
 

Josey's envelope perfectpresheaves1 The Freyd Envelope
We want to introduce the Freya envelope which is a
certain abelian category Ale associated to an additive

60 7Category G which admits finite limits
Def Let E be an additive category

Discrete additive preheat X Cop th which
preserves finite sums

Fung or Ah EFunce th a t category
For Cee the associated representable discrete

additivepresheaf
ycc 80 Ah

d y c d Ed c ToMapeldC

XeFungGo Al is finitelypresented if there exists

a coherer sequence ofadditivÉfÉÉÉe
yea god x o

s t yesyod are representable

Freyd envelope Ale EFungCeo Ah spannedby
finitely presented presheaves

y b Ace

x weget a discrete nd't

Lco yea the
associated
representable

since Ab forms an ordinary category weget that any
XeFungleanAb canonically factors



cop Ddb

ego

The natural map
Gop Loop

induces an equivalence Ale ache

Ace onlydepends on he and we have a

factorization
ye ace fullyfaithful by

theFacet ordinary Yoneda

Rem Bydefinition Ace is the smallest subcategory of Fung e Ab
2.36

which contains all representable and is closedunder

isomorphisms and finite colimits
in Universal property of ACE

If D is an ordinary additive category
which admits finite colimits anyadditive
functor 8 0 uniquely extends to a

eightexact additive functor Ace o

so we can characterize a les as the ordinarycategory
obtained from he by freely adjoining cobernels but

in the case where G is stable Ale has another
universal property related to homology theories For this
to even make sense we need to consider localgradings on
this

Tum Freyd Let 6 be a stable o category Then y G Ace is

homological and it is universal in the followingsense
additive cofiberseq.rsExact



9
For any homological functor Hb d there is in
essentiallyunique exact functor L Ale d of abelian

categories s t

e ta

y swant to extendthis cel

Dee Ethnologytheories
ayy ocallygraded additive o category The

induced localgrading on Ale

XD co X Egginglocalgrading in e
Ies

Rem We see that this makes y b ace a homomorphism8
of locally graded a categories i e preserves thegrading

CycceffÉÉ Id cen ToMapeldCED

I IdeD c ToMapelden C

Fly c E3 d

É If 6 is stable then it has a local gradinginduced

by suspension hence ace has a local grading
XI c X Etc

Rem Universal

property Iggy
theories assuming a stable

252
As mentioned above we have that thediscrete Yoneda

is a functor of locallygraded a categories soby the above

theorem weget it is a homology theory
Claim It is the universal such functor i e



For any homology theory H b A there exists

a unique locally graded exact functor
ace a st

a

Date L

Proof Weneed to promotethe map L e A from 2.51

to a homomorphism of locallygraded a categories which

is equivalent to choosing a natural isomorphism
E a o Le Lo E ace

By the above theorem these two expression are the

unique exact functors satisfying
Thelocal

grading
Fame

prego.myMEJaoiLoyE3goHLotnace
oy Loyot3g LoyÉ e Hos
ytisalonggreygraded

When It is a homology theory we exactlyget
Egon Host

so theuniversalproperty of Aces in 2.36 implies the
existence of Eiggyfarodgeateary III FEE a

Def A stable o categoryG is idempotentcomplete if he is
A 1 category is idempotentcomplete if everyidgggffte.si
Splits can write e X X as

x y X St y x y iseq toidy



Then Characterization ofadaptedhomologytheories Let 6 be an
2.56

idempotent complete stable o category and H G a
a homologytheory sit A has enough injectives Then the

following is equivalent
1 H is adapted
2 Theinduced functor LAce d admits a fullyfaithful

rightadjoint
3 The kernel of the induced functor L Ace d is

a localizingsubcategory of theFreydenvelope and

L identifies a with the Gabrielquotient That is any
exact functor a ÉoEÉéTmiÉgfIggge
factors uniquely through d

Pf Will onlyprove 1 3 2 3 since we willalways start

with an adaptedhomology theory
1 2 Theexistenceofsuch a rightadjointfollows from 2.55
but we repeat theargumenthere
If L admits a right adjoint R it'll satistie

Homage x Ra e Hom Lx a

for all XeAce aed since Ace is generatedby the image
of e underfinite colimits and L isftp.azggit is
enough to have

Rajinder
Hygeia

stomatitis a

which forcesthe definition on us and this R can be shown

to exist precisely when Hound Ht a EA e To see this

assume ie d is injective and let ie denote the injective lift



assume red is injective and let ie denote theageingHomautaisonab
Explicitlyit'sanobjectie.ee

Icietitidige yeayea togetherwithamap

IIs hiacedFollyfaithfulAdaptedTing yea i taiesitomalitiontion
Homacitan

Then

which implies Reileylie so welldefined on injectives
A has enoughinjectives byassumption so any
aed can be written as a kernel

o a i j
of a map between injectives Then

Rae kerlycies g je
in finite presented additivepresheaves and hence Ra exists

we first note that by theadjunctionto t.es g I.t I i Home
Lra at b I a b

so need to show thecount is an isomorphism In the

case ied injectivewe use the aboveidentification RingCie to
see that the counitmap corresponds to thestructuremap

Lri Llycie IHlies i
which is an isomorphism exactly when It isadapted

Since LR is leftgg.IEIeedefuce that this is always
an isomorphism not just for ied injective

2 3 As just shown we have Lreidy
fullyfaithfulnessofRso wegetthat

G ace or forany at A the unitmap
exact

a Rla
has kernel and cokernel containedin Kerli Eker G since

o her u a 5 Rla corer u O exact
L exact

sinceLrtida



O LChereat La I LRLa L Lokeren o exact

50 Renu LCokerUI o Hence

G a GCrea
is an isomorphism sinceapplying G to H givesexact

o Eal Ga aerial
egg

o

so we get a factorization acetfpgr



2 Epimorphisms
Def
3

Let 8 be astable o category we say that a class of arrows
Be Fun D e is an Epimorphism class if
1 All equivalences are in E
2 For any pair ofcomposable arrows

fgenes fogere
gotEE get

3 E is stable underpullbacks along arbitrary maps in G
4 f c d EE Ef C Ed EE

grey 2 implies that if fand g are homotopic then free get
hence epimorphism classes can alternatively bedefined as

classesofmaps in MG

Def Let 8 be an epimorphism class on G We will saythat an38
arrow offer

or as ob in E
is E movie if the canonical map

c d

t
cotibley

is in E

Def Let 8 be an epimorphism class on f we say that ice is312 E injective if it has theright liftingproperty w r t E monies

For any E monic c d theinducedmap
Ed is to i is an epimorp ofabgrps

Bff Let 8 be an epimorphismclass We say b has enough
E injectives if for every cef there exists an E mon

map c 32 into an E injective



Def Let 8 be an epimorphismclass We say b has enough3 13
E injectives if for every cef there exists an E mon

map c 32 into an E injective

Let Hb d be a homologytheory and 8 the corresponding

class of HEpiftp.hismgs.t.gg
t'd is an epimorphism in A

anise monic Hca Iidiiiatii.in iiism
as a consequence of theLES of homology

Pgp Let 8 be an idempotent complete stable o category H L A

an adapted homologytheory and 8 the class of
H epimorphisms Then an object Cee is E injective iff

it is equivalent to an injective lift if for some injective ied
Pf Let i be an injective lift of some Zed since

c d is E monic
etc.at cie j FEitca.itcieD

surjectionHca Hed is monomorphism injective

it follows that ie is Einjective
Let cel be E injective then since d has enough

injectives thereexists a monomorphism in A
Hcc i

with ied someinjective Byadapness we know that i admits
an associated injective Zeeb st Hie i hence we have

a monomorphism
Hca Alie

Usingadapress we know this corresponds to a map
c ie

which is then a H monomorphism By E injectivity



of c we get that this map splits

duetoinjectivityof c and
c ie

being a monomorphisus
hence Ake f s t

coke ie d e Er
Pie

Byfuctoriallity andexactness we get
H CORDIAL OHM Hae ti

injective
in Hcc is injective so we conclude that c is the

injective lift associated to Hcc



Then Classification of Adam's spectral sequence let 6 be an
3.24

idempotent complete stable o category Then the following
threesets of data is equivalent
1 An epimorphism class I sit f has enough E injectives
2 Localizing subcategories K of ace such that the Gabriel

quotient Alek hasenough injectives
3 Adapted homology theories H b A

I since we will always start with an adaptedhomology theory
we will only sketch theproofof 3 t 3 2

3 2 Follows by 2.56 1 3

3 e Let H b d denote an adapted homologytheory
and recall this means that

A has enough injectives anyinjective ied lifts
to an associatedin ctivief s t Hae i

E ie HomaHcc lies HomeCacois is
an equivalence

when Heini we get
ErieHomeHCC lies

Let E H epimorphisms then

g monies ÉFÉÉÉÉhisms

y
cel E injective en ie injective lift for

so let cee be some object thatis Iatiigoosientedate
becausedhasenoughinjectingmonic map Hcc i

in a with ied injective Using H is adapted we

have ie EL s t Ali e e i so we have



HCC HCE
is a monomorphism hence

using tacet eHomHcc Haec ie
in f is the desired it monomorplism


