Dia



 

7 Theknownhigtheorems thatelesonjective08.03.23

Whereare we

Elements Un UnfMunn is thecoefficient of x in

Enema xt pxt tu x't t unit

Height A Fal classifiedby 4 Marx has heighten if pival is
a unit and 4 ui O for of ich

LandWeber Exact functortheorem is Morava E theory

Ecu Zip Eve un bi

Kint I Iptunt heightn

iii

Kin Kimi o if men

X finite Kin X o KIn17 4 0

Wantto understand localizations withthesethings
Needwedge of SETI 11ft e renitent usfa rent vent

Bothproductandcoproductin SH

write Lux Liceau ukine t

Intuition

Ln inverting Un
Liam inverting Un and completing at spvis iru it

Thun Lein Ln LuiMuc
There are clearlynatural transformations Lu Lu so weget

Lem Leinn
Def chromatictower of Xesp

LenX Lemn X
Monochromaticlayers Fibers of themaps in this tower



The natural transformation Rx x Lein X gives a map
x halim thenX

If this is an equivalence we say chromatically complete

Thin Chromaticconvergenie Barthel X connectivespectrumw finiteprojective
dimension is chromaticallycomplete

In particular
S p locally is chromaticallycomplete

P load finite spectra are chromaticallycomplete
Tim Smashproducttheorem Lux Len XDLein 5 axe 145 Inx smashing

Thu Localization theorem Beatenx x x nLeanBP cancompute Ba Knx in
terms of BEX

If vii BP 1 7so then BPNL XI Xn Ui Bi BELuxeuilBBX
want to understand thesemaps Lein Leinn
Than Hasse square

Lemy titty map Echl Ln Lian
chromatic
fracture Left dem

ahem Msquare
I
Lean an x Lian tchromaticsplitting conjecture Thisgluingprocessis assimpleaspossible

withoutbeingtrivial
Consider the followingdiagram

Lux LiciaX

La Igchicken X
Turns out that thereexists suchan anmakingthe toptriangle commutes
exactly if there exists a map tu splitting Lu x LnilkinX
Weak CSC X p completionof a finitespectrum On existsforall u

This would imply that taking the limit of

in i Xp Lnxp LianXp
gives an equivalence



Fromchromaticconvergence

Finitespectrum x can be recovered

fromits monochromaticpiecesLkinX 9

Another consequence f X ok mapbetween finite spectra andhintLiamX LianY
is null f is null

Generalversion is known for
n n 1722 Adams BousfieldBairdRavenel
n 2 p 5 Hopkins basedon Shimomura Ya

BYLgygtg.ata 2 1 3 Goerss HennMahowald No tacticsthat can
n 2 n 2 Beaudry GoersHeun
n 2 P21 Wideopen

There are two different approaches to consider a filtration of the
chromatic tower The first one

Algebraic chromatic filtration of a p localspectrum X is for na
CEIX her T X o Ln X CI XI X

Tre otherfiltration will be a bit harder to constructand relies on another
localization

Geometric chromatic fittation
Def A full subcategoryT of the homotopy categoryofploadspectra isthick

if
Of J

Closedunder fibers andcalibers
Closedunder retracts

Def A plocal finitespectrum X is of typen it Ex sq type o since
16104159 I O

Kii XI
0 in

ich Sap type I
write kid 54 0

Pn finite p localspectraof type 2n Kill52440
i e those sit Kim Xto man
since finite Kimi x o Kimily x o soenough toconsider n



Note Every such finite p local spectrum is of type n forsome n and it
can be shown that for all neo thereexists one oftypen so all these

Pen'saredifferent
Prop Pn is a thicksubcategory Actually thinkprimetensor idealsofSHI

The LES of Kimi homologygivesusthat a cofiber sequence
x X x satisfies 2 out of 3 wir t Pen

A retract of a type n spectrum is againtypen
Them Thick subcategory theorem Ravenel Mitchell HopkinsSmith

Put Po Categoryof p local finite spectraship Then

Po2Pa 222 Put 2 2
If f is a thick subcategory then fog for some neo

So Pa are all of the thick subcategories The thick subcategories are
the runic of KalaCor Let X be of type n then LnXelkinX

Pt Followsby the chromatic fracturesquare
Being of type n can equivalently bedescribed as existence of somespecificmap
First we consider how to construct spectra of a specifictype
no H lx D O take eg Sip
n 1 Define X to be the modp mom spectrum which is definedby the sofiber

s S X

This has no rationalhomology Furthermore sincemultiplication by
p annihilates kill SoIfptut the map Kal S 12117 x is injective
so in particular kill X to 7 X type I

n51 is much harder We wish toproceed inductively
AssumeX is of typenThen we wish to construct a selfmap

f X X

so we can formthecalibersequence
Ex x xif

DYES site that Xie is of type nil

Turnsout this is exactlythe case when



f induces an isomorphism Kim X Ken X Kinthomology of Nf vanish
f doesnot induce an isomorphism Ken i X Kin 1 x kin n homology

doesnotvanishThis motivates thefollowingdefinition

Def A un selfmap on a p local finite spectrum X is a map f X X st

f induces an isomorphism Kent x Kind X

For m h theinducedmap Kim x Kim x is nilpotent

This is equivalent to saying
n m generallyKim F ID n m

for a suit

can bedue mon

Nilpatence I HopkinsSmith

Ex If X has type on then Ken x vanishes so thezero map OX x is

Thm Periodicity theorem iis thick followed by thicksubcategory
theorem

Furthermore if fig both are un selfmaps then Fi jao st

pig essentially unique

Want to think of these as periodicoperators induces is onKintahour and
iterating willgiveus tensamebackat somepoint

so if we have a type n spectrum and a un selfmap we can construct a

spectrum oftype ate

Ex
s sap type t sometimes denoted Mal
I add

a gzipit m My Adamsman

satisfies kill la y The caliber has type 2 and we write M11.77

In general we inductively define a type htt spectrumas follows
cohered of a Vo selfmap to satisfying k111 111 U
no Mtial type I



cabernet of a v selfmap f P i
Mlion Mio sit

14111147 Vy's

Mio ie type 2

Mio in int is the type ntl spectrum defined as the caliberof

a Uuself map
f lp inMlio in it MCir in it

satisfying
Thereis a lot of choices

Kin fu unit whenconstructingthese
Mtic int

III six se
Construction Write Mn Mio in typen Kint fu vain

w is un torsion if thereexists a diagram

so so I E X
fo É

so if thecamp w fo to weget

gum g

ÉMI't
g s mycalibre's

that it extends since

Elf mfg and
uh

If we can find apowerof f sit

Igm't then we can againextend

so we are assuming we can continue thisprocess until a type n
spectrum Mn

W is un periodic if forany un selfmap fu ofMu waof to so we can't
continue theconstr

Def Geometric Chromaticfiltration

I x TI X

C x Un torsionelements nze

Decreasing filtration x 2 Y Ix 20217



We now have two filtrations when arethey the same Telescope conjecture

Telescopeconjecture
Recall that bytheperiodicity theorem tells us that a unselfmap f x x x

for X a type n spectrum is essentiallyunique so thefollowing colimit is
independent of f

Telescopeof f Xtf Y olim x É q.by fE2ky
Def For Mu Miio in it w Un self map fu write Telth Mutti

I
t a It's at it localisation

w larkt i generatedby any
lentil htt typespectra

Prop If X is of type In and f is aun selfmap of X then

Li x x x tf

Prop Lat is a finitesmashing localisation

This explainsthe name It is the solimit of thetelescope of a map

Using this we can redefine the geometricchromaticFiltration

CGx
X neo

plocalspectra Kev T X Tl Lt x n

This is verysimilar to the algebraic one now

Canx
TAX
KivIT X Ln X

There exist a natural transformation

LE x LnX

which is known to be an equivalence if
x is Elmi total for some mac

X is an Mll modulespectrum localization theorem

Telescope conjecture For everyspectrum X Ravenel madethis conjecture
LtX Lux andthe conjecture that it is false

known to be true for pig 1322
Bousfield tautology Tel la sa Ha KforI
2 Miller
L Manowar



completely open for n e P22 Butattempts todisprove

Prop Fr n ze the following is equivalent
Int eLn LuteLn

theorem
Thereexists a type n speitrom w xp y any

usingthe thicksubcategory

so one example or counter example isenoughto settlethepassagefrom n t to n

Periodic families cw spectrum

Let wt Trx be Un periodic and M Mu as above w V selfmap s t

Edm I m E X non zero

Let ME r skeletonof M and cofibersequences
Mr Mr ME Mr l M Mr Medium

Then there eat't.siti5d.t.YetntiitwEiiitetieouowing diagram
Edm M I g rx

sheEdm in Em Fg s t goi non trivial
i e Wn fu is non trivial on some sellof M Acell that detests

suchelements goi E Tatry are part of the Un periodicfamilyof w

Thinking of fu as multiplicationbyUn



























































































8 The Red Blue shift Catjecture Ed's.is

First Finish what we discussed last time how doesthese Unselfmaps
describeperiodic families

Recall o Tien finite p localspectrum X s t Ken to KinÉÉÉÉ
Unselfmap on finite p localspextrumX f x X s t

Kim f
ENTITY

somesuitabletower
Motivation for this definition was that if x is type n and f a un self

map then the cabernet of f is of type htt
EKE x Nt

In general we inductively define a type htt spectrum as follows
cohered of a Vo selfmap to satisfying k111 111 U
no Mtial type I

cabernet of a v selfmap f
P i

Mlion Mio sit

14111147 Vy's

Mio ie type 2

Mio in int is the type ntl spectrum defined as the caliberof

a Uuself map

fu lp inMtio in it MCir in it

satisfying
Kin fu unit

Thereis a lot of choices
whenconstructingthesePeriodic families M lie int

Construction Write Mn Mio in typen Kint fu vain
Lit we T X s Tx e s Ts X























































































w is un torsion if thereexists a diagram
If w is p torsionso so I E X
fo É

so if thecamp w fo to wegetÉMI't
g s mycalibre's

that it extends since

dEth mathMni If we can find apowerof f sit

sit my In FIMI then we can againextend

so we are assuming we can continue thisprocess until a type n
spectrum Mn

W is un periodic if forany un selfmap fu ofMu waof to so we can't
continue theconstr

Periodic families cw spectrum

Let wt Trx be Un periodic and M Mu as above w V selfmap s t

Edm I m E X non zero

Let ME r skeletonof M and cofibersequences
Mr Mr ME Mr l M Mr MudimM

Then there eatt.siti5d.t.YetntiitwEiiitetnfollowingdiagram
Edm M I g rx

sheEdm in Em Fg s t goi non triviali
i e Wn fu is non trivial on some sellof M Acell that detects

suchelements goi E Tatry are part of the Un periodicfamilyof w

Thinking of fu as multiplicationbyUn

















































































































































































































































































Red Blue Shift Conjecture
Increasingwavelengths

Red shift Increases chromaticinformation

Blueshift Decreases chromatic information
Decreases wavelength

Conjecture Algebraic K theory exhibits Rid shif

Conjecture Tate construction exhibits blue shift

RED SHIFT
Idea R structured ringspectrum related to a FGL heightn

I

KIRI related to a FGC height na
In terms of periodicfamilies Homotopyof R is unperiodicbutnot unaperiod

then often KIRI is Unt periodic but not Untz
Them Nollstilleusetz 22 the redshift conjectureholds for all non zero commutation

ringspectra
To discuss this in moredetail recall that theperiodicitytheoremtells us that

X type a X admits a un selfmap
f x x unselfmap on X type nFurthermore we introduced

Telescopeof f Xtf Y olim x q.by fE2kx
Def For Mu Miio in it w Un self map fu write Telth Mutti

Telescopic localization
w larkitt generatedby anyÉÉ.si iit

Itiaeitioaeiiaia

lentil htt typespectra

Pop If X is of type In and f is aun selfmap of X then

Li x x xTf



wefurther know that if X is Elmi TotalThen
Lt X Linx eLesnix

To easenotationtoday Tsui Telin we wish tostudyTini localIIaalgebras

can be shown that Lem R to 2 2 Lian Rio
In the case of ringspectra we make the following definition
Def The height of O Resalgist is

height Rt max uz e Tinier to

where we set Th i

The motivation for this comes from the followingtheorem
Thm Hahn16 Re IAlgIsp n 20

RAT int o Rotate 1 0

Tini acyclic Tutti acyclic
Rheight n s LemR vanishes for all h ou
so the idea is that if thehigher chromaticinformation for some such R

is zero then the chromaticinformation is truncated at that level i.e thereis
no evenhigher information either
so couldequivalently

height1127 Max rKeinR a

Them Redshift for to Let O Resalgsp s t height R n Then

height Kiri htt so kill her abit more fancystructure

Buildingblocks to prove that thejump is exactlyone
1 Nocrazyjumps
It was proved in 2020by ClausenMathew Naumann Noel that no crazy
crazy jumps inheight can occour
Thur Recalgisp heightIRI n height KIR Ente
We can restate this as follows Lynn Reo 3 LTanti k IR to



2 Maps of IIa ringspectra height
Lem heightIRI n iff FAECAlgis height A n togetherwith amapof

Io rings A R

So to figureout the height of R we can try to compare it with
something we know haveheightn

Intuition aboutwhythis holds
us the identity

F The zero ring have no non zero modules so if we have

such a map At R from A non zero then R is nonzero

Same holds Toni locally
Gives us information about the heightof R sine it is

defined by non vanishing andvanishing of Thi locally

byusing our known IIa map
3 Height of K theory of Lubin Tate theory
Recall that

LandWeber Exact functortheorem is Morava E theory

Ent Zip Eve Un Of
WinEve veDept

height is Lubin Tak theory

We have Enscalglsel and we want height Kla htt This is

doneby constructing an Eco may

KIEN A

where height Al htt

heightEnts tutt trivialaction

4
Redblueshift

Blueshift height Eutin n inverses

Lima Kl Ent
th to Kl tutte at

Dream Construct a map Ent Ent which wouldincur in amap on

K theory but sadly this does notwork



Instead Construct a map up to a sequenin of Etah extensions

t En ten
e height htt

4 Nullstellensatz

Def Let 6 be apresentable co category A non terminal objectCff is
nullstellensatzian if every Impactobjet in Gc has a map to the
initialobjet c

o categoricalanalogueof finitelygenerated

Hilbert's Nullstelleusatz let L be an algebraically closedfield 7 someideal of

thepolynomial ring Lan x Then for all common roots of polynomials
in L thereexists an Lalgebramap

LEX X J L

Note that Lex x 317 is afinitelygenerated commutative algebra over L
I L is nullstellensatzian

Rem Nullstellensatzianobjects in Calglab are exactly thealgebraically
closedfields L since all of the compactobjects finitelygenerated in

Algy haveamap A L by Hilbert'snullstellensatz
noustellensatzianobjects thosethatbehavelikealgebraically

closedfields in thecategoryofring
ChromaticNullstelleusatz Let O RECAlgSpain Then Ris nullstellinsattian

iff thereexists some algebraically closed field L suchthat
R e En Ill Object in Calgispecal IIa ringR Lila

Hence Nullstallensatz Tin local IIa rings are exactly the Lubin Tate To

theories over algebraicallyclosedfields
E 117 algebraically closed field objects in Spicy

An important resultthey use toprovethis is the existence of map
A En Ill

For at Tal local Egwing A
Moregenerally RtCalgspin
I perfeitalgebraA of KnolldimensionO

andaminuteare detectingmap R EnIAI



Whatchavegained For any IIa ing spectrum R we have

R is Tini acyclic
o there is amap ofEcoring spectra R ENL

The map R E ILI KIRI KI En 4

We know redshift holds for Lubin Tate spectra so

height K En kill height Enki 7th ntl

so we conclude
height KIR htt


