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Def A Kan complex is a simplicialset withthehornextensionproperty forallhorn
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Def L t Ebe an o category A functor f b ftj.FI a

localization if

it ftake Sto equivalences

21 Fouleeg y p a fig
functors which maps S to equivalences

Uniqueness almost followsbydefinition sowe'llonlyfocus on existence
Lem A F N 021 is a localization

Pf Not that elements in Fh are of the form
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Wewishtoshowthat
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Show
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Pf Recall hi t t NI i n hit preserves pushoots so
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Hence we have showed that localization exists whenconsidered along
all morphisms so now we wish to show existence w r t any
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Motivation For X a nice topologicalspace we have

Cov x FoulTie 1 7 Set
coveringspaces

Let fecate I L Cat then we have the socalledGrothendieck
construction

Jef morp f y f A B E Mor le

4 f 1 7 Y E Mor FCB
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Observation Set f CA x is A can be characterized by functor
that has enough coCartesianmorphisms

Def Given a D E a map X Y is R coCartesian if

there exists thefollowing unique lift

1
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KY

R DTE isfurthercalled coCartesian if tf A B in f andkep
such that 21 7 A there exists a 2 coCartesianmorphism

a X y s t my f
Grothendieckcorrespondence Je Fontecat s coCart167

Time togeneralise this to A categories First idea is to takethe nerve of

thediagramused todefine it in the l categorical case whichgivesus



N NCD

de niter

Def Let p x S be a functor of sets Then f A X a morphism is

saidto be pcoCartesian if u n 2

satin x

atIste
Wefurthersayp X S is coCartesian if p is an inner fibration and

there exists a lift
03 X

Iftp
s t O is p coCartesian in X

Ex Rightfibrations are Cartesian

Next goal is to compareCartesian fibrations withrightfibrations

Lem A Cartesianfibration p E e is a rightfibration Everymorphism

in E is p Cartesian

Prop A Cartesianfibration p E E is a rightfibration forall xef the
fibresEx are a groupoid

Pf

Ee Wewillshowthateverymorphismin E is pCartesian Take any
f D E which takes É to y We canthen choose 4
to be a pCartesian lift of plfl whichhastargety
Consider the following diagram

D es ni g If
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coCartfib over E a functors E Cata

Intuitively howdoesthis work Letp 3 e be a coCartesianfibration

Given sic f Execata Given fix y we want fi x Ey
Let ZeEx take toCart lift of f

E It fixz fiZ fiz thisis
unique pGiven a Z 2 mo f d

e a toy to IIn 1 Category land we would bedone thechoices I iwouldbeunique but in o categorylandthisis more involved f

Def Kisset f K E p E f cocart DefineFun k as the full

subcategoryspanned bythosefunctors K E which lifts f andsends

all mgpf.IM of k to cocartesian morphisms

Gig Let ik l he leftanodyne f Lte Then

Fun 12,21 Fung 19,2

is a trivial fibration

Recall that 103 D is leftanodyne so weget
Fung IDE 95g olio E

is a trivialfibration so it admits a section

fi Ex Fun'tD E Ey Anactualfunctor

What does G Cato do on 2 simplices then
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Thismightgetugly butdefining functors between co categories are hard

If A is a f category then we have a functor A Effof at
NIA N Cat I NICatt toy JeCato

Given WEA n NCATw Cato
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objects o
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DefineWe to be the set ofmaps of the form
i n o Im t with a tug in

suchthat a101 0



so theredmaps

awe EEE
h

Want Name twig E Joyalequivalence

Have canonical map
initialvertexmap IV NID El e

k simplex Ed En Tun
a gun y

D8no d's a loll a a t law

4 An If

weWe 3 Iulw degenerate so Iv induces N Daletwé f

First generalize to Xesset Wexp

Define LIX W as the pushoot

HD X
t it.w
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This satisfies that for xD an o category

LIPWI a DEW I so it is indeed a generalization

so want to show that

NID x ay I
dreedly Iv

to be a weak categorical equivalence

Fact X A LCNDat x Wa preservesmonomorphisms and colimits
Sufficesto consider the case x D

IV NID D Dn N En

induced by
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so when takingthenerve weget a Joyal equivalencet
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Dele Cat

In o D e Fun's DE

Given in ol Im t in Wf
By 2outof 3

thisis
Fung lb El Fun DYE again an eq

2

InigoÉi
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cocartfel FunleCato
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LFible I Fun16 s
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Cofinal functors

Def K L Xesset f K L P X h inner fibrationWedefinethe

Fun 119L Fun 1k x I
I

Do a Fun II
Fun LX Fund L X

f K L is cofinal if forall rightfibrations p X L the map

Fun Lix Fun K X

is a Fogal equivalence

Tum t is cofinal iff forany o category E and P L G the induced
44.8

map
f pl fe fl

is a Fogal equivalence

Egg Joyalequivalences are cofinal

Cor p adm
4

its a colimit ift pfdoes and f preservesthis co limit

Thy
f8 D map of simplicial sets D an o category Then

f is cofinal Ed is weaklycontractibleforeveryobject in D

teal

By 8.0 co categories F b D Fadmits a rightadjoint if fldadmitsaterminal

object for eachden

Pf Choose d n Gdt FGd d terminalobject in bedBy5.1.10 sufficient to

provethat



MaPeleGd map FFad mappFed

is an equivalence Consider thefollowingdiagram

mape that lad117 maps af go

d d f s a

MappCcGd map FFad EsmappFed
I on componentslyingover thecomponentof

a

mo True for all a Fc d Joyalequivalenttoa small a cat

Igg E locallysmallcocomplete o category If thereexists Gee foilessentiallysmall

É ÉeEe then locallysmall
diagrams t c coeimleCo e I b D admitsa rightadjoint

I preservescoliunits
Def Let Sbe asmallsetofobjects in f Then S isweaklyterminal if forevery

object se f there exists an object se s s t map Ic s is notempty

An object t is said to beweaklyterminal if theset It isweaklyterminal

key e cocomplete andthereexists Gee essentiallysmall

colimit dense full subcategory Then f has aweaklyterminal object

Pf Consider e ee t colimese et Colin too Ol Wite c in e as

Colin I K E f Obtain a map c t

Prop G locallysmallcocomplete Sef weakly terminal and assume thereexists

a fullsubcategory GIG spannedby S Then fo tf is colinal

Pf Sufficient to showthat lol x isweakly contractible forall nine
Sufficient toshow that anyfunctor

Kt Ibo x
factors through 19 D which isweaklycont

E accomplete Ex cocomplete 4.3.35



Takecolinit cone

K I fol n Ex
t

mK go
MIA x Y pick SES y

s
choosing a composite x y s gives a

2simplex D E adjointto a map o D 8

t m
K A

a it s ii

mi
o category Restricting m to kit D gives a map m k Do Gy
Gol n is full in fly so sufficient to show that we ran find

K D Ex which sends objects to fo 4

µ agrees w M on K

M m n'se mln one
Both in G

I

I G locally small cocomplete Seb weaklyterminal Then E admits a

terminalobject

Pf Again take Lo to be the full subcategoryspannedby S E is small
so b E has a co limit Co E i cotinal

climb f e colimleide
lemma 4.3.15
A solimit of the identity contains a terminal object

I

Proofof adjointfonitortheorem Enough to show that every bidhasa

terminalobject

Enough to show that GoldE bid essentiallysmall colimitdense

folksubcategory and Eld is locallysmalland recompute 3.3.18 5
130



Need equivalenceclasses in Gold tobesmall but equivalenceclassesin E

andmap Fcd are all small

Sufficient toprovethat Ibo ebid is colimitdense Take Cia Fc d in

bed andwrite
c salim k Gt b

Get acone
do f

Want to liftthisto bid get a diagram

K I Die Did

k b colimik e iiiis coal

EEE



 MOTIVATION

Thereisusefulanalouges betweenhomotopytheory and
cellinkitpedettwritervalues

in an abeliancategory

homotopies betweenchain maps

contractible chaincomplexes

The analouge of the homotopycategory of topologies
stakes is the derivedcategory

of an abeliancategory and analouge of stablehomotopytheoryis the

homotopycategoryofspectra Bothwhich are triangulatedcategories which

gives agoodsettingfordoinghomologicalalgebra Working withtriangulated categon

can beveryusefulinpractice but their theory can beverylackinge.g
The categoryoffunctorsbetweentwo triangulated categories doesn'tinherit

a triangulatedstructure

Beingtriangulated is extrastructure instead of a property
oftencan'tuse descent l gheing arguments

Manyof theseproblems can betracedback to thefactthat we identifythings

withoutremembering why they'reidentified Using a categorieslet'suskeep

trackof all this extrainformation

Wewill therefor introduce the two o categoricalanalouges ofthese see which

properties theseadmit and use this as motivationfor our definition

Ex Let a'betteroethindieckmastianiatigory locallypresentableabeliancategory
e

in which thesmallfilteredcolimit of a collectionofSES's isagain a SES

Let Chia 1Catof chain complexes in A

Modelstruiture on chid
ofb's levelwisemonomorphisms
weakeqs quasi isomorphism

Wethen definethe unbounded derived o category of a tobe



DIA NagCLAJ
the differentialgradednerveof thebifibrantobjects w rt this model

structure

Thelocalization of thecategoryof chaincomplexes the

classof quasi isomorphisms

First recall the o categoryofspaces N Kan S Wewishto consider

the pointed spaces

SHEFonCA s

spannedbythose functorswhichtakes 0 to a terminal objectof S
Wedefine the o category of spectra as

Sp him1 ES S S

R is theloopfunctor which we will define later

4 Think of it as acollection ofspaces Xu nez t Xn't RX ut
PROPERTIESTHEYSHARE

1 Pointed Admits a zero object
Anobject whichis bothinitial terminal

In Sp spectrum which is apoint at eachlevel
Thosewhosehomotopygroups allvanish

In DIA Acycliccomplexes

Thosewhosehomology all vanish

Rene Initial andterminalobject isonlyuniqueuptocontractiblespaceofchoicesWe

see this already at f categoricallevel Egany onepoint setis terminalin

the category of sets but 103and i are twodifferent yetisomorphic

terminalobjects



Rene In apointed o category weget a zeromorphism betweenany two

objects by composing theinitialterminalmap
x o y

28 Concept of co fibres or cokernels

In D la Given a chain map f C D between chaincomplexes

no Associated SES

o c cyl f conelf o

wherecyl f is achaincomplexquasi isomorphicto D

We canoftensayinterestingthingsabout f bystudying conelf e.g
thereis a LES relating H s HD and HIronelf so cone f is

acycliciff f is aquasi isomorphism

We can view conelf as a cokernel or calibre off

In Sp If we have amap f X Y betweenspectra wegeta
fibre sequence

fibIf XI Y
whichcomeswithanassociatedLESonhomotopygroups There isalso

a notionof cofibre sequences and it turnsoutthat fibresequences

are exactly the same as calibresequences i.e

cofibfib f X I Y

Let's make thisnotion more precise

Def A trianglein a pointed o category is adiagramb'xD e oftheform

X t Y

É
Rea Moreexplicitly A triangleconsistsof



i Two lsimplices X Y IZ

ii A 2simplex

witnessing a compositeh of f andg
iii A 2simplex

witnessing a non homotopy ofG

X ORai
a nd se diagram y y

determinesattianglebyprecomposing with

the map A'xD A'xD thatflipsthetwofactors

Def Let 6 bepointedand p DxD f thetriangle

xFY
8 at

We say p is a Ese queue if p is apullbackdiagram we say that

p is a fibreofg Dually we saythatp is a cofbrsequence if p is
a pushoutdiagram p is a calibre of f

Nowletsfinallydefinestable

Def An o categoryE isstable if
i It is pointed

Ii Everymorphismadmits a fibreand a cofibresequence

iii A triangle is a fibresequenceiff it is a cofibresequence

Remi So beingstable is a property not extrastructure

Think ofgivenaset X then it doesn'tmakesensetoask if it is a



groupwithout also specifying m xxx x groupmultiplication On theother

hand itdoesmake sense to ask if agroup G is abelian

Whydoes this differencematter Ofteneasier toformulatecleanerabstract

argumentswhenworkingw properties

Bop HA 1.4.2.271 Let6 bepointed Then thefollowingisequivalent

i f is stable

it f has finite colimits and thesuspensionfunctor E e e determined

by the existence of thepushout square
X O

diet
is an equivalente

iii f has finitelimits and the loopfunctor r f f determinedbythe

pullback square
ex so

III
is an equivalence

It Wewill show it lid the case ofhiii isdual It isclearthat fi lil so

assumeGadmitsfinite colimitsand that E is an equivalence

ClaimI Everycofibersequenceis a fiber sequence

If hat p D x I denotethecofibersequencedeterminedbythesquare
A FB
to it H

and
Po DHy D se

therestrictionof p tothelowerandright edges To showthe squareis

Cartesian we need to show that theinducedmap



Lip Gpo

is an equivalence trivialKan fibration Sufficient toshowthat foreach

Xt f
e pte x Gphe x

is a weak equivalence ofKancomplexes We see that Epoxyx

classifies diagrams oftheform

Effigy bytaking
the cofiber

INotethat thecaliber ofp is EAby it

The outer diagram
X B o

ot d qg
Ex Ea

m

Effy
essentiallyuniquelyextended IEA o

Let q AxD E be themapcorrespondingto

EA o

tf É
and go fly ga g be the restrictiontotherightand

bottom

edgesBytheabove we see that weget lacontractiblechoiceof maps
of theform

lip te x bigxpEx
Hence weobtainasequenceofmaps oftheform



Gipte x Gpte x Gate Ex GqxpEx
If Theinterestingcomps

These two compositions can beshown toagreewith themaps

inducedby E s weak equivalences

2 out of 6 Eachmap is a weak equivalence

Kim Everymap in G has a fiber

PI Let p B c be amap and Aee si p admitsa caliber seq

of the form
B O

PIIg
Exists since EA is an eq

Fromclaim 1 weknow this is also a fiber sequence

A O
n Lefthandsquare isagain ato Etta
pullback

Claim Every fibersequence is a colbersequence

Pf Consider G Byclaim I it has all cofibers Since Ee is an

equivalence so isgap Applyingclaim I to eat wegetthat all

fiber sequences in E is a cofibersequence

Cy f stable GOP stable

COI If G is a stable then E R are inverse equivalences

PI let Xef then wehave a caliber sequence

X o

g g
Ietsee xenia o

II

Cori T uniquemap Sp Colin 1st I sa S

Er S sp
Adjunction SPIES



Def Afunctor ft D betweenstable o categories are exact if it

p se objctci.ee cedandkofbersequences
Constructionofmappingspectrum We first note that

ton4 7 1FI ce.s
Usingthat Map x l b Spreservesall limits weget that it correspondsto

map X 1 f sp athspace of map XY is

MapoX E Ysit
Wmap lx IMapelli

All of this is natural in XEGso canbuild the mappingspectrum

map l i l Ehf sp
Anystable co category is spectrally enriched



TRIANGULATEDSTRUCTURE

As mentioned in thebeginninganotherapproachto capturing the
stable properties

of thederivedcategory and the categoryof spectra isusingtriangulated categories

As it turnsout thehomotopycategory ofany stable o category can be equipped

with a triangulated structure factually27
First recall thefollowingdefinitions

Def A 1 Category is additive if
11 It is Al enriched EachGomset carries thestructureof an abelian

group andcomposition isbilinearl

21 Admits finite coproducts

Def A tianguldcategery is an additive I category C withan equivalence

E C C togetherwith aclass of distinguiedthangle eachwhich is

a diagram of the form

X Y Z Ex

satisfyingthefollowing

TI is the C X X o Ex is adistinguishedtriangle
ii v u x Y F ZEC x K Z Ex distinguished

iii classofdistinguishedtriangles are closedunder iso
2 X y z BEX distinguished

iffy9 z Ex Ey distinguished

TR3 X Y Z Ex p

it glybistinguished

TRI Octahedralaxiom

Themain point of writingout this definitionis toappreciate howcompact



thedefinition of stable o category is

Tha E stable he admits a triangulated structure

We won'tgo into tomany
details but we will describewhyhe is additiveand

the distinguishedtriangles
he is additive We define translation functor

In f f

as nthfold suspension for neo i n th foldforneo Usingthat limits

commutes w Map x land r is a limit weget
Mapplx Y eMap lx s E y er Map x Yeng of sets

MayelxY is an co loopspace so ToMap lx4 eHougeNY

is an abeliangroupunderloop sum

Tosee thatheadmitsfinitecoproducts we seethat f admits such

Note that

1 Xecolib IXE 90

2 Y coliblotsµ
3 alt v XE Y in FonID e
4 cofibers preserves colimits

X Y cofib XE i t Y

Def let e be astable o category Wesaythat a diagram
x Y IZ EX

in he is a distinguishedtriangle if thereexists adiagram
DxD f of the form

XI Y o

od Int
s t

2 w



Rey 1 Diagram I impliesthat we Ex whichis theverticalmap in the

triangle
2 Wemade a choice ofhavingtriangles of theform AxD e

ratherthanof theform AxD E Eitherchoiceworks but the

two choicesyieldstwodifferenttriangulated structureson he



F STRUCTURES

Asmentioned in thebeginning a reason to considerstable co categories is

thatit is aform ofanalougeofchaincomplexes andgives us a framework
to do homological algebra An example of this is thatgiven a filtered

chaincomplex
Efp EfpE EC

wegeta spectral sequence

Eta AptgIfpFp I HptgK

whoseconvergence is conditional on finiteness propertiesofthefiltrationThisspectral

sequence arises from the SES of chaincomplexes

o Fp Fp FpFp O

This can begeneralisedto stable o categoriesbyadding a socalled t structure
which in particular associates an abeliancategory

Notation Btn G Gen D G

Def let f be a stable o category A tstructore on f consists of apair
1GsoGso of full subcategories of f s t

1 EzoE EEzo closedundersuspension Ezo connectiveobjects

GeoEi I Go closedunderloop Eco coconnectiveobjects

2 UxYEE Mapp X YEl

3 DXEGF fibersequence

I ox X w TeoXE Ey
td Ie X E iXEtJeLeo

Write

fan GoIn Len Goin



EI f Cher Modi DIR

Ezo x H X o no

Geo X Anno no

I Postnikoutstructure
8 sp

Ezo XITin Ko noo

Go X Tnx o n o

Def The inclusions of Een Een f admitsadjoints

connectivecover

Fits into a commutativediagram sinsets

Gannets Im
ma O Emote can.am

offunctors b e unbem

D Theheart of f is 8 LeonEso El

Rey TinMap XY ThMapelxY ToMapglxirng.fi rnfggy
ere Niece 1 IN hem

Canbeused to show it is abelian

Ex 11 DIRK RMod

21 spa Ah

Ref To Foot o N Ezooleo E E
Tn f f e

Ex 1 E D R 3 Tin is the homology functor

2 E Sp Tn is the normal homotopygroupson spectra



Now lets turn our focus to the spectralsequencepromised as motivationfor

t structures

Def A firdobject of GeCato is a functor F 12 I7 se Wedefinethe

pthgradedpiece of F as

grpIFl cofibFtp 1 Fipll

From this we obtain an exactcouple

TipgIFIp71 IF Tag FG1

03 aTag
grÉÉP

Recall that ti lands in theabelian 1 category G where we can do all our

normal homological algebra So theexactcouplegivesus a spectralsequence

Elpg Tay grpFl

in EPwith Serredifferentials i e

dr Egg EF r qtr t
under nice circumstancesthis converges to Tpgcolim f e.g if e has

sequentialcolimits i e colimits for anydiagram 2120,1
e Ceo is

closedunder sequential colimits and Ftp o upe o

E f D R This SS corresponds to theclassical spectralsequence

on filtered co limits



 
INTRODUCTIONTOHIGHERALGEBRA 7 SYMMETRICMONOIDAL A OPERADS

If a N LAND

Thebasicalgebraicstructure wewanttogeneraliseis

commutativemonoid SetM t multiplication MxM M unit t.CM sit

H X Xyyx XYZ XyZ tx.grEM
For categoriesthis is a symmetricmonoidalcategory category C Iec unit

whenworkingwithcategoriesits unnatural to ask for Q Cxc C

X Yaz XOYOZ insteadwewantthisstructuretobegivenbyextradatainformisomorphis

ax text X Bxy X Y YO Justcalledmonoidal if we
I yz X01402 I 1 04702 donot assumethis

It isclearthatthisapproacetcattotitusettogeneralizeto o categories Lets spellout howto

get an equivalent description ofsymmetricmonoidal The idea is that instead ofgiving
the bifunctor Q Cxc c weinsteadforeach n tuple a on and dec wespecify

thecollection ofmaps

c o een d t compositiondata andcoherence

This isdonebycoloredoperads what I calledmulticategories in an earlier talk

Def A colouredoperand Oconsistsof
A setofobjects obo sometimescalled thecolours

Uxo xn Y in 0 A setofmultimorphisms MoloXo xn Y
Composition Given

Xi Xi l Ye Xin Xin Yu

cancomposethis with CY ku Z toobtain

Hi Xi l Z

Unit id IX X

sit thecompositionlaw isunitalandassociative

Rem Everycoloredoperad O has an underlyingcategorybysetting
objects obo

HomXY MulaKx Y



Socanview a colouredoperad as a category extradata in formofthe collection

of multimorphisms

Rem Given a symmetricl monoidalcategory C D we can obtain a coloured operad cow

underlyingcategoryGby assigning
Mule Xo xnY HomeXoo oxnY

We can recoverthesymmetricmonoidalstructure of co upto canonical isomorphism

byYoneda'sLemmaE.g thetensorproduct x Y ischaracterizedby the fact that
corepresents thefunctor ZrMule XY Z

Canconsider symmetricmonoidalcategories as aspecial case of colouredoperads

Toidentifywhichassumptions it is on a colouredoperandthatmakesitinto asymmetricmonoidal

Firstrecall

Def Fine n pointedsets

f an am is inert if ittakes somepointtothebasepointandinjective isomorph

on therest

Pi n a takes J
O if j i g f is active if f lo o

i i
Construction Let O be acoloredoperad 00category
2 7

Objects sequences ofobjects of O Xo Xn

Xiseism Yj sin is givenby a map x m n inFine togetherwith

a collectionof multimorphisms

UjEMuto XiliexYj YDogen
in O

Composition ofmorphisms in 0 is determinedbycompositionlawsonFine and
on O

Byconstruction 00 comes equippedwith a forgetful functor
T 00 Fin
xu exults us

Using T wecan reconstruct theoperadstructure

Write OR TYen



pi n i m piOg 0 t Oeunderlyingcategory of O
whichinducesequivalencies Of I 0

Hoi Xu is I

MulolXo Xn y1 I fix Y in00 st Tiff n e satisfiesTiff 10 o

T O Fin determinesMulolXo hi Yt in thecoloredoperad O

canshowthatcomposition law for morphisms in O can be recoveredfromthe

one in 00

Can think of a colouredoperad as an ordinary category 00 togetherwith

a forgetfulfunctor T O Fink St Of e 09,7
It turns out that if I is further an opfibration thenthis isexactly
thesymmetricmonoidalcategories

So this iswhat wegeneralise to o land

Def An a operad is a functor of a categories p O NFin sit

1 cocart lift of everyinert f n m

In particular it induces fi Og Of
2 For each no the functors Pi09 0 tien determines an equivalence

ofcategories O to

So we inparticularget that exo tu't 0 corresponds to anobject of Og
Def Asymmetric monoidal o category is an o operand 80 Fin which is

also coCartesian fibration

Let'sunderstandwhy thisgivesthedesiredstructure
Notethat n m in Fin no 88 89m
so theactivemorphisms o 117 2 e

IIe
wedenoteby 1

The reason we wentthrough all this work introducing a operads is because



theyare exactlywhat weneed to getnicealgebraicstructures andsymmetric
monoidal categories is just one ofmany monoidal ish categories
In general

we

tht
bits easomonoid o category ie

11 P is coCartesian

2 00 Fine is an co operand and Go 00 Tina exhibits

EI symmetricmonoidal a Fine monoidal

Rey If f is Omonoidalby p fo 00 then any
XEOE Xo Xn EO

Given
femulotto xn Y Iifa x 7 EY

fiber overX

It can beshownthat one of thekeyelements is that p in particular is
a morphism of co operads
ALGEBRAOBJECTS

Def A morphismof a operads

p cocast
yofs q cacart

Def

A8010 EFunen100O
a

a

onunderlying
Assume p 80 00 be a fibration of g opera

e his t fibration

andgiven a Oa Oo

Algo G eFun lola go
O 0 80

It
Equivalently

Algo e fib of Algolet Algo 10
Lots o g ga g

at a

case 0 010 a id Algol e Algo e 05 48



Case O 0 00 Fini
CA's e Algo le Argyle

Fina 8

In
It's specific cases whichgives usalgebras
Base case is agebra
Classically Anassociativealgebraobjectin amonoidalcategory C is anobject Aef unitmap
e t A and multiplication m AxA A 5t

10A t's AoA

Ig Im
A Aaa

up

AGA0A
d AoA

AIAmm at

Wewillapplythe formalismof cooperadsto introduce thenotionof monoidal o category
and to eachmonoidal o categoryassociateanother o category Algol of associativealgebra
objects of f

Def Coloredoperand Assoc associativealgebra
ObAssoc a

Mulassoc a ice a setoflinearorderings on I

anyfiniteset

composition

Obtain a category Assoc byapplyingconstruction 2.1.1.7
Unwinding the def ofAssoc

obassock obfinx
m n in Fine s m n in Assoc consists of a pair x Ki cisu
where x m a is a map inFins and fi is a linearorderingon

the inverseimage f i e m for Kien

Assoc NlAssoc ECato
Notation Wewrite Assoc Assoc I

e



Notethat as a simplicialset Assoc is isomorphictothe OsimplexDo Butweusethenotation

Assoctoemphasizetheroleofthesimplicialsetastheunderlying o categoryforthecooperandAssoc

Def A monoidal o category is a coCartesianfibrationof o operads 60 Assoc

Def 80 cOpa equipped w afibration q80 Assoc Then the wategory ofassociative

algebraobjects of f is Aigle Algassode cooperandsectionsofq

Assoc
A 8

Let's understandwhat thismeans Let 60 Assocbe a monoidal o categoryThen

Ifi 89ns TxAssockn G andforeverylinearordering on 1 in thecorresponding

map n e in Associnduces afunctor E f In particular

n o n unitobject tee

n 2 standardorderingon 1,2 Q ft f

Evaluating on atAssoc's determines a forgetfulfunctor

OAlyce f

Byabuse ofnotation weoftenidentifyAEAlg8 withit'simageOCAinE Foreachnzo
a choice oforderingon 1 in determinesanactivemorphism a sienna in Assoc

whichinduces a morphismOCA 01A in 8 In particular

n 2 andstandard ordering of 1,23 m OAROCA OLA

Associativeandunitalupto homotopy

In particular itendowsOCA with thestructureofanassociativealgebra

objectinhee

LEFT RIGHTMODULES

Classically CmonoidalcategoryW unit A A associativealgebraobject of C A leftAmodt
in C is an object Met actionmap a A M M sit



AoAo MII AoM 1am É AaM

y
a

where memultiplication in a
Lidaa u unit

AaM m

no All left A modules Modae

Wewishto introduce a larger o operandLM whichcontains Assoc If AeAigle wewant

a left A module to be amap of cooperadsM Ma E s t Massoc A

Def Defineacoloredoperad2Mas

obLM aim

Let Xi ice be afinitecollectionofobjects ofLMThen
4 Molay x a

all linearorderings of I if allXi a

Empty otw

Mulan Xi m Aulinearorderings fine in on I sit Xinm 4Xia forjan
a a a mRem aELM no subcoloredoperand of LMisomorphic to Assoc

4.2.1.2
Rem
µ

We first in this lecategorical caseseehowthiscanbe usedtounderstandmodules
Assumee symmetricmonoidal Film e mapofcoloredoperads

F assocAssoc I no AssociativealgebraobjectFla Aef LetMFemiee
Then theuniqueoperation deMolen aim m determines 714Aam M whichexhibits

M as a leftAmodule

so MFassociativealgebra
in to leftmoduleoverthatalgebra

Notation Applyconstruction2.1.1.7toLMtoobtainthecategoryIMOfromLM Unwindingthis
construction we seethat

1 obLma n S Sc n

2 n s n 5 a n n in Assoc s.t

i Suk IS'VE
ii s es 3 x s containsexactlyone element of S andthatobject is

maximal w r t thelinearordering of x Ys



Remi LM LM
a 43,0
m KD1170

Def MO NLMG This is an o operand via theforgetfulmap Mo Fini

Rem The underlying o categoryLMofLMPisisomorphic tothediscretesimplicialset DID

w twovertices corresponding to a meLM

Rey Assoc LM no Assoc Lie whichis an isomorphismfromAssocontothefullsubcategory

of LMPspannedbyobjectsoftheform n 0

Notation Let 80 Lie be a fibrationof o operais Write

68 f xLawAssoc underlyingco categoryGatetama a

Def Let go Assocbe afibration of a operands q00 LM fibrationofcooperads s tqq.fi fIfiIh
anomalywesay exhibitswasweaklyenrichedovere

ModM Alyam10 o categoryof leftmoduleobjectsofM MIMI
Composition w Assoca Loo determines a categorical fibration

Mod1M Algamo Algassoco Algie

ModaM ModMtangle A o categoryof leftAmodulesobjectsofMs

We thinkof LModCom asgivenbypairs AM where A is an associativealgebraobjectof

Oa and M is aleftAmodule in Om

144 I Assoc fibrationof co operands O egg Lm Then O exhibits f as

weaklyenrichedover60 me Canconsider Moodle Algerassoc
Latif

Ex
a

let e Assoc't be a monoidal o category Then

LMode AlgarAsso e LN 80
assured

FlassoceAlg e which weidentifywithitsunderlyingobjet Fla Aee

I Also have Fim Me6

Theunique operation yeMol claim m determines a map
a AaM sM in f

which is welldefinedupto homotopy



Since F is defined on all of 2Mt wegetthatthis actionmap is compatible with the
associative multiplication on A up to coherenthomotopy In particular if

m AaA A multiplication

N T A unitmap
on A

Aaaam_MAOM

III ya
10M A.am

Mla

commutes upto homotopy

Re If 809 2Me is a colartesian fibrationthe theinducedmap
68 Assoc is also a cocartesianfibration of a operands

Wefurthersee that bystraightening 9 is classifiedby a map x No Cato

which is an LM monoidobject of Cato we have

XtMonaKato I AlgarCata LModCat 1
Moreinformally q can bethoughtof asgiving an associativealgebra Ea inCatotogetherwith

a leftmodule Em over Ga In particular q determines an actionmap
ox faxem em

whichis welldefineduptohomotopy and compatiblewiththemonoidalstructure on Ca


