
 
SO Crash course in sheaves

Let 6 be a small o category
Def A Grothendiecktopology on f assigns to each vet a collection

of families of maps pi Ui Diet known as coverings sit

If Ui a EF and Vij U EF for all i then

or If Ui a EF and V u is a morphism thenUixuv exists

and UixuV V3e F

A category equipped with a Groethendiektopology is called a t site

Ex 8 04 opensubsets of topological space X Acovering familyof

VEX is a collection of open subsets Vick which covers U in

the ordinarysense
Def A presheaf is a contravariant functor

F GOP D
Let 6 F be a site A presheaf F D is called a sheaf
withrespect to F if

For everycoveringfamily ai Ui u ie in F

and for every compatiblefamily ofelementsgivenby tuples
sie FLWillie I s t Aj KEI and all Uj I KI Un in G
with pjof prog we have F f Sj F g Sh EICK

Then there is a unique element set u sit Fcp s si ti EI
Construction There is a canonical way to obtain a sheaf from

a presheaf Let 8F be an o site then the inclusion



Shp e Fun for D

admits a left adjoint called the sheafification

hence shy e is a localizing of Fun 8 0

Note sheatification is left exact



1 Bounded Derived bagories
Throughout

8 small stable o category

A small abelian category with enoughinjectives

We will write

Paces Forget
preserving

Recall
cobernels ofrepresentable

Freya envelope Ace cFun GOP Al

Almost perfectpresheaves Aa e EPs e fullsubcat ofobjects whichare
geometricrealization of reps

Perfect presheaves A e Epg e follsubcat of objects which are

which has the followingcorrespondences
finitecooling of representable

A e Eagle
AY e EA e E Ale

Goal Any reasonable abelian category A has an associated

connective derived o category which is prestable with hearth

equivalentto d and is initial writ this property
We wantto construct to suchthings one for A and one
associated to a stable o category equippedwith a class ofepimorphisms

Def The epimorphism topology on an abeliancategory A is the

Grothendieck prettopology wherecovering families ai b

consists of asingleepimorphism

It can be shown that there exists a sheatification functor

w r t this topology
L Pg A Pg A



and we wish tounderstand how this gives a sheatification of perfect

presheaves First we see that the needed sheatification exists on the

heart

hey The yoneda embedding y A A d identifies the source

with the subcategory ofthosefinitelypresentedpresheaves

which are alsosheaves w r t the epimorphism topology
Pf It can be shown that yonedafactors throughthesubcategory

of sheaves

g Iga
where a is exact

We know that theimage yCA generatesACA underfinite
co limits the same is true for the subcategoryofsheaves

Therefor the map into the subcategory offinitelypresented
sheaves has to be an equivalence

To extend this to perfectpresheaves we need thefollowing
technicalresult

Igp Let aed and consider thesuspension I ycaseAnCA Then

1 LE yea is almost perfect
2 This LEyea b sExtant b a

GI XE AT A Lx e ATCA

Pf Since L is leftexact preserves limits and being almostperfect
is aproperty which is closed under limits we get that the
class of those almost perfect X eAo A which satisfies

that Lx e A A is also dosed under limits By prop 5.11 we



get that this subcategory of A e contains all thosepresheaves

which has homotopy concentrated in a singledegree which
can beshown to hold for anyperfectpresheat i e it contains
A A It then followsby4.37 that Lx is perfect

WHY

so we have a sheatification functor on perfect presheaves A A

Def The bounded connective denied a category of A denotedby
D CA is the o category of bounded almost perfect sheaves on
A w rt the epimorphismtopology Q Our localization is

onlydefined on
Prop We have that Ante which is only516

1 L AYCA D LA is an exact localization a subcatof
Ancel

21 DbCA isprestable andadmits finite limits
3 Db A A

1 ToMapped a E b t Extha b for all abeA

Ipg Universal propertyof D CA Let A be an abeliancategory

withenough injectives and D a prestable o category with finite

limits Then left Kan extensiongives an equivalence
between the following two kinds of data
1 exact functors d D of abeliancategories
12 exactfunctors DbCA D of prestable o categories with

finite limits
Pt sketch

2 CD follows byrestricting a givenfunctor to thehearts

D A In A D



1 C2 is alot harder The idea is that any additive
functor f A a extends uniquely to a rightexactfuncto

F AFCA D and when f is exact this functor F

uniquely through an exact functor out of Dba
Dba

a as



55 Perfect derived o category
Now we want to construct a similar derived o category in
the case where we have a stable o category equipped with

a fixed adaptedhomology theory
H L A

The reason why we need to fix a homology isbecause we need a

goodnotion ofepimorphisms todefinederivedcategories which we have

in the abelian case butnot in the stable case

As when we defined A we first needa topology
Def The H epimorphism topology is a Grothendieck pretopology

on 6 in which a familyofmaps ci d is a covering if it

consists of a single map which is an Hepimorphism
We have a sheatification writ this H epimorphism topology

Le Pg e Pg e
Wewish to show this restricts to perfect presheaves Wefirst
consider the case of finitely presented discrete presheaves

BYE A finitelypresenteddiscretepresheat seeAce is a sheafw.at
the H epimorphismtopology iff it is in the image of the

rightadjoint a Ace Fullyfaithfulrightadjointto the
induced functor

aces A

To beable to say more we need a connection between presheaves

on f and on A since the abelian case is easier towork in
Def Usingfondoriality of Left Kan extension along our fixed

homologytheory H b A we obtain a functor

Ht Pele Ps A



This preserves almostperfectpresheaves and thereforeinduces

an adjunction

A e Auld

GEEAS pop of
which we call the homologyadjunction

Fact Hi A A An e commutes with sheatification
Means forthingsHAVEAdewe can calculatethe sheafification

Lem
g2g

The restriction of Hx to thehearts in An A

Ha Ala Ace

induces an adjoint equivalence between the categories of

finitely presented sheaves
i e the images ofA Aca
In particular any discrete sheaf

Xe Ale can uniquely be written as Hat for some

YEACA

Pf By 5.24 we know the subcategory of finitelypresented

sheaves of ACE can be identifiedwith A and ly 5.6
we have the same result for ACA One then chase

through theconstructions to show that He is compatible
with these equivalences

Cor Let XEAY e be a presheaf with homotopy groupsconcentratedin
5 30

a singledegree n Then

Lexi H Lax
for some YE Ao A with homotopy groupsconcentrated in a

singledegreen

Pf Since X EA e has only non zero homotopygroup in
degree n and AT e Ace we can write Xilinx for



some x e ace Since the natural map
x guy

sheatification on the heart
HOW
DOES

mustbe an isomorphism on homotopygroups
of boundedpreshea
we get that itTHIS

way is an equivalence ya applying
Lex Lex

hence we can assume X Ex with x already a sheaf

By 5.29 we can write atHay o E x Hany
Using that He commutes with sheatification we getthe
desired

LX OLEIC LH EyeHALEY
byputting Y Eng

I

Prop Let XeAJCe be aperfectpresheaf Then the sheatificatio
531

Lx is againperfect
Pf Theproof is done in 3 steps

X has bounded presheathomotopy groups
In this case X belongs to the smallest subcategoryof

AEce which is closed under finite limits and contains all

perfectpresheaves with a single non zero homotopygroup
For any such perfect presheaf w a single non zero
homotopygroup we know from 5.30 that we can

write it's sheatification as
H ILY

for some Ye Ao A and in this abelian case we have

already showed in 5.13 that LY is perfect Usingthat the

subcategory of those perfectpresheaves for which



Lx is againperfect is closed under finite limits
since l is left exact the desired follows

From this one prove it for X even for some cab and then

ageneral X
Def Let H b A be an adapted homology theory Then the

perfect derived o categoryof G relative to It is givenby
Duce Awash e

the co categoryof perfectsheaves on E w rt the
H epimorphismtopology



IÉy É x havevanishinghomotopy groups in almostall degrees
when X is perfect
Casey X E yea

Then by 5.11 wehave
TireLengca b Ext b a

and negative Ext groupsvanish

Case2 X general almost perfectpresheaf with only one non trivial

homotopygroup in degree n

In this case we can write XIE Y where Y is finitelypresented

presheaf and sits into an exactsequence using
Hom is leftexact

O gibercf yea y b Y O

Short exact sequences in Ald gives fiber sequences in An A
and this gives two fiber sequences in Aa A

Ember f E y a E K

E K Y b EY X

where K kerly b x Now L preserves fiber sequences andthe

LES forboth fiber sequences implies that LX has vanishing
homotopy groups almost everywhere

Case3 X Generalperfectpresheaf

By 4.37 we getthat Tax is finitelypresented forall k o
andvanishes foralmost all ofthem so we get a finitePostnikou
tower m can write X as a finite limit of things from case 2

m X Xm Xo
s t the fibers



Fg Xs Xs i

have non trivial homotopy in only one degree Wethenapply
L which willpreserve both this tower and fibers andagain
Les forevery

Leg Xs Us I
willinductivelyimply that ex hasvanishinghomotopy almost

everywhere


