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30 :Motivation
Algebraic K-theory ishard



30 :Motivation for algebraic 1-theory
K-theory is connected to many areas Geometry , topology, algebra ,

number theory

Algebraic contains detailed
information

Arithmetic objects e 19-groups regarding the

Geometric original object

Cool stuff using 34-theory
> Whitehead torsion & group us s-cobordism theorem

Motivic cohomology& specifically chow groups
Groethendieck- Riemann-Rock theoremi Atiyah-Singer inclex theorem and proof ~162

Early example of an extraordinary cohomology theory 159 Atigah-Hirzebruch



30 : Motivation

History time ! Ko-57 Groethendieck
Introduced while Groethendieck formulated the Groethendieck-Riemann-Rock theorem

it a zenital ring

& finitely generated
(P) +(Q) =(PQ)projective R-modules 3 E is a commutative monoid

Unit <02

Group
complete
- (o(n) = 1 ... (gr = ((P - (Q)] abelian group

↑Formal differences

Idea : Forces exact sequences to split

: Universal way of assigning an invariant in away that is

compatible with exact sequences.



30 : Motivation

WhiteheadHistory time ! He- "40 Bass-Schannel
Kn(R) = GL(R)/[GL(R)

, GL(R3]
GLn(R) = Group of invertible T ↑ Commutated
nxn-matrices with entries inR

* subgroup
GhuIR) CGLu ++(R)C ... <GhIR) :

=UGLn(R
Similar group was earlier introduced by Whitehead :

> Poincare : attempted to define theBetti numbers of a manifold via triangulations
Whitehead

> Triangulations stable under subdivision my simple homotopy equivalence
my torsion simple homotopy equivalence

is a finer invariant than

> Torsion (homotopy equivalence) = Whitehead group
homotopye equivalence
--

Groetient of Ky (E +)
A

Integral group ring
ofTarget)



30 : Motivation

History time ? Higher K-Groupe-Quiller
R-construction 172 Need categorical inputs
still has it's roots in Groethendieck's Ko

,
but produces a category instead

of an abelian group

Exact category & es 26 = Eob
RT : obC

category
- - 1 morphisms = Short exact sequences
satisfies properties similar to

,
but weaker than

,
properties <Fixes indexing

satisfied by Modr, VectIR) Kle) := BRT space

Recovers Ko and K11



30 : Motivation

1-theory is hard
Z n =0

2/2
S n=1

,
2

2/48 -n =3

< Kn(z)E S groud

7

8 n =4

3-torsion
2 ( finite ( ,

n =5

? 7
n >5

> Re C number ringKo(R) EZ ((R)
-

for example *
[E] Ideal class group

~ Difficult object studied
in number theory



30 : Motivation
1-theory is hard

Tool : Topological Hochschild homology THH
> Another invariant - still hard ,

but a bit nicer

> on commutative ring objects: "Tensor it with the circles

This can tell us something aboutK-theory through the trace map

tr : K(M) THH(R)

Dundas-McCarthy 196 : Not an equivalence , but the difference is
L

locally constant



30 : Motivation

THH(R)
A

tr

Generalize
to Stable K(R) Add "complex
O-categories conjugation

"

tr
↳ I tr

THH(2) & 118) GW(R) * THR(R)

8 ? *

Poincare do -categories (6
,
2)

GWIt
,B) too THRIY , I)

-



" Enhanced spaces"s Extending to GW(R) [xn3nzo + 5 : [Xi Xix
Vectorbundle structure on

↳

structure K-groups
K-group K-theory spectrom

Complex vector Aberian groups [E] 1
*

X) = Groethendieck Complex K-theory
bundle

E X
with direct sum group of complex u.b. KU

complex C2-action on +: K
*

(x) - k
°

(X) ↳ EKU

Conjugation abelian groups [E] 1 o [E*] &B KRE Spe
E* -X [E] 1 [E*] ty(m ,

t2= 1 ↳ =Fun (B(2,SP)

~ Duality ,DreId Atiyah's real K-theoryD Genuine
E -EX

22- Mackey functors &

TE
,
DJ

res

· [E] -Spectrum.

*

X a X KR"()i *
"

(x)
*8t KR

tranInc-action LEOE*]0 ITE]
& hyperbolic duality



s Extending to GW(R)

Egnivariant notions E =XekU

AB C2: Abelian group with C2-action Es EX

Orbits Norm map X
j
Fixed points oth Tate cohomology 2 KR .a

· Ac := Alta-a)
Nu-A :=Sata= a} ocoker (Nm) a

& genuine
2 T 2-Spectrum

a l -a+ta

·XIC : Spectrum with C2-action
Homotopy Homotopy fixedpoints Tate construction

Nu hazo tOrbits ↳ D X -X JXhez
cohimbcX him at

Example : ABC> HABC

> TI/HAncz) = Hn(C2 , A) Group homology n= 0 > HolC2
,
A) E Ac

> TTuLHAnc) =H"(C2 ,
A) Group cohomology es > Ho (C2 . AJEA2

> T CHAtC) = -n (2 , A) Tate cohomology < #°([ ,A) E Coker (Nm]

For KR :

> Underlyi spectrum : KU

S KRte *

> KR"" - KRnceEKOf Real K-theory - uses real rector bundles



s Extending to GW(R)

~ Duality ,DreId For a ring
E

D -EX
> th a ring to KIR)

*

X a X > Add anti-involution (*:R-RPP
T
· C-action

< Symmetric bilinear form (P,q)
1. Complex vector bundle

-> P : finitely generated projective
2. Add complex Conjugation R-module
3. Add duality on E and C-action -q :PQP-R : ReR-linear such that

on X q(xxy) =q(yax)
*

-> Genuine C2-spectrum KR S Assume (4,9) is unimodular :

> Underlying spectrum : KU
# : Pvo DP := homp(P ,R)

~ Complex K-theory
>21 0 (y+ q((Qy))> KRncKRhKO

~ Real K-theory



s Extending to GW(R)

forget
&Forms a monoid

S finitely generated 3 =, S SUnimodular symmetric3 =,Projective R-modules bilinear forms on R

· (1)grp (->grp Groethendieck-Wit group3
hyp

3
V

KolR) DGW. (R)
Coker

& LoIR] - s

Pl ↓ (PEP*,POP* C (POP*)
*

=P*P
**) *

10id
L-theory

11

"forms/coborcism
This sequence does not extend on the left -

There exist LEP

-> Find a "derived functor" which does
5.t

. Ell= 0 and

0 -L4D-
*
-6

is exact
- In homotopy theory : Fiber sequence of spaces/spectra ↳PELELA

which on homotopy groups recovers the original
sequence



s Extending to GW(R)

hyp
KolR]

22
· GWO(RS <LoIR) -O

-heorem : (Schlichting) If 2 is invertible, thenthere exists a fiber sequence

K(R)2 > GW(R) a LIR)

which extends to the desired long exact sequence of groups

· > K
,
(R) a GW1(R) -O LIR) 8C2

&
KOR) GWo(R) aL(R)22

Quillen : Categorical input necessary

Waldhausen & Thomason : Need a higher categorical input->

Perfect Derived R- K
.
(R) Groupcategory

chain complexes
of finitely generated &

DP(R)KIR) space/spectrum
L

Projective R-modules *
-

[quasi-isomorphism"



32 : Extend to D(th)
Good Idea : Forms~ "Extra Structure" on D(R) which describes the

"space of forms" for any XED"(R)

-> This can be axiomatizedt
#9 : Calmes-Dotto-Harpay-Heyestreit - Land-Moi-Narclin

- Nikolaus-Stimle

Note: Throughout we will workover RP(R) but this could be done for any

stable -category C.



32 : Extend to D(th)

"Extra Structure" on D(R) which describes the "space of forms" for any XED"(R)

Def: A Poincare 10- category is apair (R ,
1) where

: RP(R)
*P
-- Sp

is perfectly quadratic,
i

. e
.

> Reduced preserves the O-object
> Da

> 2-excisive weaker notionof 'pushout square 1 Pullback square
> Induces a perfect duality : The unit of the adjunction RP(R) +

*

2P(p)OP
D

is an equivalence evideD DoP

E :
LetR be an associative ring with involution (f*ROP -R

space of forms a pair (X ,9)
Symmetric forms ( XERP(R)

Q5 : R:

"
(2

*P
· SP h

X1 - MaPrer(XX ,
Rih Ger* (X) =Maprer(XX ,R)

- q :XxX-R

&(xxy) = q(yax)
*



32 : Extend to D(th)

Theorem (#9) For (R ,
i)

.

a Poincare -category ,
we have thefollowing

Fibre sequence in SP :

KIRIncz * GWIR
,1) < L(R ,I)

Note : The "2 invertible" assumption is gone

We furthermore have a C2-spectrum IKRIR
,1) With

> Underlying spectrum : K(R)

↓ fixedpoints working well Tate Square

& IKRIR,
2) = GWIR

,I
with limits

X -Xa DEPX := 190EP@X)

*> EIKRIR
,I = LIG ,

IS
X

Nun
·
n

-Xn(z& fixedpoints working well with colimits



55 JR of a 'nice' ringth ·

"Tensor with the circle"

/Cyclic bar construction

THH(R) := RARE N (R) Dennis trace map
- RQR

u
[31 . PRO Rst tr :K(R) --THH(R)

- Bokstekt-Hsiang-Madsen : This is a

genuine S-spectrum

Idea: Refine THH to a (genuine) C-spectrum , using the reflection of the circle

Let R be a ring with anti-involution
-

pRQRQR Trace map of Ca-spectra
THRIR) = RORE Enj10 b ·b

I Hill-Hopkins-Ravenel NR tr: KRIR) THRIR)
norm D

NR = RQR
m

= p2z
-

I

Theorem (Dotto-Moi-Patchkovia-Reeh)THR(R) =ER&R



55 TR
Of aPoincare -Category (C , i)

THR/C ,2) Should be of the form -(CosPI(ant]

G(Dq2n+1PI(n) G(G ,Co)

A

[n] 1 s colim -yCir,Enel V

ElDeneIDECH) G((n , <n-
-

G(Pq+ (n)
(,

. . .,En+) Summand > Kent...,%)-summand

-



55 TR
Of aPoincare -Category (C , i)

Recall: THRIR)=ERGER (D)
R G(Dq2n+1PI(n) G(G ,Co)

[n] 1 s colim
Cir,Eneln

ElDeneIDECH) G((n , <n-
-

ECID)

ETHRI,) - /In t colim E?(Dec)[(,() ...@fIn,Cn-1)* E(De ,Cn) /
201- ,CnEC

↑



Theorem : R . There exists a functor which is objectwise on the above form
.

35GR

ETHR : CatoSp
&THR(t

,
2) = /In3 colim E?[(,Dec)[(,() ...@fIn·Cn-1)* E(De ,(n) /

201- ,CnEC

Morita invariance R .

> ETHRIR
,28 = ER@R

R

> EPTHR(R ,
[S) = REFR

&

Equivalent to the geometric fixedpoints
of the Borel completion
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