
 

Talk 1 Introductions 12.01.22
1 Motivation Ko and Ke
The roots ofalgebraic k theory is two abeliangroups Ko R

and Ke R defined forany unital ring
R

Let R be a unital ring we let Pr denote thecategory w

obPr finitelygeneratedCright R modules

morphisms homomorphisms of R modules

and let Il R denote the set of isomorphism classes is obPr
For Pe P we write P for the isomorphism class in ILR it

defines
no
et ÉÉ

I R is a commutativewtf with additiongivenby
P Q P Q

and unit o

So we can take the group completion of this to obtain

an abelian group originallycalledGrothendieckgroup
R P Q I P QeobPR Grothendieck

1957
with addition

Kase Idaifferences
Po Q LR Qe POOR Qo Qe

Alternative Ko R ICR x ICR to
CP Q P toN QON

some NEI R

Note Ko R onlydepends on R through Pr



K R was defined by Whitehead in 1940s
Glu R group of invertible Mxn matrices w entries in R

then we have inclusions

Glu R C Glut R c Gl R IfGlu R
A 89
k R Glee

G Éfkrp of Glee
generated byits commutators

Ighfghgth
By the universalpropertyof 56,6 6156.07 is abeliangroupandeveryhomomorphism

from G into an abelian groupwe get the following universal factors through G EGG
property of Ke R

Every homomorphism from Glee into an

abelian group must factor through the
natural quotient Gl R keCR

It was showed byWhitehead 1950 that
GlCRI GeCR ECR

where
Eg q E er

subgroup of Glu R
generatedby all elementarymatriceseiger w.ci Jen

is the group of unital matrices hence matxw.IE
diagonal r in ij
andOotwKe R GlCR ECR

Both Ko and Ke are interesting but very hard to

explicitly describecompute



Higheralgebraic ktheory
Around 1970 Quillen defined the higher algebraic
K groups of a ring R as the homotopy groups of a
a certain topological space KCR

KuCR Tink R

satisfying that
Tok R EkoCR Te KCR EK R

He did this first through the t construction

KCR BGL R
but this only defined K R for net

can be fixed by writing K R ko R XBGE 2 t

He later defined it through the Q construction's
which holds in greatergenerality agrees with the
construction in the relevant cases K e rBQ8

Later Waldhausen extended Quillen's k space from

rings to ring spectrathrong his s dot construction

Kee rlws.FI
We will define K theory space 191127 firstly for a ring
R usingWaldhausen's constructions instead of

Quillen's But we will later introduce this aswell and
show that theyagree
A necessary preliminaries to understand Waldhaus

en's S dot construction is simplicial d bisimplicial
sets



2 Simplicial sets

obs zing 3
aDef

o 047 J

ID In Im weakly increasing maps
O n Em

A simplicial object in a category G is a functor

X DOP G

This forms a category Éetitssimplicial set
sf Fou DOP E Set

lets unravel the definition X esf consists of

XEBEC One IN
and morphisms in E

A XEk XE t a a Ekg Tanigdiceschanges
in a

ton sinceit'scontravariant
s t Kop B'on't

id id

A morphism of simplicial sets f X y consists of

maps fin XD Yen in f sit

Xin É Yiu

att Tat t a us 2k

KIKI YEK
f Ik

There arespecial maps in ID that generates this category



Si na In Hielo in co degeneracies

unique surjectivemap in ID s t Isis 2 1 2

Sig g ie

j i

to ite Monte

to i i i i in in

and di tu Inti tie O htt co faces

unique injection in a s t I Im di

dig fi ja
ja j Zi

to i n to to i bitt inte

It turns out that every morphism n ID factors non uniquely

as a composite of di and si's
A simplicial object is equivalent to objects Xu the in

together with maps

degeneracySi si t Xena xena tie o in

face di di Xena Xin tie o inti

subject to the simplicial relations
Def n simplex A Hom C Ey set

DIK Hom ER E

we get that a ng tu

Xx gu gu

n n 2



f KI Enl at of k Em

Assembles to a functor
D D set
In D

ti ti
Def Topological n simplex

Atop to then Otis Iot 7
convex hou

n t 4 2

a

Assembles into a cosimplicial space

Afp D Top
a Atop Cto tu

at la I
IR Dfop Cho Ur

ui EÉci
Ey o



Def The nerve NG of a categoryG is thesimplicial
set w

N een Homcat Em e sioffrtiation w
precomposition

so can think of Neem as a composablestring
co Ce 3cm

Neto objects off
net morphisms of E

This gives a fully faithful functor

N Cat set
Ex NCEm e DM

Neto obb
target do I Isoid Tdesource co.ec

ÉÉÉÉ
Net Home

Neer c E c q
a a
Ép

dopry pdecompt de Pr

get
ez

Def The geometric realization of X Dop set is the

topological space
1 1 L fq jp

arms er
X E Xk s tt Atop
x x t Nex At

This defines a functor
l l SSet Top The idea is to

replace each
X IX xox n with

It ydIfl stop and

ty theughe
them

together

Def The classifying space of a category G is the geometric
realization of its nerve

BE INGI



Is a functor
B Cat Top

3 Bisimplicial sets
introducebisimpeausets
pacmanx.es sso nto.soaeneWe can extend this toBisimplicial sets nta.cm
staterealizationteamcoma

I
causimpeauspace

XE J XP X P Set
so given o my tui y in th in ID

we get a commutative diagram

XEm n X X Em n

12 It
XEmin X Tui n

to such a bi simplicial set there is 3 simplicial sets
variablein left x in E XE n Dop Set

variableinright XpEm E XEm 3 1005 Set

IX ET IDP My DOPES setDiagonal

We will need the simplicial spaces we obtain by

takinggeometric realization of X the and TRIM E3

for which we need the following
Def i U CX e top is is opentifotterfery continuous

map f k x w K compact Hausdorff
f lack is open in K

i x is a k space it k open subsets are open
iii k top c Top full subcat of k spaces



Note that compact Hausdorff spaces are k space's

and it can be shown that I Xlek top

LET P k top

RE Dop q top

ha kingly
XREM IXREMJET

Lqg Natural homeomorphisms
IXLE I EISXETIEIXREJI

Therefor one can write IX E 3 for
any of thesehomeomorphicspaces

Lem Realization lemma Let
6 12 fe 3 XE T YE

be a morphism of bisimplicid sets and assume

that for any mad the map
If Em 31 I Xen TI ly Em

is a homotopy equivalence Then the induced map
on therealization on the diagonals

1 Of E JI I EXETI TOYED
is a homotopy equivalence

Equivalently Ifrell Hrt
is a homotopy lyfeegThe same holds co r t the other variable

Onewould assume that if find is a homotopyequivalence for all In
then the same wouldhold for Ifest but this is not true in

general
Def A simplicial space XE is good if the inclusion

S XE D Xen

is a closed cofibration for all i and u



Ex XcEJ and ARE are both good simplicialspaces
Recall A continuous inclusion f A B is a cofibration

provided that given maps

g B C G A x I C

FCF a t Gla t Fcb o g lb
Cait EAxI DEB It's called a closed cofibration

if it maps closed subspaces to dosed subspaces

614 simplicial spaces If each fin is a homotopy

equivalence then I fell XE l I YET is a

homotopy equivalence


