
 

Then AN The o category cyespp forms the connective
2

part of an accessible left complete t structure on

Cycspp which is compatible with the symmetric
monoidal structure on Cyesppl

So first goal is to tryand actually understand what it
States hence we will first give a general introductionto

t structures on stable a categories and then on

cycspp
Notation LE EL

CEI Re
suspension
desuspension

Def Let 6 be a stable o category A t structure
on G is a pair Ezo Ezo of full subcategories of

É.it stangehsE.eiseEtYesiseEsion

2 Xeezo Kelso MIFF YET is contractible

3 H XEL F fibersequence
Tax X Te ex

with TzoxEEzo I X Li Else
Notation Can Ezotu

Can CeoIn

Ex 1 E Sp 3 E Cher Mod

Ezo XeSp Tnx 0 tuco Ezo XI HAO co

Ceo XeSpl Tux o th O Ceo XIH X O 203
2 E spBS

Ezo Those with underlying connective spectrum



Eso Those w underlying co connective spectra
Rem A t structure EzoEso one can be determined by

either Ezo or eco when we know Ezo is part of

Ceo is the full subcategoryÉstrobjects Yee which

satisfies that

MapCXYET o Else end is night
orthogonaltosimilarly Ezo is left orthogonal to bang

Def The inclusions of Ezo and Ezo admits adjoints

u to obtain ten ten

g
regionWe have a commutative diagram of simplicial sets

Item Item
ezune.me Em

which induces a naturaltiansformation

O Tem o Tzu Tzu o tem

of functors E Eam ne en which can be shown to

be an equivalence
Def The heart of a t structure is the foll subcategory

f L zoneso If

This is an abelian category
E CherMod i R Mod Sp ab



Def For each nez we let To f f denote the functor

FooTso Toot E E so aCeo L

and
Tin e e

Now what does it mean when wesay a t structure is

ccessible and left complete
Def Let Cleo Eso be a t structure on 6 We then define

the left completion E of e to be the homotopy limit
of
him l Eez es E goes

similar for
right completion

and we say e is left complete if the canonical

map e e
is an equivalence

Def Wesay
that 6 is left seperated if the foll subcategory

of co connectiveobjects
Ezo nEan EE

is contractible

Zengi Let 6 be a stable o category w a t structure Assume

HA12.1.19that f admits countableproducts and that Ezo is
stable under countable products Then G is

left separated left complete



Def An o category E is presentable if it is accessible
and admits all small colimits

Being accessible means that it can begenerated through
so called Ind completion from a small o category
so the idea is that we can write anyobject in apresentableo category as co limits of a small amount of objects

i.e objects from a small a cat

E o category of spaces S is presentable
Sp is presentable

goof.figgetEycspp
ispresentable Whyy Ns theorem regarding

1
rem An importantproperty of being presentable is that

it implies existence of all colimits in particular
final objects

Def Let 6 be apresentable o category We will say that
a t structure on E is accessible if EzoE e is

presentable
Rem It can be shown that this is equivalent to

e so being accessible which explains the name
When working with stable presentable

o categories there is

a rather easyway to obtain a t structurenamely we get
that for any small collection ofobjects Xa of E

there exists a t structure generated by the objects Xa
Moreprecisely we have the following result



Them HA 14.4.11 Let 8 be apresentable stable o category
1 If E se is a fullsubcategory which is presentable
closed under small co limits and dosed under

extension Then there exists a t structure on

E sit E Ezo
2 Let Xx be a small collection ofobjects of G

and let e be the smallest full subcategory of e
which contains each Xx and is closed under

extensions and small colimits Then E is presentable

We are onlygoingto sketch theproof of us
Pf of HA 14.4.11 Note that this is a mix of proof of

HA 1.2 1.16 1 4.4.11

E is a co localization of E i e e ee admits
a right adjoint

r e e e é
w essential image e

We claim that

ee a ee RA O So Eso Ree
Ezo A eel RA A e

determines a t structure on f
1 Let XEEzo Y E Es i Then

ToMape X Y Ext8 X Y
adjunction Ext x RY
Is Ice

Exte x 0
I 0



2 Ezote E Ezo
we have assumed that E Ezo is stableunder

small co limits so inparticular under suspension

since this suspension is apushout
EsoED ee see we have that

R C ezo e

is a co localization so it in particular
preserveslimit Now consider AiZ ee s t RA O

Then
R lime Ai e him Ai

Klim O
I O

So est is stable under limits inparticular
loops so

ee El E Est
3 Let Xee We then form a cofiber sequence

Rx x x

which equivalentlyis a fiber sequence since e
is assumed stable We then claim that

X e Ey i e RX 0

RX IRRXIRX RX

Rx 0



2 Egalolomic F structure
Recall p typicalcyclotomicspectra

Cycspp Leglid G
to Sp's spBS

it
spBsyg

Ilevoeve

so a p typical cyclotomicspectrum fit
with St action and an S equivariant map y X Xtc
where Xter carries the residual St S Cpaction

Def write cycspp cycspp for the full subcategory of

p typical cyclotomicspectra where the underlying
spectrum is EYEITT

Note Using that for xeccgespp so Izox ex we get
that the cyclotomicstructure map p X Xthe

canonicallyfactors through to x

Tao X Teo XtCP

k
I top

Ex 1 If R is a connective associative and unital ring
spectrum then

THHCR E CgcSpp so

2 Any spectrum X with trivial s action can be

canonically turned into Xt ecyespp David

mentioned this and if X furthermore is

connective then Xt CycSpp zoo
To understand Cyespp better and actually prove that it



indeed determines a t structure on Cyespp weneed the

following lemma
Lem the followingdiagram
210

sp's
q
Sp's

1
Leg sp's

d
s Bs cyespptop

induces via the natural transformations of functors
I ofstep G top

an equivalence

Leglid I olstep Sp's 20 5 Sp's zo e Cyespp zoo

In particular weget that Ccyespp is presentable

and the inclusion functor

Cycspp o o Gespp

preserves colimits

Pf Equivalence

Leglid Izolstep Sp's SpBs

Xe Sps so X T XE

gospels cxes.ptggueg
e IFIEip

Presentable This comes from the following
general result NS18.11.1.563 Let 8 be presentable D

accessible and assume we have two functors
F G E D preserves the kind

with F colimit preserving and Gaccessibleftthe s



Then Leg FG is presentable
In our case it is obvious that id preserves
co limits and it can be shown that Ezo G EP

is accessible

Colimit preserving Follows byconsidering the following

diagram

IIEyesppzzocycsipI
can be shownto

detects colimits

133
g spy

Preserve and

colitit colimits glimit
since cycspp sp's detects colimits weget that

the cocone in Cyespp needs to be a co limit

Int The o category coyespp forms the connectivepart
of an accessible left complete t structure on Cyasp

If To see that cycspp indeed forms the connective

part of a t structure on Cycspp we prove that it

satisfies the assumptions of HA 1.4.4.11

Closed under extension First we note that a fiber

sequence in cycsp also gives a fibersequence on the

underlying spectra So let

x y z

be a fiber sequence in Cycspp Assume X Z E Gaspe
Then

Tig
x Tuy 7

Ty
Z th Lo



hence Tiny 0 tuco YE CycSpp

presentable Cogaspp zoo Cyespp dosed under
small co limits Lemma AN.z.IO
HA 14.4.11 implies that we have an accessible

E structure on Cyespp givenby the earlier defined
CycSpp as connective part and

Cycspp s f Xegaspp Rx to
Next we wish to show that Cycspp w this t structure

is left complete We do this byshowing that it is
left seperated and that Ccycspp so is closed under

countable products since then the desired follows
from HA 12.1.19

Cycspp left seperated We need to show that

CycSpp Cyespp an

is contractible We consider each term

cycspp so XECycSpp I Tux o tuco

CycSpp z Cycspp o

XECycSppI ETluX Tu X 0 Una co

XECycspp Tux 0 that

Cyc p am Xecycspp 1 Tux o them

and similarly
Cyespp z m XECyespp IT X o tu c m

So we get that an object in CCyespp will



need to have trivial homotopy groups
Cycspp ofCycspp closed under countable products
An A 17 Sp's z E Sp's is closed under products

We claim it then is sufficient to show that Cyespp sp's

commutes with products
If we assume this claim and we againconsider
thediagram

gasp zowtthiscytgpb.pe
closedunder

products

Spb
stpissiptoducts

close underpin

im

Let XieCyaspp be a countablefamily all connective
Then

F Tix I Ti FX
where each FX again is

connective Since

Sp's as SpBS is closed under products we then

get that Tl FcXi is connective

no Ti Xi E Cycspp 20
so need to show the claim

Cycspp sp's commutes w products of connective

objects
NSI8 I 1.5 V gives us that the forgetful functor
out of a lax equializer preserves a certain a

certain limit if the night map in our case this is
e step

in Leg preserves that limit In our case this



boils down to that it is sufficient to show that

for a product Tx w X connective spectrumw
s action the natural map

Tix to Ti x tee

is an equivalence This follows by AN 2.11
Now that we know Cyaspp forms a t structure we

recall that it generates Cycspp by saying
YGCgeSpp Mapayesp X YE 1 to txt Cyespp

so using that tox p mapcyespp
X

and Stive Cycspp so we see that a necessarycondition
for XE Cycspp is that

Ti FCK O ti o

It can be shown that

TTC ath tap for all i 0 odd

so Zhi Kyaspp so So Cyespp is notjust those
with underlying co connective spectrum


