
 

2.4 Lubin Fate
Theories



Def If th is complex orientable then the stratification
of the moduli of formal groupsby height provides a

sequence of ideals

Mo C M C E TAR
in TAR known as the Land weber ideals
Write One THR Mn For the kth Hasse invariant of

GQ
Or cuts out the locus where GQ has height
at least htt

Th is of degree Icp 1



Grillen's Work
R Complex orientable Formal group
homotopy commutative p GQ

ring spectrum over the graded ring
TAR

choice of complex
orientation my

choice of

Coordinate on GQ



Eg Tz R projectiveof rank 1

Quillen formal group
as nor movie

Weakly 2
periodic R ToG Tule Tinta R

R complexperiodic In ring complex orientable

Construction Exist essentiallyunique symmetric monoidal functor

f Mody
W smash product relative top

X C x R

which preserves small co limits
M Calx R spectrum w homotopy groups R homology groups of



Quillen FormalGroup
Rem M free abelian group of rank r so

The coalgebra C KLM 2 R is smooth of dimension r

Construction Free abgrps
of finite
rank Later acaigspothougalgebra

M to C CK MY 2 R

commutes w finite products

Regard as abelian group object
of CCAlgin

cospectrum

Mac Spec CKMY2 R1 Abelian group object of Hyp R
T

Formal group GE over R hype.IER

QuillenFormal group over R



QuillenFormal Group Classical

GE Image of Gg under FarpRFTÉGrp Tor
Classical Quillen formalgroup of R

Concretely
GE Spf Ro EP SpecCROCEP

Note Do not actually need R to be In



Moduliof formal groups
L T MU Lazard ring
Gt Group scheme given by

Gt R g ERIIST g t battbet t ow bier
Gt a Speck
m Quotient stack Jlfg spec L Gt

y
group strfeFGL R m Gf Alge Ab

formal group A at A Fn sit ah o EA ca b a flab
associated to f makes sense since a b

bothnilpotent so only
f EFGLCR Gf A group finitelymany nonzero term

for every A

Formal group law over R GAlg Ah s.t

Mfg R Category of formal group laws of R



Stratification by height Mfg specialGt
Construct closed substacks of Mfg xspecZep

Tfg specchip Ivo un Gt heightatleast n

Mjg Jeff Night SpecLep Evi No sun at height n Spectgu

Toff Speck Curve Gt infinite height

Mtg open strata for astratification of Mfg



Tre THR Mn kth Hasse invariant of GQ

Braver group Isomorphism classes of central division algebras over

a fixed field k
Br k

Group structure Morita equivalence classes

Inu Br Fp Ch 21 E Br Chp Can extendp adic valuationto a central division
Chp End HuFp In algebra

End Hn Ip Ring of integers in the central division Ap algebra
of Hasse invariant



Hasse Invariant Lurie EllipticCohomology I
Def X 0016 underlying formal hyperplane of G ENegi R
F

R E X Tor basepoint classified by an augmentation
Egfidpentity writ thegroup structure on Gl

OxC y fiber of E Toisidered as a module over Ox

Wa R 60,0 1 2 Dualizing line of G
Locally free R module of rank 1

Wa depends functorially on R and G
R R War N R'ORwa
f G 6 3 ft wa wa eq if f f is an eq

Canonical fiber sequence of R modules
E Wa ROO R R

Ex R commutative wa R linear dual of Lie G



Hasse Invariant Dualizing line of QQ

Way is characterized by the existence of the fiber sequence
complexperiodic
Eco ing E Wag RE capo R RT R

iz evaluation at the
CICS R basepoint of St

m E wya e Crea S R e E R

way e E
2 R

As R modules

I Locallyfreeof rank 1



yab a creativeFrobeniusmap
Hagge Invariant É G morphismof edimFoisover rI a a IFnettEbackmapfew w vanishes

G E MÉg R III EI Encerouae
For n o p vanishes in R hence

G
d

G unique

ftp.FT
T wa wa un e Wgp

m whew nth Hasse Invariant
Can view Un as an R module homomorphism fo w G Ph R

G

On vanishes iff G has height anti

For n o Set vo p e R eWg Po
1

Can be identified w the endomorphisms of wa inducedby Ip G G



Landeveler Ideal GE Mfg R R commutative

Thun There exists a finitely generated ideal Mn ER Un o s t
R R annihilates Mn iff 6 has height In

Proof Descending induction on m
largestelement a in s.t

G has height am
If men G EMfg R Set Mu o

Otw Um m th Hasse invariant

funWo ca Pml RG
Iml fun ER finitely generated ideal

Greene fun height Intl since vanishing mt Hasse invariant

Exists fin gen ideal IER Im Lum sit

R Imlfum off annihilates I

Gr has height 2n

Let Mu Im R R Im Gum mt Landweberideal



Landweber Ideal
ME Int R R Im fun ER

Fang IG determines formal group Go over To R

R EatingSet Mul Mio E To R IG has height n if Mf ToR

If R commutative GE Mfg R Wa trivial ER as R modules

my tan
is generated by n elements

Intuition Generated bythe Hasse invariants v p ve sun i

modulo that each Um is only well defined modulo
the ideal No um i

The construction of um requires G has

height 2m



Landweber Ideal For GQ

R complexperiodic no Mt mid nth Landweber ideal of R
Extending scalars along Tor Tor MR

New formal group of
height an

dualizing line is givenby Tz R Mnr Tz R
On nth Hasse invariant of Gin
Regard as an element of Tap 2 R Multan z R
Write In ETapu 2 R for any lift of un

ME is generated by ME In Tz 2pm R



stratification of the moduli of formal groups by height provides
a sequence of ideals

Mo C M C E THR
in IR known as the Land weber ideals

Zo Vo

My Uo Ve



Back to the paper
Def If th is complex orientable then the stratification

of the moduli of formal groupsby height provides a

sequence of ideals

Mo C M C E TAR
in THR known as the Land weber ideals
Write One THR Mn For the kth Hasse invariant of

GQ
Or cuts out the locus where GQ has height
at least htt

Th is of degree Icp 1



Conventions
R complex orientable Fix lifts no by EAR of Hasseinvariants

R complex periodic Reformulate GQ as formalgroup on Tor
w WgQ TzCR

Even mo r WE 2k
0 otu

If Ty R has a unit in degree 2 Write U for such a choice

Tivilization of WqQ me Push V2 into degree zero
write u instead of u

4 4 UP 1

Focus on height n
m Mn handweberideal which cuts out the

locus of height zu



LubinTate Theories
Goerss Hopkins Miller A perfectfield Charlb p o GeMig k
Exists complexperiodic In ring Eck G E

In Ig rid am ins

X Ch G 3 To E men GÉ t morphisms

s it

Elk 6 is even periodic Ken local

To E GÉ To E IME GE 4 Ck G
exhibits a as the universal deformation of G

In particular To E Lubin Tate ring of G



LubinFate Theories
Eck G tektites Et fpereMfg CAlgspan

A 1H ECAitHo
Thin 2.27 perfInfra Formal group of height

exactly n
1 El fully faithful In particular the
2 ECA 1H is Ken local even periodic Landweberideals

3 Anysequence voi in ETHECA Hl liftingthe Hasse invariants is regular
4 Im Ef RE CAIg satisfying 2 3 To R lm perfect
5 Natural identification

ToECA H me Gto Ecr him CA 1H

which when A is a perfect field exhibits GQ as a universal
deformation of Ho



Derived Quotients
Construction

R even commutative ring KEIR

In R algebra RIX

For us R complex orientable no un EHR lifts of Hasse invariant
m II R algebra RAM

Underlying R module

R Vo E ECRVi
S commutative R algebra

In Ritgentrataresity ftp.Agalgebraobtained throughbase change

Vote S Tcu local 3 Sling Tcu local



Homotopy of Morava K theory
A perfect Ep algebra Hoenig A

m ECAHo e CAlg Sp ten Lubin Tatetheory

ECA Ho Ily Morava K theory

CECA H Ing with ak
O ofw
since the Landweber ideal in
T CECA Ha is generatedby a
regular sequence



Lemma 2.29 Assume RECA IgSpan UnQR even for some type a

generalized Moorespectrom Un Then
1 ROU is even for all generalized MoorespectrumU

2 R is kin local even complex orientable

3 Vo Un is regular in R T RAM E Tx R 2
Helps us recognise if The ECAHo for some A Ho

Recall
X type n spectrum KLM x G K m X 0 for men

Moore spectrum for GEAh The spectrum Ma characterized by
Tom 6 0

ToMG G

H ofMG 2 Too MGMHZ 0



Type a generalizeddfooreSpetbour
Characterizedby

Brown Peterson spectrum BP FBP BP IZip tu v2 T lur 2pk 1

Intuit ideality p fine jÉBÉ ne osivive integerss
en rien

type n generalized Moorespectrum Spectrum MJ

BP MF BE In
Theorem For each invariant ideal In there exists a type n generalizedMoore

spectrum MIn W F n c In invariant ideal of the form
For us

Mfp Un pig uin viii



Lemma 2.29 Proof Re CAGSpica unOR even

Claim R is even

Un piooil unit tower of Un's s.t UneUm unit

Tactic UmOR even bydownward induction
M n Assumption on R

Induction step Assume Um or even m vim Bockstein tower

qiviutum vim or E'm umloin R

o oUmIim R o UmME OR aVmVimOR

Tcu local inverse limit I Vm QR

Unt Um win even every term is even
r
Extensionof evenobjects
is even

Maps are surjective on homotopy groups Inverse limit is even

Case Vo R even



Lemma 2.29 Proof Recalgespten UnoR even th even

Claim R is Kla local complex orientable

Even in complex orientable

Complex orientable fan local Ken local
Bousfieldlocalizationfunctors deHopkins Zeta conjecture 1.10Hovey

X finite type a spectrum Aux fib Telly Lex Lu x LianX
Bousfield classof Aux does notdepend on X write Acn
En F ES EN O iff FAX VX

Acn R Kim O f m since LEX LnX iso on Klm homology tm

Prop BPATeton kin

BP a A n BP aTel n a Acn Kin aAcn 0

LEX Lux BP equivalence



Lemma 2.29 Proof RECAGSpica UnOR even Th even Ken local
complex orientable

Claim Vo un is regular in R T RAM E Tx R M
R complex orientable so can pick classes vi in TAR

Caliber sequence
slum Umar Vm R Um R

ihittaghtits acts injectively on Tx Umar

Iggy my
Umar THR piguh Unit

PioVI unit regular in THR
Mn P.ve um regular in THR

Claim ROV is even for all generalizedMoore spectra V

Follows by LES on homotopy D



Corollary 2.30
Assume Recalg Spion s t ROU even for some type n generalizedMoore

Moorespectrum V Then Remiseven and we have the II R algebraRAM
If furthermore Rlly is an evenperiodic algebraically closedfield

they R E ELT RAM
Theorem 2.27
ToECAH N IG EcrHam CA1H GQ universal deformation

when over an algebraically closed field all formal groups of height u are isomorphic
we thereforedrop the formal group from our notation



Relative Lubin te
Convention for rest of paper
Fix

perfect field k
Formalgroup G of height n over h

ECK Eck G

Fix a choice of unit UE Tz Eck

Determines no p un Un E To Elk

To Elk Wth Ian gun I Eat
Definition Relative version of Lubin Tate

EC Perth CAGER
L A ECA EIA GA

5.4.2 Ellithomology It E a toW a Ian sun tut w our conventions
I canonical



Corollary 2.33
Re CAlgge is in the essential image of

Re ECA RIM even
Ef Perfe CAlgÉ Tock myPerfect

if only if Bly is even To R ng isperfect

Proof

Only if Re ECA N El A IM even

To ELA iz E Wl A Ivo un Itu y perfect
It Rlly even To R y perfect

R even voi run is regular
Re ELA


