



































































































Adapted homologgetheries
deformations

reference Adams spectralsequence Franke's algebracity
conjecture by Patchkonia Pstragowski

Assume throughout that
G is a stable o category
A is an abelian category withenough injectives

1 Adaptedhomologytheory
Def A functor H b A is homological if it is additive and

for all caliber sequences
c d e

in b
Hey d H e

is exac in A

Def A local grading on some o category D is an equivalence

In D D

and we write in Ergot
Ex E stable Er E G e

Rx a graded ring then Modi has a localgrading
MID MA

Def Ahomology theory on e is a homological functor with a

isomorphism HoEE Li oh






































































































So a functor of locallygradedco categories
with underlying homological functor

Ex HAGA Sp Vet A

X T CXnHA

astatineEftDef A homology theory tie a is adapted if

For any injective it A there exists an object É EG

injective
other with an hi tht r an e theEvery

lifts induced composite

tc.ie Hom Hcc Alig Hom Hcc s

is an isomorphism ofabelian group
i e if representsthe
the functor Hom He i

The structure map H ie i
n ee

E ab

is an isomorphism
Thun classification ofadaptedhomologytheories If G is idempotent

completestable o category then an adaptedhomologytheory
Hb A is uniquelydeterminedby the epimorphism class of A
consisting of the Lepimorphisy febcad

Hepi Hlf epi in a

Thin AdamsSS Let It b A be an adapted homologytheory
Then to def there exists a spectral sequence

ESEExtg HCC HId Et
which sometimes converges to c d

E.g if His conservative da has finite cohomological
dimension






































































































Pf Let def be some object and write do d Since A has

enough injective we have a monomorphism
Hed Io

into some injective coed Using that H is adapted this

lifts to a morphism
lift of ifJo do ig
I injective

since Ed if It do it Now set

d cofibljo do if
and repeat the construction so we obtain thediagram

d
jo ie pite if Adams

resolution
je je

coefij.scibij
which satisfies that if we apply Ht to the top row we

obtain an injective resolution of H do Applying C

to this diagram for some cef we obtain the diagram
Hom Hcc i

12 by adeptness
Eady tc.ie tail a

r o

ko ji k j2
tod s told c

By this we obtain an exact couple

Dst e E s t d
is the AdamsEs't Houy Hcc is g g

this bigrading

grading
deg27 1 1 1 deg j 0,0 deg R 7.0 H Adams

spectralThere is a spectralsequence with sequence
EE Ha CE j ok EXES HIC H d Et






































































































2 The Freyd envelope
An adaptedhomology theory can further be classified by a
certain factorization through a certain abelian category
Recall that we write For Leo Ah E FunCeo Ah for the full
subcat of spherica presheaves and that we have

y b Fungle Ah
C y c Cop Ah

associated representabled y la ed
fjeld

Def The Freyd envelope A Cf EFone f Al spanned

by those spherical presheaves which are coremels

of representables i.e those X GOP Ab for
which thereexists a cokernel of spherical presheaves

yea yed X 38 spherical presheaves
are called tipitatedRem We get a discreteYoneda functor

y E Ale
c yes

Since Ah forms an ordinarycategory any XeFung
GopAh

will factor uniquely through hop
pop Al

ego

which gives an equivalence ACE dChe
We can also promote y b ace to a functor of locallygraded
categories To see this we first equip ace with a local grading
inducedby thegrading on E For Xed e we define






































































































so using
thegloating

in 8
XE a XEg

and we seethat ypreservesexactly this grading

Y Ec d Id Ec

I E d c

yea E'd gie trace d

Ing Freya y b Ace is homological and the universal such

functor in the sense that forany homological functor H E A

into some A abelian there is an essentiallyunique exactfunctor

2 Ace A of abelian categories s t

e a
G F L

J
aces

Rem Using that the Yoneda embedding yb aces is a functor of

locallygraded o categories so it follows that y is a homology
theory If Hb A is a homologytheory it can beshown that

the unique functor L Ace I can bepromoted to a functor

of locally graded categories so y b ace is also the universal

homology theory
Then Characterization ofadaptedhomologytheories Let 6 be an
2.56

idempotent complete stable o category and H G a
a homologytheory sit A has enough injectives Then the

following is equivalent
1 H is adapted






































































































rightadjoint Alwaysexistsbutneeds
adaptedfor fullyfaithful

3 The kernel of the induced functor L ace a is

a localizingsubcategory of theFreydenvelope and

exact functor gotta die antiberteating kerCL
factors uniquely through d

1 2 If L admits a right adjoint ith it'll satisfy
Homace x Ra e Hom Lx a

for all XeAce aed since Ace is generatedby the image
of f underfinite colimits and L is right exact it is

enough to have
Ra o n Homme yea ra n Hom titis a

which forces the definition on us RaeHom Hco a Hence

weneedto show RaeAce

Case1 ie d is injective and let ie denote the injectivebi t

Then HomeGie
to ie IHomaceyeayliedadapted
12 Fullyfaithful

which implies ÉÉ y lie
Case2 A general at a can be written as a kernel

o a i j
of a map betweeninjectives since I is assumed to have

enoughinjectives so






































































































Rat kerlycies g je excel

To se follyfaithfulness we first note that b theadjunction

Homage Ra Rb eHoma Lra b Homa a b
Lra at b a b

so need to show thecount is an isomorphism In the

case ied injectivewe use the aboveidentification RingCie to
see that the counitmap corresponds to thestructuremap

Cri tLlycie IHlies i
which is an isomorphism exactly when It isadapted
Since LR is left exact e'deduce that this is always
an isomorphism notjust oninjectives
2 3 As just shown we have LRtidy so wegetthat
forany at A the unitmap

G ace D
a Rla exact

has kernel and cokernel contained in Kerli Eker G since

o her u a 5 Rla corer u O exact
L exact

o sacrarium scafidi it onerous o exact

So Liberia LCokerUI o Hence

G a GCrea
is an isomorphism sinceapplying G to H givesexact

o Qi Ga aerial
egg

o

so we get a factorization acetfpgr
As an application ofthis we get a factorization of homologytheories

through adaptedhomologytheories






































































































Thur
3

Adapted factorization Let A b I be a homology theory such
that d hasenoughinjectives which lift to injectives off Then
there is a unique factorization

f H A
HAJA I

where H is an adaptedhomologytheory and U is a comonadic

exact left adjoint In particular at is the category of comodules

over a certain left exact comonad C over d A Comodo d
LR

Pf By 2.56 togive a factorization as above is equivalent to

giving a factorization
dies a

E od
where L is aquotientby localizingsubcategory U is a

comonadic exact left adjoint and at hasenough injectives

Egg
since a havingenoughinjectives lets
us use 2.56 on the diagram

6 athyena u

g races
so if L is a quotientby a localizing subcategory we
get that Ht is adapted The part w U is justpart of
the theorem we wish to prove By Ail the category
of comodules over the comouad c LR has the first

twoproperties and it has enough injectiteitty É.ttsince
So A aComodu la d has


















In the casewhere we have an Adams type ringspectrum this
recovers Comodexe

Ex Let E be an Adams typeringspectrum then we have
3.28

a homology theory
Ex Sp Modest

where Mode has enough injectivestitaidinthetebareheaded

to injectivesby Brown representability Hence wegetby 3.27

Sp EA
Mode Note We havethis

not Adam's
mod g

gegen
if E is

Tquestion is what is this

Assuming that E is Adams type it follows by a classical
result by Devinatz that Ex factorsthrough Comod E e sit

Sp oMode
aEA d

Comod E E
with Ex adapted and U simply forgets the comodulestructure

so it is inparticular conservative i e preservesepimorphisms

Using that E is Adams ween particularget that Ext is

flat so U is exact This means that L and Ex
determinesthe same epimorphism classes hence die to the

uniqueness of adapted homology theories by the epimorphism
classes theydetermine we get that the two adapted homology
theories agrees so we getthat the universal abelian category



isexactly Comod EE
2 Deformations
Now given an adapted homology theory H b d we can

form the full subcategory AW 8 EFung for8 P lo consisting
of the perfect presheaves those which is a finite colimit
of representables hence A G is the smallest subcategory of

Pele closed under finite colimits It can be shown that

Aff A C Recall that prestable implies that it is equivalent
to the connectivepart of the t structure on some stable o category
which gives us this notion of heart
Next we recall that an adaptedhomology theoryHb d is

completely determined by the H epimorphisms which determines
a Grothendieck pretopolgy on pg e

x t's s t t a off
Ms sheatification L P les pace Ifb xia

fibsequence in S

which can be shown topreserveperfectpresheaves so

we define the perfect derived a category of 6 wir.t H

by purge is Awish e ash't e

since A Ie is prestable and pace is a localization of this

we get Duce is againprestable and weget a canonical
equivalence

was Aw et Sh

e ace su

A

This Duce is the deformation we are interested in To understan

how this describes such a categorical deformations we wish to



construct a synthetic analouge and a t map as in the

syntheticsetting

Synthetic analouge
The discreteYoneda y b ace induces a canonicalfactorization

through aw e bytaking themapping space so weget
aces

g age
go leftadjointtotheinclusionof

theheart

Usingthat yea Map c c preserves limits and b is stable weget
a fullyfaithfulembedding v E ow E called the synthetic

analoogefitting into thediagram
f A

orcs
I Map

Localgrading on DW E

E Dw f Ow E
X XE C X CLT

for Gop Is

M I x XE natural map adjoint to

x ext level wise givenby

Xena t.EE fra rxcec

which measures the extent to which X takessuspension
to loops

M CTXX cofible Ex XE

Justnotation Notnecessarilymonoidal



Then Special fibre
5.45

The endofunctor

CT Q Duce Duce

admits a canonical structure of a monad Moreover theinclusion

of the heart induces a canonical equivalence

1
1 1 Dna

connectiveboundedderived
o category sheavesthe monad wet Hepitop
offenceperfect

xecoling

Then Thegeneric fiber Write w Xurepresent
fit

page
I can

left Kan extension of thev f synthetic analouge

Then
11 I is both left and right exact
21 Sends all the maps T EXE X to equivalences

and e l is universal writ these twoproperties

These two results together tells us that we can think of Duce

as an co categorical deformation in the sameway as we have

seen with syntheticspectra and comodules

NW E

451
in kine

ME

yyuerteTalk6 Talk

07AM Modee f Mode Stable.EE

Syne vs DW sp Dw isp can be thought of as somehowdual
to Syne

Syne sheaves on splin finite spectra w projective Ex homology



Dw Sp Sheavesdefined on all ofsp butneedsomethingin

exchange for the finite condition therefor the perfect
condition

Syne talks about projectives while Dwcsp relies on injectives through
the H epimorphismtopology

Why D Sp instead ofSyne
Adams SS collapses for injectives us Gives betterbounds in eg
Franke'sconjecture

On the otherhand Injective lifts in Sp are hard to write down
Another connectionbetweenDwcsp and syntheticspectra follows
from the universal property of Duce
Then Universal property of Duce r f ow e is the

universal prestable enhancement of H b d i.e

left Kan effusiondating Yetinduces an equivalence
between

1 Exact functors G Duce D W D prestable

2 Exact functors Go A N together with a prestab

enhancement of Gott L D

so in the case of E being an Adamstypering spectrum we recall

that we have
SynÉ t ComodEE
D A

and we have a small coproductpreserving prestableenhancement
WE S Syne

of the Ex homology functor



sp tf deu
Comedy

Adapted
factorization

Hence we get a canonical exact functor
Dw Sp Syne

with imagegenerated underfinite colimits by the syntheticanalouge
ofordinary spectra



Final notes about the paper
Thin Franke's algebraicityconjecture Let H E A be an adapted

11 A admits a splitting of order 9th
2 A is offinite cohomologicaldimensiond
3 deg

hah d 6 than d Opera

What does these term means

Splitting of order qte w qzo Let A be an abelian category
with a local grading In A A A splittingof orderqtt of d is
a collection of Serre subcategories

do EA
indexedby 002 9 1 sit

1 ER Ag EAOth t KEZ

TezicanAy IA

Cao ag I Otp90 a
abelian w local

grading a
N'er A A differential object in A is apair Ca 2 with
a c A and Z a at St 202513 0

So can think of this as some sort of periodic chain

complex
JED 2 25

aei a a es ate

Define thehomology ofsuch a 2

H a 2 Kera ImZED EA



We say that a morphism
f ap b 8

is a quasi isomorphism if Hca2 HEHlb 8 We write

Beer A Differential objects quasi iso's
a cat

an callittiffenodicderived category of A localization

Adapted conservative homologytheory

HipperA A

Note Idea of the assumption of the order anddimension is that
when dima cate Hae Ai H d Edj

Adams spectral sequence collapses

Examples of applications
1 R an associativeringspectrum GModa Then

Tix Mod 7 RItgr.nod A
M TAM

is a conservative adapted homologytheory Assume Rx is

qty sparse ether 0 unless i to mod cytes So

Me Be A Mi so unless i o mod ate

to obtain a splitting oforder qt1 Furtherassume that

dim RE d g t Then the theoremgives us

ha i d Modi that i d Diffgradedmodules over RA
Ex of such R

1 R Been truncated Brown Petersonspectrum so inparticular

BP n ZepEun Un

where IVi1 2pi e This is aringofgradedglobaldimension htt
concentrated in degrees divisible by sp 2



If 2p 2 n ta then

hisModBpa thisModHz ta on

27 R ECU Johnson Wilsonspectrum

Een aXpEun ion sunt 10it 2pi 13

is a ringofgradedglobal dimension n and are concentrated

in degreesdivisibleby217 2 So if 2p 2 n

mo LkModen thisModule Evi un i ut
Comment on the proof
We have GoersHopkins obstructiontheory

Male M e ng e ta en wie

where Mu e E Duce full subcategory sit

hit isomorphism t o si en

Edusss be In Male Male

e rig
induces an equivalence

Gq da b I h g daMg e e

of homotopy q att categories

e
Monadicity
argument

hat6 hat aMg e n hgMg Perch

ha at coper Al


