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Introduction

This highly illustrated coursebook covers the Cambridge IGCSE® and O Level Additional Mathematics
syllabuses (0606 and 4037). The course is aimed at students who are currently studying or have
previously studied Cambridge IGCSE® Mathematics (0680) or Cambridge O Level Mathematics (4024).

Where the content in one chapter includes topics that should have already been covered in previous
studies, a recap section has been provided so that students can build on their prior knowledge.

‘Class discussion’ sections have been included to provide students with the opportunity to discuss
and learn new mathematical concepts with their classmates, with their class teacher acting as the
facilitator. The aim of these class discussion sections is to improve the student’s reasoning and oral
communication skills.

‘Challenge’ questions have been included at the end of most exercises to challenge and stretch high-
ability students.

Towards the end of each chapter, there is a summary of the key concepts to help students consolidate
what they have just learnt. This is followed by a "Past paper’ questions section, which contains real
questions taken from past examination papers.

A Practice Book is also available in the Cambridge IGCSE® Additional Mathematics series, which offers

students further targeted practice. This book closely follows the chapters and topics of the coursebook

offering additional exercises to help students to consolidate concepts learnt and to assess their learning

alter each chapter. A Teacher’s Resource, to offer support and advice, is also available, “
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How to use this book

Chapter — each chapter begins with a set of learning objectives to explain what you

will learn in this chapter.

Simultaneous equations and quadratics

This section will show pow how Lo

solve simultaneous eguations in fwe unknowns by elimination or substitution

fine thee maximurn ared minienom values of 8 quacatic firction

sketch graphs of guadiatic luncticns and find their ange for 2 given domain

sketch graphs of the function y = | f{= | whene fil) s quadmtic and solve assoclated squations
determineg thie nuenber of raots of a quadeatic equstion and the relsted condsticons for & lire (o
imtersect, be a tangent or nod intersect a given curee

®  s0lve quadaiic equiatons for neal rmals amd Hnd the soluteom s for guadratic inagualities

Recap - check that you are familiar with the introductory skills required for
'[]"I[_‘ E'I'I:I.[H{f'l'.

You should already know how to solve linear inequalities,

Two examples are shown below.
I : r ) I
dohve 2x—-56)<9 expand brackets Solw: =% = |7 subdrace & from bty siies |
Fr— 1< H il 10 o baoth sides | — G = |0 chiviele beh sudes by -3
L chiviale bBonh sides by 2 I ¥
x < Hh l

". i

Class Discussion — additional actuvities to be done 1in the classroom for enrichment.

CLASS DISCUSSION

Solve each of these three pairs of simultaneous equations.

x4+ =Ty

10— Gy = —4x

Diiscuss your answers with your classmates.

Discuss what the graphs would be like for each pair of equations.
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How to use this book

Worked Example - detailed step-by-step approaches to help students solve problems,

WORKED EXAMPLE 1

Find the valuc of:

al !
AnNswers
H‘__ B TxBxbxdxdwdw]
' Bodxfndx]
=Hx7x6
= 1
i Nz xBExThchecd 3 x2x1
RIS BxTXOKBRAXIxIxIx3x2%1
LA
=..h_
= 1G5

Note — quick suggestions to remind you about key facts and highlight important
points.

Note:
log;g 30 can also be written as lg 30 or log 30.

Challenge — challenge yourself with tougher questions that stretch your skills.

CHALLENGE ) T
8 This design is made from ol N

1 blue circle, 4 orange circles ¥ L ¥ 1 h
and 16 green circles. f [ Y/~ \
The circles touch each other. | _ [
Given that the radius of each l N Y I
green circle is 1 unit, find the [\ ( \ )/
exact radius of "\.\ FY Y
a the orange circles, o i

b the blue circle. e

Summary - at the end of each chapter to review what you have learnt.

Summary
Ome radban (19)is the size of the angle subtended > Fia i
at the centre of a circle, vadius g by an arc of length « ' v/ “xkf
f r 1
A )
-I"i" ¥ ,
I'._ i
. /
B - .
When #is measured in rdians: e
® gl length of arc AR = @ b
o) : . M,
m  ithe area of sector AQE = =0, { =, \
2 { '..ﬂ_*- A
i, 0 f
“\ /
N e
I ——— == = ———
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Examination questions — exam-style questions for you to test your knowledge and
understanding at the end of each chapter.

Examination questions

Worked example

The funcrion Fis such that f{x) = 42° — Bx® + ax + b, where aand bare constanes. It is given that
2x — 1 15 a factor of fix) and that when f(x) is divided by x + 2 the remainder is 20. Find the
remainder when f{x) is divided by x - 1. (]

Lrtritalge {LrUSE Addiliona! Mathematics 0606 Pagaer 1 (2 Now 2011
Answer
|":'.-'¢::' =45 —Be?! L avr 4+ b
2
5

(A ()

l T .J.
§ - 2 rr(.2]+.§r_|:|

rr(l]l.’r-u.i-l-
2 2

a4+ 2h=35

If 2x — 1 is a factor, then I[lJ =0
b

= {}

{1}
Remainder = 20 when divided by = + 2, means that £{-2) = 20.
4(=2Y = B(=2)" + a(=2) + & = 20
32 ~32=2a+ b =20
_2f¥+|'l|‘=34 .................. 12

' From (1) a = 3= 24
Substituting in (2), gives: =2(3 - 20+ b = 84

=b+4db+ b= B4
b = O]
b= 18
=0 g = =55, b= 18,

Remainder when Fx) = 4a" — Bx* — 33x + 18 is divided by {x = 1} is {1}
Remainder = 4{1)" - 8(1)° — 33(1) + 18

=4-f-83+18
=19

Acti\-'itj-’ - for you o ;-'Lppl}-' your theoretical knuwl:—:dgﬂ to a praf_'l_i{'ﬂ] task.

ACTIVITY

Use graphing software to confirm that:

"
* y=cosx+ 1 isatranslation of y =cosx by the vector ﬂ]

o
. . 0
* y=codx+2 isatranslation of y=cosx by the vector ]

/
* y=cosx—3 isatranslation of y = cosx by the vector ﬂ]
and

0

* y=tanx+] isa translation of y =tanx by the \re:tﬂr[]

T —

* y=tanx—2 isatranslation of y=tanx by the vector [_

]

5 i e |
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Functions

This section will show you how to:

understand and use the terms: function, domain, range [image set), one-one function, inverse
function and composition of functions

use the notation f(x)=2x*+5, f: x> 5x -3, f'(x} and f3(x)

understand the relationship between y =f(x) and y={f{x)

leex + b} = cx + 4

solve graphically or algebraically equations of the type |ax+0|=¢ and
explain in words why a given function is a function or why it does not have an inverse
find the inverse of a one-one function and form composite functions

use sketch graphs to show the relationship between a function and its inverse.
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1.1 Mappings
Input Output

2 _—

| A— is called a mapping diagram.

4 —_—

) E

"The rule connecting the input and output values can be written algebraically
asi x> x + 1.
This is read as “xis mapped to x+ 1",

iy — ()
3
4
5
N

x+ 1
The mapping can be represented graphically by S——
plotting values of x+ 1 against values of x. 1
The diagram shows that for one input value P
there is just one output value, o "

[t is called a one-one mapping.
The table below shows one-one, many-one and
One-many mappings.

DIne-one

i
0 :
> ' X
!
,,,,, -
0 X
For one input value For two input values For one input value
there s just one output | there is one output there are two output
value. value, values.
Exercise 1.1
Determine whether each of these mappings is one-one, many-one or
OTE-1Marny.
1 x—>x+1 =xeR 2 x—=x>+5 xeR
3 x> xt xeR 4 x1»2F xe R’
I 2
5 x> — xeR, x>0 6 x—=x*+1 xel, x=10
x
12 :
T x> — xe R, x=0 8 x—=>*x xeR, x=

e
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1.2 Definition of a function

A function is a rule that maps each x value to just one y value for a defined set
of input values.

S EE ; : One-one :
I'his means that mappings that are either are called functions.
MMANY-0ne

The mapping x — x + 1 where x € R, is a one-one function.

It can be written as {f rretd =ah
fix) =x+ 1 xe R
(f : x> x+1 is read as ‘the function {is such that x is mapped to x+ 1")
f{x) represents the output values for the function f.
Sowhenf(x) =x+1,1(2)=2+1=3.
The set of input values for a function is called the domain of the function,

The set of output values for a function is called the range (or image set) of
the function.

WORKED EXAMPLE 1

flx)=2x-1 xeR,-1=x=3

a Write down the domain of the functon £

b Sketch the graph of the function f.
¢  Write down the range of the function f.

Answers
a Thedomainis -1 =x=23.
b The graph of y = 2x — 1 has gradient 2 and a yintercept of -1
When x=-1,y=2(-1) - 1=-3
When x=3,y=2(3)-1=5
f{ )

Range

Y :
(-1,-8)7" -

Domain

€ Therangeis -3 = f(x) = 5.

Chapter 1: Functions
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WORKED EXAMPLE 2

The function f is defined by f(x) = {x —E} +3 forD=x =6,
Sketch the o .-111]*1 of the function.

Find the range of f.

Answers
f(x) = (x - 2)° +3 is a positive quadratic function so the graph will be of the form \ /
Ex—E]?"'H Lhas nart of the expression 15 a SO ar sk i will always b ()
A | The smallest value it can be 1s ), This occurs when a
The minimum value of the . i
expression 1s } + 3 = 3 and this -:f (6, 19)
]'Il:i.lliﬂll.l"] occurs when x = E-
So the function f(x)=(x-2)° +3 :
will have a minimum point at _ 5o
the point (2, 3). é
When x =0, y=(0-2) +3= 1. 7
When x =6, y= (6 - a’.';'l +3 =19.
i .
The range is 3 = f(x) = 19. (2, 3) 7
0 -
L
I]l.ll'lll.l'ill
Exercise 1.2
1 Which of the mappings in Exercise 1.1 are functions?
2 Find the range for each of these functions,
a flx)=x-5, Qs x=<y b I'[x]=3:r.:-|-2= D=x=5
c flx)=7-2x, -1=x=4 d filx) = x° S=x<3
e flx)=2, 3<x=<3 f ) = l =y
X

3 The function g is defined as g(x) = x*24+2 for x=0.
Write down the range of g.

4 The function f is defined by f(x) = x* - 4 for xe R.
Find the range of f.

5 The function fis defined by f{x) = (x = 1)* + 5 for x = 1.

Find the range of £,

6 The function fis defined by f(x) = (2x + 1) -5 for x= -

Find the range of f.

T The function fis defined by f : x — 10 — (x — 3]2 for 2 =
Find the range of I.

X

X

e

iy

7.
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Chapter 1: Functions

8 The function fis defined by f(x) =3+ /x =2 for x = 2
Find the range of f.

1.3 Composite functions

Most functions that you meet are combinations of two or more functions.

For example, the function x — 2x + 5 is the function ‘multiply by 2 and then
add 5. It is a combination of the two functions g and f where:

g x - 2x (the function ‘multiply by 27)
f:x+=>x+5 (the function ‘add 5’)
S0, x ~» 2x + 5 is the function ‘first do g then do [,

5 f
f.r""-_-""\.‘\ /_,-r"'___""-._\‘

v

fg

When one function is followed by another function, the resulting function is
called a composite function.

fg(x) means the function g acts on x first, then f acts on the result.

Note:
f2(x) means ff(x), so you apply the function [ twice.

WORKED EXAMPLE 3

The function fis defined by f(x) = (x - 9) — % for x > -2.
9x+ 6

The function g is defined by g(x) = T for x > 2.
Find fg(7). 2
Answers
: B
[E{?] acts on / hrst and g/ :
=ﬂ:‘” I 15 e huincid take 2. square and then tak

ald g
=1
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WORKED EXAMPLE 4

f(x)=2x-1 for xR g{x}=r2+5 for x e R

Find a fg(x) b afi(x) c f2(x).

Answers
a fg(x
=f(x%+5)
= 2(x?+5) -1
=921 9
b gfix)
| =g(2x-1)
=(2x—1)2+5 .

=4x?—4x+1+5

=4x* - 4x+ 6
c f(x)
= ff( x)
| =f(2x-1)

‘ =2(2x-1) -1

Exercise 1.3
l f:x—=2x+3 for xe R

g:xr»x"=1 for xeR
Find fg(2),
2 f(x)=x*-1 for xe R
g(x) =2x+3 for xe R
Find the value of gf(b).
3 f(x)=(x+2)°-1 for xeR
Find £=(3).
4 The function fis defined by f(x) =1+ Jx -2 for x = 2,

The function g is defined by g(x) = 8 | for x = (.
Find gf(18). i

5 The function fis defined by f(x) = (x - 1)* + 3 for x > 1.
The function g is defined by g(x) = 2: +: for x > b.

Find fg(7).
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Chapter 1: Functions

6 h:x—=x+2 for x>0
k:xl—}\u"'; for x>0

Express each of the following in terms of h and k.

a x>Jx+2 b x> x+2

7 The function fis defined by f:x>3x+1 for xeR.

for x # 2.

T'he funcuon g is defined by g : x 5
- X

Solve the equation gf(x) = 5.
8 glx)=x"+2 for xeR

hix) =3x -5 for xe R

Solve the equation gh (x) = bl.
9 f(x)=x*-3 for x>0

g(x) = 2 for x>0

Solve ll'fn: equation fg(x) = 13,

10 The function fis defined, for xe R, by f : x — i +; X E 2
l:q: -
x —1

The function g is defined, for xe R, by g : x — g
Solve the equation gfix) = 12.
11 f(x)=(x+4)°+3 for x>0

10
glx)=— for x>0
X

Solve the equation fg(x) = 39,

12 The function g is defined by g(x)=x*=1 for x =0,
The function h is defined by h(x) = 2x -7 for x = 0.
Solve the equation gh(x) = 0.

13 The function {'is defined by { : x — x” for xe R,
T'he function gis definedby g : x> x -1 for xe R,
Express each of the following as a composite function, using only f and for g:
a x>x=-1" b x—ax*-1 C x—x—2 d x> «*

1.4 Modulus functions

The modulus of a number is the magnitude of the number without a sign
attached.

The modulus of 4 is written |4/
|4|=4and [-4|=4

[t is important to note that the modulus of any number (positive or negative) is
always a-positive number:

The modulus of a number is also called the absolute value.
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. 1s defined as:

The modulus of x, written as | x
X if x>0
| x| = 0 if x=0

- it x<0

CLASS DISCUSSION

Ali says that these are all rules for absolute values:
| +yl=|x] +|y] % —y|=|x|-1y]
||
=— ,;"|x|f=x2
.

Discuss each of these statements with your classmates and decide if they are:

lx

§—

= x| x |
[ p|= x| x|y iy

[ Always true ] [ Sometimes troe ] [ Never true ]

You must justify your decisions.

n The statement | x| = k, where k = 0, means that x = k or x = -k,
This property is used to solve equations that involve modulus [unctions.
So, if you are solving equations of the form |ax + b| = k, you solve

the equations
ax+ b=k and ax +bh = -k

If you are solving harder equations of the form |ax + #| = ex + d, you solve

the equations
ax+b=cx+d and ax + b = —(cx + d).

When solving these more complicated equations you must always check your
answers to make sure that they satisfy the original equation.
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WORKED EXAMPLE 5

Solve,
a|2x+1]=5 b [4x 3| =x ¢ |«*-10|=6 d |x-3| =2
Answers
a |2x+1|=5 b |[4x—-3|==x
2x+1=5 or 2x+1=-hH dx—-%3=x or 4x-3=-x
2x =4 2x = -6 Bx =1 hx =3
x =73 x=-3 x =1 x =06
Solution is: x = =3 or 2. Solution is: x = 0.6 or 1.
¢ |«*-10|=6 d |x-3] =2«
x*-10=6 or x-10=-6 x=3=2x or x-3=-2
x* =16 % =4 x ==3 Jx =3
x = x = 12 x=1
CHECK: | -4 ) / 5 B CHELK: ’ 1 J A
2y —10| =64, |(2)°-10| =6 and |1-3 '

| 0l = Solution is: x = 1.
and [(4) = 10| =6y

Solution is: x = -4, -2, 2 or 4.

Exercise 1.4

1 Solve
a [3x-2|=10 b |2x+9|=5 ¢ |6-bHx|=2
x—1 X 2x + 7 7 —9x
4 il L
x x+1 2x .
g 4——5‘—1 h 2 +?=4 i |2x—5| =«
2 Solve
2x—5 s b Sx+2] |1+.1:+]2 -
x+ 3 x+ 1 x+4

d |[3x—-5|=x+2 e x+|x—-5/=8 f 9-|1-=x|=2x

3 Solve
a |«*-1|=3 b |[x*+1]=10 ¢ [4-x"[=2-%
d |xE—5x|=x e |.1:2—4|=x+2 f |xE—3|=x+3

g |2x°+1/=3x  h |2 -3x|=4-x i |x*-Tx+6|=6-x
4 Solve each of the following pairs of simultaneous equations

ay=x+4 b y=x ¢ y=3x
jp=|x2*1fi| y=|3x—2x2| y= ﬂxg—ﬁl
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1.5 Graphs of y =|f(x)| where f(x) is linear

Consider drawing the graph of y =| x|, ¥
First draw the graph of y = x. p=x
O x
You then reflect in the x-axis the part of the line h&
that is below the x-axis. \ .
_|x
Fd’s) X
10
l . . .
Sketch the graph of y = ‘ —x — 1 |, showing the coordinates of the points where the
graph meets the axes,
Answers ¥
1
First sketch the graph of ¥ = 9% L. = x— ]
The line has gradient l and a
yintercept of -1. s
) _‘,,-"’"’ 2 x
/
You then reflect in the »axis the part :
of the line that is below the »axis. )
g
v=|L x=1
\\/ s
0.~ 2 x
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In Worked example 5 you saw that there were two y: lz-ﬁi " l|
answers, x = -3 or x = 2, to the equation |2x +1| = 5.

=

These can also be found graphically by finding the
x-coordinates of the points of intersection of the
graphs of y =|2x + 1| and y =5 as shown.

I & ==

In the same worked example you also saw that Y e
there was only one answer, x = 1, to the ol
equation |x — 3| = 2x.
This can also be found graphically by finding the 07 y=|x—3]
x-coordinates of the points of intersection of the :
graphs of y =|x — 3| and y = 2x as shown. 4

2.

-2 O 2 4 & 8=
9]

Exercise 1.5
1 Sketch the graphs of each of the following functions showing the
coordinates of the points where the graph meets the axes.

a y=|x+1| b y=|2x-3| ¢ y=|5-x|
d y=

1 1
T e y=|10-2 f =‘a_-*
5" ‘ y=| x| y 37

2 a {fnmplrzt{: the table of values for y= | x— 2| + 3.
| = [ =2 | 1 | o ‘ 1 | 2 | s
| " ; , |
ey l 6 I 1| |
b Draw the graphof y=|x—2|+3 for 2=x =4

3 Draw the graphs of each of the following functions.
a y=|x|+1 b y=|x|-3 c y=2-|x|
d y=|x-3]+1 e y=|2x+6|-3

4 Given that each of these functions is defined for the domain -3 = x = 4,
find the range of

a f:x—>5-2x b g:x—>|6-2x] ¢ h:x— 5-|2x|
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5 f:x—=>3-2x for “l=x=4
g:x—|3-2x| for 1l=x=4
h:x—»3-|2x] for 1=x=4

Find the range of each function.
6 a Sketch the graph of y=|2x+ 4| for —6 < x < 2, showing the
coordinates of the points where the graph meets the axes.
b On the same diagram, sketch the graph of y =x+ 5.
¢ Solve the equation |[2x+4|=x+5
7 A function fis defined by f(x) =|2x - 6| -3, for -1 =x = 8.
a Sketch the graph of y = f(x).
b State the range of f,
¢ Solve the equation f(x) = 2.
8 a Sketch the graph of y=|3x - 4| for — 2 < x <5, showing the
coordinates of the points where the graph meets the axes.

b On the same diagram, sketch the graph of y = 2x.
€ Solve the equation 2x =|3x —4|.

CHALLENGE Q
9 a Sketch the graph of f(x)=|x+2|+|x-2|.
b Use your graph to solve the equation |x + 2| +|x = 2| = 6.

1.6 Inverse functions
The inverse of a function f(x) is the function that f,ﬂl—"{—:ﬂ.._\

undoes what f(x) has done. f, ~ P H
The inverse of the function f(x) is written as [ (%),

The domain of {7'(x) is the range of [(x). ) K

The range of F{x) is the domain of f(x).

[t is important Lo remember that not every function

" ]
has an inverse. f {I}

An inverse function £ (x) can exist if, and only if, the function f(x) is a
one-one mapping.

You should already know how to find the inverse function of some simple
one-one mappings.

The steps to [ind the inverse of the function [{x) = 5x — 2 are:

Step 1: Write the function as y = il 4 = 5t — 2
Step 2: Interchange the x and y variables, -y = Hy—12
, . x+ 2
Step 3: Rearrange to make y the subject. 5 e
4

x+ 2

i =
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CLASS DISCUSSION
f(x)

Discuss the function f(x) = x* for xeR.
Does the function f have an inverse?
Explain your answer,

How could you change the domain of f so that f(x) = x*
does have an inverser

() x

WORKED EXAMPLE 7

flx)=+x+1-5 for x = -1

a Find an expression for f “L{x).
b Solve the equation ' (x) = f{35).

Answers

a f(x)=+x+1=5 for x=-I
Step 1: Write the function as y = - y=Jx+1—-5
Step 2: Interchange the x and y variables. = x=,Jy+1-b
Step 5: Rearrange to make y the subject. - x4+ 5= ,y+1

FYx)=(x+5)7 -1

b f(355)=v3+1-5=1

(x+5F-1=1

(x+5)F =2
x+5=12
x=-5i\|@

:».'=—E|+~.,|"§ m‘x=—5—.ﬁé
The range of f'is f{x) = =5 so the domain of f Lis x= =5
Hence the only solution of Fl(x) =f(35) is x = -5+ J2

Exercise 1.6
1 f(x)=(x+5)°~7 for x=-5. Find an expression for {7 (x).

6
f(x) = —— for x = 0. Find an expression for {(x).
2 f(x) o Find ]m expression for £ (x)
3 flx)=(2x-3"+1 for x= IE . Find an expression for £ (x).

4 f(x)=8-+x-3 for x = 3. Find an expression for {(x).
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5 f:x—bx-3 for x>0 §:x> o for x+ 2
L
Express f ' (x) and g ' (x) in terms of x.
6 f:x—> (x+2* -5 for x> -2
a Find an expression for {x). b Solve the equation fl(x) = 3.

7 fx)=(x-4>+5 for x> 4

a Find an expression for f(x). b Solve the equation f1{x) = £(0).

2%+ 3

B glx)= for x > 1

a Find an expression for g Yx). b Solve the equation g_]{x]l = b,

9 f(x)= g +2 for xe R g(x) = x* —2x for xe R
a Find f(x). b Solve fa(x) = (x).
10 f(x)=x*+2 for xe R glx) =2x+3 for xe R

Solve the equation gf(x) = g (17).

2%+ 8 x—3

11 f: x> for x # 2 g:X% 3 5 for x > -5

T
Solve the equation f(x) = g7'(x).

12 f(x) = 3x — 24 for x = 0. Write down the range of £

13 f:x+—>x+6 for x>0 g:x=>+x for x>0
Express x — x* = 6 in terms of f and g.

14 f: x> 3-2x for 0=x=5
g:x—>|3-2%| for 0=x=5H
h:x=23—|2%| for 0=x<5H
State which of the functions f, g and h has an inverse.
15 f(x)=x*+2 for x=0 glx) =hx -4 for x =10
a Write down the domain of ). b Write down the range ui'g_].
16 The functions f and g are defined, for x€ R, by

[': x> 3x— k, where kis a positive constant
ox — 14
x+ ]
a Find expressions for f and g™'.

b Find the value of k for which £ '(5) = 6,

x> , where x # -1,

¢ Simplify g~'g(x).
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17 f: x> for xeR g:xr>x—8 for xeR

Express each of the following as a composite function, using only f, g, f~

and/or g 52 ]

a x> (x—8)s b x—x%+8 ¢ xr>x3—8

d x> (x+8)s

1.7 The graph of a function and its inverse

[n Worked example 1 you considered the function fix) =2x -1 xe R,
-1l=x=3

The domain of f was —1 = x = 3 and the range of f was -3 = f(x) = 5.

x+1
2

The domain of f'is -3 = x = 5 and the range of flis -1 = f(x) = 3.

The inverse function is f'(x) =

I'.Irawiﬂg fand f~! on the same graf}h givﬁs:

=
(-8,-1) .~
{_I 3 _3}_4_
Note:

The graphs of f and ' are reflections of each other in the line y = x.
This is true for all one-one functions and their inverse functions,
This is because: ff7(x) = x = £1(x).

Some functions are called self-inverse functions because f and its inverse [
are the same.

If £(x) = 3 for x = 0, then f~'(x) = : for x = 0.
X x

So f(x) = — for x = 0 is an example of a self-inverse function.
x

When a function [ s sell-inverse, the graph of Twill be symmetrical about the
line y = x.
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WORKED EXAMPLE 8

flx)=(x—2), 2=x=5,

On the same axes, sketch the graphs of y = f(x) and y = £}, showing clearly the
points where the curves meet the coordinate axes.

Answers

i '
y=ix—2)

When x=5h,y=%9

™
Reflect fin y= Xy

e

44 B

8 0%

n F 2 4 6 & 10%
CLASS DISCUSSION

Sundeep says that the diagram shows the graph of
the function f(x) = x* for x>0, together with its inverse
function y=f"(x).

Is Sundeep correct?

Explain your answer.
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Exercise 1.7
1 On a copy of the grid, draw the graph y
of the inverse of the funcuon 1.

B b ‘a0 M B o | X

2 On a copy of the grid, draw the graph J’
of the inverse of the function g,

Pan SENEENRERE
-2 -

—4

LB

3 fix)=x?+3,x=0.

On the same axes, sketch the graphs of y =f(x) and y=1 l{x), showing
the coordinates of any points where the curves meet the coordinate axes.

4 g(x)=2" for xe R
On the same axes, sketch the graphs of y =g(x) and y = g_] (x), showing
the coordinates of any points where the curves meet the coordinate axes.

5 g(x)=x*-1 for x=0.
Sketch, on a single diagram, the graphs of y=g(x) and y =g (x), showing
the coordinates of any points where the curves meet the coordinate axes.

6 flx)=4x-2 for -1=x =3,
Sketch, on a single diagram, the graphs of y=1f(x) and y = £7'(x), showing
the coordinates of any points where the lines meet the coordinate axes.

7 The function fis defined by f : x = 3—(x+1)" for x = -1,
a Explain why f has an inverse.
b Find an expression for {7 in terms of x.

¢ On the same axes, sketch the graphs of y =f(x) and y=f"(x), showing
the coordinates of any points where the curves meet the coordinate axes.
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CHALLENGE Q
2x + 7
x—2
a Find f'in terms of x.

for x 2 2

8 f:x—

b Explain what this implies about the symmetry of the graph

of y = f(x).
Summary
Functions
A function is a rule that maps each x-value to just one yvalue for a defined set of input values.
Mappings that are either { ONEONE 4 re called functions.
many-one

The set of input values for a function is called the domain of the function.
The set of output values for a function is called the range (or image set) of the function.

Modulus function

The modulus of x, written as | x|, is defined as:
n X ifx>0

2= 0 ifx=0

—x ifx=i)

Composite functions
fg(x) means the function g acts on x first, then f acts on the result,

2 (x) means ().

Inverse functions
The inverse of a function f(x) is the function that undoes what f(x) has done.

The inverse of the function f(x) is written as £ ().

The domain of f~'(x) is the range of f(x).

The range of f~1(x) is the domain of f(x).

An inverse function f'(x) can exist if, and only if, the function f(x) is a one-one mapping.
The graphs of f and £ are reflections of each other in the line y = x.
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Examination questions

Worked example

The functions f and g are defined by

: Dx
f =
{x] k4

for x>0,

gx) =Jx+1 for x>-1.

a Find f(8). -
b Find an expression for 2(x), giving your answer in the form where a, band care

: : bx + ¢

integers Lo be found. 13]
¢ Find an expression for g7 (), stating its domain and range. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 (H 24,3, 4 fun 2014

Answers
a g(f)s= J8+1=3
fig(8) = £(3) substitute 3 for xin
_20)

=]
=-1:5

b f*(x)=(x)

ri

x4+ 1

A 2x : 2x : Dy
== f substitute —— for xin
x+1 x+1] x+1

simplify

= x+1 multiply numerator and denominator by x+ 1

ga=4.b=3and c=1
\__ "
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¢ gixl=+vx+1 for x> -1

Step 1: Write the function as y = R—— TN [
Step Z: Interchange the xand yvariables, ——» x = \Jy+1

Step 3: Rearrange to make y the subject, ——x" = y+1

)

y=x"-1
gl(x) =x*-1
The range of g is g(x) = 0 so the domain U["g" is x>0,
The domain of g is x > -1 so the range of g7 is x > —1.
Exercise 1.8
Exam Exercise
1 Solve the equation |4x — 5| = 21. 3]

Cambridge [GCSE Additional Mathematics (606 Paper 21 QI Nov 2011

2 a Sketch the graph of y = |3 + 5|, showing the coordinates of the points where your graph
meets the coordinate axes. 2]

. b Solve the equation |3 + 5x| = 2. [2]
20
Cambridge IGUSE Additional Mathematics 0606 Paper 11 Q146 Nov 2012

3 a Sketch the graph of y = |2x - 5|, showing the coordinates of the points where the graph
meets the coordinate axes. [2]

L

) x

b Solve

9% — 5| =3. [2]
Cambridge (GCSE Additional Mathematics 0606 Paper 11 Q14,6 fun 2012

4 A function f is such that f(x) =8x? - 1 for 10 = x = 8,
a Find the range of f. 3]
b Write down a suitable domain for f for which ' exists. [1]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 (1 2ai,ii Nov 2013
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5 The functions f and g are defined for real values of x by

f(x)=+x-1-3 for x>1,

x=-2 _ y
g[xj_ﬁx—ﬂ for x> 2.
a Find gf(37). [2]
b Find an expression for f “(x). (2]
¢ Find an expression for g~ (x). (9]

Cambridge IGCSE Additional Mathemaiics (606 Paper 21 (M4 Nov 2014

6 A function g is such that g{x) = forl = x = 3.

2x —1 :
a Find the range of g. [1]
b Find g'(x). [2]
¢ Write down the domain of g™ (x). 1]
d Solve g” (x) = 3. [3]

Cambridge IGOSE Additional Mathemadics 0606 Paprer 11 (% -tv Now 2012

7 a The functions f and g are defined, for x€ R, by
f:x— 2x+3
gix x° =1,
Find fa(4). [2]
b The functions h and k are defined, for x = 0, by
hix— x+4

k:xe> Jx
Express each of the following in terms of h and k.
I x> Wxt+d [1]
i x> x+8 [1]
jiii x> x2-4 [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 ()5a, b5, 18 Nov 2011

8 The function fis defined by fix) =2 - 4/x+5 for -b=x <0

i Write down the range of f. [2]
i Find f~'(x) and state its domain and range. [4]
4
The function g is defined by g(x) = — for -5 =x < -1.
x
i Solve fg(x) =0. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q6 Jun 2016
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9 a The function f is such that f(x) = 2x? — 8x + 5.
i Show that f(x) = 2(x +a)" + b, where aand b are to be found. [2]
ii  Hence, or otherwise, write down a suitable domain for f so that ™ exists. [1]
b The functions g and h are defined respectively by
g(x) = x*+4,x=0, h(x)=4x-25,x=0,
i Write down the range of g and of h™. [2]
i On a copy of the axes below sketch the graphs of y = g(x) and of y = g (x), showing
the coordinates ol any points where the curves meet the coordinate axes, [3]
y
() X
iii Find the value of x for which gh(x) = 85. [4]
Camibridge {GCSE Additional Mathematics (0606 Paper 11 Q1 1as, i, b &34 Jun 2011
10 i On the axes below, sketch the graphs of y=2—x and y =[5 + 2x|. [4]
n ¥
04
_5 O 6 X
—0-
ii Solve |3 +2x|=2-x [3]
Cambridge IGOSE Additional Mathematics 0606 Paper 12 Q4 Mar 2016

\. J
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The sign (positive, zero or negative) of the discriminant tells vou how many
roots there are for a particular quadratic equation.

b% - 4ac | Nature of roots |
=) 2 real distinct roots
=0 2 real equal roots
<0 () real roots

There is a connection between the roots of the quadratic equation
ax® + bx + ¢ = 0 and the corresponding curve y = ax? + bx + ¢.

Nature of roots of |

ﬂxi_l_bx_'_c:ﬂ Shapeuf{:ur\re:g:nx2+ bx+c

\ w0/ [a<o\

' 2 real distinct - x or g ¥
=N roots \_/ / \

|

The curve cuis the x-axis at 2 distinct points.

| -
' a>0 a< ()
oar
0 2 real equal roots
X

n . . The curve touches the x-axis at 1 point.

b?% - 4ac

- x
U B - |
< {) {} real roots
x

The curve is entirely above or entirely below
the x-axis.

r———e

| WORKED EXAMPLE 8 _

Find the values of & for which x* — 3x + 6 = k{x — 2) has two equal roots.
Answers
x*=3x+6=k(x-2)
¥ -%x+6—kx+2k=0
= (3+Rk)x+6+2k=0
For two equal roots b — 4ac = 0,
(B3+k) -4 x1x(6+2k)=0
k' +6k+9—24 -8k =0
k=2k-15=10
(k+3)(k-5)=0
So k=-3 or k=5
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This section will show you how to:

= perform simple operations with indices and surds, including rationalising
the denominator.
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s ——————— R . i i T

You should already know the meaning of the words index, power, exponent and base:
¢ index, exponent or power
PP 2ae 0= o1
o = - base
The plural of the word index is indices,
You should also know and be able to apply the following rules of indices:

(These rules are always true if the bases ¢ and b are positive real numbers and the indices m and n are real numbers.)

RULE 1: g™ x g"=g"t" RULE 6; a =1
RULE 2: a’+a*=a""" or ‘:f—J:I =g" " RULE 7: P 'r;]'-i
RULE 3: (™" = g™ RULE &: e
RULE 4: a” X b= (ab)" RULE 9: av = (@) = Ya®
RULE 5: &==[3
MNote:

¢ If the bases aand b are negative then the indices mand n must be integers for Rules 1-5 to be always true.
* Rules 6 and 7 are also true if base a is negative.

3.1 Simplifying expressions involving indices

When simplifying expressions involving indices you often need to use more
than one of the rules for indices.

In Worked Example 1 and Exercise 3.1 you may assume that all bases are

positive real numbers,

- - [fl.'l:l'{'!.','lﬂx 'E]':u."-"|.'E
hunplll}' —_— S

I “.'+F2} 2
I
. Answers
f | |
(479" x Y9y ()T ) x (92 (12 [_a-"’Ji’
[_-._-'ia_-"' :. /. = [1':1“: 4 {1."} 2 |

s q
| Gx _]" w Ry v
h -l

o

l 5 X e .I."'
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Exercise 3.1
1 Simplify each of the following.

a I:xﬁ}_"; h x?}{xg c xr}+IH
d V'’ e Vx! f {x_::'"j’h‘
ﬁ el
g Vx® h (1) x a2 i Sx*yxbx'y
514 A— g
i Y25y k (EIS_]F] U9ty xy8a®y™

2 Simplify each of the following.

a Y x IEK‘JE
3

R 1

-1: -=

x &
(3%)2 x Vb g B9)?x Yy’
|

4 3
P, (2x"y")2
ag 112
3 Given that E?i:l— =99 3% o' evaluate a, band ¢
Bx" x Bx
T
4 Given that — == x" y°, find the value of a and the value of b.
Xy 3
£, ik
= 4 )
5 Given that ﬂdl'{l S a” &, find the value of x and the value of y.
a b3
- (s ¥ * 2 .4 :
6 Given that P X——=a" b, find the value of xand the value of y.
: a
3 1

7 Simplify (1+ 02— (1+x2.

3.2 Solving equations involving indices
Consider the equation 2" = 64.

The equation has an unknown exponent (or index) and is called an
exponential equation. You have already learnt how to solve simple exponential
equations such as 2" = 64. In this section, you will learn how to solve more
complicated exponential equations.
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CLASS DISCUSSION
V&

The diagram shows the graph of y = 2" for -3 = x = §. 2
Discuss the following questions with your classmates: 61
* How does the graph behave when x > 3? :
* How does the graph behave when x < —3? H
* How does the graph of y = 3" compare with the 2

graph of y = 2%? —'—'_"—'_'_F/J'

* How does the graph of y = 47 compare with the
graphs of y = 2% and y = %%3

Now answer the fol lowing question:

* Ifa>0,isit possible to find a value of x for which a” is either 0 or negative?

WORKED EXAMPLE 2

- - 5 ]
Solve the equation 27" = 8,

Answers
‘] Li"'| :H I |
| .E:“l'.'f—l - '?': i i !
8x+1 = [
Bx =2
?2
it
3
WORKED EXAMPLE 3
Solve the equation §2x=1 v g*-1 _ 049
| Answers
HEL—]HHI | :E—']_-fi ; i i
3'“_| ‘:::{E:'u"'}v : — .'-‘:"'
H?" I o 3:'1'_! == 5'-:' i 111 |i | | | |
Ei'r"" 1 _3:1 o
| 4x—-5% =5h
| 4x =8

AT |
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Chapter 3: Indices and Surds

WORKED EXAMPLE 4

Solve the simultaneous equations,
9% (277) =1
4%+ ({2)’ = 128

Answers
g% (27" =1
4* = (¥2) =128

92x E‘i‘} oy

SE:H By L 3[I

97 g
2x+3y =0

1
2x——y =17

E}I

1 e
35}- ==7,50y=-2,
Substituting y =—2 into 2x+ 3y =0 gives x = 3.

: The solution is x =3, y =-2. ,

WORKED EXAMPLE 5

a Solve the equation 4y° + 3y—1=0.

b Use your answer to part a to solve the equation H2¥)? + 5(27) - 1=0.

Answers

a 4}-E+3}|—] =0
(y-1)(p+1) =0
49—1=0o0ry+1=0

_'|.'=lﬂl'_f|-' =—1
4
b 422 +3(2)-1=0
E"zlurﬂ" =-1 replace
4
2*=92 or 2¥ =—1

Solvi ng E’x — 2_2 . Fives ¥ = —2,
There is no solution to 2° = -1, since 2* > 0 for all real values of x

| The solution is x =-2.
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Exercise 3.2
1 Solve each of the following equations.

a 5:-."::.* e E}'.'.'_r- i b 4‘-!-1+|. _ 415x- g
c '?.1."‘5 — ':,Tﬁ—."i d %‘&T!: 5._-5‘.5'}:+.":-

2 Solve each of the fUH{‘.nwing i?quminnn,

a qi,r:'-+|:32 b q_En:Eﬁﬁ c :?.r:-i-':_;':lEB
d 32"t1 _on e or-1_1 ¢ on+z_ 1
| 4 128
Bkl o h hx-16 =]
. 125
3 Solve each of the following equations.
a 2°=4° b 3% 1=97* c H3x-7=95%
d 3"=9**" e 4%tt_gi+12 f 2520l = [953x+2
11 B o {7 yx+1
g H =64 h 455, ] i 8% "L=(i.
4/ S-JH'] 16/
j 5i+s—op k 8% ~t=97" | 92 -2 _g*_g

4 Solve each of the following equations.
a 27 x4*" =64 b 27" x 8" 1 =198
¢ (22423 =g ¢ g xﬂ‘*“‘:zi
oy

5 Solve each of the following equations,

21?‘21' T | LY u."!."-'
a .’_J-—‘;S-,ﬂr b j—a“:__-_é
ﬂ. E'_'l. it 2- ﬂ e
X+ 4 . L L B Zx+ |
¢ 25' F=y d f o ? 3
47" ‘ ?
6 Solve each of the following equations.
a f‘ih X 2% = L b 2?'T * B = 8000 ¢ h¥*wdq4*= L
15 1000
7 Solve each of the [ollowin g pairs of simultaneous equations.
a 4"+2'=16 b 27°=9(3") ¢ 125"+ 5 =25
1 ol I
3 x 9Y =27 9% + Y =1 2”"“&(%] =32

8 a Solve the equation 2y° — Ty—4=0.
Use your answer to part a 1o solve the equation 2(2%)% — 7(2") -4 =0.

9 a Solve the equation 4}*2 =15+ 7y

b Use your answer to part a to solve the equation 4(9%) = 15 + 7(3%).

10a Solve the equation 3y =8 + E ] I

b Use your answer to part a to solve the equation 3x2 = 8 + 3x 2,

Scanned with CamScanner



Chapter 3: Indices and Surds

3.3 Surds

A surd is an irrational number of the form vn, where n is a positive integer
that is not a perfect square.

V2 ; Y5 and V12 are all surds.
9 is not a surd because V9 = @ = 3.
Other examples of surds are 2 + V5, V7 — V2 and 3 _;IE.

When an answer is given using a surd, it is an exact answer.

CLASS DISCUSSION

The frog can only hop
onto lily pads that

contain surds.

It is allowed to move
along a row (west or
east) or a column
(north or south) but
is not allowed to move

diagonally.
Find the route that the

frog must take to catch
the fly.

You can collect like terms together.

6VI1 + 311 =911 and 537 — 247 =347

WORKED EXAMPLE 6

Simplify 4(5 — ¥3) - 2(5+/3 — 1).

Answers

4(5 = J8) - 2(5v3 = 1) expand the brackets
mra sy e LR bty
=22- 143

Scanne d with CamScanner



Cambridge IGCSE and O Level Additional Mathematics

Exercise 3.3
1 Simplify.

a 35 + 745 b 3V10 +2v10 ¢ 811 + 11 d 643 -3

A 345 + 743 B 2v5 - 343 C 28 -+5
Simplify.
a A+B b A-C c 2A+ 3B d SA+2B-C

3 The first 4 terms of a sequence are
2 4 347 24+5V7 2477 24947,
a Write down the 6th term of this sequence.
b Find the sum of the first 5 terms of this sequence.

€ Write down an expression for the nth term of this sequence,

4 a Find the exact length of AB, A

b Find the exact perimeter of the triangle.

fi 4em

14

CHALLENGE Q

5 The number in the rectangle % )
on the side of the triangle is
the sum of the numbers at the
adjacent vertices. —

[ 13432 | [17-10+2

Find the value of x, the value of
y and the value of =

¥

y){20-3+2]

CHALLENGE Q e

6 This design is made from / I i
1 blue circle, 4 orange circles : | “
and 16 green circles. / \ﬁ'.

The circles touch each other.
Given that the radius of each : =
green circle is 1 unit, find the \ ) A

_ i
exact radius of ‘&\ N\t /
a the orange circles, ST 1/

b the blue circle. b L
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3.4 Multiplication, division and simplification of surds

You can multiply surds using the rule: ~a x Vb= Vab

WORKED EXAMPLE 7

Simplify.

a Y3x45 b (V8)° ¢ 2V5x3y3
Answers

a V3xVE=V3x5=+15
h [wrﬂ}lezwf_ﬁx'\lﬁ_ﬁlm—ﬂ Mot

| ¢ 245 x3v3 =6v16

WORKED EXAMPLE 8

Expand and simplify.

| a (4—+3)* b (V3 +5v2)V2 +v3)

. Answers

| a0 lam)e

=(4 - V3)}4 - 3)

= 16— 443 — 443 + 3
=19 - 843

b (V3 +5v2){v2 + +3)

=v6 +3+10+5v6

=13+ 66

Y98 can be simplified using the multiplication rule.

VO8 = V49 x 2 = V49 x 2 = 72
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-

Sitnplify V7R — 412,

| Answers

| 76 —i2
=25 x V3 - V4 x 3
=h5x V8 -2x+/3
= 33

You can divide surds using the rule: j% - ﬁ

WORKED EXAMPLE 10

(o
Simplify L,
V1l

Answers

Y77 _ 77 _ s
==

Exercise 3.4
1 Simplify.
a V18 x 2
e (V13)°

2 Simplify.
V112
V28
V12
V108
N

V81

:

3 Simplify.
a V8
e 50
i V80

m V44

]

= m

ey [=
vh % V6

3V % 53

V3
51

6
9+/20

35

|

=
o
=

|

=
20

|

= o
i ey
= e
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q V75 r V3000 s %—E t "E?
3200 v XV wBxVE  x VB x6

y V245 x V5

Simplify.

a 5v3 + V48 V12 + V3 c V20 +35

d V75 + 243 VY32 — 248 f 125 + V80

g V45 -5 V20 — 55 i V175 - V28 + 63

528 — 363 — V7

i VB0 ++72 -8 V200 — 2VI8 + 72

- X J n O

Expand and simplify.
a V2(3++2) b V3(2v3 + 12)
d V3(+27 +5)

2 (5 — 2+2)
V3 (3 — 1) f 5(2v5 + V20)

(g ]

e
g (V2+1)v2-1) h (V3 +5)(V3 -1) i (2+V5)2v6 +1)
j (3-+2)3+2) k (4+3)(4-+3) L (1++5)1 -+5)
m(4+2V3)(4-2v3) n (W7 +B)N7+2V5) o (8+2+v2)5+242)
Expand and simplify.
a (2+5)° b (5-+3)° ¢ (4+56v8)° d (V2 +3)

7 A rectangle has sides of length (2 + ¥8) cm and (7 — v2) em.
Find the area of the rectangle,
Express your answer in the form a+ /2, where a and b are integers.

a Find the value of AGE,

b Find the value of tan x. )
avb
b’

Write your answer in the form

where aand bare integers,

¢ Find the area of the triangle.

6
g

Write your answer in the form
where pand g are integers.

9 A cuboid has a square base.

The sides of the square are of length {1 + #’E} Cim.
The height of the cuboid is (5 - ¥2) cm.
Find the volume of the cuboid.

Express vour answer in the form a+ b2, where a and b are integers.
P bi

5V12 — 348 + 275 o V72 + V8 - 08 + V50
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CHALLENGEQ
10 Find the exact value of Y2 +v3 — V2 — 3.

(Hint: let x = V2 + V3 — V2 — V3 and then square both sides of the equation.)

CHALLENGE @

11a Given that V6 — 42 = va - Vb, find the value of @ and the value of b.

b Given that Vrﬂ?! —6Y6 - 4V2 = 7 + Vd, find the value of ¢and the value of d.

3.5 Rationalising the denominator of a fraction

CLASS DISCUSSION

Khadeeja says that:
"The ?raciuc.f afﬁw errationad musders i1 iriattonal.

Discuss this statement with your classmates and decide if this statement is:

- [ Always true J [ Sometimes true | Never true |
60 \ .

You must justify your decision.

You rationalise the denominator of a fracuon when it is a surd.

To rationalise the denominator of a fraction means o turn an irrational
denominator into a rational number,

In Exercise 3.4, question 5m you found that
(4+2V3)(4-2V3) = (4)2-8V3 + 83 - (2V3)* =16~ 12=4

This is an example of the product of two irrational numbers (4 + 243 ) and
(4 - 2+3) giving a rational number (4).

4 + 243 and 4 - 243 are called conjugate surds.

The product of two conjugate surds always gives a rational number.
The product of conjugate surds a+ bVt and a— V¢ is a rational number.

So you can rationalise the denominator of a fraction using these rules:

: : : ] : ; w
* For fractions of the form T3 multiply numerator and denominator by va.
'i"l
« For fractions of the form — multiply numerator and denominator b
a+ e’ PY ' it

i — e,
¢ lor fractions of the form

I ‘ ‘
P multiply numerator and denominator by
a+ bE,
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Note:
To find products such as (4 + 2v3)(4 — 2+3), it is quicker to use the
algebraic identity:
(x+)(x=y) =x" —y"
So (4+2V3)(4-2v3) =4 - (2V3)* =16 - 12=4

WORKED EXAMPLE 11

Rationalise the denominators of
9 b ] 8 VT + 342
V5 9+ 8 I ]

9 + V3
5(2 - V3)
(2 + V3)(2 - +3)
10 — 543
(2)? - (v3)°
= 10-5+%
V7 + 342
V7 -2

- (V7 - V27 +42)
_7+¥14 43414 +6

(V7)* - (+2)*
_ 13 +4414
5 —_ —_— —
Exercise 3.5
1 Rationalise the denominators.
1 3 9 2
—= b — c — d —
. VB V2 V3 6
4 12 4 10
k1 f 1= * h Y
* 6 V3 & T2 V8
V8 39 V15 156
5 7 I+ V5 N
m — n — 0 -
2+/2 23 B P 5
3 -2 14— 7
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2 Rationalise the denominators and simplify.

1 1 | 4
e 3+ 5 g + 7 9 _
5 V7 9 5
e f P - i
2 +45 9 — 7 . 2 -3 243 — 3
i 1 L3 E

943 — 2 s V7 —F

3 Rationalise the denominators and simplify.

23 1++2 V2 +1 V7 — 2
a = b C d ——
2 + 3 3-+2 242 - 1 V7 + 42
i V& + 1 f V17 = V11 g 3 =7 h V23 + V37
3 -5 V17 + V11 V3 + 7 V37 — V23
4 Write as a single fraction.
1 ] 2 1 2 |
= +— b + - c — + _
v3+1 48 -1 V7 +42 V72 4-3 4+43
5 The area of a rectangle is (8 + V10) cm?.
The length of one side is '[‘Jg + \E} CIm.
Find the length of the other side in the form avh + W2, where aand b are
ﬂ integers.

6 A cuboid has a square base of length (2 + VB) em.
The volume of the cuboid is (16 + 7v5) cm?®.
Find the height of the cuboid.

Express your answer in the form a + b5, where a and b are integers.

7 A right circular cylinder has a volume of (25 + 143 )n cm® and a base radius
of (2 + V3) cm.

Find its height in the form (a+ »/3) cm, where a and bare integers.

8 a Find the value of tan x

2 : : a+ 2
Write your answer in the form =
where a, b and ¢ are integers.
b Find the area of the triangle, -
g2
Write your answer in the form '
where p, g and rare integers.
9 Find the value of cos &
r . : a+ .FPE A
Write your answer in the form ——/——,
where a, b and ¢ are integers. (2++/7)em

B

Bem
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CHALLENGE Q

10 The blue circle has radius 2 and the green
circle has radius 1. AF is a common tangent
and all three circles touch each other.

Find the radius of the smaller circle.

3.6 Solving equations involving surds

.~ WORKED EXAMPLE 12

S{}]W‘E"-.IIEIZ‘MIEI‘F"-JE.

Answers

Vhx=vV2x+ V7

V5 x—V2x =7

A5 - +2) =7

X = -*.*ﬁ' —_ 1171 1

V5 — 2

V7 (V5 + ¥3) i

X = — S R

(V5 = y2)(v5 + V2]
s V35 + V14
T (VB - ({2)?
o V35 + V14
e

V3

-

+ V14
3
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| WORKED EXAMPLE 13

Solve the simultaneous equations. .
3x+ 5y =20
VZ x— Fn.'E_‘g,' =§

Answers
Ax+ :"r_*g.' =20

V2 x—54y2 y =8

332 x+ 542 3 = 2042

9 x— 5 ‘-.lr‘::'_. y =8
442 x =202 + 8

442
o = (2082 +8) x2
T X2
40+ 842
X = 3
x =5+ 2
Substituting x =5+ V2 in the first equation gives
n 305 + V2] + 5y =20
15 + 342 + 5y = 20
By =5— 342
: |
B —3+2
! [ " o
So thesolutionis x=5++2, y = ¢
H
CLASS DISCUSSION
Haroon writes: =2
x+2=¢

S+ +4=1716
X+ —-12=0
(x +6)k—-2)=0
Sox = —-6ork =2
Discuss this with your classmates.

Explain why he now has two values for x.

In the class discussion you found that if you square both sides of an equation
and then solve the resulting equation, you sometimes find that you have an
answer that is not a valid solution of the original equation. Hence, it is always
important to check your answers by substituting the answers back into the
original equation.
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WORKED EXAMPLE 14

Solve Vx=2x- 6.

Answers
JE =% -6 catiire hoth sides
x =(2x-6)(2x—6)
= 4x" — 24x+ 36
45" — 95x+36 =0
(4x— D (x—4) =0

x = % orx =4
Check x =% in the original equaton:
1..' : = % and2x  —6=— % 50 X =% is not a valid solution of the original equation.

Check x = 4 in the original equation:
V4 =2and 2 x | — 6 =2, s0 x =4 is a solution of the original equation.

So the final answer is x = 4.

WORKED EXAMPLE 15

Solve V8x+4 — V2x+1 =1

Answers

Vix+4-vY2x+1 =1 solite on P
V3x+4 =1+ v2x+1 mquare both
Sx+4 =(1+VZx+ 11 +¥2x+1) cxpand
Bx+4 =1+2V2x+1 +2x+1 solate the square roo

x+ 2 :Em 0 Lile
(x+2)* =4(2x+1) xpand the bracke
 +dx+4 =Bx+4 I
¥ —4x =0 [
x(x—4) =0

x=0orx =4

Check x =0 in the original equation:
ViX+4—V2x i+ 1 =v4-+1=1,s0x=0isasolution of the original equation.

Check x = 4 in the original equation:

Vix 1 +4-v2x1+1 =416 -9 =1, so x=0is also a solution of the original
equation.

So the final answer is x =0 or x = 4.
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Exercise 3.6
1 Solve these equations.
a V12x—VBx=3 b V10 x =5 x+ 42 c V17x=2V3 x4+ 5

2 Solve these simultaneous equations.

a 33:—}'=,:|’\"2 b x+y=5 C 3x+y=6
Ix+y=h V6x + 2y = 12 4x+3y =855
d 2x+y=11 e x+V2y=5+442
5x— 3y =117 x+9y=8
3 Solve these equations.
a l0vx-4=7Jx+6 b 6vx+4=9JVx+3 c TVx+9=10-x+10
d V2x-1-3=0 e V2x-3=6 f Ba—1=Vx+7
g 3+ VBx+6=12 h V512 - 8 = 2% i 12-Vx+5=1
4 Solve these equations.
a V2x— 1 =x b Vx+6=x € V2x+3—x=0
d Vi0-2x+x=1 e Vx+15=x+3 f Vx+4+2=x
g Vx+bh+1=x h V4x-3+2x-1=0 i vx=2x-6
j Bx+1-x-1=0 k 2x+3-20x+9=0

5 Solve these equations.
a V2x+T7=Vx+3+1 b vi=vx=5 +1

¢ V3x+4-V2x+1=1 dVx+1-vi=1
e Vx+1+V2x+3=5 £ VI6-2x=2+ V36 + 6
6 The roots of the equation ¥ —2V6 x+ 5 =0 are pand g, where p> g.

i -
Write %' in the form ;;—|—E{P-JIE

, where a, band ¢ are integers.

7 Find the positive root of the equation H— J2) x° — (1+2y2)x-1=0.

a+ 2

Write your answer in the form ==, where a, band care integers.
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Summary
Rules of indices Rules of surds
RULEl: a"xa"=a""" RULELl: ab=<axvb
RULE 9 m n_ (m—n) £= m—n ! a _~Na

2 a +: a or e a RULE 2: J; s
RULES; (a™ =ag™ RULE®: <vJax<a=a
RULE4: a"xb"=(ab)" The product of conjugate surds a + bc and
RULE 5: g; = %)“ a— bVJE is a rational number,

b
RULEG: a' =1
RULE7 a"=1
]

RULES: a"="%a
RULEY: a5 =(%G)"=a"

Examination questions

Worked example

2 ++/3
Without using a calculator, find the value of cos 8, giving your answer
: . a+ vy _ — N
in the form - , where a, band care integers,
Cambridge IGCSE Additional Mathematics 0606 Paper 21 ()3 Nov 2011

\. A
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Answers
Using the cosine rule:

Rearrange to make cos 8 the subject:

(2 + v3)? + 22 — 82

cos @ =
2x(2++3)x2
T+4V3 +4-9
cos 0=
42 + 3)
9 + 448
cos = ———m-=o
4(2 + V8)
LS [ 8 r_
cos 0= (2+4¥8)(2 - B)
4(2 + V3)(2 - \3)
e =B +4t5- V3
ea_—4+3\3
umﬁ—T

Exercise 3.7

Exam exercise

2
1 : ‘:'.l: - 0x — ,]_
1 Solve 2 64"

2 Solve the simultaneous equations,

4 X
——— = ()24
2567

3% 9 =943

SEE_T—.FI ﬁ-g'lll_ 1

3 Solve the equation - = \
> the e —
6% 216" °

corresponding values of b.

to be found.

3?={2+‘f‘5]g+22—i’3{[2+ V3) % 2 % cos 0

square brackets in the numerator

(2+V8)* =4+2V3+2V3 +8=7+43

collect like terms in the numerator

multiply numerator and denominator by (2 = v3)

_———
s

+ 4302 -V8)=4-2V3 + 83 -12=—8 + 6V3

ey —_ €1 f ===y Lt}
2+ V3)I2-+8)=2"-(¥3)" =1

o
e

divide numerator and denominator by 2

[4]

Cambridge IGUSE Additional Mathematics 0606 Paper 21 (J11a Jun 2014

5]

Cambridge IGUSE Additional Mathematics 0606 Paper 21 (35 Now 2013

4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 (35b Jun 2012

2 & i :
4 Integers aand bare such that (a+ 3V56)° + a— V6 = 51. Find the possible values of @ and the

[6]
Copmbridge I2CSE Additional Mathematics 0606 Paper 21 (39 Nov 2014

—
[

5 Without using a calculator, express 6(1 + V3)~ * in the form a + b3, where a and b are integers

[4]

Cambridge IGUSE Additional Mathematics 0606 Paper 21 ()2 Jun 2014

.
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6 Donotusea {:alculatur in this question.
(45 —2)" *z]
EEE

Express in the form f_.'l"qll._ + ¢, where fand g are integers. | 4]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 ()2 Now 201 3

7 Do not use a calculator in any part of this question.

a i Show that 3v5 — 242 isasquare root of 53 — 1210, [1]

i State the other square root of 53 — 12V10. [1]

b Express h;fr% ‘rj,: in the form a+ #6, where a and b are integers to be found. [4]
+

Cambridge IGCSE Additional Mathematics 0606 Paper 11 ()7a,ti,ii Nov 2012

8 Calculators must not be used in this question.

I
46 -2
4 C

V5 -1
The diagram shows a triangle ABC in which angle A = 90°,
Sides ABand ACare V6 — 2 and V5 + 1 respectively.
Find tan Bin the form a+ b5, where a and b are integers, [3]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 (07 fun 2013

)
g P,

9 Given that LIL _ﬂ”g_;rbr‘ find the values of a, &, and ¢ [3]

o
P
Cambridge IGOSE Additional Mathematics 0606 Paper 12 ()2 Mar 2016

10 Do not use a calculator in this question.

§1+31."_ / / 1:.1 /
]—|: i

6+2+3

The diagram shows two parallelograms that are similar. The base and height, in centimetres, of
each parallelogram is shown. Given that x, the height of the smaller parallelogram,

s —‘ﬂ+qﬁ
6

, find the value of each of the integers pand ¢. [5]

[T m.!-r-.f;.fgr TCCSE Adddittonal Mathematics (0600 .”rg'm' 22 !'.&ﬁ Mar 2016

E
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Factors and polynomials

This section will show you how to:

e remainder and factor theorems

m find factors of polynomia

m solve cubic equations.




Chapter 4: Factors and polynomials

4.1 Adding, subtracting and multiplying polynomials

A polynomial is a an expression of the form
a x" +a,_x" T +a X"+ ... +ax® +ax' +a,
where:
* «xisavariable
* 715 a non-negative integer

¢ the coethcients a,,42, .4, ¢, ... ,d9,8;,dy are constants

a, 1s called the leading coeflicientand a, # 0

a, is called the constant term.
The highest power of x in the polynomial is called the degree of
the polynomial.

You already know the special names for polynomials of degree 1, 2 and 3.
These are shown in the table below together with the special name for a
polynomial of degree 4.

Polynomial expression | ; Degree Name
_4;.1::;} a2 B I linear
ax +bx+e, azl -_E ) qua{iﬁI:ic 1
ax® +bx* +ex+d, az 3 cubic
ax* +bx* +ex* +dx+e, az0 4 quartc

The next example is a recap on how to add, subtract and multiply polynomials.

WORKED EXAMPLE 1

If P(x) = 2x* —6x* =5 and Q(x) = &* + 2x — 1, find an expression for
| a P(x)+Q), b P(x)-Q(x), ¢ 2Q(x), d P(xQ).

Answers

a P(e)+Q(x)=2x"-6x -H+x*+2x -1 col |
=3x" —6x*+2x -6

b P(x)-Q(x)=(2x" —6x2 —5) — (x* + 2x - 1)
=2 =G =B = =20 +1
' =x° —6x2 —2x—4

C 2Q[x}=2|:x3+2x—l]
=9 +4x -2

d P(x)Q(x)=(2x® - 6x? — 5)(x® + 22— 1)

S =1 3R PR 151 PP I T | P T 275 P | I—
=2x% +4x* - 2x° — 62 - 12 + 6 - 5a® —10x+ 5
= 2x°% — G’ + dx* — 192 + 6x° —10x + 5 I
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CLASS DISCUSSION

P(x) is a polynomial of degree p and Q(x) is a polynomial of degree g, where > ¢.
Discuss with your classmates what the degree of each of the following polynomials is:

P(x) + Q) 2P () | Q(x) +5 |
-3Q(x) P2(x) | [Q(x)]*
P(x)Q(x) | QP(x) | Q(x) - P(%)

Exercise 4.1

1 If P(x)=%x%+2x? —1 and Qix) = 2x% + x% +1, find an expression for
a P(x)+Q(x)
b 3P(x)+ Q(x)
¢ P(x)-2Q(x)
d P(x)Q(x).

2 Find the following products.

72 a (2x—1)(4a’ +x+2) b (x% +2x" —1)(3x + 2)
C {3x2+2x—5}{xﬁ—:~:9+-’|} d {&'+2]2[3x‘3+x—|}
e (x?-5x+2) I fgw=1)

3 Simplify each of the following,
a 2x-F(x+D+(x+1)(x-1)
b (3x+1)(x? + 5x+2)— (x* — 4x + 2)(x + 3)
C I[Eﬂ +x - |}[I2 + 3x — 4} —(x + E]{xﬁ — x* + hx + 2)
4 If f(x)=2x*-x -4 and glx) = x* +5x+ 2, find an expression for
a fix)+ xg(x)
b [£(x)]
¢ f3(x)
d gf(x).
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4.2 Division of polynomials

To be able to divide a polynomial by another polynomial you first need to
remember how to do long division with numbers.

The steps for calculating 5508 + 17 are:

324
17)5508 Divide 55 by 17

51y 3 % 17 = 5l
40 l 55 — 51 = 4, bring down the () from the next column
34 Divide 40 by 17, 2 x 17 =34
8 40 — 34 = 6, bring down the 8 from the next column
68 Divide 68 by 17, 4 x 17 = b8
0 68 —-68=10

So 5508 + 17 = 5324
r 7 °
71N
# b
dividend divisor quotient

The same process can be applied to the division of polynomials.

WORKED EXAMPLE 2

Divide »® - 6x? +8x — 4 by x-2

Answers
Step 1:
]
x— P — b + Bx— 4 i | 0 | -
2 — 2 L : ' : |
~3x* + Bx '

| Step 2: Repeat the process
X - 3x

x—=Yx =52 +8x -4

e '
8% + Bx - - .

-8x° + bx
2x - 4

Step 3: Repeat the process

X —3x+ 2
| x—2x —5x + 8Bx— 4
x> — 2o

857 + 8x
—3a* + Gix

9x—4

2% — 4 nulripl ) Iy =]
n I. o . g . -y L]
So(x"-5x*+8x-4)+(x-2)=x"-Sx+ 2
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L i R A

A.!-'.'... ._._-.bq-.-..-..,_l..l:-..* ruem
.'!E!:L;.-F-Alf'l.;:_.'.':rl._f;t-i'.u..‘-.._'..ﬁj%ﬂe,t [

Divide 2% — x + 51 by x + 3.
g = o - L v 5 [ -
T'here are no x° terms in 2x* — x + 51 50 we write it as 2x% + 0x?2 — x + 51

Answers
Pxt
x +3)2% + 02 — x+ 5l
25" + G
—fx" — x

Re peat the Process

25" — Bx
x+8] 234022~  x451
2: + 6 |
—6x' — «x
—6x" — 18x
17x+ 51
- Repeat the process
_ x— Bx+17
x+3)2° 4028 — x5l
233 + B
—6x" —  x
—6x* — 18x
17x+ 51
17x+ 51
]

So (2x* — x4+ 51) + (x + 3) = 2x? — 6x + 17.

Exercise 4.2
1 Simplify each of the following.

a (x%+ 3x° — 46x — 48) + (x + 1) b (x*-x? ~3x +2) +(x-2)
¢ (x°-20x? +100x—125)+ (x—=5) d (x*-3x—2)+(x—2)
e (x®—3x*-38x+35)+(x—7) fo(x®+2x" —9x—18)+ (x +2)
2 Simplify each of the following.
a (3x®+8x* +3x-2)+(x+2) b (6x®+11x% —8x—2) + (3x + 1)
¢ (3% —11x® + 20) + (x — 2) d (32" - 21x® + 4x — 28) + (x - 7)
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3 Simplif},r.

5 Sx® —3x° —4x+4 b 2x? + 0x° + 25
x —1 x+5
c 3x% —50x + 8 d x? —14x - 15
3x2 +19x — 2 x*=3x-5
4 a Divide x* —1 by (x +1). b Divide x* — 8 by (x - 2).

4.3 The factor theorem

In Worked example 2 you found that x —2 divided exactly into
{xﬂ - Bx® + Sx—-ﬂ.

(x* —5x* +8x—4)+(x—2) =4 - 3x +2
This can also be written as:
{:Ju:ﬂ — 5x? + Bx f-l} = (x - E}{xﬂ —3x+'2}

If a polynomial P(x) is divided exactly by a linear factor x — ¢ to give the
polynomial () (x), then

P(x) = (x - ) Q).
Substituting x = ¢ into this formula gives P(c) = 0.

Hence:;

If for a polynomial P(x), P(c) =0 then x — ¢ is a factor of P(x).

This is known as the factor theorem.
For example, when x =2,

4x% —8x? —x+2=4(2) -8(2)*-2+2=82-32-2+2=0.
Therefore x —2 is a factor of 4x* — 8x* — x + 2,

The factor theorem can be extended to:

If for a polynomial P(x), P[E) =0 then ax — & is a factor of P(x).
2

1
For example, when x = —

2 ]

] 2
4x3—i’x‘f+8x—fl=-’l(l) —2(1] +3(1)~ L A A=
9 5 9 9 3

Therefore 2x — 1 is a factor of 4x® — 2x? + 8x — 4.
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CLASS DISCUSSION

Discuss with your classmates which of the following expressions are

exactly divisible by x — 2.
3 —xlex-9 | Dol 4+ Bx? —4x -9
Ixt—xP+3x2-2x -5 x? -8
Bx> — 10x2 - 18 Xt —4x—4

Showthat ¥x =3 isafactorof x* —6x +11x -6 by
a ulg::hr.aic: division

b the factor theorem.

Answers
a Divide x* —6x%* +11x - 6 by x - 3.
- Bx4+ 2
x—38) — 62+ 11x— 6
-3 + 11x

—3xf + Ox

Ix— 6
2x— 0O
()

The remainder =0, 50 x — 3isa factorof x® —6x* +11x - 6.

b Let f(x) =" - 6x* +11x -6
F(3) = (3 - 6(3° +11(3)—-6
=27-54+33-6
=0
S0 x—3 isafactor of x* — 6x* + 11x— 6.

x*—4x2 4+ 8x — 8
x> - 8x — 8

23+ x + 10

Scanne d with CamScanner



Chapter 4: Factors and polynomials

WORKED EXAMPLE 5

9%2 + x —1 is a factor of 2x* — x? + ax + b,

Find the value of ¢ and the value of &,

Answers

Let f(x) = 2x* — x* + ax + b.
If 2x* + x =1 = (2x — 1){x + 1) is a factor of f(x), then 2x - 1 and x + 1 are also factors
of f(x).

Using the factor theorem f[l] 0 and f(-1) = 0.

(@)ool )

a

l—-rbﬂ
4 2

a=—2b

f(-1) = 0 gives 2(=1)" — (-1’ + a(-1)+ b =0

2-1-a+b=10
a=b-8 -
(2)=(1) gives b—3 = -2
$h=3
b=1
Substituting in (2| gives a = —2.

soa=-2,b=1.

Exercise 4.3
1 Use the factor theorem to show:
a x—4 isafactorof x> —3x%-6x+8
b x+1 isafactorof x* —3x—~2
¢ x-—2 isafactorof bx® —17x% + 28
d 3x+1 isafactor of 6x% + 11x% — 3x — 2.
2 Find the value of ain each of the following.
a x+1 isafactorof 6x* + 27x* + ax + 8.
b x+7 isafactor of x* —bx® — 6x + a.
c 2x+ 3 isafactorof 4x® + ax?® + 29x + 30.
3 x-—2 isafactorof »® +ax?+bx -4

E!-:p'l’f!‘ﬂﬁ bin terms of a.

4 Find the value of a and the value of & in each of the following.
a x*+3x-10 isafactor of x®+ ax® + bx + 30.
b—2x*=Hx+5isafactorof -ax ~17x*4br—15:

¢ 4x? —4x —15 isa factor of 4x? + ax? + bx + 30.
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5 Itis given that x* — 5x + 6 and x* — 6x% + 11x + a have a common factor.
Find the possible value of a.

6 x-—2 isacommon factor of 3x* —(a — b)x — 8 and x® - (a + b)x + 30,
Find the value of 4 and the value of k.

T x-3 and 2x — 1 are factors of 2x* — px* — 2¢gx + ¢.
a Find the value of p and the value of 4.

b Ex plai n why x+ 3 is also a factor of the expression.

8 x+a isafactorof x° + 8x* + 4ax — 3a.
a Show that a” — 4a® + 3a = 0.
b Find the possible values of a.

4.4 Cubic expressions and equations

Consider facmrising 2% —Bx? +8x—4 completely.

In Worked example 2 you found that (x® - 5x?* + 8x — 4)+(x—2) = x* - 3x + 2.

This can be rewritten as: % —bx? 4+ 8x—4=(x—2)(x*-3x+2).
Factorising completely gives: x* —bx? +8x—4 = (x—2)(x - 2)(x - 1).
Hence if you know one factor of a cubic expression it is possible to then

factorise the expression completely. The next example illustrates three
different methods for doing this.

 WORKED EXAMPLE 6

Factorise x° — 3x% —13x + 15 completely.
[
' Answers

Let f(x) = x* — 3x* — 13x + 15.

The positive and negative factors of 15 are *1, £3, £5 and £15.
fM=01)"-8x()*-13x(1)+15=10

So x —1 isa factor of f(x).

The other factors can be found by any of the following methods.

Method 1 (by trial and error)

f(x) = x" = 3x* =132 + 15
f)=(1)P-3x(1)*-18x()+15=0

S50 x — 1 isafactor of f(x).

f(-3)= (8" -8 x (-3 - 13x(-3)+16=0
S0 x+3 isafactor of f(x).

f(5)=(5) -3x (57 -13x(5)+16 =0

S0 x — b is a factor of f(x).
Hence f(x) = (x —1){(x — 5)}(x + 8)
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Method 2 (by long division) |
- 2x-15
x - 1) & =83x" = 18x+ 15
¥ - xf
-—E?— 13
2524+ 2x
~15x+ 15
| —15x+ 15
0

f(x) = (x = 1)(x? - 2x — 15)
= (x — 1){x — B)(x + 3)

Method 3 (by equating coefficients)
Since x =1 isafactor, x* — 3x* —13x + 15 can be written as:
=3 —13x+16 = (x— I}iﬂxE + bx + ¢)

x® — 3x? = 19x + 15 = (x — 1)(x? + bx — 15) expand and collect like terms
-3 —18x+15=x* +(b—1)x2 +{~b - 15)x + 15
Equating coefficients of x*: b—1= -3
b=-2
f(x) = (x - 1)(x? - 2¢ — 15) |
= (x = 1)(x — 5)(x + 3)

WORKED EXAMPLE 7

|
Solve 2¢* —3x* = 18x -8 =10

Answers

Let fx) = 2x° — 3x* — 18x— 8,
The positive and negative factors of 8 are +1, +2, 44 and +8.
f(-2)=2(-2) -3x(-2)* -18x(-2)-8=0
So x + 2 isa factor of f(x).
2x® — 9x% —18x — 8 = (x + 2)(ax® + bx + ¢)

2 — 3x% —18x — 8 = {x + 2)(2x* + bx — 4) expand and collect like terms
It — By — 1By =B =2+ (h+4)x* +(2-4)x -8
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F,qumiﬂg coefficients of x*: b+ 4 = -3
b=-]

f(x) = (x + 2)(2x" = Tx — 4)
=(x+2(2x+1)(x - 4)
Hence (x+2)(2x+1)(x —4) = 0.

Smx:—i'urx:—éurx:i

=

WORKED EXAMPLE 8

Solve 2x* + Tx® —2x—1 = (). |

Answers

Let f(x) = 2% + Tx* = 2x =1,

The positive and negative factors of —1 are +1.

f(=1)=2(-1F +7x (-1} -2x(-1)-1# 0
=201 +7x(1fF-2xD-120

50 ¥ =1 and x + 1 are not factors of f(x).

By inspection E[l}—ﬂ[lja h?x{i)z—i’x[l)—]"ﬂ

S0 2x -1 is a factor of:
2 + Tx? — 2x — 1 = (2x — 1)(ax? + bx + c)

w W

2% + Tx? —2x -1 = (2% - 1)(*? + bx + 1)
- 2 4 Tx? —2x—1=2 + (2 -1 +(2-B)x — ]
Equating coefficients of x5 9h-1=17
b=4

So 2x% + Tx* — 2 —1= [Ex—]]llix"‘+*‘]x+l}.

t —4+ 4T —4x1x1
X T = QX T e

2 2 %1

] —4 + 2.3
r=—orx=s——————

2 2

1
= or x=-2+3% or x =-2-./§
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Not all cubic expressions can be factorised into 3 linear factors,
Consider the cubic expression x* + x* — 36,
Let f(x) = x* + x* — 36,

[(3) = (3 +(3)° =36 =10
S0 x — 3 1sa factor of f(x).

¥+ x? — 36 = (x - 3)(ax? + bx + ¢)

.
i i

coeflicient of 7 is 1,s0 2= 1| constant term is =36, s0 ¢ = 12
gincel x1=1 since =3 % 12=-36

x* + x* - 36 = (x —3]{:1:2 + bx + 12}
*+x?=-36=x"+(b-3)x* +(12 - 3b)x — 36
Equating coefficients of x*: b -3 =1
b=4
So x*+x?-36 = (x—3){x* +4x+12)

(Note: x° + 4x + 12 cannot be factorised into two further linear factors, since
the discriminant < 0.)

Exercise 4.4
1 a Showthat x—1 isafactorof 2x° —x2 —2x+1.

b Hence factorise 2x* — x* — 2x + 1 completely.

2 Factorise these cubic exprﬁﬁﬁinns cnmplﬁtfly.

a x*+2x?-3x-10 b x" +4x* —4x-16
¢ 2x® —Ox* —18x d " — 8x® +5x+ 14
e 2x' —13x* +17x+12 f 3x+2x" —19x+6
g 4x®—8x*-x+2 h 2x% +3x* —32x + 15

3 Solve the following equations.
a x°—3x"-33x+35=0 b x*-6x?+11lx-6=0
¢ 3x?+17x" +18x -8 =10 d 2x%+ 3% -17x+12=0
e 2® -3 -1lx+6=10 f 247 +7x" —6x—4=10
g 4x +12x° +H5x—-6=0 h 2x*-3x*-29x+60=0

4 Solve the following equations.
Express roots in the form a £ bt , where necessary.
a x*+5x"-4x-2=0 b x*+8x +12x-9=10
€ M +2x°-Tx-2=10 d 2x% +3x° -17x+12=10
5 Solve the equation 2x* + 9x* — 14x -9 = (.

Express roots in the form a £ 5y/c, where necessary.
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6 Solve the equation x* + 8x* + 12x = 9.
Write your answers correct to 2 decimal places where necessary.
7 a Showthat x—2 isafactorof x* —x®-x-2.
e

b Hence show that x” — x* —x =2 =0 has only one real root and state

the value of this root.

8 f(x) is a cubic polynomial where the coefficient of x” is 1.

Find f(x) when the roots of f{x) = 0 are

a -2, 1land b b -5, -2and 4 ¢ -3, 0and 2.
9 f{x) is a cubic polynomial where the coefficient of x° is 2,

Find f(x) when the roots of f(x) = 0 are

a -0.5 2and4 b 0.,5,1and 2 ¢ -1.5,1and 5.
10 f(x) is a cubic polynomial where the coefficient of x¥ is 1.

The roots of f(x) = 0 are = 3, 1+ /2 and 1 - /2.

Express f(x) as a cubic polynomial in x with integer coeflicients.
11 f(x) is a cubic polynomial where the coefficient of x” is 2,

The roots of f(x) =0 are %, 2+ 3 and 2 - /3.

Express f(x) as a cubic polynomial in x with integer coeflicients.
12 2x + 3 isafactor of 2x? + [m? | l}lx:’] — 3x? + {I - :155]:1: + 3.

a Show that 4a” = 9g° +4 = 0,

]
]

b Find the possible values of a.

4.5 The remainder theorem

Consider f(x) = 2x7 — 4x® + Tx - 37.

Substituting x = 3 in the polynomial gives f(3) = 2(3)* —=4(3)* +7(3) - 37 = 2.
When 2x* — 4x? + Tx — 37 is divided by x = 3, there is a remainder.

2x° + 2x+ 13

e e ———

x—8)2° — 4% + Tx— 37

D% — G

Dat + Tx

2% — B
13x— 37
13x— 39

2
The remainder i1s 2. This is the same value as f(3).

f(x) = 2x° — 4x* + 7x — 36, can be written as
f(x) = (x —3)(2x% + 2¢ +13) + 2.
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[n general:

If a polynomial P (x) is divided by x — ¢ to give the polynomial
() (x) and a remainder K, then

P(x)=(x-¢c)Q(x)+ R.
Substituting x = ¢ into this formula gives P(c) = R.

This leads to the remainder theorem:

If a polynomial P(x) is divided by x — ¢, the remainder is P(¢).

The Remainder Theorem can be extended Lo:

b
If a polynomial P(x) is divided by ax — b, the remainder is f’(—].

2

Find the remainder when 7x® + 6x* — 40x + 17 is divided by (x + 3) by using
a algebraic division b the factor theorem.

' Answers

a Divide 7x* + 6x* —40x + 17 by (x + 3).
T+ 15x + 5
x+3)7 + 6x°—40x + 17
T 4+ 215°

~15x" — 40x

—15x% = 45x
bx + 17
bx + 15
2

The remainder is 2.
b Let f(x)=7x% + 62" — 40x + 17.
| Remainder = £(-3)
= 7(-3)® + 6(-3)" = 40(-8) +17
=—18B9 + 54 + 120 + 17
=P
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WORKED EXAMPLE 10

flx)=2x" +ax* -=9x + b

When {(x) 15 divided by x — 1, the remainder is 1.
When f(x) is divided by x + 2, the remainder is 19,
Find the value of aand of &

Answers
flx) =22 +ax? = 9x + b
When f(x) is divided by x — 1, the remainder is 1 means that: f(1) = 1.
21 +a(1 - 9(1)+b=1
24a2-9+b=1
a+b=8-—reeemeea
‘ When {(x) is divided by x + 2, the remainder is 19 means that: f{-2) = 19,

227 +a(-2) -9(-2)+ 4 =19
16 +4a+18+5=19

| daib =1y ais

|

- gives 3a =9

| a=3

. Substituting a = 3 in equation gives & = 5.
n | a=%andb=5

Exercise 4.5

1 Find the remainder when
a x"+2x" —x+3 isdividedby x—1
b x*—6x"+11lx—7 isdividedby x—2
€ x" =3x" —33x+ 30 is divided by x+2
d 2x% — x® —18x+ 11 is divided by 2x — 1.
2 a When x* + x% + ax — 2 is divided by x — 1, the remainder is 5.
Find the value of a.
b When 2x" — 6x* + 7Tx + b is divided by x + 2, the remainder is 3.
Find the value of b.
¢ When 2x* + x* + ex — 10 is divided by 2x — 1, the remainder is —4.
Find the value of ¢
3 fix)=s"+ax*+bx-5
f(x) has a factor of x —1 and leaves a remainder of 3 when divided by x + 2,
Find the value of @ and of &.
4 fix) =x+ax® +11lx+ b
f(x) has a factor of x —2 and leaves a remainder of 24 when divided by x - 5.

Find the value of g and of &
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5 flx)=x"-2%x*+ax+b
f(x) has a factor of x —3 and leaves a remainder of 15 when divided by x + 2,
a Find the value of a and of &
b Solve the equation f(x) = 0.

6 flx)=4x* +Bx2+ax+b
f(x) has a factor of 2x — 1 and leaves a remainder of 48 when divided by x - 2,
a Find the value of g and of &
b Find the remainder when f(x) is divided by x = 1,

T f=2x"+(a+1)x*—ax+b
When f(x) is divided by x — 1, the remainder is 5.
When f(x) is divided by x — 2, the remainder is 14.
Show that ¢ = =4 and find the value of b

8 f(x)=ax®+bx*+b5x-2
When f(x) is divided by x — 1, the remainder is 6.
When f(x) is divided by 2x + 1, the remainder is -6.
Find the value of a and of b.

9 fix)=x—b6x*+ax+b
f(x) has a factor of x — 2.
a Express bin terms of a.
b When fix) is divided by x + 1, the remainder is -9.

Find the value of a and of .

10 f(x) = x* + ax® + bx + ¢
The roots of f(x) =0 are 2, 3, and &.
When f(x) is divided by x — 1, the remainder is =8,
a Find the value of k.
b Find the remainder when f(x) is divided by x + 1.

11 f(x) = 4x* + ax®* +183x + b
f(x) has a factor of 2x =1 and leaves a remainder of 21 when divided by x - 2.
a Find the value of a and of b.
b Find the remainder when the expression is divided by x + 1.
12 f(x) = x* — 8x® + kx — 20
When f(x) is divided by x — 1, the remainder is R.
When fix) is divided by x — 2, the remainder is 4R.
Find the value of k.
13 f(x) =2 +2x* —6x + 9
When f(x) is divided by x + a, the remainder is R.
When [(x) is divided by x — a, the remainder is 2R,
a Show that 3a* = 242 =182 -9 =0,
b Solve the equation in part a completely.
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14 f(x) = x* + 6x° + kx — 15
When f(x) is divided by x = 1, the remainder is R.
When f(x) is divided by x + 4, the remainder is —R.
a Find the value of k.
b Hence find the remainder when the expression is divided by x + 2.
15 P{x)=5(x-1)(x-2)(x-3)+a(x—1)(x-2)+b(x-1)+¢
It is given that when P(x) is divided by each of x— 1, x- 2 and x- 3 the remainders are 7, 2 and ]
respectively. Find the values of a, b, and «

CHALLENGE Q

16 f(x) = x* +ax® +bx + ¢
The roots of f{x) =0 are 1, &k, and &k + 1.
When [(x) is divided by x — 2, the remainder is 20,
a Show that k* —3k—18 = 0,

b Hence find the possible values of k.

Summary

The factor theorem:

If, for a polynomial P(x), P(¢) =0 then x — ¢ is a [actor of P(x).

If, for a polynomial P(x), P(E] = () then ax — & is a factor of P(x).
L

The remainder theorem:

If a polynomial P(x) is divided by x — ¢, the remainder is P(c).

If a polynomial P(x) is divided by ax — b, the remainder is P(E] :
a
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Examination questions

Worked example
The function [ is such that f(x) = 4x* — 8x? + ax + b, where aand bare constants. It is given that

2x — 1 is a factor of f(x) and that when f(x) is divided by x + 2 the remainder is 20. Find the
remainder when f{x) is divided by x — 1. [6]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 ()2 Nov 2011

Answer
f(x)=4x>-8x*+ax+¥b

."'1
If 2x — 1 is a factor, then | §J=ﬂ.
LN
a 2 1Y
4(1] —E[l) + a . +bh=10
2 2 2 )
."“-I‘\
i—i!+.:.; —|+b=10
2 )
.-"-I“\
al-|+b=1=
I..LE',.I 2
a+2b=3 y -———{”

Remainder = 20 when divided by x + 2, means that f(-2) = 20.
4(-2)° —8(-2)* + a(-2)+ b = 20
-32-32-2a+ b =20
~2a+b =84 — (2)

From (1) a=3-2b.
Substituting in (2), gives: =2(3 - 2b) + b = 84
-6+ 4b+ b =584
hb = 90

b=18
So a =-33, b = 18.

Remainder when f(x) = 4x* — 8x* — 33x + 18 is divided by (x — 1) is £(1).
Remainder = 4(1)° — 8(1)° - 35(1) + 18

=4-8-33+18
=-19
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Exercise 4.6

Exam Exercise

1 a Show that x — 2 is a factor of 3x® — 14x* + 32, 1]
b Hence factorise 3x* — 14x* + 32 completely. [4]

Ceambridge IGUSE Additional Mathematics 0606 Paper 21 Q124,05 Nov 2012

2 The function f{x) = ax® + 4x? + bx — 2, where aand b are constants, is such that 2x — 1 is a
factor. Given that the remainder when f{x) is divided by x — 2 is twice the remainder when
f(x) is divided by x + 1, find the value of a and of b. (6]

Cambridge [GUSE Additional Mathematics 0606 Paper 11 06 Now 2013
3 a The remainder when the expression x* 4+ 9x* + bx + ¢ is divided by x — 2 is twice the
remainder when the expression is divided by x — 1. Show that ¢ = 24, [5]

b Given that x + 8 is a factor of 2% + 9x? + bx + 24, show that the cquation
x* 4+ 9x* + bx + 24 = (0 has only one real root. El

Cambridge IGOSE Additionial Mathematics 0604 Paper 21 Q1 4, Nov 2012

4 The expression x” + 8x* + px — 25 leaves a remainder of R when divided by x —1anda
remainder of —R when divided by x + 2.

a Find the value of p. [4]
b Hence find the remainder when the expression is divided by x + 3. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3i,i fun 2011
5 Factorise completely the expression 2x” — 11x* — 20x — 7. [5]
Cambridge [GUSE Additional Mathematics 0606 Paper 11 (M4 Nov 2010

6 The expression x® + ax® — 15x + b has a factor of x — 2 and leaves a remainder 75 when divided
by x + 3. Find the value of a and of A [5]
Cambridge IGOSE Additional Mathematics 0606 Paper 21 2 New 2010

7 The polynomial f(x)=ax®+7x" —9x+b is divisible by 2x — 1. The remainder when f(x) is
divided by x - 2 is 5 times the remainder when f(x) is divided by x+ 1.

i  Show that a = 6 and find the value of b. 4]

il Using the values from part a, show that [(x)=(2x— l]l(f:;:lu:E +dx + E), where ¢, dand eare
integers to be found. 2]

lii Hence [actorise f(x) completely. [2]

Cambridge [GESE Additional Mathematics (606G Paper 12 Q7 Mar 2016

| S
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Equations, inequalities and graphs

This section will show you how to:
m solve graphically or algebraically equations of the type | ax -+ & =|ex+d|

m solve graphically or algebraically inequalities of the type |ax + 5| = ¢ (r= 0],
|lax+bl=¢ (e=1)) and |ax + 0| =|ex +d|

m solve cubic inequalities in the form k(x—a)(x = b)(x = ¢} = d graphically
m sketch the graphs of cubic polynomials and their moduli, when given in factorised form

m use substitution to form and solve quadratic equations.
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5.1 Solving equations of the type |ax+ b|=|cx + d|

CLASS DISCUSSION

: : 2 2
Using the fact that |¢;| = p* and |g| =¢" you can say that:

; 2 2
' =¢"=[p| —|q
Using the difference of two squares then gives:

p*=q*=(12l-lal)(I 2] +l4l)
Using the statement above, explain how these three important results can be obtained:
(The symbol ¢ means ‘is equivalent to’.)

* |pl=l4| & r'=¢

* [p>lg & #°>7

* [pl<ldl & p*<g’ ifq=0

The next worked example shows vou how to solve equations of the form
|ax + b =|ex + d| using algebra. To solve this type of equation you can use the
techniques that you learnt in Chapter 1 or you can use the rule:

1pl=lql & p*=¢°

Solve the equation | x = 5| =[x + 1| using an algebraic method. |
Answers
Method 1
lx =5l =|x+1]|
x—H=x+1 or x=-h==-(x+1)
U=0 or 2x=4
=19

The solution 1s x=2

Method 2
|lx=5] =|x+1]
(x— :':n-jl.'J ={x+1 }'
xt=10x4+95=x"+2x+1
12x=24
x=2
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The equation |x— 5| =|x+1| could also have been solved graphically.

y=|x+1| y=|x=5|

9 4 6 8 10 12x

1
1
I
I

]
I
]
¥

8 T8 [

=
Mo’
,

The solution is the x»coordinate where the two graphs intersect.

WORKED EXAMPLE 2

Solve the equation |2x + 1| =|x — 3| using an algebraic method.

Answers
Method 1
|2% 4+ 1] =|x— 3|
I%+1=x-3 or x+1=-(x-3)
x= =4 or Jx=2
2
X =—
3

e 2
Solution 15 x = E or x=-4
| Method 2
| 9541 = %=

(2x+10 =(x-3)F
4x* +4x+1=x-6x+9
x* +10x-8=0

Bx—-2)(x+4)=0

T

.1|:=E or x=-4
3
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The equation |2x+1|=|x—3| could also be solved graphically.

9x + 1| y=|x

T B—

(<2 gl T2 T8 A | 10| 12+

- R ——

-6
From the graph, one of the answers is clearly x = —4. The exact value of the other answer is not so
obvious and algebra is needed to find this exact value.

The graph of y=|x-3| can be written as:
y=x-3 if x=3
y=—(x-—3) if x<3

The graph of y=|2x+1| can be written as:

]
= y=2x+1 if x=——
g2 - 9
. - 1
y=—(2x+1) if .::-::—E
T'he second answer is found by finding the x value at the point where y=—(x—3) and y=2x+ 1

intersect.
2x+1l=—x-3
2x+1l=—x+5

Jx=2
2
x=—
3

Hence the soluton 1s x=—4 or x =

Lo | ko
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WORKED EXAMPLE 3

Solve |x + 4| +]|x - 5| =11,

Answers

|x + 4] +|x = 5| =11 L ! -
|x+4| =11—|x - 5| alit the equetion into Bvo pers
x+4=11—|x-5|
x+4=|x-5|-11 2 I

Using equation
|x-56l=T-=x
x—hHh=T-x or x—h=—(7-1x)
2x=12 or h=-2
x==6

Using equation
lx—Hl=x+15

| x—h=x+15 or x=h=-(x+15) .
|

0=20 or 2x=-—10 '
x=-5 |

The solution 15 x= 6 or x=-5.

Exercise 5.1

1 Solve.
a |2x-1|=|x b |x+5|=]x—4 c |2x—3|=|4-x|
d |[bx+1=]|1-3x| e |[1-4x|=]|2—x| f \1—%l=i§.’rx -2
g [3x-2|=|2x+5]| h |2x-1]=2|3—x] i |2—x|=5[—-x+1

2 Solve the simultaneous equations y=|x-5| and y=|8-x|.
3 Solve the equation 6]x+2|" +7|x+2[-3=0.

4 a Solve the equation x* —6|x|+8=0.
b Use graphing software to draw the graph of f(x)=x"—6[x[+8.

¢ Use your graph in part b to find the range of the function f.

“CHALLENGEQ
5 Solve the equation |x+1|+|2x-3|=8.
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CHALLENGE Q
6 Solve the simultaneous equations y=|x-5| and y=|3-2x|+2.

CHALLENGE Q
7 Solve the equation 2|3x+4y—2|+3,/25-5x+2y=0.

5.2 Solving modulus inequalities

Two useful properties that can be used when solving modulus inequalities are:

|pl=q © —q<p<q and |p|=g & p<—q or p=g

The following examples illustrate the different methods that can be used when solving modulus inequalities.

Solve |2x — 1| < 3.

Answers

ﬂ Method 1 {using algebra)

|2x—1] < 3
-3<2x—-1<3
-2<2x <4
-l<x <2

Method 2 (using a graph)
The graphs of y =|2x - 1| and y=3 intersect at the points A and B.

2x—1 if x&=-= y=|2x— 1
|2x—1] = 13-
—-(2x-1) f »x<-—
2
At A, the line y=—(2x - 1) intersects the line y= 3, . =
-(2x-1) =3
—Zx+1=5
2x==2
x==1 e
At B, the line y=2x - 1 intersects the line y= 3. 1 2 5%
2x=1=3
2x=4 |
x=2

To solve the inequality |2x — 1| < 3 you must find where the graph of the function
¥y =|2x = 1| is below the graph of y= 3.
Hence, the solution is -1 < x< 2,
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WORKED EXAMPLE 5

|
Solve |2x + 3| > 4.

Answers

Method 1 (using algebra)

|2x+ 3| > 4
2%+3<—4 or 2x+3>4
Px<—7 or L e 2
T 1
A - or x> —
2
Method 2 {(using a graph)
The graphs of y =|2x + 3| and y= 4 intersect
at the points A and B.
: 1
2x+3 if x= _IE
|22 + 3| = 1
—(2x+3) if x<- 2
At A, the line y=—(2x + 3) intersects the line y=4.
—(2x+3) =4 .
9x_8 =4 |
9x =7 |
7
X ===
2
At B, the line y=2x+ 3 intersects the line y= 4.
2x+3 =4
2x =1
1
X =—
2

To solve the inequality | 2x + 3| > 4 you must find where the graph of the function |
y =|2x + 3| is above the graph of y=4.

St T 1
Henee, the solution is x < _E or x> 5"
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. _

Solve the inequality [2x +1| = |3 - x|.

Answers
Method 1 (using algebra)
12541 = |3 - x|
(2x+1) =(3-x)
4x° + 4x + 1= 0 — Bx + 2*
32 +10x-8=0
(3x-2)(x+4)=0

Cntical values are E and —d.

y=3x*+ 10x — 8B

o &

Method 2 (using a graph)
| The graphs of y =|2x + 1| and y =|3 - x| intersect at the points A and B.

2x+ 1 if x;—%
12+ 1] = |
—(2x+1) f x<-—-=
2
x-3 if x=3
13-x|=|x-3|=

~(x-3) if x<3

At A, the line y==(2x+ 1) intersects the line y=—(x— 3).
2x+1 =x-3
x=—4

At 0, the line y=2x + 1 intersects the line y==(x- 3).
2x+1 ==(x-3)

dx=9
bl
x=—
i
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J y=|2x +1]

I

F6-5-4-8-2-10] 1 23 45 67 8 9%

. To solve the inequality |2x + 1| =|3 — x| you must find where the graph of the
function y =|2x + 1| is above the graph of y =|3 — x|.

Hence, x = —4 or xﬁi_

Exercise 5.2

1
y=lx -2

10

i

-1 | 123 456780910¢%

The graphs of y=|x-2| and y=|2x-10| are shown on the grid.
Write down the set of values of x that satisfy the inequality |x— 2| >|2x-10].

2 a On the same axes sketch the graphs of y=|3x—6| and y=|4-x|.

b Solve the inequality |3x—6| =4 —x|.

3 Solve.
a |2x-3|>5 b |[4-5x|=9 c |8-3x|<2
d 2x-7|>3 e |3x+1|>8 f [5-2x|=7
4 Solve.
a |[2x-3|=x-1 b |5+x|>7-2x € |x-2|-3x=1
5 Solve.
a |2x-1]=|3x| b |x+1|>|x| C |x|>[3x-2|
d |4x+3|>|x| e |x+3|=|2x| f |2x|<|x-3|
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6 Solve.

a |x+1|>|x—4 b |x—2|=|x+5| € |x+1=|3x+5|

d |2x+3|<|x—3 e |x+2|fzéx—ﬁ f [3x—2=|x+4|
7 Solve.

a 2x-3|>|3x+]| b 3ix-1|<|2x+]] € |2x-5|=32x+1|

8 Solve the inequality |x+ 2k| =|x—3k| where kis a positive constant.

9 Solve the inequality |x+3k| < 4|x— k| where & is a positive constant.

CHALLENGE Q
10 Solve |3x+2|+|3x—2| =8.

5.3 Sketching graphs of cubic polynomials and their moduli

In this section you will learn how to sketch graphs of functions of the form y= k(x —a){x —b)(x—¢) and
their moduli.

When sketching graphs of this form you should show the general shape of the curve and all of the axis
intercepts.

To help find the general Hh:ipt'! of the curve you need to consider what happens to

¢ yas xtends to positive infinity (i.e. as x — +2)

® yas xtends to negative infinity (i.e. as x — —co)

a Sketch the graph of the function y={2x-1)(2-x)(x+1).
b Hence sketch the graph of y=|[{2x=1){2~x) (x+ l“ll

Answers
a8 Whenx=0,y==1x2x1=-2
. The curve intercepts the y-axis at (0, =2},
When y=0, (2x-1)(2-x)(x+1) =0
2x—1=0 2-x=0 x+1=90

X=— x =2 x =-1

2
: : : l
.. The curve intercepts the xaxis at [.‘E {]}, (2, 0) and (-1, 0).

Scanne d with CamScanner



Chapter 5: Equations, inequalities and graphs

As X — teo, > —
As x—3 —o0, y—> +oo
The graph of the function y= (2x - 1}(2 - x) (x+ 1) is:

y= (2x=1){2-x)(x+1)

>

b Tosketch the curve y =|(2x = 1)(2 = x)(x +1)| you reflect in the xaxis the parts
of the curve y = (2x — 1)(2 — x)(x + 1) that are below the x»axis.

y y=[(2x=1)(2 - %) (x+ 1)

WORKED EXAMPLE 8

a Sketch the graph of the function y = (x —1)" (x + 1).
b Hence sketch the graph of y = 1{1‘ ~1F(x+1 ]|| g

Answers
a Whenx=0,y=(-1?x1=1,
. The curve intercepts the yaxis at (0, 1).
| When y=0, (x—1)(x—1)(x+1) =0
x—1=0 x=1=0 x+1=0
x =1 (repeated root) x=-1
The curve intercepis the x»axis at (1, 0) and (-1, 0).

As X — Fo0, §y —3 +oo
As x — —o0, § — —oo
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The graph of the function y = (x = 1)* (x + 1) is:

'\.I- i ] :| i
.1I
£
1 0 1 x

b To sketch the curve y = ! (x—1)"(x+ 1}| you reflect in the x-axis the part of the

curve y = (x = 1)° (x + 1) that is below the xaxis.

_‘_pr

1/

-1 0

=y

In worked examples 7 and 8, you considered the value of y as x — 1 e to determine the shape of the
cubic curve. It is often easier to remember that for a curve with equation y=k(x - a) (x— b) (x— ¢) the
shape of the graph is:

N if k is positive \_/\ if kis negative

Exercise 5.3

1 Find the coordinates of the points A, Band C y=(x=2)(x+ 1)(x-3)
where the curve intercepts the x-axis and the
point D where the curve intercepts the D

positive y-axis. \ /

/Aﬂ

2 Sketch each of these curves and indicate clearly the axis in'r&t'i'{:p'rs.

a y=(x—-2)(x—4){x+3) b y= 2y (x+ 1)(5— 2
€ y={2x+ 1){x+2)(x-2) d j':L =2x)(x~-1)(x+ 2)
3 Find the coordinates of the point A and the point B, y v=2(x+ 127 —92x)

where A is the Imint. where the curve inlﬂrﬂ:ﬁpm the
positive x-axis and B is the point where the curve
intercepts the positive y-axis.

P

-1 0 A\:E
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4 Sketch each of these curves and indicate Clcarl}i the axis intercepts.

2 y=r(x+2) b 5=(5-29
¢ y=(x+1)(x-2) d y=(x—2)"(10-3%)

5 Sketch each of these curves and indicate clearly the axis intercepts.
a y=|(x+1}x—-2)x-3)| b y=|2(h=2x)(x+1)(x+2)
c _}':|x{ﬂ :r.:"*]| d sziﬂl{r 1}2{x+l}|

6 Factorise each of these functions and then sketch the graph of each function indicating clearly the
axis intercepts.

5

a y=99x—x b JILIH-I-"iIE"i‘I—ﬂ

€ y=2x"+x*—25x+12 d 3y=2x"+3x% — 29x - 60
7 a On the same axes sketch the graphs of y=x(x-5)(x-7) and y=x(7-x), showing clearly the
points at which the curves meet the coordinate axes,
b Use algebra to find the coordinates of all the points where the graphs intersect.
8 a On the same axes sketch the graphs of y=(2x—1)(x+2)(x+1) and y=(x+1)(4 ~x), showing
clearly the points at which the curves meet the coordinate axes,

b Use algebra to find the coordinates of all the points where the graphs intersect.

CHALLENGE Q
101

9 The diagram shows the graph
of y=k(x—a) (x-1).
Find the values of a, b and k.

i3 3 X
9
_4.
CHALLENGE Q
10 The diagram shows the :
graph of
y=|k(x—a)(x—b)(x—c)|
where a< b< ¢
Find the values of a, b,
¢ and k
9 | 9 X
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5.4 Solving cubic inequalities graphically

[n this section you will learn how to use a graphical method to solve inequalities of the
form k(x—a)(x-b)(x-¢c)<d.

¥ G 3 (x=2)(a
The diagram shows part of the M
]
graph of y = FI:J: — 3 x - 2)(x+ 2). b
}
Use the graph to solve the 1*\
inequality (x — 3)(x — 2)(x + 2) = 6. \
¥ S T i S T L
ik
9
" 2
Answers
(x—3)Mx—2)x+2)=6
%[x-ﬂ](:—?}[x-l-i’}ﬂ] |
& ¥ ) (x=3)(x=2)(x+2

F=z
You need to iind where the 31
1
curve y = {?I[x x -2 (x+ 2) /_?'\
]
15 below the line y= 1. i } _ y=1 |
The red sections of the graph f{ \ / : ,

represent where the —-:;'. T"é -i i ﬁ | ,!| x
1 -1
curve y = = (x = 3)(x = 2) (x +2) X
3
i5 the line y= 1, | =21 |
|
| _5_

Thesoluton s *x =-lb6 orl=x= 3.6.

Exercise 5.4

1 The diagram shows part of the graph of y=x(x-2)(x+1). ;I v=x(x=2)(x+ 1)
Use the graph to solve each of the following inequalities
a x{x—-2)x+1)=<0, 1
b x(x-2)x+1)=1,
¢ x(x—-2)x+1)=-2 -9 I 5 X
=11
—9
=1
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2 The diagram shows part of the graph of y=(x+1)"(2—x). J
Use the graph to solve each of the following inequalities
a (x+1)]°(2-x)=0,
b (x+1)(2-x)=4,
¢ (x+1)(2-x)<=8.

yeia+{1)(2 - «)

3 The diagram shows part of the graph

y

of y=(1-x)(x—2)(x+1). 9,
Use the graph to solve each of the following inequalities a 9y I
a (1-x)x-2)(x+1)=-3, /’\\
b (1-x)(x—-2)x+1})=0, o 3 X
¢ (1-x)(x—-2)(x+1)=-1. 1A

=31

__,..'_!,_

5.5 Solving more complex quadratic equations

You may be asked to solve an equation that is quadratic in some function of x.

Solve the equation 4x* —17x° +4 =0,

Answers
Method 1 (substitution method)
4x" —17x* +4 =0
45" —17y+4=0
(4y-1)(y-4)=0

4y-1=0 or y-4=0
1
=— or =4

=3 J

:il-l '] E = ——

X" == =4

X 1 or x

:n:='|_'—l- or x =12

2
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Method 2 (factorise directly)
4x* 1727 +4 =0
{11-.1:E - }.}(.IE —4}=ﬂ'

4x* —1=0 or x2—4=0

WORKED EXAMPLE 11

I s l
Use the substitution y=x* tosolve the equation 3x* —5x* +2=10,

Answers
2 |
323 —56x*+2=0
3y* -5y+2=0
(3y-2)(y-1)=0
104 39-2=10 or y—1=0
—E or == ]
¥ 3 7
1 1
x3=E or x3 =1
3
:? :‘L
.y or x= {1
g [3]
x—-E— or x=1
= -

'

Solve the equation x—4x—-21=0. |

I Answers
x—4fx —21=0
y —4y—21=0 .

(y-7)(y+3)=0
0 or y+3=0
7

=]
fl

J]_

or y==3

or Jx =-3

:-1 fﬁu
|
e |

I
s
4]

-
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WORKED EXAMPLE 13

|
Solve the equation 8 (41)—33[{?—}—4 =1

Answers

8(4*)-33(2")+4=0
8(2*) -33(2°)+4=0
8y -33y+4=0
(8y-1)(y-4)=0

0r :p=£1-

}I:

, = or 2'=4

oo | = 0o | —

| x==3 or x=2

Exercise 5.5
1 Find the real values of xsatistying the following equations.
a x'-5x"+4=0 b x*+x*-6=0 ¢ x'-20x" +64=0
d x*+2x*-8=0 e x'-4x’-21=0 f 2x"-17x"-9=0
. S . &
E 4x' +6=11x" h —+—=5=6 i —t—5=1
- R R

2 Use the quadratic formula to solve these equations.

Write your answers correct to 3 significant figures.

a x'-8x+1=0 b x*=5x*-2=0 c Zx'+x'-5=0
d 2x"—3x"-8=10 e 3P -5x*-92=0 f 2x*—T7x'—3=0
3 Solve.
a x-7Jx+10=0 b x—+Jx—-12=0 ¢ x+b5/x—-24=0
d Jx(2+Vx)=35 e 8x-18Jx+9=0 f 6x+11Yx—35=0
5 4
9%+ 4 = 9Jx h 3Jx+——==16 i 2Jx+—=9
g Jx e i
o |

4 Solve the equation 2x° ~7x%+6=0.

§ Thecurve y= Jx and the line Hhy=x+4 intersect at the points Pand .
a Write down an equation satisfied by the xcoordinates of Pand (.

b Solve your equation in part a and hence find the coordinates of Pand ().

6 Solve.
a 2-6(2°)+8=0 b 3*-10(3*)+9=0 ¢ 2(2%)-9(2")+4=0

321 _98(3*)+9=0 d 2**°-33(2")+8=0 e 3**+3(3")-2=0
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7 f(x)=2" and g(x)=4x"+7x. Solve gf(x)=2
8 f(x)=x"-2 and g(x)=x"—5x. Solve gf(x)=6.

9 f(x)=x"+3x and p,'[rﬁ.']=x! 4x . Solve gf(x)=0,

Summary
Solving modulus equations

To solve modulus equations you can use the property:
|a| = |b| & a? = b

Solving modulus inequalities

To solve modulus inequalities you can use the properties:
lal|=b & -b=a=1b
la|=b a=-bor a=h
|a| >8] & a* > b?
la| <|bl = a® <F,b#0

The graph of y=k(x—a)(x-b)(x—¢)

The x-axis intercepts are (a, 0), (4 0) and (¢ 0).

m The shape of the graph is

N if k is positive \/\ if k is negative

The graph of y=|k(x-a)(x—b)(x—c)|
To sketch the curve y = |k(x —a)(x — &)(x — ¢)| you reflect in the xaxis the parts of
the curve y=k(x—a)(x—b)(x—c) that are below the x-axis.
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Examination questions

Worked example

a On the same axes skeich the graphs of y= x*(x—2) and y= x(6 — x), showing clearly
the points at which the curves meet the coordinate axes. [5]

b Use algebra to find the coordinates of the points where the graphs intersect. [6]

Examination style question

Answers
a The graph of y= x*(x - 2):
When x=10, y= 0% x (—2) = 0.
~. The curve intercepts the y-axis at (0, 0).
When y=0, x*(x—2) =0
x=10 x=1{ x—2=0
x=10 (repeated root) x=2
- The curve intercepts the x-axis at (0, 0) and (2, 0).
As x — +oo, § -3 +oo
As x — —o0, y = —co
The graph of y= x(6 - x):
When x=0, y=0x6=0,
~. The curve intercepts the y-axis at (0, 0).
When y=0, x(6—x) =0
x=10 b—x=0
x=10 x=5
- The curve intercepts the x-axis at (0, 0) and (6, 0).

107

AR X teo, J—> —se
As X — —o0, §—3 —oo
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b At the points of intersection:
¥ (x—2) = x(6—x)
x5 (x=2) = x(6=x) =0
x[x(x—2)—-(6—-2x)]=0
x(x* = x—6) =0

x(x—3)(x+2) =0
x=0 or x=3 or x=-2
x=0 = y=0
x=23 = 3=9
x=-2 = y=-16
The points of intersection are (-2, —16), (0, 0) and (3, 9}.

Exercise 5.6
Exam Style Exercise

1 Solve the equation |2x — 3| =

3x — 5. [3]

Examination style question

2 Solve the inequality |2x — 1| > 7. [3]

Examination style guestion
3 Solve the inequality |7 — 5x| < 3. | 3]
xaminalion style guestion
4 Solve the inequality | x| > |3x = 2|, [ 4]
Examination style question
5 Solve the inequality |x — 1| = |x + 2|. [4]
Examination style question

6 Solve the inequality [x + 2| <

éx.. |‘_ [4]

Examination style question

7 Solve the inequality | x + 2k| > |x — k| where kis a positive constant. [4]
Examination style question

8 a Solve the equation |x - 13| = 14. [3]
b Hence solve the equation | y* — 13| = 14. [1]

Exgmmation style question

9 Sketch the graph of y=x(3-2x)(x—4), showing clearly the points at which the curve meets the
coordinate axes. [3]

Examination style question

. e
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10 Sketch the graph of y=2(2x-1)(x—3)(x+1), showing clearly the points at which the curve
meets the coordinate axes, [4]

11

Fxamination style question

Yo

S
1

pe2{x+ 1} (x-1)(2 - x)

=iy

The diagram shows part of the graph of y= 2(x+1)(x-1)(2—x).

Use the graph to solve the inequality (x+1){x—1){(2-x)>-1. |5]

12 a

13 a

14 a

15 a

Examination style question

Sketch the graph of y=(x—4)(x=1)(x+2), showing clearly the points at which the curve
meets the coordinate axes. [4]
Hence sketch the curve y = |(x—4)(x = 1)(x +2)|. (1]

Examination style question

Factorise completely x> +x* —6x. [3]
Hence sketch the curve with equation y=x" +x° - 6x, showing clearly the points at which
the curve meets the coordinate axes, [3]

Examination style question

: : 6 _
On the same axes sketch the graphs of y=(x-3)(x+ 1)* and y=—, showing clearly the
points at which the curves meet the coordinate axes. 1 [5]

: : ; s b
Hence state the number of real roots of the equation (x—3)(x+1)" =—. [1]
X

Examination style question

- : 3, .3 ;
Factorise completely 2x” +x" —25x+12. 5]

A
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16 a

Hence sketch the curve with equation y=2x* +x* —25x+12 , showing clearly the points at
which the curve meets the coordinate axes. [4]

Examinaiion style question

On the same axes sketch the graphs of y=x"(6-x) and y=4x(4—x), showing the points
at which the curves meet the coordinate axes, [5]

Use algebra to find the coordinates of the points where the graphs intersect. 6]

Examination style question
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This section will show you how to:

m use simple properties of the logarithmic and exponential functions including In x and e*

m use graphs of the logarithmic and exponential functions including In x and e*and graphs of ke™ +a
and k In{gx+ b) where n, k, a and b are integers

m use the laws of logarithms, including change of base of logarithms
solve equations of the form a* =b,
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6.1 Logarithms to base 10

Consider the exponential function f(x) = 10~ l [}E';J
To solve 10" = 30.

You can say 10' =10 and 10% = 100, 80
50 B ab e/

The graph of y = 10* could be used to give a 60-
more accurate value for x when 10* = 30,

From the graph, x = 1.48. 40

There is a function that gives the value of x directly.

If 10* = 30 then x = log,,30.
log;;30 is read as ‘log 30 to base 10"
log is short for logarithm.

201

Note:
logyp 30 can also be written as Ig 30 or log 30.

On your calculator, for logs to the base 10, you use the | log Jor| lg | key.
So if 10* = 30
then x = log, 30

x = 1.477 to 4 sf,

112

Hence the rule for base 10 is:

If y=10% then x=logy.

This rule can be described in words as:

log)gy is the power that 10 must be raised to in order to obtain y.

For example, log,,100 = 2 since 100 = 10°.

b y=x
y =10 and y = log,x are inverse functions. s
o
frr
#J'
ffr
’J
f'-' ¥
l . o I::I'_hl " X
..I"‘l-ll _____.-F"'- =
__// :"; /
lnl' -
& 1 X
‘_-f
f'*'
f.I'
l'r
.lf'
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CLASS DISCUSSION

Discuss with your classmates why each of these four statements is true.

( log, 10 =1 ) ': logpl =0 j log;p10* = x for x cH ( x = 1098e* for x> ﬂ)
\ B

WORKED EXAMPLE 1

a Convert 10* = 45 to logarithmic form.

b Solve 10* = 45 giving your answer correct to 3 sf.

Answers
a Method 1
10 =45
Step 1: Identify the base and index: | 0.1 il

Step 2: Start to write in log form:

‘ Step 3: Complete the log form:
Sox = Iﬂglﬂ‘iﬁ.

| Method 2
10* =45

]ﬂgmlﬂ'r = ]G‘qu".:.l

X = iﬂgm‘ls

45

|ﬁgln45
= 1.0D

b 10
x
x
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WORKED EXAMPLE 2

a Convert loggx = 2.9 to exponential form.
b Solve loggx = 2.9 giving your answer correct to 3 sf,

Answers

a Method 1
Iﬂgm:\: =29

Step |: Identify the base and index:

Step 2: Start to write in exponential form:

Step 3: Gomplete the exponential form:

So x =10%9
Method 2
logjgx =29
10'81%= 1029
x=10"
h |{}ng = E.g
! x =102
x = 704

WORKED EXAMPLE 3
|

Finid the value of
a log,, 100 000 b log,,0.00] c

Answers
a log,,100 (00 = log,,10°

b log,,0.001 = lﬂgmlﬂ'ﬂ

¢ log, 100410 = log,,10%5

= 2.5

log,, 100410,
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Exercise 6.1
1 Convert from exponential form to logarithmic form.

a 10° = 1000 b 10% =100 ¢ 10° = 1000000
d 10r=2 e 10 =15 f 10* = 0.06

2 Solve each of these equations, giving your answers correct to 3 sk
a 10 =75 b 107 =300 ¢ 10° =720
d 10" =15.6 e 10* = 0.02 f 10% = 0.005

3 Convert from logarithmic form to exponential form.
1

a lg 100000 =5 b Igld=1 c lg——=-3
& 5 & 1000
d lgx=75 e lge=17 f lgx=-038
4 Solve each of these equations, giving your answers correct to 3 sf.
a lgx=>5.1 b lgx=3.16 ¢ lgx=216
d lgx=-03 e lgx=-15 f lgx=-2.84
5 Without using a calculator, find the value of
a lg 10000 b lg0.01 ¢ lg10
1000
lg (210 lg {10410 | —]
d Ig ( ] e Ig ( v"_] f Ig (m

115

6.2 Logarithms to base a

; : y=a
In the last section you learnt about logarithms to the base J : y= X
of 10. ,_‘.*’
The same principles can be applied to define logarithms *
in other bases. g
¥4 v = |”f—i_"
I

If y = a* then x = log,y. / i

log,a=1 log,1=0 Zil 1 X

log,a* = x x = a8~ i

The conditions for log x to be defined are:
e g>0and a=1

e x>
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WORKED EXAMPLE 4

Convert 24 = 16 to Ic}garithmir. torm.

Answers
| Method 1
| #4=16
Step |: Identify the base and index:

Step 2: Start to write in log form:

Step 3: Complete the log form:
50 4 = logy16.

Method 2
2t =16
logs2* = log,16
4 =log.16

WORKED EXAMPLE 5

Convert log;49 = 2 to exponential form.

Answers

Method 1
log,49 =2
[dentify the base and index:

' Start to write in E}{pﬂn-ﬁnﬁﬂ] form:
'+ Complete the exponential form:
S0 7t =49

Method 2 :
logy49 =2
log, 49 _ 72
49 = 7*
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WORKED EXAMPLE 6

Find the value of
a loggsl

Answers
a !quﬁ] = ]Ug:i 31
i
b log;128 = logy 27
=7
c lo ol log,47°
B4 16 Eg-+

b log.125

Chapter 6: Logarithmic and exponential functions

1 Convert from exponential form to logarithmic form.

Exercise 6.2
a 4 =p4
d 6% =36
g a*=b

b 95 =39
9 = —

. 39

h x¥=4

Lo

2 Convert from logarithmic form to exponential form.

a log,4=12
d log,%=2

g log,1=10

3 Solve.
a log,x=4
1

g logy,(x-1)=4

4 Find the value of

a log,l16 b
e log,243 f
i logg8 j

5 Simplify.

a log, x* b
1 3
e log, [—n] f
% 1
6 Solve,

a It}g:ﬁ{]ﬂgg x} =1

e log,b = 5

Em

h log 8=y
b log,x =2
log 144 = 2

h log,(2x+1) =2

log, 81 c

log, (H-,E) E

log. [?] k

]ngﬂ.'"; c

log, (JF ) g

C

f

log, 64

log. (i’ﬁ-ﬁ ) h

log; 5

6% =125
L
81
a’® =¢
log,l =0
1
logs2 =2
log b=c¢
log.x =4
]ngri"'? =3

log,(2—-3x)=3

d log,0.25
o
52\ 8

1
log,, E

—

log, (:u:u";:) d log, ;13

i
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6.3 The laws of logarithms

[f x and y are both positive and a > 0 and a = 1, then the following laws of
logarithms can be used:

Multiplication law Division law Power law
x
log, (xy) = log,x + log,y log, (;] = log, x — log, ¥ log, (x)" = m log, x
Proofs:
X m
08, () os, ] 08,4
o I.I:lr‘".?l.' ]I' '-E i J.I -
- I{}gu{ﬂ' 5 }e: & " }} ﬂil!“.n-"'. = ltlgﬁ ({Hlﬂnﬂljﬂi]
= I{Jgﬂ{ﬁ!luﬂ“x I Ingaj) = h]g# n.lﬁlj:.rl' — ]f}g {Emle:ll-hx)
= log,x +log,y , | >
' = log_ {4:?- e “’*'“-“) =m log x
= log . x—log_y
: 1 :
Using the power law, log | —|=log x~
*
= —log_x
This gives another useful rule to remember:
]
]“gu o _Ingax
X
WORKED EXAMPLE 7
I
Use the laws of logarithms to simplify these expressions. |
a lgB+1g2 b log,15 + log,b € 2loggd+5logs2 I
Answers
a lg8+1g2 b logy15 + logyh ¢ 2logsd+5logs2
|
15
=1g(8 x 2) = log, (T}) = logs 4% + log, 2°
=lgl6 = log,3 = logy (16 % 32)
= logg 512

Scanne d with CamScanner



Chapter 6: Logarithmic and exponential functions

WORKED EXAMPLE 8
Given that logsp = x and logs g = y, express in terms of x and/or y
a logs p+logsq’ b log,p” - logs\g ¢ log, [%]
|
Answers
3 2 1
a log, p+logsg b log:p — |ﬂgs,ﬁ c lﬂgﬁ(ﬁl]
1 :
= log, p + 3 logyg = 2log p - >10g;q = logs ¢ — 10gs5
1
= x+ 3y =Ex—§}l =y=1
Exercise 6.3
1 Write as a single logarithm,
a log,b+log,3 b log,12 —log,2 ¢ 3log,2+log.8

1
d 2log,4-3log,2 e éiﬂga 25 + log,4 f 2log; [1) + log-8

g 1+log,3 h Igh-12 i 3-log,l0
2  Write as a single logarithm, then simplify your answer.

1
a log,h6—log,7 b log;12 + logg3 C Eluggﬁﬁ — log,3

1 1 = ;
d log,lh- E]uggﬁ'ﬁ e log,40 - %mnga f 5 log,16 — 2 log,b
3 Simplify. :
1
a 2log.5- élﬂghﬂt + log,8 b 2+ 9 log,49 — log, 21

4 a Express 16 and 0.25 as powers of 2,

oo logale
b Hence, simplify E{_
3

0.25
5 Simplify.

log-4 b log,27 . log , 64 4 log ;100
log,2 log.3 log,0.25 log.0.01

6 Given that u = lngﬁx, find, in simplest form in terms of u

a x b log. (;5) ¢ ]ﬂgﬁ[ﬁwﬂ) d log. [J;;E]
7 Given that log, p = x and log,q = ¥, express in terms of x and/or y

a log,(4p) b log, (%] ¢ log,p+log, ¢* d pg.
8 Given that log,x =5 and log,y = 8, find

a log, [%) b log, (%) ¢ log,(xy) d log,(x*y*).

9 Given that log,x =12 and log_y = 4, find the value of

x X y
- b log, | — 1 1 d 1 — |.
a Iﬂgﬂ[-}l) “i‘rn( }I] c ﬂgu [x‘\‘{;] ﬂgﬂ-(%)
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6.4 Solving logarithmic equations
You have already learnt how to solve simple logarithmic equations.
In this section you will learn how Lo solve more complicated equations.

It is essential, when solving equations involving logs, that all roots are checked
in the original equation.

WORKED EXAMPLE 9

Solve,
a 2logg{x+2)=log,(2x +19) b 4log.2—-log 4=28

Answers
a 2logg(x+2) = log (2x +19)
logs(x + 2)° = log, (2x + 19)
(x+2)° =2x+19
% +4x+4=2x+19
x*+2x=-15=10
(x =3)(x+5)=10
x=3or x=-5
2 logg (x + 2) = 2 log,5 = logg 25 is defined
log, (2x +19) = log,25 is defined
So x =3 is a solution, since both sides of the equation are defined and equivalent
in value.
en x = —! 2 logg (x + 2) = 2 log, (—3) is not defined |
S0 x =-5 is not a solution of the original equation.,

Hence, the solution is x = 3. ,

b 4log,2-log,4=2
log 2% —log 22 =2

Jog -t g
log, 22 =2
log,. 4 =2
x* =4
| x=12

Since logarithms only exist for positive bases, x = -2 is not a solution.
4 log,2 - log,4 = 4 -2 log,2
=4 =2
=32

So x = 2 satisfies the original equation.
Hence, the solution is x = 2,
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Exercise 6.4

1 5Solve.
a log,x+log,4 = log,20 b log,2x —log,b = log,3
¢ log, (x—5)+log,5 = 2log,10 d log,(x+3)=2log,4 + log,b
2 Solve.
a loggx+logg3=2 b lg(bx)-lg(x-4)=1
¢ log,(x+4)=1+logy(x—3) d log,(2x +3) = 2 + log, (2x — 5)
e log,(10x+3) - log,(2x - 1) = 2 f lg(4x+5)+20g2=1+1g(2x 1)
3 Solve.
a log,(x+8)+log,(x+2)=log,20x b log,;x+log,(x—2)=log,l5
¢ 2log,x—log,(x+3)=1 d lgx+I1g(x+1)=1g20
e log,x+log,(2x—5)=1 f 3+ 2log,x = log,(14x - 3)
g lg(x+5)+1g2x=2 h lgx+lg(x-15)=2
4 Solve,
a log 614-log.4=1 b logl6+log.4=3
¢ log, 4-2log 3=2 d log,l5=2+log,b
5 Solve,
2 o S 2 2Y — K
a {]ﬂgg} —3log,(x)+2=10 b {]{}gﬂx} —log, (x%) =15
c [lﬂgﬁx}E — log, (x*) = 18 d E(Iﬂggx}g + Blog, (x2) = 72
CHALLENGE Q
6 Solve the simultaneous equations.
a xy=04 h 2*=4)
log,y =2 2lgy = lgx + 1g5h
c log,(x+y) = 2log,x d xy =640
log,y = log,3 + log,x 2logpx — logyy = 2
e log,a = 2log,b f 42 =2
]ﬂglﬂ {Eﬂ — E'] = ]. ].f.lg:g:p'— |ﬂg2x = l.
CHALLENGE Q

7 a Show that Ig(x%y) = 18 can be written as 2lgx + gy = 18.

b lg(x?y) =18 and lg[j}%] = 2.

Find the value of lgx and Igy.
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6.5 Solving exponential equations

In Chapter 3 you learnt how to solve exponential equations whose terms could
be converted to the same base, In this section you will learn how to solve
exponential equations whose terms cannot be converted to the same base,

Solve, giving your answers correct to 3 sf.

a 3 =40 b 53+ =900
Answers
a 3% = 40
lg 3* = lg 40
xlg3 = lg 40
. lg40
Iz 3
x = 5.86
b siesl =080

lg 52+ = 1g 200
(2x +1)1g 5 = 1g 200
g 200
- _]gﬁ
2x +1 =3.292. .,

Sy =000

x =115

2x+1

| Solve HI{E’?”]I— o+l _ 8 =,

Answers
3(2%5) - 2%t 8 = ()
3(2%)-2(2)-8=10
397 —2y-8=0 |
(y-2)(8y+4)=0 |

When y =2

2=9*
x=1
4
Whe =_—_
en y 3
4

Hence, the solution is x = 1.
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Exercise 6.5
1 Solve, giving your answers correct to 3 sf,

a2 =" b 3 =20 ¢ =4 d 2% =150
e 31 =55 f 9%l.9) g T =4) h) 75 =
i FrHl 31-!2 j 4.1.-—t — 5r+l k HEI*H - 5:'-.r+l 1 H-I—."u — Ox+

. 13,
2 a Show that 21 — 2% = 15 can be written as 2(2*) — =(2*) = 15.

b Hence find the value of 2%,

¢ Find the value of x.
3 Solve, giving vour answers correct to 3 sf,

a 2227 =4 b 2#1 2=l _8=0

€ 3 -B(3*')-5=0 d 2P getall

e 5" -5 4125=10
4 Use the substitution y = 3% to solve the equation 3% + 2 = 5{3"]_
5 Solve, giving your answers correct to 3 sf,

a 3 -6x%+5=0 b 4% -6x4*-7=0

c 2% -2°-20=0 d 5% -2(5*)-3=0

6 Use the substitution u = 5* to solve the equation 52* - 5_’{5"'*"] +21 =1L

T Solve, giving your answers correct to 3 sf.

a 242 -15=0 b 6% -6 +7=0
€ 3% -2(3)+8=0 d 4% =17(4*)-15
8 Solve, giving your answers correct to 3 sf.
a 4*-3(2)-10=0 b 16*+2(4*)-385=0
¢ 95 -2(3*1)+8=0 d 25% +20 =12(5")
CHALLENGE Q

9 32:+1 % 5:—1 - 2-‘?1: w 52.-.'
Find the value of a 15* b =x

CHALLENGE Q

10 Solve the equations, giving your answers correct to 3 significant
figures.
a [8"+2|=|3"-10| b |2 +8|=|2"+10|
¢ 3% =5(3")+24 d 49=5(2")+14
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CHALLENGE Q

11 Solve the inequality

1 s . :
2 - 1| % IEI —Hi giving your answer in exact form,

6.6 Change of base of logarithms
You sometimes need to change the base of a logarithm.

A logarithm in base b can be written with a different base ¢ using the change
of base rule,

If a,b, ¢ > 0 and b,¢c # 1, then:

log_a
log,a = 8
log, b
Proof:
If x=1log,a,then V* =4 take logs of both sides
log . b* =log.a  use the power rule
- x log b=log.a divide both sides by log,
424 log a
5 =
log &
log.a
log,a = 5
log &

If ¢ = a in the change of base rule, then the rule gives:

1
log, b

log,a =

- WORKED EXAMPLE 12

Change logs 7 to base 10, Hence evaluate logs 7 correct to 3 sf.

Note:
Some calculators have a| log,l | key.

This can be used to evaluate log, 7 directly.
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The change of base rule can be used to solve equations involving logarithms with different bases.

WORKED EXAMPLE 13

Solve log,x = log, (x + 6),

Answers

log, x = logy(x + 6) change Lo L BN

logyx = logy (x + 6) G= log, P =2
log,9

Eﬂgaxzw 1111 | v | s Fa |

2 logex = log, (x + 6)

logyx® = log, (x + 6) % i
x=x+6
! =x=06=10
(x=3)(x+2)=0 |
x=38 or x=-2

logs3 is defined and is equal to |
log, (3 + 6) = log,9 is defined and is equal to 1

So x = 3 is a solution, since both sides of the equation are defined and equivalent
in value.

. logg (—2}is not defined
So x = -2 is not a solution of the original equation,

Hence, the solution is x = 3.

Exercise 6.6
1 Use the rule log,a = to evaluate these correct to 3 sf.
g log b
a log,l0 b log,33 c log.5 d log,0.0025

2 Given that u = log,x, find, in simplest form in terms of .
a log.4, b log.l6, ¢ log 2, d log,8.

3 Given that log,y = x, express in terms of x.
a log 9, b log,(9y), c log,y, d log,(81y).

4 a Given that log,x = 20 and log,y =5, find log,x.
b Given that log, X =15 and log,} = 6, find the value of log, Y.
5 Evaluate log ;;2 x logg p.

6 Solve,
a log,d +logy(x +4) =log, 25 b 2log, 2+ log;(2x + 3) = log,27

7 a Express log,x in terms of log,x.

b Using your answer of part a, and the substitution u = log,x, solve the
equation log,x + log,x = 12,
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8 Solve.
a log,x+5log,x =14 b log;x +2logex =4
¢ 5log,x—log,x=3 d 4log,x = logx+2

9 a Express log, 3 in terms of a logarithm to base 3.

b Using your answer of part a, and the substitution u = log,x, solve the
equation logg,x = 3 - 2log 3.

10 Solve.

a log,x =9log 3 b log.x+log b =2
¢ log,x—4log.4+3=10 d log,x+6log 4-5=0
e log,x—9log 2=8 f log.y=4-4 log 5

11 a Express log,x in terms of log,x.
Express loggy in terms of log, y.
¢ Hence solve, the simultaneous equations
blog,x+3 loggy =16
log,x -2 log, vy = 4.

CHALLENGE Q

12 Solve the simultaneous equations
2 loggy = log 125 + log,x
2 = 4%

6.7 Natural logarithms

There is another type of logarithm to a special base called e.
The number e is an irrational number and e = 2.718.

The number e is a very important number in mathematics as it has very special
properties. You will learn about these special properties in Chapters 15 and 16.

Logarithms to the base of ¢ are called natural logarithms. y } =€ i
In x is used to represent log_x. 4
#
If y=e€* then x =1Iny. o
'-l‘

¥ = Inx is the reflection of y = e in the line y = x. P
y = Inx and y = e* are inverse functions, 1 o e Inx

.i'r — ;
All the rules of logarithms that you have learnt so / ¥ //f
. . . #
tar also apply for natural logarithms. r-!-'f 1 .

""
#J'
;J’
lll.l"
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Exercise 6.7
1 Use a calculator to evaluate correct to 3 sf.
a e’ b e!® ¢ a2 d e
2 Use a calculator to evaluate correct to 3 sf.
alnd b In2.1 € In0.7 d In0.39
3 Without using a calculator find the value of
a en” b f:.% it ¢ 3eln? d =& l“é
4 Solve.
a e =7 b Ine* =25 ¢ afina =8 d &e%*=20
5 Solve, giving your answers correct 1o 3 sf.
ae=T70 b e* =28 ¢ e*l=16 d e¥*l=5
6 Solve, giving your answers in terms of natural logarithms.
a e =7 b 2e*+1=7 ¢ e*7=3 d gﬁg”'li‘i
7 Solve, giving your answers correct to 3 sf.
alnx=3 b Inx=-2 ¢c n(x+1)=7 d In(2x-5)=3
8 Solve, giving your answers correct to 3 si.
a Inx*+Inx=>5 b e¥tt= Oerl ¢ In(x+5)—Inx=3
9 Solve, giving your answers in exact form.,
a In(x-3)=2 B gfl=Y ¢ e —4ef =10
d e =2e™ e e*—-9¢*+20=0Ff e*+6e*=5h

10 Solve, giving your answers correct to 3 sf.
2 e 95 _ 9% =0 b e*-5e+4=0 ¢ e +2e* =80

11 Solve the simultancous equations, giving your answers in exact form.
a Inx=2Iny b a5 2= ek
Iny—Inx =1 e®* = He*ts

12 Solve b In(? - e“) =3, giving your answer correct to 3 significant figures.

13 Solve ex—xe™ ' =0,

CHALLENGE Q
14 Solve 5x’ —x’e®™ +2e* =10 giving your answers in exact form.
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6.8 Practical applications of exponential equations

In this section you will see how exponential equations can be applied to
real-life situations.

~ WORKED EXAMPLE 14

The temperature, T'°C, of a hot drink, ¢ minutes after it is made, is given by

T= 75002 4 9, '
a Find the temperature of the drink when it was made.
b Find the temperature of the drink when ¢t = 6.

¢ Find the value of twhen T = 65,

Answers

a Whenit=0, T ="The 002%0 4 9
' = The' + 20
' =05

| Temperature of the drink when first made is 95 °C.

b When ¢ =6, T =75¢042 %6 4 90
= 86.5
Temperature of the drink when ¢t =615 86.5°C.

¢ When T =65, 65 = The 002 4 9
128 | 45 = ?Ec—u.nm
0.6 = E—D.ﬂﬂr
In 0.6 = -0.02¢
g In 0.6
| =0.02

| t=2651053sf

Exercise 6.8
1 At the start of an experiment the number of bacteria was 100,

This number increases so that after ¢ minutes the number of bacteria, N, is
given by the formula
N =100 x 2¢,

a Estimate the number of bacteria after 12 minutes.
b Estimate the time, in minutes, it takes for the number of bacteria to
exceed 10000000,
2 At the beginning of 2015, the population of a species of animals was
estimated at 50000,
This number decreased so that, after a period of n years, the population was
H0000e 0
a Estimate the population at the beginning of 2020,

b Estimate the year in which the population would be expected to have
first decreased to 5000.
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3 The volume of water in a container, V cm”, at time ¢ minutes, is given by
the formula
V = 2000 e *,
When V = 1000, {=15.
a Find the value of £
b Find the value of Vwhen ¢ = 22,

4 A species of fish is introduced to a lake.
The population, N, of this species of fish after ¢ weeks is given by the formula
N = 500 e,
a Find the initial population of these fish.
b Estimate the number of these fish after 6 weeks,
¢ Estimate the number of weeks it takes for the number of these fish to

1
have fallen to E ol the number introduced.

5 The value, $V, of a house n years after it was built is given by the formula
V = 250000 e*".
When n = 3, V = 350000.
a Find the initial value of this house.

b Find the value of a.
¢ Estimate the number of years for this house to double in value.

6 The area, Acm?, of a patch of mould is measured daily.
The area, n days after the measurements started, is given by the formula
A= Agh™.
Whenn=2, A=18andwhenn=3 A =24
a Find the value of &
b Find the value of A; and explain what A; represents.

¢ Estimate the number of days for the area of this patch of mould to
exceed 7cm®.

6.9 The graphs of simple logarithmic and
exponential functions

You should already know the properties of the y y=¢

graphs y =e* and y = Inx. j’f ]
The graph of y =e*
e y=e”" intercepts the y-axis at (0, 1). ;;"! e
e ¢e* > 0for all values of x. l 2 -
e  When x gets closer to —e=, then y gets closer to 0. —/ *,-'ﬂ
¢ _This can be written as: As x — —oo, then y — 0, t'}:,*'f | %
¢ The graph is said to be asymptotic to the f;’;
ﬂcgﬂ.tl‘r’ﬂ K=dx15. :4"

e Also, as x = +oo, then y — +e=,
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The graphof y =Ilnx

¢ 3y =Inx intercepts the x-axis at (1, 0).

Inx only exists for positive values of x,

* Asx — 0, then y = —eo,

The grnph 15 asymptotic to the negative y-axis.

® As x — +oo, then y = +oo,

y =€ and y = Inx are inverse [unctions, so they are mirror images of each
other in the line ¥ =x.

Exercise 6.9

1 Use a graphing software package 1o plot each of the following family of
curves for k=3, 2,1, -1, =2 and - 3.
a y=¢c" b y= ke ¢ y=e"+k
Describe the properties of each family of curves.

2 Use a graphing software package to plot each of the following family of
curvesfor k=3,2, 1 -1, -2 and - 5.
a y=Inkx b y=#Fklnx c y=In{x+k)

Describe the properties of each family of curves.

g 6.10 Thegraphsof y =ke™ +a and y =kln (ax + b)
where n, k, a and b are integers

CLASS DISCUSSION

Consider the function y = 2e¢* + 1,
Discuss the following and decide on the missing answers:

1 Whenx=0,y=... 4 Asx 4o,y ...
2 The y-interceptis (..., ...) 3 ASx— -0,y ..
3 Wheny=0,xis... 6 Theliney=..isan...

Now sketch the graph of y = 2e** + 1 and compare your answer with your classmates.
(Remember to show any axis crossing points and asymptotes on your sketch graph.)
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WORKED EXAMPLE 15

Sketch the graph of y = 3™ - 5,

Answers

| Whenx=0, y=3"-5
=3-5
= -9 hence the yintercept is (0, —2)

Wheny=0,0=3e* -5

E -, E-H::

3
In [E) = —2x

3
e In (j]
T
x = —0.255 hence the sintercept is (~0.255, 0)
As x = 4o, e = 0 s0y—= -5 hence the asymptote is y = -5

As x — —eo, €7F 3 o0 50§ —F =2
The sketch graph of y = 3e™ -5 is:
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Sketch the graph of y = 4In(2x + 5),

Answers
| When x=0, y=4In5,
= .44 hence the yintercept is (0, 41n5)
When y=0, 0=4In(2x+ 5)
0=In(2x+5)

e! =2x+5
1=2x+5
x=-2 hence the xintercept is (-2, 0)

In x only exists for positive values of x. |

S0 4In(2x + 5) only exists for 2x +5 > 0 ‘
x =25,

As x =» 400, y oo
As x — -25, y — —oo hence the asymptote is x = -2.5
The sketch graph of y = 4In(2x + 5) is:

. -13=-f*3-~"1; b y =4In(2x4 5)
| / |
132 I
:/-1]:15

| I'—‘ O x |

Exercise 6.10

1 Sketch the graphs of each of the following exponential functions,
[Remember to show the axis crossing points and the asymptotes.]

a y=2e" -4 b y=3e¢*+6 C y=b5e*+2
d y=2e"+6 e y=3¢* -1 f y=-2e*+4
E V= 4e7 + 1 h y = Q7% + R i = —gix L 9

2 Sketch the graphs of each of the following logarithmic functions.
[Remember to show the axis crossing points and the asympiotes.]
a y=In(2x+4) b y=In(3x-6) € y=In(8-2x)
d y=2In(2x+2) e y=4In(2x-4) f y=-3In(6x-9)

Scanned with CamScanner



Chapter 6: Logarithmic and exponential functions

6.11 The inverse of logarithmic and exponential functions

In Chapter 1 you learnt how to find the inverse of a one-one function.

This section shows you how to find the inverse of exponential and logarithmic

funcuons.

WORKED EXAMPLE 17
Find the inverse of each function and state its domain.

a f(x)=2e*+3 forxe R b f(x)=3In(2x-4) for x> 2

Answers .
| a f(x)=2e"+3 forxe R
Step | Write the funchon as y = - y=2e"*+3
Step 2: Interchange the x and y variables. e x=20+3
Step 3: Rearrange to make y the subject. wx—3=2e
- sy
2

x—3

; 1
i"{:]l:—d—ln[ ) forx>3

1
b f(x)=8In(2x—4), x>2

Step |: Write the function as y = = y=3In(2x-4)
Step 2: Interchange the x and y variables.—— x =3ln {EJ' — 4}
Step 3: Rearrange to make y the subject. = % = In(2y-4)
=3 =Jy—4
2y = et + 4
] x
' = =g +2
X .:FI E
| £-lx) = ;-e?i+‘2 for xe K

Exercise 6.11
1 The following functions are each defined for xe R.

Find [ '{x) for each function and state its domain.

a f(x)=e"+4 b f(x)=e"-2 ¢ f(x)=5e* -1

d f(x)=3e> +1 e f(x)=5e>™+3 f f(x)=4e™ +5
g f(x)=2—¢" h f(x)=5-2e2%
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2 Find f(x) for each function.

a fix)=In(x+1), x > -1 b fix)=In(x—-3),x >3
€ f(x)=2In(x+2), x > -2 d f(x)=2In(Cx+1), x > —LJ—}
e f(x)=3In(2x-5), x > j f fix)=-bIn(3x-1), x > %

3 f(x)=e*™+1 forxe R

a State the range of f(x). b Find f~(x).
€ State the domain r:ff"l{xj. d Find ’r'"]f[;n:}.
4 f(x})=e" forxe B g(x) = Inbdx for x > 0

a Find i fig{x) §i gi(x).
b Saolve g(x) = 3f1(x).
5 fix)=¢* forxe R g(x)=Inx for x = 0
a Find i fg(x) ii gfix).
b Solve f(x) = 2¢7"(x).
6 f{x)=e¢" forxe R glx) = In(2x + 1) for x > —%
a Find [g(x).
b Solve f(x) = 8g7'(x).

134

Summary
The rules of logarithms

If y = a* then x = log,y. ) y=x
log,a=1  log,1=0
]ﬂgﬂﬂx =X ¥ = gloBax ,..*'f‘ |
1 :
3 ____.__r“'/ ,r": .____..-"
Product rule:  log, (xy) = log,x + log, ¥ 0.7 /1 e
<
[l m x ‘.‘ |I
Division rule: lﬂgﬂ( —) = log,x—log_¥y o {
j *
Power rule: log, (x)" = m log,x special case: log, [l] = —lngux]
L x
log.a o 1
Change of base: log,a = special case: log,a =
log b | log, b
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Natural logarithms
Logarithms to the base of e are called

natural logarithms.
In x is used to represent log, x.

If y=e* then x = In y.

All the rules of logarithms apply for
natural logarithms,

1, P=x
lill'
Fd
lrll'
-
F
.I"l'
lrll'
#
F
#
Fa
.r" |
# L X
¥ " 1 X
#
Fa
1 .
P
#
F
#
Fa
_/// !
# .
0. |
#
&
#
'-r
"J‘
#
#
’J
*
#
Fa

Examination questions

Worked example

By changing the base of log,, 4, express (I{}gi.dﬂl}{l + ]:‘Jgd*_’:} as a single logarithm to base a. [4]

Answer
log 4

Iﬂg 2a 4 = 0
log,2a

log 4

B log 2+ log a
_ log,4
1+ l:ﬁg”?a_]',

Iilugg,ffli}(l + lf}gﬂﬂ) = [M](l + ln‘:g”"l}

| + log 2

[]ugﬂflj]{l + !ngﬂl’}

1+ log 2
= log 4

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q11b fun 2014

use the product rule on the denominator

remember that log, a =1

i . i i' o
divide numerator and denominator by |1+ log, 2|

!
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Exercise 6.12
Exam Exercise

1 a Using the substitution y = 5%, show that the equation 5**!' — 5*! + 2 = 2(5*) can be
written in the form ay* + by + 2 = 0, where aand bare constants to be found. [2]

b Hence solve the equation REx+l _patl 4 9 = 2{5"':]- [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q44,1 Nov 2014
2 Solve the following simultaneous equations.
log, (x+3) =2+ log,y
log, (x +y) =3 [5]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 03 Nov 2014
3 Functions g and h are defined by
glx) =4c¢* -2 for xe R,
h(x) = In5x for x > 0.

a Find g '(x). [2]
b Solve gh(x) = 18. [3]

Cambridge IGCSE Additional Mathematics (0606 Paper 11 (1 2bi, 6 Nov 2013

4 Given that Eﬂgrl}i’ =5 and ]ugp}” = 2, find
&

a log, X%, [1]

b log, %, [1]

c logy p. [2]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 (Mi,ii,iii Nov 2013

5 a Given that log,x = é find the value of x. [1]
b Solve 2log,y—log, (5y—12) = % 14]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q444 Jun 2013

6 Solve the equation 3 = 1000, giving your answer to 2 decimal places. [2]
Cambridge [GUSE Additiomal Mathematics 0606 Paper 21 (5a fun 2012

7 Express Iga+3lgh— 3 asasingle logarithm, [3]

{Iurm&r.i.-ggz TGESE Additional Mathematics 0606 Paper 11 2 Jun 2011

sl _

8 Using the substitution u = 5*, or otherwise, solve
[
' el —

(5%)—2. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 (34 Nov 2012

1 ,.f'
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9 The temperature, 77 Celsius, of an object, ¢ minutes after it is removed from a heat source, is

given by
T =55 g™ +15.

a Find the temperature of the object at the instant it is removed from the heat source. [1]
b Find the temperature of the object when ¢ = 8. [1]
¢ Find the value of twhen T = 25. [3]
Cambridge IGCSE Additional Mathematics (0606 Paper 21 (81,1, 61 fun 2011
10 a Write log,, x as a logarithm to base 3. 2]
b Given that log, y=3(log,15-1og, 3)+1, express yin terms of a. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q1 Jun 2013

11 Do not use a calculator in this question.

i Find the value of ~log, p°. [1]
1

ii Find 1 " 1
g[mﬂ_) L1]

— lg 20 -1 0 ;

iii Show that Lokl {lgjp] , where y1is a constant to be found. [2]

log, 10
iv Solve log, 2x+log, 3x = log, 600, 12]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 3 Jun 2016
12 a i Sketch the graph of y=¢" =5, showing the exact coordinates of any points where the
graph meets the coordinate axes. [3]
ii Find the range of values of k for which the equation e” —5= £k has no solutions. [1]
. . 1  k i
b Simplity log, J2 +log, 8+log, (T]’ giving your answer in the form plog, 2, where p
is a constant. 2 2]
¢ Solve the equation log, x—log,4x=1. (4]
Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q10 Mar 20115
13 a Solve the following equations to find p and 4.
aq-l e 2‘2;:+I A 4?
gt x 3¢ = 81 [4]
b Solve the equation lg(3x-2)+1g(x+1)=2-1g2. [5]

Cambridge [GCSE Additional Mathematics 0606 Paper 21 Q5 Now 2015

LN >
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Straight-line graphs

This section will show you how to:

solve questions involving midpoint and length of a line

use the condition for two lines to be parallel or perpendicular

interpret the equation of a straight-line graph in the form y=mx+c

transform given relationships, including y=ax" and y=ab* to straight-line form and hence
determine unknown constants by calculating the gradient or intercept of the transformed graph.
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You should already be familiar with the following coordinate geometry work:

Length of a line, gradient and midpoint

Pis the point (%, ¥) and Qis the point (X3, %).
M is the midpoint of the line PQ.

1 o
The length of the line P{) = |'{;;— —x ) + (- V.
: - y\Te I Yoe —
Q(x, %)
The gradient of the line PO = by R
. o

¥ 4+ X, .
The coordinates of M are { ! : ¥ X 5 'h].

Gradients of parallel lines

If two lines are parallel then their gradients are equal.

equal gradients
Gradients of perpendicular lines

gradient m 139
. 1
gradient — o

If a line has a gradient of m, a line perpendicular to it

: 1
has a gradient of ——.
g f1

This rule can also be written as:

If the gradients of the two perpendicular lines are m,
and ms, then my X my ==1.

The equation of a straight line

The 1'q|mlim| of a ril'r:iighr line 1s y=mx+¢ where

m = the gy;.:lium and ¢ = the Mntercept,
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7.1 Problems involving length of a line and midpoint

You need to know how to apply the formulae for the midpoint and the length
of a line segment to solve problems.

A 1s the point (-3, 7) and Bis the point (6, -2),
a Find the length ol AB.
b Find the midpoint of AB.

Answers
a 'I:_Sr r” {br _E:]
(=1, 1) (%, ya) ,

AB = q{{xa —x) +(n—n)

= J(6--3) + (-2 -7)°
=0./9
b Midpoint =

+ Xy ]'L""FEJ

140

(3
[ 346 7 a]
(1.

.. E ]

il

The distance between two points P (7, a) and ) (a +1,9) is 15,
Find the two possible values of a.

Answers
{7, a) {a+1,9)

A A

G n) (% )

Using PQ = \/{xz —xl}!+{h— ﬁ}g and PQ = 15.
.“lr(u-l-l—?}z +(9-a) =15
J@a-6F+(9-a) =15
(a—6) +(9-a) =295
a® —12a + 36 + Bl — 18a + o? = 295
2a* -90a-108 =0
at —16a—-54 =0
(a—18)(a+3) =0
a-=18=0ora+3=10

Hence a =18 or a =-38.
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WORKED EXAMPLE 3

The coordinates of the midpoint of the line segment joining A(=5, 11) and B(p, 4},
are (2.5, —6).

Find the value of p and the value of ¢.

' Answers
(-5.11) (b g

tr 11

- |
(%1, )} (209, y2)

- [.'q +x;, 3t .'I"z\
sing 9 ' 3

and midpoint = (2.5, -6},
F,

ri + 'T'.' .l‘:l +* .T'_’ = {EE —ﬁ]
:E 5 '2 ) andy
".:l i 9 — sndy e
- : 3 it =B+ P
Equating the xcoordinates gives: =150
-D+ p=5H
=10
. . X 11+ ¢ -
Equating the ycoordinates gives: > = —f
e 141
g =-23

I Hence p =10 and g =-23.

WORKED EXAMPLE 4

Three of the vertices of a parallelogram ABCD are A(-10, 1), B(6, -2} and (14, 4.
a Find the midpoint of AC.
b Find the coordinates of D,

Answers

a Midpoint of AC = [# LE*] - (2, 25).

b Let the coordinates of Dbe (m, n).
Since ABCD is a parallelogram, the midpoint of BD is the same as the midpoint of

AC.
6 + ~
Midpoint of BD = [ - =, ":':;’ “] =(2 2.5)
‘ : : 6+ m
Equating the xcoordinates gives: o 2
6+m=4
m = -2
N — — . _—
Equaling the Feoordimares givesT -‘—2—"—""—"-‘?.1'!‘— e —
-2+n=>5
n=1
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The coordinates of Dare (-2, 7).

b,
_ N=2,7)
| _.-".-d.-\.--__-_
| e ((14,4)
A(=10, 1) B L, o pREeaC
4:-5: """""" L //
R _'“—hh_\:l__.-'"'; -;i-'
B(6, -2)

|

CLASS DISCUSSION

This triangle has sides of length 543 cm, 246 cm and 742 cm. 53 o0 2/

Priya says that the triangle is right-angled. e

Discuss whether she is correct. o N

Explain your reasoning. T2

e Exercise 7.1

1 Find the length of the line segment joining
a (2,0) and (5, 0 b (-7, 4) and (-7, 8) € (2,1)and (8, 9
d (-3, 1)and (2,13) e (5, -2) and (2, —6) f (4, 4) and (=20, =3)
g (6,-5)and (1,2) h (-3,-2) and (-1,-5) i (-7.'7) and (5, -5).
2 Calculate the lengths of the sides of the triangle POR.
Use your answers to determine whether or not the triangle is right-angled.
a F(3,11), (5, 7), R(11, 10)
b P(-7,8), Q(-1, 4), R(5, 12)
¢ P(=8,-3), O(-4, 5), R(-2, -6)
3 A(=1,0), B(l, 6) and C(7, 4).
Show that triangle ABCis a right-angled isosceles triangle.,
4 The distance between two points P(10, 28) and (b, =b) is 510.
Find the two possible values of b,
5 The distance between two points P(6, -2) and Q(2a, a) is 5.

Find the two possible values of a.

6 Find the coordinates of the midpoint of the line segment joining
a (5,2 and (7, 6) b (4, 3) and (9, 11) c (8, 6) and (-2, 10)
d (-1,7)and (2, -4) e (-7, -8) and (-2, 3) f (2a, -3 and (4a, ).
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7 The coordinates of the midpoint of the line segment joining P(-8, 2) and
(2 (a, b), are (5, —3).
Find the value of a and the value of b
8 Three of the vertices of a parallelogram ABCD are A(-7, 6), B(-1, 8)
and C(7, 3).
a Find the midpoint of AC.
b Find the coordinates of I
9 The point P(2k, k) is equidistant from A (-2, 4) and B(7, -5).
Find the value of k.

10 In triangle ABC, the midpoints of the sides AB, BCand ACare P(2, 3), Q(3,
5) and R(—4, 4) respectively. Find the coordinates of A, Band C.

7.2 Parallel and perpendicular lines

You need to know how to apply the rules for gradients to solve problems
involving parallel and perpendicular lines,

WORKED EXAMPLES

The coordinates of 3 points are A(8 — k, 2), B(-2, k) and (-8, 2k).
Find the possible values of kif A, Band Care collinear.

Answers

If A, Band C are collinear then they lie on the same line.

gradient of AB = gradient of BC

k-2  2k—k
9—-(8-k) B-(-2
| k-2 _ k
k—10 -6
—6(k—2) = k(k-10)

—6k+12 = k* — 10k
k*—4k—-12=0
(k=6)(k+2)=10
k-6=00rk+2=0
Hence k=6 or k ==2.
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| The vertices of triangle ABC are A(—4, 2), B(5, -5) and C(k, k + 2),
| Find the pr_rbhlhh- values of kif angle ACB 15 90°,

Answers

| Since angle ACB is 9",
gradient of AC x gradient of BC = ~1.

| (k+2)-2 (A+2)-(5)
k—(—4) k-5
_A: }:k-l-'? =_'| v & IS
Kk + 4 k=5 g *+2)

k(k+7)=—(k+4)(k—5) e }<
K2+ Th = —(k? — k - 20)
R+ Th=—k2+ k+20
2k + 6k - 20 =10
K +3k—10=0 815, -5)
' (k+5)(k—2)=0
k+b5=00rk-2=0
Hence k=-5ork=2.

L/%

144 The two possible situations are:
| ¥ ¥
(2, 4)
| A(-4, 2) A(—4, ﬂ'f}</\
~ v N x
G(-5,-3) |2
B(5, -b) B{5,-5)

Exercise 7.2
1 Find the gradient of the line AB for each of the following pairs of points,

a A(L,2) B(3,-2) b A(4,3) B(50)
c A-4,4) B9 d A(1,-9) B4, 1)
e A(-4,-3) B(50) f A(6,-7) B(2,-9)
2 Write down the gradient of lines perpendicular to a line with gradient
1 2 i )]
a 3 b - E = d 1= =
2 5 1 ¢ %

3 Two vertices of a rectangle ABCD are A (3, —5) and B(6, —3).
a Find the gradient of €D,
b Find the gradient of BC,
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4 A(-1,-5), B(b,-2) and C(1, 1).
ABCD is a trapezium.
ABis parallel to DCand angle BAD is 90°.
Find the coordinates of D,

5 The midpoint of the line segment joining P(-2, 3) and Q(4, -1) is M.
The point € has coordinates (—1, —2}.
Show that CM is perpendicular to PQ.

6 A(-2,2), B(3,-1) and C(9, —4).
a Find the gradient of ABand the gradient of BC.

b Use your answer to part a to decide whether or not the points A, Band C
are collinear.

7 The coordinates of 3 points are A (=4, 4), B(k, -2) and C(2k + 1, —6).
Find the value of kif A, Band Care collinear.

8 The vertices of triangle ABC are A (=&, —2), B(k, —4) and C(4, k —2).
Find the possible values of kif angle ABCis 90°.

CHALLENGE Q
9 Ais the point (-2, 0) and Bis the point (2, &).
Find the point Con the x-axis such that angle ABCis 907,

7.3 Equations of straight lines

You should already know that the equation of a straight line is

y=mx+c

where m = the gradient and ¢ = the y-intercept.

There is an alternative formula that can be used when you know the gradient
of the straight line and a point on the line.

Consider a line, with gradient m, which passes through the known point
A(x,, y,) and whose general point is P(x, y).

X
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3 — 1
Gradient of AP = m, hence 2-h _ 1 multiply both sides by (x — x;)
.I' S, .x'| ..

Y= 3 = mlx - x).
The equation of a straight line, with gradient m, which passes th rough the

point (Jﬁ y _}1,} is:

¥y=n = mix - x)

Find the equation of the straight line
a with gradient 2 and passing through the point (4, 7)
b passing through the points (-5, 8) and (1, —4).

Answers

a Using y—n =m(x—x)withm=2x=4dand y;, =7

=7 =2(x—4)
y—7 =2x -8
y =2x—1
(21, 1) (%3, o)
Lradient = m = - e S (1) -8 = =3

Using y — 3 = m(x - x) with m =-2, %, = -5 and y =8.
y—B =-2{x +5)
y-8 =-2x—10
y ==2x-2
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WORKED EXAMPLE 8

Find the equation of the perpendicular bisector of the line joining A(3, 2) and B(7, 10).

Answers
GridientofAB e D —2=2 oo
7-3 4
Gradient of the perpendicular is = E
3+7 2410 _
Midpoint of AB ={ §° o ] = (5, 6).

So the perpendicular bisector is the line passing through the point (5, 6) with
gradient — l

2 1
Using y—y =m(x—x) with x;, =5, =6 and m = 9"
1
-Hh=——(x—H
y=6 ?{x 5)
—{i——lxIE
y 9
: + 8.5 ‘
= ——
Ty
x+2y=17 |
Exercise 7.3 147

1 Find the equation of the line with
a gradient 3 and passing through the point (6, 5)
b gradient —4 and passing through the point (2, -1)

¢ gradient o and passing through the point (8, =3).

2 Find the equation of the line passing through
a (3,2)and (5, 7) b (-1, 6) and (5,-3) ¢ (5,-2) and (-7, 4).

3 Find the equation of the line
a parallel to the line y = 2x + 4, passing through the point (6, 2)
b parallel to the line x + 2y = 5, passing through the point (2, =5)
¢ perpendicular to the line 2x + 3y = 12, passing through the point (7, 3)
d perpendicular to the line 4x — y = 6, passing through the point (4, —1).

4 Pis the point (2, 5) and Qs the point (6, ().
A line lis drawn through P perpendicular to PQ to meet the y-axis at the
point K.
a Find the equation of the line L
b Find the coordinates of the point R.
¢ Find the area of triangle OPR where Ois the origin.
5 Find the equation of the perpendicular bisector of the line segment

joining the points
a (,3%and (-3, 1) b (-1,-H)and (5,3) ¢ (0,-9) and (5, -2}
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6 The perpendicular bisector of the line joining A(-1, 4) and B(2, 2)
intersects the x-axis at Pand the y-axis at (),
a Find the coordinates of Pand of ().
b Find the length of PQ.

¢ Find the area of l.rianglf: OP() where Ois the origin.

T The line [} has equation 3x + 2y = 12,
The line  has equation y = 2x — 1.
The lines f; and L intersect at the point A,
a Find the coordinates of A.

b Find the equation of the line through A which is perpendicular to the line J;.

8 The coordinates of three points are A(l, 5), B(9, 7) and C(k, —6).
M is the midpoint of AB and MC is perpendicular to AB,
a Find the coordinates of M.
b Find the value of k.
9 The coordinates of triangle ABC are A(2, 1), 8(3,7) and C(14, 5).
Pis the foot of the perpendicular from B to AC,
a Find the equation of BP.
b Find the coordinates of P,
¢ Find the lengths of ACand BP.

m d Use your answers to part ¢ to find the area of triangle ABC.
CHALLENGE Q Note:
10 The coordinates of triangle PQRare P(-3, -2), Q(5, 10) and The point
R(11, -2). is where the

perpendicular

b Find ) bisectors of the
in b ates he poi i : ¥ ; : :
the coordinates of the point which is equidistant from £, () and R. sides intersect.

a Find the equation of the perpendicular bisectors of i PQ i QR.

7.4 Areas of rectilinear figures

CLASS DISCUSSION

Discuss with your classmates, how you can find the area ¥4
of triangle ABC, 94 7
Try to find as many different methods as possible. g
Compare the ease of use of each of these methods. £l
&
g 4
344
2
L B

0 T Tt

0123456 7R809102x
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There is a method that you might not have seen before. It is often referred to
as the ‘shoestring’ or ‘shoelace’ method. You do not have to know this method
for the examination, but you may find 1t useful to know.

If the vertices of triangle ABC are A(x,,y,), B(x,,%:) and C(x,,ys), then:

1
Area of triangle ABC = 3 | 2,35 + 295 + Xa% — Xg) — X3¥2 — X Vs |

1
This cﬂmpiit:ated formula can be written as: 2'

X ',Ig ’Ig .‘,xl
N },\J'E >ili‘:I-'E'. ."\'\Jh

The products in the direction ™ are given positive signs and the products in
the direction ¥ are given negative signs.

For the triangle in the class discussion 1
A(l, 3), B(9, 1) and C(3, 8): 9

T e g
3E‘1¥<3¥“3

arcanfl;riangltﬂﬁ(f=é“K]+9KH+HH3—3}~9—I“{3—3E 1|
=%u+79+9—2?—3—m

= 2] 44|
2

— 92 units”

This method can be extended for use with polygons with more
than 3 sides.

WORKED EXAMPLE 9

The vertices of a pentagon ABCDE are A(0, ~1), B(5, 1}, (5, 4), B(-1, 6) and C(-3, 2).
a Find the area of the pentagon using the ‘shoestring’ method.
b Find the area of the pentagon using the ‘boxing in' method.

Answers

0

a |
2 -]

L G
e e o
.-*m:an{pemagun=%ED+E{}+]E+[~2}+3—[—E}-S-—{—-ﬂf}—{—lﬂ}—[ﬂ

I
= —| 63}
9

= 31.5 units?

Note:

If you take the
vertices in an
anticlockwise
direction
around a shape,
then the inside
of the modulus
sign will be
positive. If you
take the vertices
in a clockwise
direction, then
the inside of the
modulus sign
will be negative.
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b For the ‘boxing in” method, you draw a rectangle
around the outside of the pentagon.

e o e g 5 e

I-I.
Tt
|
)

|

I £

i

1

1

Ir

1

R st

| e

1 ol L

]

-

I

I

L=
=3
"

1

1

| |

1

|

[ ]
3

I“'\-\._" ——

i

Area of pentagon = area of rectangle - sum of the outside areas
BXT)-(4+6+5+5+45)
=hbh— 245

= %1.5 units~

Exercise 7.4
1 Find the area of these triangles.

a A(-2,3), B(0,-4), C(5, 6) b P(-3,1), Q(5 -3), R(2,4)
2 Find the area of these quadrilaterals.

a A(l 8), B(-4, 5), C(-2,-3), D(4, ~2)

b P(2,7), Q(-5,6), R(-3,-4), $(7,2)
3 Triangle PQRwhere P(1,4), Q(-3, —4) and R(7, k) is right-angled at .

a Find the value of k. b Find the area of triangle POR.
4 Ais the point (-4, 0) and Bis the point (2, 3).

M is the midpoint of the line AB,

—6

Point (is such that M, = { i]

a Find the coordinates of Mand ¢,
b Show that (M is perpendicular to AB.
¢ Find the area of triangle ABC.,

5 Angle ABCis 90° and M is the midpoint of the : B
line AB. M(6, 4)
The point Clies on the y-axis. A(8, 3)
a Find the coordinates of Band C.
b Find the area of triangle ABC.
0 X
G
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6 Ais the point (—4, 5) and Bis the point (5, 8).
The perpendicular to the line AB at the point A crosses the y-axis at the
point C.
a Find the coordinates of (.

b Find the area of triangle ABC.

7 ABis parallel to DCand BCis perpendicular to AB, ¥4 C

a Find the coordinates of C. D(3.5, 8)

b Find the area of trapezium ABCI).

B(9, 3)
A(l, 1)
0 X
8 ABCDis asquare,
Ais the point (-2, 0) and (is the point (b, 4).
AC and BD are diagonals of the square, which intersect at M.
a Find the coordinates of M, Band . 151

b Find the area of ABCD.
9 The coordinates of 3 of the vertices of a parallelogram ABCD are A(—4, 3),
B(5, =) and C(15, -1).
a Find the coordinates of the points of intersection of the diagonals.
b Find the coordinates of the point [,

¢ Find the area of parallelogram ABCI.

7.5 Converting from a non-linear equation to
linear form

Some situations in the real world can be modelled using
an equation. '

Consider an experiment where a simple pendulum, of length Lcm, travels !
from A to Band back to A in a time of Tseconds. The table shows the time '
taken, T, for different lengths L. '.

= > 10 15 20 25 30 B
T | 045 | 063 | 078 | 090 | 1.00 | 1.10 P -p
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When the graph of Tagainst [. is drawn, the points lie on a curve,
They do not lie on a straight line.

Ty
1.2

0.8
0.6
0.4

0.2

0 10 () 0E

So how can you find the equation of the curve?

If you are told that the rule connecting the variables Tand L is believed to be

T = av/L, you should draw the graph of T'against VL . To do this, you must
first make a table of values for T'and /L .

| VI 2,24 3.16 | 3.87 4.47 ‘ 5.00 5.48

— e
T | ().45 0.63 L{'}-TH 0.90 1.00 1.10

T 3
1.2 4

- 0 = & % f @ o=
(}123451\‘5«."?:

The fact that the points now lie on a straight line confirms the belief that the
rule connecting the variables Tand Lis T = aJ/L .
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The gradient of the straight line tells you the value of a.

Using the t d po A T
sing the two end points, gradient = 548 _ 2.94

Hence the approximate rule connecting Tand Lis

T = 0.2VL
In the example above you have converted from a non-linear graph to a
linear graph.

Before you can model more complicated relationships, you must first learn
how to choose suitable variables for ¥and X to convert from a non-linear
equation into the linear form Y =mX + ¢ where mis the gradient of the
straight line and ¢is the Y-intercept.

b ;
Convert ¥ = ax + —, where aand bare constants, into the form ¥ = mX + ¢
x

Answers

b
Method 1 :F=ﬂ\r+;

Multiplying both sides of the equation by x gives:

xy=ax"+b
| Now compare xy =ax" + b with Y=mX+¢:
915
i k
Y= m X +

b
The non-linear equation y = ax + — becomes the linear equation: |
x .

F=m}{+¢,where}"=:qp,1’:x9.m=aand c=b |

b
Method 2 y=ax+-—

x
Dividing both sides of the equation by x gives: |

l = u + i |
| x xt I
y b .
| Mow compare = =a+— with ¥=m& + ¢
x x
| i

\aj= B}
i * i

b e

| = m X +
: . b : ;
| The non-linear equation y = ax + s becomes the linear equation:
4 1
‘ ¥ =mX + ¢, where ¥ = ,X=—E,m:bandc:a
X X

It is important to note that the variables Xand Yin ¥ = mX + ¢ must contain
only the original variables x and y. They must not contain the unknown
constants a and b.
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Similarly the constants m and ¢ must contain only the original unknown
constants & and b They must not contain the variables x and y.

WORKED EXAMPLE 1 '

Convert y = ae™, where aand b are constants, into the form ¥ = mX + ¢

Answers
‘ y=age ™
Taking natural logarithms of both sides gives
| Iny =In (ae™
Iny=Ina+Iln e
Iny=Ina - bx
‘ Iny=-bx+Ina

Now compare Iny =—bx +Ina with ¥ = mX + ¢:
D 807+ In

Qf/‘ v 4 |
Y = X + :

| The non-linear equation y = ae ™ hecomes the linear equation:

Y=mX + ¢, where Y=Iny, X=xm=-band c=Ina

Exercise 7.5

1 Convert each of these non-linear equations into the form ¥ = mX + ¢, where
a and b are constants, State clearly what the variables X and YVand the
constants m and ¢ represent,

(Note: there may be more than one way to do this.)
b

a y=ax’+b b y=ax+-— c y=ax?-bx
b
d y(a—=x)=bx e }‘=av‘§+i f }‘=r—i+£i
Vax x?
+ b h ] x -
= 1xy — = {1 —_———
E x=axy+ iy y W

2 Convert each of these non-linear equations into the form ¥ = mX + G,
where aand bare constants, State clearly what the variables X and ¥ and
the constants m and ¢ represent.

(Note: there may be more than one way to do this.)

a J'I = 'I{_],r::*—n':l h _'I.' - Eu::l.[—-'fl c _T = r'fI'I'I

d y=ab* e x%y =e? f xa' =50
2, b

g a=e"th h y=ae™
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7.6 Converting from linear form to a non-linear equation

]
WORKED EXAMPLE 12

| Find yin terms of x.
a '!r 1 h I‘_'].'l
(1,7)
(6, 2)
0 x* 0 x
Answers
a The linear equation is ¥=mX + ¢, where ¥=y and X=x"
8-4 2
Gradient = m = —— = —
radient =m = =—> =2
Fintercept = ¢ =4

2
Hence Y = 5}{ + 4.

. = 2
The non-linear equation is y = Exg + 4,

b The linear equation is ¥=mX + ¢ where ¥=xy and X =x
2-7
=

=1
Using ¥Y=mX+¢m=-1,X=6and V=2

2=-1x6+c¢
c=8
Hence Y=-X+8.
The non-linear equation is xy=-x+8

Gradient =m =

= )4~
Y -
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:,ﬁ;.'-g.;?;.?.-?;‘:- J—%T-%
VORKED EXAMPLE
il bzt nioidnts Wby el Al

....... gy [
Variables x and y are such that y = a x b* where
a and b are constants. .
The diagram shows the graph of lgy against x,
passing through the points (2, b) and (6, 13).
Find the value of a and the value of b,

0 x

Answers
y=a X b*
Taking logarithms of both sides gives:
lgy =g (a x b7
lgy =lga + lgb*
lgy=xlgh+Iga
Now compare lgy = xlgh +1ga with ¥=mX + ¢

Igp= 1o (x) +
! $
¥ X +
. %5
156 Gradient = m = ]'_ = o
6-2
Igh=2
b = 10?

Using Y=mX+¢em=2,X=2 and ¥=5
b =2xX24¢

e =1
lga =1
a =101

Hence g =10 and b= 100.
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Exercise 7.6
1 The graphs show part of a straight line obtained by plotting y against some
function of x.

For each graph, express yin terms of x.

a b C
1 y A
3,0 =
{ } / {5: 'E'}
3
(2, 3)
0 20 20 V5
d e f
¥ 1 ¥
(1,5)
(2, 3) (3, 3)
(b, 3)
0 {fl 1) 9 0 In x
(7,-2)
0 X
2 For each of the following relations
i express yin terms of x ii find the value of ywhen x = 2.
a b C
14 ¥ xy
¥ X
2.6
/15} o
(5, 3)
0 X7 0 x 0 Tx
d e f
Jy X+ 9 ¥ %]
(2,9) /1{} g)
(2, -2) ay
0 X2 0 X
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10

. ¥ . i
Variables x and y are related so that, when = 1s plotted on the vertical axis
X

and xis plotted on the horizontal axis, a straight-line graph passing
through (2, 12) and (6, 4) 1s obtained.

Express y in terms of x.
Variables xand y are related so that, when y* is plotted on the vertical axis

and 2* is plotted on the horizontal axis, a straight-line graph which passes
through the point (8, 49) with gradient 3 is obtained.

a Express y* in terms of 27,

b Find the value of xwhen y = 11.

Variables x and yare related so that, when % is plotted on the vertical

axis and x is plotted on the horizontal axis, a straight-line graph passing
through the points (2, 4) and (5, -2) is obtained.
a Express yin terms of x.

b Find the value of x and the value of ysuch that 2= 3.
x

Variables x and y are related so that, when e? is plotted on the vertical
axis and x? is plotted on the horizontal axis, a straight-line graph passing
through the points (3, 4) and (8, 9) is obtained.

a Express e’ in terms of x.
b Express yin terms of x.
Variables x and y are related so that, when lg y is plotted on the vertical

axis and x is plotted on the horizontal axis, a straight-line graph passing
through the points (6, 2) and (10, 8) is obtained.

a Express Ig y in terms of x.
b Express yin terms of x, giving your answer in the form y = a x 10,
Variables x and y are related so that, when lg y is plotted on the vertical

axis and lgx is plotted on the horizontal axis, a straight-line graph passing
through the points (4, 8) and (8, 14) is obtained.

a Express yin terms of x, giving your answer in the form y = a x x".
b Find the value of x when y =51.2,
Variables x and y are related so that, when In y is plotted on the vertical

axis and Inx is plotted on the horizontal axis, a straight-line graph passing
through the points (1, 2) and (4, 11) is obtained.

a Express Iny in terms of x,

b Express yin terms of x.

Variables x and y are such that, when Iny is plotted on the vertical axis and
Inx is plotted on the horizontal axis, a straight-line graph passing through
the points (2.5, 7.7) and (3.7, 5.3) is obtained.

a Find the value of Iny when Inx = 0.

b Given that y = a x x*, find the value of a and the value of &.
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7.7 Finding relationships from data

When experimental data is collected for two variables, it is useful if you can
then establish the mathematical relationship connecting the two variables.

If the data forms a straight-line when a graph is plotted, it is easy to establish
the connection using the equation y = mx + ¢.
It is more usual, however, for the data to lie on a curve and to be connected by

a non-linear equation,

In this section, you will learn how to apply what you have just learnt in sections
7.5 and 7.6 to find the non-linear equation connecting two va riables.

WORKED EXAMPLE 14
o 5 | 10 20 w0 [ 80 |
| ¥ 2593 | 1596 | 983 | 605 | 372 |

The table shows experimental values of the variables xand y.

a By plotting a suitable straight-line graph, show that x and y are related by the
equation y = k X x", where kand n are constants,

b Use your graph to estimate the value of kand the value of n.

Answers

a y=k X x" take logs of hoth sides
lg}' =lg{h ™) pise the multiplicaton lnw
gy =lgk +lgx” e the power law
lgy =nlgx +1gk

Now compare lgy =nlgx +1gk with ¥ =maA + ¢
(gp= (g s
f i II. i
Y = X +
Hence the graph of Ig yagainst lg x needs to be drawn where

* gradient =n
* intercept on vertical axis = g k.
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Table of values is

lgx | 0.699 | 1.000 [ 1.301 | 1.602 | 1.903
lgy | 3.414 | 3.208 | 2003 | 9.782 | 2571 |

) I T | T "
05 1 15 2 lgx

b The points form an approximate straight line, so x and y are related by the

equation
y=kx x"
n = gradient
_ 2571 -3.414 I
© 1.903 - 0.699
= —(),7
lg k = intercept on vertical axis
m lgh =39
ko= 10%%
k= 7943
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WORKED EXAMPLE 15

x 2 4 6 B 10
¥ 4.'75 919 1.42 1.05 ] 0.83

The table shows experimental values of the variables x and JJI e
€
The variables are known to be related by the equation y = 2 where aand &

are constants. |

a Draw the graph of x°y against x.

b Use your graph to estimate the value of ¢ and the value ot b.

An alternate method for obtaining a straight-line graph for the equation
i+ bx
y = —— istoplot xy on the vertical axis and — on the horizontal axis.
x

¢ Without drawm}__, a second graph, estimate the qradwnl and the intercept on the
vertical axis of this graph.

Answers '
a First make a table of values for of x*y and x e
- e S | " l‘
‘ 2 10 i
x ih 6 ! i
x% | 19 | 35.0 | 51.1 | 67.2 | 83 20
60
The graph of x*y against xis: B0
40
30
20
10
0 123456?3911@
. a + ox
b Using =g
&~
*y=bx+a

Now compare x’y=bx +a with Y=mX +¢:

E9= "G+
F o+

Y = X +
: 3=18 :
Hence, b = gradient = T 8 and a = yintercept = 3
a=3and b=8
a+ bx
¢ Using s
x
_a+bx
= X
W=—+b
X

Now compare xy = E+b with ¥ =mX + ¢:
@ Q

l' =W +
Gradient = ¢ = 3 and 111{&1‘{?&{31 on vertical axis =& = 8.
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Exercise 7.7

1

20 | 25

xlﬂ.ﬁ‘l_{'}|1.5 2.0 |
4.00 | 4.20 |

y | 100 | 3.00 | 367

The table shows experimental values of the variables xand y.

a Copy and complete the following table.

}L| [ ] ‘ |
» | | ] I
b Draw the graph of xy against x,

¢ Express yin terms of x,

d Find the value of x and the value of y for which xy = 2,

05
0.200 |

0.4

 x ‘ 01 | 02 | 03 4
0.189 |

y | 0111 | 0.154 | 0.176

The table shows experimental values of the variables x and .

a Copyand complete the following table.

- : i '. : =
1 |
f‘ 4 - I
v | -
1 ]
b Draw the graph of — against —.
¥ x

€ Express yin terms of x.
d Find the value of xwhen y = 0.16.

L} 2 451 3]
128 | 76 | 64 6.2

5

6.4 |

| %
|y

The table shows experimental values of the variables x and ».

a Draw the graph of xy against x*

b Use vour graph to express yin terms of x,

¢ Find the value of x and the value of y for which xy = 12,288,
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4 The mass, m grams, of a radioactive substance is given by the formula
m = mye™ ™, where tis the time in days after the mass was first recorded and
m, and k are constants.

The table below shows {:z-v;pf:.'r‘imﬁntal values of t and m.

t

10

T

30

m

40.9

| 335

27.4

40 By
22.5 | 184

a Draw the graph of Inm against t.
b Use your graph to estimate the value of m, and k.
¢ Estimate the value of m when ¢ = 27.

5 | «x 10 | 100
y 15 | 75

The table shows experimental values of the variables x and y.

1000
378

10000
1893

The variables are known to be related by the equation y = kx" where k and
1 are constants.

a Draw the graph of lg y against Ig x.

b Use your graph to estimate the value of kand n.

s BN > | < T ¢ [ s | 10
| 128 | 328 | 839 | 2147 | 549.8 |

The table shows experimental values of the variables xand y.

The variables are known to be related by the equation y = a X b* where
aand b are constants,

a Draw the graph of lgy against x.

b Use your graph to estimate the value of a and the value of b.

7. 2 | ¢ |
y 49 | 133

The table shows experimental values of the variables x and y.

0
267.1

6 | 8
362 | 98.3

The variables are known to be related by the equation y = a X €™ where a
and n are constants,

a Draw the graph of Iny against x.

b Use your graph to estimate the value of a and the value of n.
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10

5 [ 10
99.5 | 1484

6

S
| 66.7

y | 300 | 447

The table shows experimental values of the variables x and ¥

The variables are known to be related by the equation y = e™** where «
and b are constants.

a Draw the graph of Iny against x.
b Use your graph to estimate the value of a and the value of &

¢ Estimate the value of x when y = 50.

X

2
0.10

4+ | 6 | 8

i e 10 |
033 | 1.08 | 348

1129 |

|y

The table shows experimental values of the variables x and y.

The variables are known to be related by the equation y = 10* x 5*, where
a and b are constants.

a Draw the graph of lg y against x.
b Use your graph to estimate the value of a and the value of &,

¢ Estimate the value of ¥ when ¥y =5

07 | 09
6 | 45

—

x | ﬂ_ﬂ (.4 0.5 k!
y | 36 | 12 9
The table shows experimental values of the variables x and ¥.
i

The vanables are known to be related by the equation y = , where a

4
and bare constants. >

a Draw the graph of y against xy.
b Use your graph to estimate the value of a and the value of b.

An alternate method for obtaining a straight-line graph for the equation

i . 3 £ . i
y = ; 15 to plot x on the vertical axis and — on the horizontal axis.
X+ ¥

¢ Without drawing a second graph, estimate the gradient and the
intercept on the vertical axis of this graph.

95 | 60
5 | 60
153 | 0.76

x | 2 5 } 15
1 -

115 | 554 | 2.30

The table shows experimental values of the variables x and y.

a Draw the graph of Iny against Inx.

b Express yin terms of x.

An alternate method for obtaining the relationship between x and yis to

plot Igy on the vertical axis and lg x on the horizontal axis,

¢ Without drawing a second graph, find the gradient and the intercept on
the vertical axis of this graph.
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Summary

Length of a line segment, gradient and midpoint

Length of PQ = y/(x — %)’ + (3 — %) Q (% %)
Gradient of PQ = 2—2L

Xg — X M
R X+ X Nt
Midpoint of PQ = [—, —J
point of PQ = |~ - P
Parallel and perpendicular lines
If two lines are parallel then their gradients are equal.

: 1
If a line has a gradient of m, a line perpendicular to it has a gradient of ——.
m

If the gradients of the two perpendicular lines are m, and m,, then m; X my, = —1.

The equation of a straight line
y = mx + ¢ where m = the gradient and ¢ = the y-intercept.

y=H = m[a: - :1:1) where m = the gradient and [x,, jifl} is a known point on the line,
Non-linear equations

To convert a non-linear equation involving x and y into a linear equation, express the equation in
the form ¥ = mX + ¢, where Xand Yare expressions in x and/or y.

Examination questions
Worked example

Solutions to this question by accurate drawing will not be accepted.
¥t

i B(6, 5)

ALY " =

The diagram shows a quadrilateral ABCD in which A is the point (1, 4), and Bis the point (6, 5).
Angle ABC s a right angle and the point Clies on the x-axis. The line A is parallel to the y-axis
and the line GD is parallel to BA, Find

a the equation of the line CD, [5]

b the arca of the quadrilateral ABCD. 4]

{':r;m.’ﬂ'ifig.f IGCSE Additional Mathematics (606 Paper 21 I':_EJ' k1 Nop 20140

s A
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Answers
a Gradient of AB = u— = l use My = —1 to find gradient of BC
b-1 b '
Gradient of BC = -5
Equation of BC: Y-y = m{x - x1} use m=-5,x, =6and y =5
y =5 ==b(x-6)
y—b=30-5x
y=3b-b5x
When y =0, (0 =35 - 5x
==:7
Cis the point (7, 0)
Equation of CD: y—y = m(x :r::::l use m = ; ¥ =7andy =0
y—0= %{r =7
Equation of CD is y = %{x -7)
b ADis parallel to the y-axis, hence the x-coordinate of Dis 1,

1
Substituting x = 1 into the equation y = E(x —7) gives y = -1.2.

Use the ‘shoestring’ method with A(l, 4), B(6, 5), C(7, 0) and D(1, -1.2).

1

voi o amern . L | s B T
Area of ABCD = — 4\-{5\0\

l\\{1

-1.2° "4
1

= 5|5+0+(-84)+4-24-35-0-(-1.2)
1

2

= 98 6 units*

-57.2]

Exercise 7.8
Exam exercise
1 The point Plies on the line joining A(-2, 3) and B(10, 19) such that AP: PB = 1:3.
a Show that the x-coordinate of Pis 1 and find the y-coordinate of P,
b Find the equation of the line through Pwhich is perpendicular to AB.
The line through Pwhich is perpendicular to AB meets the y-axis at the point (.
¢ Find the area of the triangle AQB.

[3]

Cambridge IGCSE Additional Mathematics 0606 FPaper 11 08 Nov 2014

»
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2 The table shows values of variables Vand .

v | 10 [ 50 [ 100 | 200
p | 950 | 85 [ 8.0 | 1.

a By plotting a suitable straight line graph, show that Vand pare related by the equation

# = kV", where kand n are constants. []
Use your graph to find
b the value of n, [2]
¢ the value of pwhen V = 35. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q8ii01 fun 2014

3 Solutions to this question by accurate drawing will not be accepted.
The points A(=3, 2) and B(1, 4) are vertices of an isosceles triangle ABC, where angle B = 90°,

a Find the length of the line AB. (1]
b Find the equation of the line BC. [5]
¢ Find the coordinates of each of the two possible positions of C. [6]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 QI0%it,ii Nov 2013

4 Variables xand y are such that y = Ab*, where A and b are constants. The diagram shows the
graph of Iny against x, passing through the points (2, 4) and (8, 10).

Iy ¢

(8, 10)

(2, 4)

MY

O

Find the value of A and of b [H]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 (2 fun 2013
o A

Scanne d with CamScanner



Cambridge IGCSE and O Level Additional Mathematics

5 Solutions to this question by accurate drawing will not be accepted.

¥

-

B(7,7)

A(l1, 4)

The diagram shows a trapezium ABCD with vertices A(11, 4), B(7.7), (-3, 2) and D.
The side ADis parallel to BC and the side CD is perpendicular to BC,
Find the area of the trapezium ABCD. [9]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 (10 Jun 2012

6 The table shows experimental values of two variables x and ».

x | 1 2 3 4 5 |
_y | 340 [ 292 [ 293 | 310 | 334 |

2 ) i1
It is known that x and y are related by the equation y = o o bx, where a and bare constants,
A

a {:f_‘.lﬂ']]_]]t‘:[{_'. the fblluwing table.

w= | I 1 |

[1]
b On agrid plot y/x against xx and draw a straight line graph. [2]
¢ Use your graph to estimate the value of @ and of 5, [3]
d Estimate the value of ywhen xis 1.5, [1]

Cambridge IGUSE Additional Mathematics 0606 Paper 21 Q%-izv Now 2011

7 The points A and B have coordinates (-2, 15) and (3, 5) respectively.
The perpendicular to the line AB at the point A(-2, 15) crosses the y-axis at the point C.
Find the area of triangle ABC. [6]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 7 fun 2011
% =
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8 Variables xand y are such that, when Iny is plotted against Inx, a straight line graph passing

10

11

through the points (2, 5.8) and (6, 3.8) is obtained.

Iny

——

0 Inx
a Find the value of Iny when Inx = 0. 2]
b Given that y = Ax’, find the value of A and of b [5]

Cambridge IGCSE Additional Mathematics 0606 Faper 11 (84, Nov 2010
Solutions to this question by accurate drawing will not be accepted.
The points A and B have coordinates (2, -1) and (6, 5) respectively.

i Find the equation of the perpendicular bisector of AB, giving your answer in the form
ax + by = ¢, where a, band care integers. [4]

The point Chas coordinates (10, -2).

ii  Find the equation of the line through Cwhich is parallel to AB. [2]
iii  Calculate the length of BC. [2]
iv  Show that triangle ABC is isosceles. [1]

Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q8 Mar 2013

The curve y=xy+x —4 intersects the line y=3x-1 at the points A and B. Find the
equation of the pe rpendicular bisector of the line AB. [8]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q3 Jun 2015

Solutions to this question by accurate drawing will not be accepted.
Two points A and B have coordinates (-3, 2) and (9, 8) respectively.

' Find the coordinates of C, the point where the line AB cuts the y-axis. [3]
ii Find the coordinates of D, the mid-point of AB. [1]
iii  Find the equation of the perpendicular bisector of AB. [2]
The perpendicular bisector of AB cuts the y-axis at the point E,

iv  Find the coordinates of E. [1]
v Show that the area of triangle ABEis four times the area of triangle ECD: [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q8 Nov 2015
ol
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Circular measure

This section will show you how to:

® useradian measure
m solve problems involving the arc length and sector area of a circle.




Chapter 8: Circular measure

8.1 Circular measure

Have you ever wondered why there are 360 degrees in one complete
revolution?

The original reason for choosing the degree as a unit of angular measure is
actually unknown but there are a number of different theories:

* ancient astronomers claimed that the Sun advanced in its path by one
degree each day and that a solar year consisted of 360 days

s the ancient Babylonians divided the circle into 6 equilateral triangles
and then subdivided each angle at Ointo 60 further parts, resulting in
360 divisions in one complete revolution

* 360 has many factors which makes division of the circle so much easier.

Degrees are not the only way in which you can measure angles. In this section
you will learn how to use radian measure. This is sometimes referred (o as
the natural unit of angular measure and it is used extensively in mathematics
because it can simplify many formulae and calculations.

In the diagram below, the magnitude of angle AOBis 1 radian (1 radian is
written as 1rad or 17),

An arc equal in length to the radius of a circle subtends
an angle of 1 radian at the centre.

It follows that the circumference (an arc of length 2mr) subtends an angle of
271 radians at the centre.

21 radians = 360°
1t radians = 180°

When an angle is written in terms of ©, the radian symbol is usually omitted.
Hence, = 180"
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Converting from degrees to radians

j]»
Since 180° = nt, then 90° = g, 45° = 2 etc.

Angles that are not simple fractions of 180° can be converted using the
following rule:

'To change from degrees to radians, multiply by %

Converting from radians to degrees

Since 7 = 180°, = = 30°, -~ = 18° elc.
6 10

Angles that are not simple fractions of T can be converted using the
following rule:

To change from radians to degrees, multiply by @
m

1
(It is useful to remember that 1 radian = 1 x sl = B7°%.)

T

@ Change 60° 1o radians, giving vour answer in terms of 1.

dn
b Change 3 radians to degrees.

Answers
| a Method 1: Method 2:
180° = © radians 60° = [ﬁ{} 4 %} radians
180} =
— = — T i: ] E L
[ 9 ] g radians 60° = E radians

T .
60° = E radians

b Method 1: Method 2:
- ) : 3r  180)°
T radians = 180° 8 radians = [— b4 —}
5 ] b
b r o
E Ry 85 STT: radians = 108°
an -

— radians = 108°
b
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Exercise 8.1
1 Change these emglfr:-; to radians, in terms of .

a lo° b 20° c 40° d hH0° e 15°

f 120° g 135° h 225° i 360° j T20°

k 80° 1 300° m 9° n 75° o 210°

2 Change these angles to degrees.

a = b s C 2 d i e ol
2 B 12 0 3
41 Tn Hn An U

| — h - § o= | —
5 5 10 12 20 } 7o
on Tn B O

k — 31 — =
Z I 3n m 2 n > 0 5

3 Write cach of these angles in radians correct to 3 sf.
a 32° b 55° c 84° d 123° e 247°

4 Write each of these angles in degrees correct to 1 decimal place.
a l3rad b 2.5rad ¢ 1.02rad d 1.83rad e 0.58rad

5 Copy and complete the tables, giving your answers in terms of 7.

==

a [Degrees | 0 | 45 | 90 | 135180 | 225 [ 270 [ 315 | 360 |
Radians | 0 T 2n

b [Degrees | 0 | 30 | 60 | 90 | 120 [ 150 180 [ 210 | 240 270 | 300 | 330 | 360
‘Radians | 0 n 27

6 Use your calculator to find

a sinl.3rad b tan0.8Brad c sinl.2rad Note:
d i o LR ¢ dan. You do not need to change the
2 &

angle to degrees. You should
set the angle mode on your
calculator to radians,

CHALLENGE Q

7 Annais told the size of angle BACin degrees and she is
then asked to calculate the length of the line BC. She C
uses her calculator but forgets that her calculator is in
radian mode. Luckily she still manages to obtain the 6 cm
correct answer. Given that angle BACis between 10°

and 15°, use graphing software to help you find the size & [

of angle BAC in degrees correct to 2 decimal places.
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CLASS DISCUSSION

You should already be familiar with the following mathematical words that are used in circle questions,

( chord ) arc ( sector ) ( segment )

Discuss and explain, with the aid of diagrams, the meaning of each of these words.
Explain what is meant by:

* minor arc and major arc ——

- e

* minor sector and major sector 1L = } B
* minor segment and major segment. S .

g i g b TN \
If you know the radius, rcm, and the angle @ (in degrees) at the centre | 0 |
of the circle, describe how you would find: \ /

Y

* arc length * area of sector L /
* perimeter of sector * length of chord SES—
* perimeter of segment * area of segment,

8.2 Length of an arc

From the definition of a radian, the arc that subtends an angle of 1 radian
174 at the centre of the circle is of length . Hence, if an arc subtends an an gle
of # radians at the centre, the length of the arc is 9.

B _—

& Illl
|\ 0 r 7
Ry o

Arc length = 16

A

 WORKED EXAMPLE 2

R . = . .
An arc subtends an angle of a radians at the centre of a circle with radius 8 cm.
Find the h:ngl_h of the arc in terms of 1.

Answers
Arc length = B .
. ﬂ 4 E‘ |
: |
4m
= — (]Il
3
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WORKED EXAMPLE 3

A sector has an angle of 2 radians and an arc length of 9.6cm.

Find the radius of the sector.

Answers
Arc length = 10
96 =rx 2
r =4.8cm

The circle has radius 5em and
centre O,

P()is a tangent to the circle at the
point P,

(RO is a straight line. Find

a angle PO(), in radians

b OR

¢ the perimeter of the shaded region.

175
Answers
12 le OB
a lﬂﬂfﬂﬂ=? (riangle LALA1s zhi ' 11
ﬁﬂgltﬁﬂgzmﬂ-l[l_f.] remember to have vour calculator in radian mode
5
= 1.176...
= 1.18 radians

b 00*=12%+5 using Pythagoras
0Q* = 169
0Q =13
Hence QR = 8cm.

¢ Perimeter = PQ + QR +arc PR
=12+8+ (5 x 1.176...)

=25.9cm
Exercise 8.2
1 Find, in terms of , the arc length of a sector of
T
a radius 6cm and angle s b radius 5cm and angle an
3n )18

¢ radius 10cm and angle d radius 18cm and angle .
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2 Find the arc length of a sector of
a radius 8cm and angle 1.2 radians b radius 2.5¢m and angle 0.8 radians.

3 Find, in radians, the angle of a sector of
a radius 4cm and arc length 5¢m b radius 9cm and arc length 13.5cm.

4 Find the perimeter of each of these sectors,
b

N p—
A] %\l ( 2rad \

4cm 3cm
.
e
ﬂxh
1 \ D
5 ABCDis a rectangle with AB = 6cm and BC = 16cm. r -, f

() is the midpoint of B,

OAED is a sector of a circle, centre O, Find

a A0 e T
ﬂ b angle AOD, in radians B : {'} C

¢ the perimeter of the shaded region.

6 Find
a the length of arc AB
b the length of chord AB
¢ the perimeter of the shaded segment.

T Triangle EFGis isosceles with EG = FG = 16cm.
GH s an arc of a circle, centre F, with angle HFG = .85
radians, Find
a the length of arc GH
b the length of EF

¢ the perimeter of the shaded region.
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8.3 Area of a sector

To find the formula for the area of a sector you use the ratio:
area of sector angle in the sector
area of circle  complete angle at the centre “

When € is measured in radians, the ratio becomes
area of sector @

mr T 9r

E s
area of sector = — X r
by o

1
area of sector = 5 8

|
L

3

Find the area of a sector of a circle with radius 6cm and angle radians,

Give your answer in terms of 1.

Answers

1
Area of sector = Erzﬁ'

WORKED EXAMPLE 6

, A B |
Calculate the area of the shaded segment correct

to 3 sf, ’

Answers
Area of triangle ﬂﬂR=%xExEx5in{E‘} 1511 A 5
= 29.0975...
= 29.0975...
Area of sector A{?H=%KB xBx2
= G4
~ Area of segment = area of sector AOB - arca of triangle A0B ; —— g=
=64 - 29.0975...

= 34.9¢cm®
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Exercise 8.3
1 Find, in terms of , the area of a sector of

: mn ; T
a radius 6cm and angle — b radius 15cm and angle —
- 5

e

fte in e b
¢ radius 10cm and angle — d radius 9¢m and angle —.
10 B
2 Find the area of a sector of
a radius 4cm and angle 1.3 radians b radius 3.8cm and angle 0.6 radians.

3 Find, in radians, the angle of a sector of

a radius 3cm and area Hem® b radius 7cm and area 30 cm?,
4 PO s the sector of a circle, centre O, radius 10 cm.

The length of arc PQis 8cm. Find
a angle PO(), in radians b the area of the sector PO(.

3 Asector of a circle, radius rem, has a perimeter of 150 cm.

Find an expression, in terms of , for the area of the sector.

6 ABCDIisa rectangle with A8 =9cm and BC = 18cm. _______—E—______H
(Jis the midpoint of BC. ; il o
178 OAED is a sector of a circle, centre 0. Find A _ \ D
a A0
b angle AOD, in radians
¢ the area of the shaded region. F
i e 0 =0
7 The circle has radius 12 cm and centre e 35 cm . f s
P()is a tangent to the circle at the point P, e S
(RO is a straight line. Find e ~H‘F{ .. 12 cm \
a angle POQ, in radians i
b the area of sector POR 0 /
¢ the area of the shaded region. % A

8 AOBis the sector of a circle, centre O, radius 8 cm.,
AC1s a tangent to the circle at the point A.
CBO1s a straight line and the area of sector AOB is 32 cm?.
Find
a angle AOB, in radians
b the area of triangle AOC

¢ the area of the shaded region.
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9 Triangle EFG is isosceles with EG = FG =Y9cm. G
GH is an arc of a circle, centre F, with angle
HFG = 0.6 radians. Find
a the area of sector of HFG

b the area of triangle EFG 0.6 rad

¢ the area of the shaded region.

10 The diagram shows a circle, centre (), radius 12cm.
Angle AOB = 8 radians.
Arc AB =9 cm.
an
a Show that 8 = T

b Find the area of the shaded region.

11 AODis a sector of a circle, centre ), radius 4cm.
BN 1is a sector of a circle, centre O, radius 10 cm.

The shaded region has a perimeter of 18cm. Find

a angle AOD, in radians

b the area of the shaded region.

12 AORis a sector of a circle, centre O, with radius 9cm.
Angle COD = 0.5 radians and angle ODCis a right angle. /-
OC = 5cm. Find

a (M) /
CID 0.5 md_ B

b
c the perimeter of the shaded region 0 D A
d “

9cm .

the area of the shaded region.
13 FOGis a sector of a circle, centre O, with angle
FOG = 1.2 radians.
EOH is a sector of a cirele, centre (), with radius b cm.
The shaded region has an area of 71.4 cm?, H

Find the perimeter of the shaded region.

0 E F
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CHALLENGE Q
14 The diagram shows a semi-circle, centre O, radius 10cm.
i is the arc of a circle,

centre . P

Find the area of /f’f /_L

a triangle EOF / i

sector FOG .fIa _ gt - / I"| \

b ;
f - £) s il I| \
. | o i?] :1{1. 4 \

€ sector FEH '
: ol ~

the shaded region. E () H G

CHALLENGE Q

15 The diagram shows a circle inscribed inside a square |” *

of side length 10cm. A quarter circle of radius 10cm Il / ]
18 drawn with the vertex of the square as its centre. _j{; /
Find the shaded area. |I 3 ‘
m Summary
One radian (1°)is the size of the angle subtended i _/ ‘\\
at the centre of a circle, radius 7 by an arc of length r. r/ \ T\
i |1‘:E \| |
| g—r=]'
\ ,J'I
When @ is measured in radians:
B i
= the length of arc AB = 10 Pa H\
/
m the area of sector AOB = %rﬂﬂ. / \
| II
| — {4
\ o = 9
'.\ ..Jlll'
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Examination questions

Worked example

The diagram shows an isosceles triangle AOB and a sector OCDEQO of a circle with centre 0.
The line ABis a tangent to the circle.
Angle AOB = 1.8 radians and the radius of the circle is 12cm.

a Show that the distance AC =7.3¢cm to 1 decimal place. [2]
b Find the perimeter of the shaded region. 6]
¢ Find the arca of the shaded region. [4]

Cambridge IGCSE Additional Mathematies 0606 Paper 21 Q11 Jun 2011

Answer
a cos09= E
(A
A = 2 = 19.3047 ...
cos (0.9
AC =0A-12 = 7.3047 ...
=7.3to 1dp
b Perimeter = arc CDE + EB + BA + AC hence need 1o find arc COE, EBand BA
arc CDE: arc CDE = 8 where 81is the angle in the major sector =21 — 1.8
=12 x(2n - 1.8)
= 53.798...
12 - . .
EB: cos0.9 = ﬁ using half of the isosceles triangle
12
08 = = 19.3047...
cos(.9
EB = OB — OE =19.5047 =12 = 7.3047 ...
BA: BA = 2 x (0A x sin0.9) = 30.24378...

Perimeter = arc CDE + EB + BA + AC

= B3.708. ..+ 7.93047... + 30.24378... + 7.3047 ...
= 08.7cm
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¢ area of shaded region = area of trian gle OAB + area of major sector CDE
| o
= —ghsin(C + l:r*-l’fi
2 2

1 : ;
- 19.307% x 5inl.ﬂ+~;—}}i 122 % (2n — 1.8)

504 cm?

Exercise 8.4
Exam Exercise

| /;3/ fy\

\

B F
2 Cm_~
~\0.8rad |

0 R P

- XCIm .

The diagram shows a sector OPQ of a circle with centre O and radius x em.

Angle POQ is 0.8 radians. The point S lies on OQ such that OS = 5hcm.

182 The point Rlies on OPsuch that angle ORSis a right angle,

Given that the area of triangle ORS is one-fifth of the area of sector OP(), find

a the area of sector OPQ in terms of x and hence show that the value of x is 8.837 correct

to 4 significant figures, [5]
b the perimeter of POSR, [3]
€ the area of POSR. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q1 1a,b Nov 2014

2 —
The diagram shows a circle with centre O and a chord AB.
The radius of the circle is 12cm and angle AOBis 1.4 radians.
a Find the perimeter of the shaded region. [5]
b Find the area of the shaded region. [4]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q10454 Nov 2013
N S
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3 A~—bcm—E D,
M¥8rad 16cm
1
B F G
- 16cm .

The diagram shows a square ABCD of side 16cm. M is the mid-point of A5,
The points Eand Fare on AD and BC respectively such that Al = BF = 6cm.
EFis an arc of the circle centre M, such that angle EMFis 8 radians,

a Show that 8 = 1.855 radians, correct to 3 decimal places. [2]
b Calculate the perimeter of the shaded region. [4]
¢ Calculate the area of the shaded region. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q8i,it,di fun 2013

18
4
B
= 1rad

A [ 12¢cm —D
The diagram shows a right-angled triangle ABC and a sector CBDC of a circle with centre Cand
radius 12cm. Angle ACB = 1 radian and ACD is a straight line.
a Show that the length of ABis approximately 10.1 cm. [1]
b Find the perimeter of the shaded region. [5]
¢ Find the area of the shaded region. [4]

Cambridee IGCSE Additional Mathematics 0606 Paper 21 Q1 It 4,85 fun 2012
L Py
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5 O
- ; ;;’.ﬁh b
.'/ "'r:j- I \\‘\ 1l]'lll".
| .fuf'; \\1 8 4
|||II |II ;'IFI”.___L____I.IH;, .
"\ ""'1 ;"'l #,’# J;"I
Y
S g SE

The diagram shows two circles, centres A and B, each of radius 10cm. The point 8 lies on the
circumference of the circle with centre A. The two circles intersect at the points Cand D. The
point £ lies on the circumference of the circle centre B such that ABE is a diameter.

i Explain why triangle ABCis equilateral. [1]
i Write down, in terms of x, angle CBE. [1]
il Find the perimeter of the shaded region. [B]
iv Find the area of the shaded region. [3]

Cambridge IGUSE Additional Mathematics 060 Paper 11 Q10 Now 2015

1584

The diagram shows a circle, centre O, radius 8 cm, The points Pand () lie on the circle,

The lines PT'and (T are tangents to the circle and angle POQ = =R racians.

i Find the length of PT, [2]
ii  Find the area of the shaded region. | 3]
iii Find the perimeter of the shaded region. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 (M4 Jun 2015

N A
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Chapter 8: Circular measure

The diagram shows a circle, centre O, radius r cm. Points A, Band Care such that Aand B
lic on the circle and the tangents at A and B meet at C. Angle AOB = @ radians.

i Given that the area of the major sector AOB is 7 times the area of the minor sector AOB,

find the value of & [2]
ii  Given also that the perimeter of the minor sector AOBis 20 cm, show that the value

of r, correct to 2 decimal places, is 7.18. [2]
jii Using the values of #and 7 from parts i and ii, find the perimeter of the shaded region

ABC. [3]
iv Find the area of the shaded region ABC. [3]

Cambridge [GGCSE Additional Mathematics 0606 Paper 12 Q¥ Mar 2016
Y ,
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Trigonometry

This section will show you how to:

find the trigonometric ratios of angles of any magnitude

aetermine the amplitude and period of trigonometric functions

describe the relationship between trigonometric graphs

sketch graphs of y =|f(x) |, where f{x} is a trigonometric function

draw and use the graphs of y = asinbx + ¢, Y=acoshx +¢ y=atanbx + r where ais a positive
integer, &is a simple fraction or integer and «is an integer

use trigonometric relationships

solve simple trigonometric equations

prove simple trigonometric identities.
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Chapter 9: Trigonometry

You should already know the following trigonometric ratios:

e SR e e R L s

. y hypotenuse hypotenuse adjacent
5 sing =2 cos = = tang = 2
- T T x

9.1 Angles between 0° and 90°

WORKED EXAMPLE 1

o : s : :
Given that sinf = F and that @ is acute, find the exact values of

5

4 sin@
a sin‘@ b cos@ ¢ tand d 2
tan@ = cos @

Answers
a sin“@ =sinf xsind

e 187
4
5
2
B sinf@ =
JB

The right-angled wiangle to represent @ is:

Using Pythagoras® theorem, x = -.||||||{".-"FJ]|_J - 2¢

. ox=]
Hence, cos = — = \—lll_j
) 3
9
¢ tanf = ? =2
2
i sinf B
anf — cos@ 4 l
@l oafly
—. 3
245 -1

2(25 + 1)
(245 -1)(2v5 + 1)
2(245 + 1
T 19
_2+445
19
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The sine, cosine and tangent of 30% 45° and 60° (or E, = and —] can be

obtained exactly from the following two triangles: :

Consider a right-angled isosceles triangle whose two equal sides are of length
1 unit,

The third side is found using Pythagoras’ theorem: Y12 +12 = «.JE

i o ;
/ sin4h° = . JE sinﬁz—l-.—
1

T

1 [ 9 n
*4"5 / cos4h® = — COS— =

‘\llr_".ﬁ Ef) 4 ﬁh

tan4h” = 1 tang =1

s
e

o
{.‘,,-' *51-.‘.-_ = _|_—h

1

Consider an equilateral triangle whose sides are of length 2 units,

The perpendicular bisector to the base splits the equilateral triangle into two
congruent right-angled triangles,

The height of the triangle can be found using Pythagoras’ theorem:

m

3 ;
sin 60" = £ g:inE = V3
2 3 2
1 |
3 cos60° = — cos— = —
", 2 3 2
‘ tan 60° = 3 L“"E = /3
sin80° = 1 an® _1
2 b 2
" QY0 \'IFE; 18 "J'ﬁ
voocos3)f = — CO5— = —
s 2 b 2
o 1 \'@ L 1 \l'rq
[::1113{} —_— = | = — an—= —| =
J3L 38 6 31 3

Note:
You do not need to learn these triangles and ratios for the examination,
but you may find it useful to know them.
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WORKED EXAMPLE 2

Find the exact value of tan it sin N
a sin 45" sin 60° b cos®45° c 3 T
1l —cos—
Answers
a sini}ﬁ':'sinﬁli]“—ix—a
22
= ﬁ - e the deno 1t
WE' .
_ Bx42
Eﬂxﬂ
_ A6
Y
b cos? 45° = cos45° X cos45° cos? 45° means (cos457)
BAL |
“RR
S
=
t;amE+smE V3 + a
. 3 - J2 o N
l—w:::nsE 1—l
3 2
=[1.|'r§+-—l-]xﬂ e
J2
= 2.f8 = rationalise the denominato
= 243 + /2.

Chapter 9: Trigonometry

Exercise 9.1 5
1 Given that tan@ = — and that 8is acute, find the exact values of

a sind b cosf ¢ sin?@
d sin®0+ cos® @ e E—HHE.
3—cosf
J2

and that @ is acute, find the exact values of
¢ 1-sin“0

2 Given that sinf = :

a cosf b tanf

cos B — sinf
tan @

d siné+ cos@

3 Given that cos@ = -1_- and that @is acute, find the exact values of
i
b tan@ ¢ tanfcos@

cos 0 - tanf
| — cos? 9

a sinf

d sin?@ +cos‘ @
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4 Find the exact value of each of the following.

, 5 tan 30°
a tan4h®cos60° b tan- 60° -
cos 30°
; cos? 3()° tan 45° — sin30°
d sin4b®+ cos30® e - — - =
c0545% 4+ cos 60) 1 + sin~ 60°
5 Find the exact value of each of the following. 2
" tan —
I | " i
a sin—cos— b sin®— C T
4 5 4 COs —
4
T
| o
5_‘3“3 1 1 tan - — sin -
d . T B TET T f n .
sin — §IN —~  CO8- tan — sin
3 6 4 6

9.2 The general definition of an angle

You need to be able to use the three basic trigonometric functions for
any angle.

To do this you need a g{-:n{*.ml definition for an anglc:

Jl E
SECOND FIRST
QUADRANT QUADRANT
P
0\ -
i) x
THIRD FOURTH
QUADRANT QUADRANT

An angle is a measure of the rotation of a line OF about a fixed point O,

The angle is measured from the positive x-direction.

An anticlockwise rotation is taken as positive and a clockwise rotation is taken
as negative.

The Cartesian plane is divided into four quadrants and the angle #1s

said to be in the quadrant where OPlies. In the diagram above, 8is in the
first quadrant.
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WORKED EXAMPLE 3
Draw a diagram showing the quadrant in which the rotating line OF lics for each of
the following angles. In each case find the acute angle that the line OF makes with the
A-AXIS.
; 21
a 240° b -7 c 490° d "%‘
Answers
a 240° is an anticlockwise rotation b <70° is a clockwise rotation
| Ya Ya
> .
X O\ 70° x
=70
IFJ'
acute angle = 60° acute angle = 70°
21
¢ 490° is an anticlockwise rotation d ? 18 an anticlockwise rotation
490° = 360° + 130°
= Vi p hE
490° 2
] ] :
s\ ), Jhis
Q J x 0 x
i
acute angle = 50° acute angle = ;

Exercise 9.2

1 Draw a diagram showing the quadrant in which the rotating line OF lies for
each of the following angles. In each question indicate clearly the direction
of rotation and find the acute angle that the line OF makes with the x-axis.

a 110° b —-60° ¢ 220° d -135° e —-300°
an T BT 15 : hTt
—_ g — h -—— i — j =-——
4 6 3 g ol

2 State the quadrant that OPlies in when the angle that OF makes with the
positive x-axis is
a 110° b 300° ¢ -160° d 245° e —500°
n l1n 5T . 13m , 9m

f - o b ==
1 & 6 6 6 3

Scanne d with CamScanner



Cambridge IGCSE and O Level Additional Mathematics

9.3 Trigonometric ratios of general angles

In general, trigonometric ratios of any angle 8 in any quadrant y4
are defined as: /#_ — T~ P(x, )
o/
: y X y / PR
sinf ==, cos@=—, tanf==, x=0 N A
r r X ||III A =l
'I. 0 "I
where x and y are the coordinates of the point P I“\,\ /
and ris the length of OPand r = \,';5 & Ha.%__ i

You need to know the signs of the three trigonometric ratios in the
four quadrants.

In the first quadrant sin, cos and tan are positive. (Since x, yand rare
all positive.)

By considering the sign of xand y you can find the sign of each of the three
trigonometric ratios in the other three quadrants.

By considering the sign of y in the second, third and fourth
sing = < quadrants, determine the signs of the sine ratio in each of these
quadrants,

- =t

: By considering the sign of x in the second, third and fourth
cosf = — quadrants, determine the signs of the cosine ratio in each of
these quadrants.

. By considering the sign of x and y in the second, third and fourth
tanf = - quadrants, determine the signs of the tangent ratio in each of
these quadrants. What happens to the tangent ratio when x = 0?

On a copy of the diagram, record which ratios are positive in each X S
quadrant. il

The first quadrant has been completed for you. titi

L

(All three ratios are positive in the first quadrant.)

Scanne d with CamScanner



Chapter 9: Trigonometry

The results of the class discussion, can be summarised as:

90°
You can memorise this diagram using a mnemonic such as Y
All Students Trust Cambridge’. Qi All
180° — {)°, 360°
x
Tan Cos
270°
R m———— p—— —
WORKED EXAMPLE 4
| Express in terms of trigonometric ratios of acute angles.
a cos(—1107) b sin 125"
Answers
a The acute angle made with the xaxis is 70°. S 1 A
In the third quadrant only tan is positive,
0 COS is negative.
cos(—110°) = —cos 70° =
T'}n y x
=110°
i C
b The acute angle made with the »axis is 55°,
In the second quadrant sin is positive. 3 1 A
sin 125" = 5in 55° +—
125°
, 55° ;
!_’J x
C
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‘ Given that sin@ = —— and that 180° =< & = 270°, find the value of tan 8 and the value
of cos 6. .

| Answers

8 is in the third quadrant.

tan is positive and cos is negative in this quadrant.
| #2403 = 5 PG
| x?=925-9=16 x{ \

' Since x < (), x =—4 -8

= = 4 !
mnﬂ=§=%mdrﬂgﬂ:—§i:_g N

Exercise 9.3
1 Express the following as trigonometric ratios of acute angles,

a sin220° b cos325° € tan 140° d cos(-25°)

e tan 600° i . 1 m(_m)
2n P 1/

| tan— | smT

e

©

2 Given that cos@ = % and that 270° = 8 = 360°, find the value of
a tan@ L b siné.
3 Given that tan# = —/3 and that 90° = @ = 1807, find the value of

a sin@ b cosé.

4 Given that sin@ = % and that @ is obtuse, find the value of

a cosf b tand.

i

. 9 : . 3
5 Given that tan @ = g and that @ is reflex find the value of

a sinf b cosé.
6 Given that tan A = = and cos B = ——l, where A and B are in the same
: V3
quadrant, find the value of
a sin A b cosA € sinB d tanB.
y : 3
T Given that sin A = g and cos B = —, where A and Bare in the same
]
quadrant, find the value of
a cosA b tan A C sinB d tanB.
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9.4 Graphs of trigonometric functions

CLASS DISCUSSION

Consider taking a ride on a Ferris wheel, with radius 50 metres, B
which rotates at a constant speed.

You enter the ride from a platform that is level with the centre of
the wheel and the wheel turns in an anticlockwise direction.

Sketch the following two graphs and discuss their properties:

e agraph of your vertical displacement from the centre of the
wheel plotted against angle turned through

s agraph of your horizontal displacement from the centre of
the wheel plotied against angle turned through.

The graphs of y =sinx and y =cosx
Suppose that OP makes an angle of x with the positive

: : . ™ Picosx, sinx
horizontal axis and that P moves around the unit circle, ( ’ )
through one complete revolution. The coordinates ot Pwill 1

be (cosx,sinx).

=
:]....-..
i

The height of Pabove the horizontal axis changes Y4
from0—>1—-0—=2-1—-0 1

The graph of sinx against xfor 0° = x = 360° is:

The distance of Pfrom the vertical axis changes y 4
.‘|' = L5 X
from1=0--1-0-1 Ly
The graph of cosx against xfor 0° = x = 360° is:
) T - X
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The graphs of y = sinx and y = cosx can be continued beyond 0° < x = 360°:

¥ 9

ANNVANEVA

/\ Y= COs %

-]W 90 1Wm 450 540 * -1&%:74‘[1 0 eh\lin;/‘%u 360 ﬁKﬁ

~1- 1

The sine and cosine functions are called periodic functions because they
repeat themselves over and over again.

The period of a periodic Function is defined as the length of one repetition
or cycle.

The basic sine and cosine functions repeat every 360°.

We say they have a period of 360°. (Period = 2r, if working in radians.)

The amplitude of a periodic function is defined as the distance between a
maximum (or minimum) point and the principal axis,

The basic sine and cosine functions have amplitude 1.

The graph of y=tan x
_:"I

¢ y=1an x

_180 =90 /01 90 80 270,860 450,540 *

The tangent function behaves very differently to the sine and cosine functions.
The tangent function repeats its cycle every 180° so its period is 180°,

The red dashed lines at x = £90°, x = 270° and x = 450° are asymptotes. The
branches of the graph get closer and closer to the asymptotes without ever
reaching them.

The tangent function does not have an amplitude.

The graphs of y=asinbx+c, y=acosbx+c and y=atanbx+c
You have already learnt about the graphs of y = sinx, y = cosx and y = tanx,

In this section you will learn how to sketch the graphs of
y=asmbx+c¢, y=acosbx + ¢ and y = a tanbx + ¢ where aand bare positive
integers and ¢is an integer.

You can use graphing software to observe how the values of a, band ¢ affect
the trigonometric functions.
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The graph of y =asinx

Using graphing software, the graphs of y =sinx and y = 2sin x are:

¥t
2_
J -
0 .
90 |
—] =
."' ; ?'i!'l X
. "__I‘ -\" "i '|I __.-..
-9 ) s | ) Fe

The graph of y =2sinx is a stretch of the graph of y = ST X
It has been stretched from the x-axis with a streich factor of 2.
The amplitude of y =2sin x is 2 and the period is 360"

Similarly, it can be shown that graph of y =3sinx isa stretch of y =sinx

from the x-axis with stretch factor 3. The ::lIﬂl}“l.lH‘].t‘ of y= Fsinx 15 3 and the

period s A60°.

Use graphing software to confirm that:

» y=2cosx is astreich of y=cosx from the x-axis with stretch factor 2
» y=3cosx isastretch of y=cosx from the x-axis with stretch factor 3
and

« y=2tanx isastretch of y =tanx from the x-axis with stretch factor 2

» y=3tanx isastretch of y=tanx from the x-axis with stretch factor 3.

The graph of y =sin bx

Using graphing software, the graphs of y = sin x and y = sin 2x are:

J: 'y
'I i
\ x
()
9 2 ()
= T .
v = 810 .2 A § = SN X

The graph of y = sin2x is a stretch of the graph of y =sin x.

Chapter 9: Trigonometry
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It has been stretched from the y-axis with a stretch factor of é

The amplitude of y =sin2x is 1 and the period is 180°, )

Similarly, the graph of y =sin 3x is a stretch, from the y-axis, of y =sinx
with stretch factor %

The amplitude of y =sin3x is 1 and the period is 1207,

Use graphing software to confirm that:

: el 1
* ¥y =cos2x isastretch of y=cosx from the y-axis with stretch factor —

. S 1
® y=cos3x isastretch of y =cosx from the y-axis with stretch factor 3
and

® y=tanZx isastretch of y=tanx from the y-axis with stretch factor -

2

: Wl 1
* )y =tan3x isastretch of y =tanx from the y-axis with stretch factor 3

198

The graph of y =sinx + ¢
Using graphing software, the graphs of y =sin x and y=sinx+1 are:

1
9

ﬁr\ ¥ = Sinx /
. X
() — -
: /ﬁm

270

~1- —
The graph of y =sinx + 1 is a translation of the graph of y =sin x.
0
It has been translated by the vector L)

The amplitude of y=sinx+1 is 1 and the period is 360°,

Similarly, the graph of y =sinx + 2 is a translation of ¥y =sin x by the

vector 9
cCclo 9|

T'he amplitude of y =sinx + 2 is 1 and the period is 360°.
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ACTIVITY

Use graphing software to confirm that:

"o
0
* y=cosx+1 isa translation of y =cosx by the vector 1
S
(0)
* y=cosx+2 isatranslation of y=cosx by the vector o
S,
(0
* y=cosx—3 isatranslation of y =cosx by the vector g
-
and
0
* y=tanx+1 isa translation of y=tanx by the vector 1]
\,

r,
0
* y=tanx—2 isa translation of y =tanx by the vector )

In conclusion,

y=asin bx +«¢

”

g |
affects affects
amplitude period
litude = 560° 21
(amplitude = a) (puri:;}d— 0 }
b
¥ =acos ix+i
f_,f/ .
.-"'-.-....--. "
s .
alfects affects
amplitude period
(amplitude = a) (pc:‘il}d _ 360° or Eﬂ;]
b b
y=atan bx + ¢
o |
.-"'ff’ ."‘H._
xf’f y
stretches the graph affects
Note: there is no period
amplitude for a tangent 180°

function

(pnrimi =

)
or —
b

b
vertical translation

transtion - (7))
translaton =
¢

s
vertical translation

(ranstasion- (7))
translation =
s

o .
vertical translation

[trmlslaliﬂn = (ﬂ]]
[
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Sketching trigonometric functions
The sketch graph of a trigonometric function, such as
y = 2cos3x — 1 for 0° = x = 360° can be built up in steps.

Step L: Start with a sketch of y = cos x; ¥

- s - q“
Period = 360° - . ;
T =CD5 X

. 1 ol R
Amplitude = 1 {}_\ . sl e
90~~~ 180 _—970 360

Step 2; Sketch the graph of y = cos 3x:

Stretch y = cos x from the y-axis g
: . Ccos Ax

with stretch factor =i | '\\ /\ /\ /—
) )
360° i N\ A N8y 2w/ 360

= 120° -]

Period =

Amplitude = 1

Step 5: Sketch the graph of y = 2cos3x:

m Stretch ¥ = cos3x from the x-axis ::-;d
with stretch factor 2. 9. 2 CO5 3X
A60° I '\
Period = = = ]12(0° 0
‘ 180 360
Amplitude =2 -1+
94

Step 4: Sketch the graph of y=2cos3x - 1: It

Translate y =2cos3x by [ ?) y =2cos3x—]

60~ 0

i’ I\ dE.
Peric s = ]9)° i I T i
riod = == = 120 e 9 180 970 360
Amplitude = 2 0
—_
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WORKED EXAMPLE 6

f{x) =3 sin 2x for 0° = x = 360°

a Write down the period of f.

b Write down the amplitude of f.

¢ Write down the coordinates of the maximum and minimum points on the curve
' y =f(x).

d Skeich the graph of y = f(x).

e Use your answer to part d to sketch the graph of y =3 sin 2x+1.

Answers

o

= 180°

a Period =—;

b Amplitude =3

¢ y=sin x has its maximum and minimum points at:
(90°, 1}, (270°, -1}, (450° 1) and (630°,-1)
Hence, f(x) = 3 sin 2x has its maximum and minimum points at:
(45°, 3), (135°, -3}, (225°, 3) and (315°, -3)

e y = % 5in 2x

X

L‘F =

9 180 2 i}
1=
9]
_g
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WORKED EXAMPLE 7

a On the same grid, sketch the graphs of y =sin2x and y =1 + cos2x for
0° = x = 360°.

b State the number of roots of the equation sin2x =1 +cos2x for 0° = x = 360°,

Answers

| v = 81N 2x

2

‘ b The graphs of y =sin2x and y =1+ cos2x intersect each other at 4 points in
the interval.

Hence, the number of roots of sin?x =14 cos2x is 4.

Exercise 9.4
1 a The following functions are defined for 0° = x = 360°,

For each function, write down the amplitude, the period and the
coordinates of the maximum and minimum points.

i f(x)=Tcosx il f(x) = 2sin2x il f(x) = 2cos3x
iv f{x}=35in%x v f(x)=4cosx+1 vi f(x)=5sn2% -2

b Sketch the graph of each function in part a and use graphing software
to check your answers.

2 a The following functions are defined for 0 = x < 2.

For each function, write down the amplitude, the period and the
coordinates of the maximum and minimum points.
i f(x)=4sinx i f(x) = cos3x i f(x) = 2sin3x
1 ] .
iv f{:u:}-—"ﬂms;g:r v f(x)=sin2x+3 wi f(x)=4cos2x-1

b Sketch the graph of each function in part a and use graphing software
to check your answers.
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I

ﬂ;I

ro|a o

The graph of y = a + bsinex, for 0 = x < =, is shown above.

Write down the value of a, the value of band the value of ¢

T

- 45 90 135 180
Part of the graph of y = asinbx + ¢ is shown above.

Write down the value of a, the value of & and the value of ¢

O 60 120 180 240 300 3607
The graph of ¥y = a + bcosex, for 0° = x = 3607 is shown above.
Write down the value of a, the value of b and the value of c.

6 a The following functions are defined for 0° = x = 360°,

For each function, write down the period and the equations of the
asymptotes.

T Uy V— i'{x}=3mnéx IO S Y

b Sketch the eraph of each function and use graphing software to check
grap grapiing
YOUI answers.
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7 a The following functions are defined for (0 = x = 2x.

For each function, write down the period and the equations of
the asymptotes.

i f(x)=tan4x i [(x) =2 tan3x iii f(x)=5tan2x -3

b Sketch the graph of each function and use graphing software to check
YOUr answers.

8 y,

]]'.'-‘

> sl

0 , .

el

n! o X

k3 3n
2 2

Part of the graph of y = Atan Bx + C is shown ahove.
The graph passes through the point f’[%, *1]-
m Find the value of A, the value of B and the value of ¢,

9 f(x)=a+ bsinex
The maximum value of fis 13, the minimum value of £ is 5 and the period
is 607,
Find the value of a, the value of b and the value of ¢,

10 f(x) = A+ 3cos Bx for 0° =< x = 360°
The maximum value of {'is 5 and the period is 72",
a Write down the value of A and the value of B,
b Write down the amplitude of f.
€ Sketch the graph of f.

11 f(x) = A+ BsinCx for (° = x = 360°
The amplitude of fis 3, the period is 90° and the minimum value of [ is -2,
a Write down the value of A, the value of B and the value of C.
b Skeich the graph of f.

12 a On the same grid, sketch the graphs of y = sinx and y = | + sin 2x for
0° = x = 360°,

b State the number of roots of the equation sin2x —sinx +1 = 0 for
0° = x = 360°
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13 a On the same grid, sketch the graphs of y = sinx and y =1+ cos2x for

(° = x = 360",
b State the number of roots of the f‘qlli:!.[.iﬂll sinx =1+ cos2x for
0° = x = 360°,

14 a On the same grid, sketch the graphs of y = 3cos2x and y = 2 + sinx

for 0° = x = 3607,
b State the number of roots of the equation 3cos2x = 2 4+ sinx for
0° = x = 360°

9.5 Graphs of y =|f(x)|, where f(x) is a trigonometric
function

You have already learnt how to sketch graphs of y= | f(x)| where f(x) is either
linear or quadratic.

In this section you will learn how to sketch graphs of y = | f{x}| where f(x) is a
trigonometric function.

WORKED EXAMPLE 8

a Sketch the graph of f(x) =|sinx| for 0= x = 2w

b State the range of the function f.

Answers

a Step 1: Sketch the graph of y =sinx

‘}'l
_I_
0= flx) < 1- y = |sin x|
. ] I ] ol =X
O R in SAT
2 ) 2 / y=snx
e M it

Step 2: Reflect in the x-axis the part of the curve y =sinx thatis below the x-axis.

b The range of the function fis 0 = f(x)} = 1,
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2 On the same grid, sketch the graphs of y =|sin2x| and y = cosx for 0° = x = 360°,
b State the number of roots of the t:quatiﬂn |sin2x| =cosx for 0° < x < %E{
Answers

a For y=|sin2x| sketch the graph of y =sin2x and then reflect in the xaxis the
part of the curve y =sin2x that is below the xaxis.

b 4

1'/\/\/\/”

Q l,éu 35‘{: 1%0— ;

_I_ \'\.'.ﬂr -.,_,.- _‘!II - Slﬂ .2.'!':'

Hence, the graphs of y =|sin2x| and y = cosx are:

)

-1

b The graphs of y =|sin2x| and y = cosx intersect each other at 4 points in the
interval,

Hence, the number of roots of |sin2x| = cosx is 4.

Exercise 9.5
Use graphing software to check your graphs in this exercise.

1 Sketch the graphs of each of the following functions, for 0° < x = 360°,
and state the range of each function,

a f(x)=|tanx| b f(x)=|cos2x]| € fix)=[3sinx|

-

d fix) =

1 1
ﬁinEm:| e f{x}=‘?c:nﬁ£x f(x) = | 2sin 2x|

f(x) =|4cosx — 3
2 a Sketch the graph of y = 2sinx -1 for 0° = x < 180°

g flx)=|sinx-2|] h f(x)=|5sinx+1|

b Sketch the graph of y = |2sinx — 1| for 0° = x % 180°.

¢ Write down the number of solutions of the equation | 2sinx - 1| = 0.5
for 0° = x = 180°,
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Sketch the graph of y = 2+ beosx for 0° = x = 180"

b Sketch the graph of y ={2 4 Heoosx| for (" = x = 1807

¢ Write down the number of solutions of the equation |2 + Gcosx| = 1 for
0° = x = 180~
Sketch the graph of y = 2 + 3cosx for (° = x = 180°

b Sketch the graph of y =12+ 3cosx| for 0° = x = 180",

¢ Write down the number of solutions of the equation |2 + 3sin2x| = 1
for 0° = x =< 180°

a On the same grid, sketch the graphs of y = |tanx| and y = cosx for
0° = x = 360°

b State the number of roots of the equation |tanx| = cosx for
0° = x = 360°

a On the same grid, sketch the graphs of y =[sin2x| and y = tanx for
0= x=2nm.

b State the number of roots of the equation | sin2x| = tanx for
0 < x < 2n.

a On the same grid, sketch the graphs of y =|0.5 + sinx| and y = cosx
for 0° = x = 360°,

b State the number of roots of the equation | 0.5 + sinx| = cosx for
0 = x = 360°

a On the same grid, sketch the graphs of y =1+ 4 cosx| and
y =2+ cosx for 0° = x = 360",

b State the number of roots of the equation |1+ 4 cosx| = 2 + cosx for
0* = x = 360°

The equation |3cosx — 2| = k, has 2 roots for the interval 0 < x = 2.

Find the possible values ol .

CHALLENGE Q
10 f(x)/

s

O 90 180 970) 360

The diagram shows lh_-: graph of f(x) = | a+ beoscx|, where a, band ¢

are positive integers.

Find the value of a, the value of b and the value of .
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9.6 Trigonometric equations

Consider the right-angled triangle:
T 5
" I X |
sinf = ) cosll = — tan @ = 2]
o [ ]
ll

T'he following rules can be found from this triangle:

an@ = S divide numerator and denominator by r
X
¥
- o , X
= use = = sinf® and — = cos@
X ! -
¥
sin &
tanf =
cosf
g i 2 . R R T
x= 4yt =y divide both sides by 1
o 5
X ! x i :
-1 + 2 =3 | use —=cosf and = = sin
208 r ¥ y #

cost@+sin@ =1

These two important rules will be needed to solve some trigonometric
equations later in this section,

Consider solving the equation:  sinx = (.5
x = sin~! (0.5)
A calculator will give the answer: x = 30°

T'here are, however, many more values of x for which sinx = (0.5,

Consider the graph of y =sinx for -360° = x = 360°

J_IJ
1= 2
]
T 7 | > L : ;
=abll =270 -18 —00) ()
-35() =210 30
=14 y=sln x

The sketch graph shows there are four values of x, between —360° and 360°, for
which sin x = 0.5,
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You can use the calculator value of x = 30°, together with the symmetry of the
curve to find the remaining answers.

Hence the solution of sinx =0.5 for -360° = x = 360" is:

x = —330°, —-210°, 30° or 150°

WORKED EXAMPLE 10

Salve cosx = —0.4 for 0° = x = 360"

Answers

cosx = —0.4 . oo to i o AT
x =113.6°

The sketch graph shows there are two values of x, between 07 and 3607, for which
cos x =-=0.4.

Using the symmetry of the curve, the second value is (360° - 113.67) = 246.4".

Hence the solution of cosx =-0.4 for 0° = x = 360° is
x=11%6" or 246.4°.

Chapter 9: Trigonometry
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solve tan2A =-18for0° = A = 1RD°

Answers
tan2A4 = -1.8
tanx = -1.8
x = —60.95"°
iz
1Al
T : T _ T | ,:
Ty ) a0 180 270 360

Using the symmetry of the curve:

x =—60.95 x = (—60.95 + 180) x=(119.06 + 180)
=119.05 =200 05k
Using x = 24,
24=-6095 24 =119.05 24 = 29905
A==-305 A =595 A =1495
Hence the solution of tan2A =-1.8 for 0° < x = 180° i%

M

=]
.

x
A =595" or A =149,
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WORKED EXAMPLE 12

solve Sin(E.ﬂ = g) =06 for 0= A =mn.

Answers

b 4
in| 24-—1|= 0.6
51n [ %]

sinx = 0.6

x = (0.6435 radians

f-.j ] |:|. :|-|

| Using the symmetry of the curve:

% = 0,645 x =1t — 0.6435
= 9 498
e
Using x=24A-—
3
94 — E = 0.6435 94 — l;- = 2498
|
| &= l[ﬁ.ﬁﬁﬁ £ E) A= 1(2.49:-1 + E)
9 3 : 3
A = 0.845 A=177

Hence the solution of 5in[2ﬁ- - g) =06 for 0=A=nxn1is

A = 0.845 or 1.77 radians.

Chapter 9: Trigonometry
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WORKED EXAMPLE 13

|
Solve sin®x — 2 sinx cosx = () for 0° = x = 560°,

Answers

F)

sin“x —2sinxcosx =10

| sinx (sinx—2cosx) =0

sint x = () or sinx — 2 cosx =10
x =0 180°, 360° sinx =2 cosx
tanx =2

| x=6340r 180+ 6354
| x = 68.4° or 243 4°

Y

() 63.4 0 of b
pih 180 270 60

J=1an x

The solution of sin®x —2sinxcosx =0 for 0° = x = 360° is
x =0, 63.4° 180°, 248.4° or 360°.

kJ
"
B

WORKED EXAMPLE 14

Solve 1 +cosx=3sinlx for 0° = x = 360"

Answers

l +cosx =3 sinsx

l 4+ cosx =3(1 -cos®x)
Fcos“x+cosx—2 =0 it
(Jcosx—2)(cosx+1)=0

Icosx—2=10 or cosx+ 1=10
E.Dﬁng cosx =—1
x =48.2° or 360 — 48.2 x =]180°

x=48.2° or 311.8°

I_\ /

: = T g -

| i) I.: “W“ :“II“I‘
=

V= 0085 X
=3

| The solution of 1+ cosx =3sin?x for 0° < x = 360° is
x =48.2°, 180° or 311.8"°.

i

Scanned with CamScanner



Chapter 9: Trigonometry

Exercise 9.6
1 Solve each of these equations for 0" = x = 360"

a sinx =03 b cosx =02 ¢ tanx = 2 d sinx=-0.6

e tanx=-14 f sinx=-08 g 4sinx—3=0 h 2cosx+1=0
2 Solve each of the these equations for (0 = x = 2.

a cosx =05 b tanx = 0.2 € sinx=2 d tanx = -3

e sinx=-0.75 f cosx=-050 g 4sinx=1 h Hsinx+2=0
3 Solve each of these equations for 0° = x = 180"

a sin2x =(0.8 b cos2x=-06 ¢ tan2x =2 d sin2x=-0.6

e Scos2x=4 f 7sin2x=-2 g 1+3tan2x=0h 2-3sin2x=10
4 Solve each of these equations for the given domains.

a cos{x—-30° =-05 for 0° = x = 360°.

b 6sin(2x+45%) = =5 for 0° = x = 180°.

c Ei.‘ﬂﬁ[%} +3 =0 for 0° < x = 540°,

" :
d f.ﬂ.‘;[x + f_) =-—.h for 0 <x < 27
)

e sin(2x—3)=0.6 for 0 < x < x radians.

f 2 Hin[":: + IE) =1 for 0 < x < 47 radians.
)

5 Solve each of these equations for 0° = x = 360%

a 4sinx = cosx b Ssinx+4cosx =10

¢ Hsinx—3cosx =10 d 5Hcos2x —4sin2x = 0
6 Solve 4sin(2x —0.4) —5cos(2x—-04)=0 for 0=x=T.

7 Solve each of these equations for (0° = x = 360"

a sinxtan(x —30°) =0 b Stan"x —4tanx =0
¢ 3cos‘x=cosx d sin“x+sinxcosx =0
e HsinXxcosx = Ccosx f sinxtanx = sinx

8 Solve each of these equations for 0° = x = 360
a 4sinx=1 b 25tan*x =9

9 Solve each of these equations for 0% = x = 360"

a tan‘x+2tanx-53=10 b 2sinx+sinx-1=10
€ S3cos’x—-2cosx—-1=10 d 2sin"x—cosx—=1=10
e Scos*x—3 =sinx f sinx+5=6cos®x

€ 2cos*x—sin“x—2sinx—-1=0 h 1+tanxcosx = 2cos® x
i Hcosx = dtanx

10 f(x)=sinx for 0=x =
Solve gf(x} = 0.5,

g(x) =2x—1 for xe R

o | S
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9.7 Trigonometric identities

sin® x + cos® x = 1 is called a trigonometric identity because it is true for all
values of x.

In this section you will learn how to prove more complicated identities
involving sinx, cosx and tan x.

When proving an identity, it is usual to start with the more complicated side
of the identity and prove that it simplifies to the less complicated side. This is
illustrated in the next example,

Note:
LHS means left-hand side and RHS means right-hand side.

Prove the identity {1+ sinx)® + (1 —sinx)® + 2cos?x = 4.

Answers
LHS = (1 + sinx)® + (1 - sinx)® + 2cos? x .
= (1+sinx)(1+ sinx) + (1 - sinx)(1 - sinx) + 2cos® »
=14 2sinx +sin“x+1— Zsinx + sin® x + 2cos? x collect like tern
=2+ 2sin® x + 2cos? x
=2+ 2(sin® x + cos® x)
=2+2x1
= 4
= RHS

WORKED EXAMPLE 16

Prove the idt'.nti:.]..'

- COSX = sinxtanx. I

COs X
Answers
|
LHS = —— =3 x |
i COS X

_ 1 cos’ x |
‘ COSX  COSX
1 - cos? x
COs X
sin® x |

CO8 X |
| ¢ s1n X :
_ = s51Nx X

COSs X
= sinxtanx

= RHS
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CLASS DISCUSSION

Equivalent trigonometric expressions

LA X Cos X

COs® X

] - cos*x

SIn° x + §in X CO8% X

sin® x

Sl X

5i11° X

tan x COs X

tan®x cosx

] — cos’x

tan x {1 = sin® x) sin x

I

COS X

Discuss why each of the trigonometric expressions in the blue boxes simplify to sin x.

Create as many trigonometric expressions of your own which simplify to tan x.

(Your expressions must contain at least two different trigonometric ratios.)

Compare your answers with your classmates.

Exercise 9.7
1 Prove each of these identiries.

SN x
a = COS X
tan x
1 - sin“x
C — —— =COsX
COSX

e (sinx+ f.‘.t_‘lﬂ.k'jll =1+ 2sinxcosx
2 Prove each of these identities.
a cosix —sin?x =2cos®x—1

. " i [§] 5
¢ cos?x+sin?xcos?x = cos®x

e 2-(sinx+cosx)’ = (sinx — cosx)”

3 Prove each of these identities.

cos? x — sin® x .
a , = COSX -+ SInx
COsSX — Sinx
ool - 4
CO8™ X —s5In" x "
c -~ =]-tan®x
CO8" X

COSXS8IiNn X %
_— —=]1-s51n"x
tan x

2 o3
CO5° X — 5111 X%

- + 8INXx = COSX
COsx + 8Inx

2 2

L & I-r - LS
tan®x —sin? x = tan® xsin‘x

cos?x —sin?x =1-2sin?x
S
2(1+ cosx) — (1 + cosx)” = sin“x

5 i - a
costx+sin?x = sin*x + cos*x

SN x 1 + cosx 2
_+. = - m— ._I S—
1 +cosx SN X S X
sin” x (1 - {'.{}52:'4:} "
—= = tan* x

cos” x{i - .*;ingx]
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9.8 Further trigonometric equations

The cosecant, secant and cotangent ratios

There are a total of six trigonometric ratios. You have already met the ratios
sine, cosine and tangent. In this section you will learn about the other three
ratios, which are cosecant (cosec), secant (sec) and cotangent (cot). These
three ratios are defined as:

1 1 1 cos@
cosecd = —— sec@ = cot = =
s5in @ cos @ tan & sin@

Consider the I'ighl.—'fmgl{f{l l.rian_giﬂ:

: ) X
s5infd = y cosf = — tan @ = 2
T r x
r r X
cosecl) = — secl = — cotf = — r
¥y X y y

» SEEEEe

The tollowing rules can be found from this triangle:
216

R divide both sides by x”
2 o
}I ¥ "l_' 0
| +[-_J = (—] use = = tanf and — = secP
x X X ~

1+ tan® @ = sec?@

2 SR

divide both sides by _152

X T
use — =cot® and — = cosecd
3 y

+ ]

I
S —
]
—
| -2
o R
=

\'I

cot*8+1 = cosec’@

These important identities will be needed to solve trigonometric equations in
this section.
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Solve 2cosecix +cotx=8=0 for 0°= x = 360°,

Answers
2 cosecix +cotx—8 =10 o
2 {l+c0tﬂx]+mt::— B=0 £ :.."I..i hrackets and collect terms
dcotix+cotx=6=10 WOVOFeS
(2cotx—3)(cotx+2)=0 ¥ §= tan ¥
2cotx—3=0 or cotx+2=10
cotx = — cotx = —2 R ———y
2 6L
3 s E|
2 1 ~00 90 801270
lanx = — anx = —— 1.5
3 2

x =33.7 or 33.7 + 180 x =-26.6 or —26.6 + 180 or -26.6 + 360
x=33.7" or 213.7° x = 153.4° or 333.4° (since —26.6" is out of range)

The solution of 2cosec’x+cotx—8=0 for 0° = x = 860° is
x = 55.7°, 153.4°, 213.7° or 333.4°.

Exercise 9.8
1 Solve each of these equations for 0° = x = 360°

L

a cotx =03 b secx=4 C cosecx = —2 d 3secx—H=10

2 Solve each of the these equations for 0 = x = 2.
a cosecx=D5 b cotx =08 ¢ sccx=-4 d Z2cotx+3=0

3 Solve each of these equations for 0° = x = 1807,
a sec2x =1.6 b cosec2x=5H ¢ cot2x=-1 d bHcosec2x = -7

4 Solve each of these equations for the given domains.
a sec(x—30°)=3 for 0° = x = 360°

b cosec(2x +45°) = -6 for 0° = x = 180"

c Eﬂl(x+%)=2 for 0<x <2

d 3sec(2x+3)=4 for D<x<nm

5 Solve each of these equations for 0° = x = 560",
a sec’x=4 b Y9cot®*x=4 ¢ lﬁcutﬂéx=9

6 Solve each of these equations for 0° = x = 3607
a 3tanix—secx-1=0 b 4wan®x+8secx=1
¢ Zsec’x =bhtanx+5 d 2cot®x—Scosecx—1=0
e Geosy+0secx=13 fcotx+Gsinx=2cosx =5

h

g Jcotx = 2sinx 12secx — 10cosx — Ytanx = ()

Scanne d with CamScanner



Cambridge IGCSE and O Level Additional Mathematics

9.9 Further trigonometric identities

In this section you will learn how to prove trigonometric identities that involve
any of the six trigonometric ratios.

Odd one out

sin®x + cos®x

COLEC X
ey Sin x
cotx i cosectiy = cot®x
. 5 5
5IN" x Cosec’x

= / COS X
COSEC X — COLX COS X
secx —tan’x

COLX Sinx tanx

Find the trigonometric expression that does not match the other six expressions.
Create as many expressions of your own to match the ‘odd one out’.

(Your expressions must contain at least two different trigonometric ratios.)
Compare your answers with your classmates.

‘ ) : 1+ secx
Prove the identity ————— = cosecx,
Tolany +sinx

Answers

LHS = i+_51_:':.::i_
tanx + sin x

1 |
1+
o COS5 X
5111 %

—— 4 5N X
COS X

cosx + 1

sin x + 5inx cos x

cosx + 1

sinx (cosx + 1)
1
51N X

= cosecx

= RHS
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Exercise 9.9
1 Prove each of these identities.

a (anx + cotx = Secx COSeCX b sinx -+ CcosxcoOlLx = COSECX
¢ cosecx—sinx = COSX COLX d secxcosecx —cotx = lanx

2 Prove each of these identities.
a (14 secx)(cosccx — col x) = tanx
b (1+secx)(l-cos x) = sinxtanx
¢ tanZx—sec’x+2= cosecix — cot® x

d (cotx+ tanx)(cotx — tan x) = cosec*x — seC” X

3 Prove each of these identities.

1 : sin x + COS® X .
a = §IN X COSX b s = SECT X
tanx + cobtx CO8° X
sin? xcosx + cos® x 1 - cos® x _
C _ = cotx d —r—= 1 —-sin*x
S1M X sectx — 1
1 + tan® x Sin X
e — geC X COSeC X f i COSec X
fanx 1—-cos“x
sinx tan®x _ . 5 1—sec”x a
g — =sin" X h — = tan” X
1+ tan“ x 1 — cosec x
o 1 +sinx . cosxcotx
i — = {Lau;r + sec x} J = gecx — lanx
]l —sinx cosx + cotx
4 Prove each of these identities. E
sinx COSx 1 1
a + —— = SEC X COSCCX b —— —— = 2tan x secx
COsSx  SINX ] —sinx 1+ snx
1 1 3 CO8 X S111 X :
c ——+ — = 2cosec” x d ————+——— =350X + COSX
1 + cosx 1— cosx ] — tanx 1-—cotx
COS X COS X COSX COSX
—_ 4 ———— = 2seCX f - + = 2tanx
1 +sinx 11— simnx cosecx + 1  Cosecx — |

5 Show that (3+ 9sinx)’ +(3- 9sinx)’ + gcos® x has a constant value for all xand state this value.
6 a Express Esin® x—2cos” x in the form a~+ bsin® x.

b State the range of the function f(x)=bHsin" x _9¢os” x for 0 =x =2

CHALLENGE Q
7 a Express sin@+4cosf+2 in the form a-— (cost - b .

b Hence state the maximum and minimum values of sinZ@+4cosf+2.
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Summary

Positive and negative an gles

Angle i i
g'es measured anticlockwise from the positive x-direction are positive

A :
ngles measured clockwise from the positive x-direction are negative

Diagram showing where sin, cos and tan are positive

o=

¥ya

Sin All

1 8i)

+ (}°, 360°
X

an L 05

270"
Useful mnemonic;: “All Students Trust ( ambridge’

Cosecant, secant and cotangent
1

cosecd = —— ]
_ secl = =1
sin @ cos 6 g = tan 6
Trigonometric identities
P simx
COS x

sinx + cos?x =1
I+tan®x = sec?y

1+ cot® x = cosec? x

Transformations of Trigonometric Graphs

The rules for shifting, stretching, compressing, and reflecting the graph of a function sum-
marized in the following diagram apply to the trigonometric functions we have discussed
in this section.

Vertical stretch or compression:

Vertical shift
reflection about v = o i !IL'g';_[I'\ /

y=af(blx +¢)) +d

Horizontal stretch or compression; Horzontal shaft

1 i el i |
reflection about x = —¢ 1l negative
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Examination questions

Worked example
The diagram shows the graph of y = asin(bx)+ ¢ for 0 =< x =< 2x, where a, band c are positive

integers.
j;l k.
State the value of a, of hand of «. [3]
Cambridge TGOSE Additional Mathematics 0606 Paper 11 Q1 No N3
Answer

y=asin(bx) + ¢
: , 21
a = amplitude period = = —

a=23 h=%

)
The graph of y = 3sin2x has been translated by the vector [[1]’ hence ¢ = 1.
a=3b=2,¢c=1

Exercise 9.10
Exam Exercise

1 a Sketch the curve y = 3cos2x —1 for (° = x = 180" [3]
b i State the amplitude of 1-— 4sin2x. [1]
ii State the period of Htan3x + L. [1]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 2 Nov 2014

2 a Solve 2cosdx = cotdx for 0° = x = 90° [5]
. ;

b Solve sec [;p + :.EHJ = =2 for 0 =< y < m radians. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 17 Q1 1a,b Now 2014

3 a Prove that secxcosec x — cotx = tanx. [4]
b Use the result from part a to solve the equation secxcosecx = 3cotx for 0° < x < 360°. [4]

Cambridge IGUSE Additional Mathemalics (606 Paper 21 Q1043 Nov 2014

% >
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l + sin @ cos @
4 Show that + —— = Psech. [4]
cosfd | + sin@
Cambridge IGUSE Additional Mathematics 0606 Paper 21 012a,b Nov 2013
—
- - ! . - - £}
5 a BSolve the equation 2cosecx + —— = 0 for 0° = x = 360~ [4]
COsx

b Solve the equation 7sin(2y—1) =5 for 0 = y < 5 radians. [5]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 (14,68, fun 2013

6 On a copy of the axes below sketch, for 0 = x = 2, the graph of

a y=cosx—1 [2]
b y=sin2x [2]
1'1[
9
1_' i
0=+ I =
3 T I o X
2 5 |
222 —14 |
~9J
¢ Staie the number of soluilons of ihe equaiion cosx - sin2x = 1, for 0 = x = 21, [1]

Cambridge IGCSE Additional Mathematies 0606 Pager 11 Qi 6,4 Jun 2013

1+ sinﬁ')? 3§ (1 - sin @

cosd

7 Prove that [ ] =2+ 4tan* . 4]

cosf
Cambridge IGCSE Additional Mathematics 0606 Paper 21 QI Jun 2013

: . : . 5
8 a Given that 15c0s*8 + 2sin?@ = 7, show that tan?@ = = | 4]

5
b Solve 15cos®@ +2s5in?28 =7 for 0 = @ = n radians. 3]

Cambmidge IGCSE Additional Mathematics 0606 Paper 11 Qi fun 2012
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y

0 i
0 180° *
a The diagram shows a sketch of the curve y = asin(bx)+ ¢ for 0° = x = 180"
Find the values of a, fand . [3]
b Given that {(x) = bcos3x + 1, for all x, state
i the period of [, [1]
i the amplitude of f. [1]
Cambridge 1GCSE Additional Mathematics (606 Paper 21 Q3a,bi i fun 2012
10 a Solve 4sinx = cosecx for (° = x = 360°, [3]
b Solve tan® 3y—2sec3y—2=0 for 0° = y=<180°. (6]
¢ Solve taﬂ[z— g—) =3 for 0=z=2n radians. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q10 jun 2015

11 Show that vsec® @ —1 +Jcosec?8—1 = secBeosech. (5]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 QF Nov 2013

12 Solve the following equations.

i 4s5in2x+5cos2x=0 for 0°=x=180° El
il cot’ y+3cosecy=3 for 0°= y=360° [5]
i -:us(z + ﬂ-) = o for 0=z =2n radians, giving each answer as a multiple of T [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 (09 Nov 2013

J
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Permutations and combinations

This section will show you how to:

m find the number of arrangements of n distinct items

m find the number of permutations of ritems from n distinct items
= find the number of combinations of ritems from n distinct items
® solve problems using permutations and combinations.
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10.1 Factorial notation
Bxdx3x2x1 is called 5 factorial and is written as 5!
It is useful to remember that n! = n X (n— 1)!

For example 5! =5 x 41

WORKED EXAMPLE 1

Find the value of

8] 11!
a Ej b e
Answers
8l BxTxXOGXAxAXIxIxN
B BxdxAxZgxd
=B8xTxb
= 336

1! 11x10x9IxExFxGxixdxdx?xl
8131  HxTxBxBxAxIxIxIx3x2x]
990
'y
| = 165

Exercise 10.1
1 Without using a calculator, find the value of each of the following,.
Use the x! key on your calculator to check your answers.

1 | |
a 7! b = g 3l g &
2] 3! 5l
41 6! 6! 5]l
e — f g —xX—
212! 312! (31)2 31 4!
2 Rewrite each of the following using factorial notation.
a 2x1 b 6x5xd4x3x2x1 ¢ bx4x3
10 x & % 10x9
d 17x16x15x14 o X33 j LERELIR DT
dx2x1 4x3x2x1
CHALLENGE Q
3 Rewrite each of the following using factorial notation.
a n{n—1)(n—-2)(n-3) b nin—1)(n—2)(n—-3)(n—4)(n-5b)
2 n(n—=1)(n=2) d a(n—1)(n—2)(rn—3)(n-4)
T o e Ba-2-%-1
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10.2 Arrangements

CLASS DISCUSSION

These books are arranged in the order BR (., (Blue, Red,
range, (.reen).
The books could be arranged in the order - GBR.

Find the number of different ways that the 4 books can be arranged in
a line.

You will need to be systematic.
How many ways are there of arranging five different books in a line?

To find the number of ways of arranging the letters A, B and C in a line you can use two methods,

Method 1
List all the possible arrangements,
These are: ABC  ACB BAC BCA CAB and CBA.

There are 6 different aArrangements.

Method 2
Consider filling 3 spaces.

The first space can be filled in 3 ways with either A or B or C.

For each of these 3 ways of filling the first space there are 2 ways of filling the second space.
There are 3 X 2 ways of filling the first and second spaces,

For cach of the ways of filling the first and second spaces there is just 1 way of filling the third space.
There are 3 x 2 x 1 ways of filling the three spaces.

The number of arrangements =3 x 2x 1 =6.

3 x 2 x 1is called 3 factorial and can be written as 3!

In the class discussion, you should have found that there were 24 different ways
of arranging the 4 books.
4 =4x3x2x1=24

The number of ways of arranging = distinct items in a line = n!.

WORKED EXAMPLE 2
: : e B —— . g e
1G] [R] |A] [D] [1] [E] [N] [T] [s]

a Find the number of different ai rangements of these nine cards if there are no |
restrictions, |

| b Find the number of arrangements that begin with GRAD.
Find the number of arrangements that begin with G and end with 8.
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Answers

a There are 9 different cards.
number of arrangements = 9! = 362880

b The first four letters are GRAD, so there are now only b letters left to be
arranged,
number of arrangements = 5! = 120

¢ The first and last letters are fixed, so there are now 7 letters to arrange between
the G and the S.
number of arrangements = 7! = 5040

WORKED EXAMPLE 3

O0me OO0

a Find the number of different arrangements of these seven objects if there are
1o restrictions.

b Find the number of arrangements where the squares and circles alternate.

[l

Find the number of arrangements where all the squares are together.

d Find the number of arrangements where the squares are together and the circles
are together.

Answers P

a There are 7 different objects.
number of arrangements = 7! = 504(

b If the squares and circles alternate, a possible arrangement is:

@lEEC) kEelm

There are 4! different ways of arranging the four squares.
There are 3! different ways of arranging the three circles.
So the total number of possible arrangements = 4! x 3] = 24 x 6= 144.

¢ If the squares are all together, a possible arrangement is:

(=] In)leYe

The number of ways of arranging the 1 block of four squares and the 3
circles = 4!

There are 4] ways of arranging the four squares within the block of squares.
So the total number of possible arrangements = 4! x 41 =24 x 24 = 576.

d 1f the squares are together and the circles are together, a possible arrangement is:
OO O O

There are 4! x 3! ways of having the squares at the start and the circles at the end.
Another possible arrangement 1s:

ereye) I=l=]m

s bana

There are 3! x 4! ways of having the circles at the start and the squares at the end.
total number of arrangements = 4! x 3! + 3| x 4! = 144 + 144 = 288

Scanned with CamScanner



Cambridge IGCSE and O Level Additional Mathematics

Exercise 10.2
1 Find the number of different ATTANECIEents
a 4 people sitting in a row on a bench

b 7 different books on a shelf

2 Find the number of different arrangements of letters in each of the
following words,

a TIGER b OLYMPICS ¢ PAINTBRUSH

3 a Find the number of different four-digit numbers that can be formed
using the digits 3, 5, 7 and 8 without repetition.
b How many of these four-digit numbers are
i even
i greater than 80007
4 A shelf holds 7 different books.
4 of the books are cookery books and 3 of the books are history books.

a Find the number of ways the books can be arranged if there are
1o restrictions.

b Find the number of ways the books can be arranged if the 4 cookery books
are kept together.

5 Five-digit numbers are to be formed using the digits 2, 3, 4, 5 and 6.
248 S . '
Each digit may only be used once in any number.
a Find how many different five-digit numbers can be formed.
How many of these five-digit numbers are
b even
¢ greater than 40000
d even and greater than 400007

6 Three girls and two boys are to be seated in a row,
Find the number of different ways that this can be done if
a the girls and boys sit alternately
b a girl sits at each end of the row
¢ the girls sit together and the boys sit together.

T a Find the number of different arrangements of the letters in the
word ORANGE.
Find the number of these arrangements that
b begin with the letter O
¢ have the letter O at one end and the letter E at the other end.

8 a Find the number of different six-digit numbers which can be made usin o
the digits 0, 1, 2, 3, 4 and 5 without repetition. Assume that a number
cannot begin with 0.

b How many of the six-digit numbers in part a are even?
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9 6 girls and 2 boys are to be seated in a row.

Find the number of ways that this can be done if the 2 boys must have
exactly 4 girls seated between them.

10.3 Permutations

In the last section, you learnt that if you had three letters A, B and C and 3 spaces to fill, then the
number of ways of filling the spaces was 3 X 2x 1 = 3

LI

Now consider having 8 letters A, B, G, D, E, F, G, H and 3 spaces to fill.
The first space can be filled in 8 ways.

For each of these 8 ways of filling the first space there are 7 ways of filling the
second space.,

There are 8 x 7 ways of filling the first and second spaces.

For cach of the ways of filling the first and second spaces there are 6 ways of
filling the third space.

There are 8 x 7 x 6 ways of filling the three spaces.

The number of different ways of arranging three letters chosen from eight
letters = 8 X 7 x 6 = 336.

The different arrangements of the letters are called permutations.
The notation *Ps is used to represent the number of permutations of 3 items
chosen from B8 items.

SxwTubxbhxd4dx3Ix2x1 ! !
Note that 8 x 7 % 6 can also be written as ! S 2 = §~ = 8

5 8 8 5x4x3x2x1 5 (8=3)
So 8P = =2 = 386.
(8-3) 5l
The general rule for finding the number of permutations of 7 items from n
i n!
distinct items is "P,= - s
(n—n!

Note:
* In permutations, order matters.
¢ By definition, 0! = 1.
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To explain why 0! = 1, consider finding the number of permutations of 5
letters taken from 5 letters,

HENEN
ST AN

5 4 % 2 |
choices choices choices choices  chaice

The number of ways of filling the 5 spaces with the 5 letters =5 x 4 x 3 x 2 x 1 = 120.
bl 5t 120

But, °P; = ==
(=51 0 o
. 120
S0 T 120. Hence 0! must be equal to 1.

- WORKED EXAMPLE 4

| A security code consists of 3 letters selected from A, B, C, D, E, F followed by 2 digits
selected from 5, 6, 7, 8, 9,
Find the number of possible security codes if no letter or number can he repeated,

Answers

Method 1

| There are 6 letters and 5 digits to select from.
230 : : . ;
| Number of arrangements of 3 letters from 6 letters = P,

Number of arrangements of 2 digits from 5 digits = 7P,
S0 number of possible security codes = %P5 % °P, = 120 x 20 = 2400,

Al iyl 0 |
LT

i AT T Rl B RF
I'here are 6 letters and 5 diglt.-_-'. to select from.

IO
O ot

The first three spaces must be filled with three of the six letters.

There is a choice of 6 for the first space, 5 for the second space and 4 for the third

space. |
The last two spaces must be filled with two of the 5 digits.

There is a choice of 5 for the first space and 4 for the second space.

S0 number of possible security codes =6 x 5 x 4 % 5 x 4 = 2400, |
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WORKED EXAMPLE 5

Find how many even numbers between 3000 and 4000 can be formed using the digits
1, 8, 5, 6, 7 and 9 if no number can be repeated.

Answers

Method 1
The first number must be a 3 and the last number must be a 6.

BIREIE

There are now two spaces to fill using two of the remaining four digits 1, 5, 7 and 9.
o
(4-2)1 21

L

Number of ways of filling the remaining two spaces = 1P, =

There are 12 different numbers that satisfy the conditions.

Method 2
Consider the number of choices for filling each of the four spaces.

Qpen
TR

chl:lu:e r:i‘lt:maﬁ chnlr:e'; d1:J|cE

Number of ways of filling the four spaces=1x4x 3 x 1

There are 12 different numbers that satisfy the conditions.

Method 3
In this example it is not impractical to list all the possible permutations.
These are: 3156 3516 3176 3716 3196 3916

3576 37656 3196 3916 3796 3976

| There are 12 different numbers that satisfy the conditions.
I : -

Exercise 10.3

1 Without using a calculator, find the value of each of the following.
Use the "P, key on you calculator to check your answers.

a °p; b °p, e d P,

2 Find the number of different ways that 4 books, chosen from 6 books be
arranged on a shelf.

3 How many different five-digit numbers can be formed from the digits 1, 8
3,4, 5, 6,7, 8, 9if no digit can be repeated?

4 There are 8 competitors in a long jump competition.
In how many different ways can the firsesecond and third prizes
be awarded?
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5 Find how many different four-digit numbers greater than 4000 that can be
formed using the digits 1, 2, 3, 4, 5, 6 and 7 if no digit can be used more
than once.

6 Find how many even numbers between 5000 and 6000 can be formed from
the digits 2, 4, 5, 7, 8, il no digit can be used more than once.

7 A four-digit number is formed using four of the eight digits 1, 2, 3, 4, 5, 6, 7
and 8. No digit can be used more than once.
Find how many difterent four-digit numbers can be formed if
a there are no restrictions b the number is odd
¢ the number is greater than 6000  d the number is odd and greater than 6000,

8 Numbers are formed using the digits 3, 5, 6, 8 and 9.
No digit can be used more than once.
Find how many different
a three-digit numbers can be formed

b numbers using three or more digits can be formed.

9 Find how many different even four-digit numbers greater than 2000 can
be formed using the digits 1, 2, 3, 4, 5, 6, 7, 8 if no digit may be used more
than once,

CLASS DISCUSSION

You have already investigated the number of ways of arranging
4 different books in a line.

You are now going to consider the number of ways you can select 3
books from the 4 books where the order of selection does not matter.

If the order does not matter, then the selection BRO is the same as
OBR.

Find the number of different ways of selecting 3 books from the
4 books,

A combination is a selection of some items where the order of selection does

not matter.

So for combinations order does not matter,

Consider the set of 5 crayons.

To find the number of different ways of choosing 3 crayons

from the set of 5 crayons you can use two methods.

Il cRavows jijf

Method 1
List all the possible selections.

A00 000 AOA AA0 AAR AQM BAO ADA GAAR A00

S0 there are 10 different ways of choosing 3 crayons from 5.
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Method 2
The number of combinations of 3 from b = —= = 10.

10.4 Combinations

The general rule for finding the number of combinations of ritems from

n distinct items 1s: :
n!

in— !

n —

.

Note:

¢ In combinations, order does not matter.

e "C, isread as ‘n choose r.
So °Cy is read as ‘b choose 3.

¢ "C_can also be written as { :,I }

o 19C, is the same as '’C.
So the number of ways of choosing 3 from 10 is the same as the number
of ways of choosing 7 from 10. This is because when you choose a group
of 3 from 10, you are automatically left with a group of 7.

WORKED EXAMPLE 6

A team of 6 swimmers is to be selected from a group of 20 swimmers.

Find the number of different ways in which the team can be selected.

Answers
201

614!

Number of ways of selecting the team = *'C; = = 38760,
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WORKED EXAMPLE 7

A B
The diagram shows 2 different tents A and B.
Tent A holds 3 people and tent B holds 4 people.
Find the number of ways in which 7 people can be assigned to the two tents.

|
Answers

Number of ways of choosing 3 people from 7 for tent A = "Cy = 35.
50, the number of ways of assigning the 7 people to the two tents = 35,

WORKED EXAMPLE 8

3 coats and 2 dresses are to be selected from 9 coats and 7 dresses,
Find the number of different selections that can be made.

Answers

Number of ways of choosing 3 coats from 9 coats = C,.
Number of ways of choosing 2 dresses from 7 dresses = "C,.
So, the number of possible selections =%Cy % "Cs = 84 x 21 = 1764.

WORKED EXAMPLE 9

A quiz team of 5 students is to be selected from 6 boys and 4 girls.

Find the number of possible teams that can be selected in which there are more boys
than girls,

Answers

If there are more boys than girls there could he;

5boys 0girls number of ways =5C; x *Cy=6x1=6
4boys 1girl number of ways =%C, x *C, =15 x 4 =60
3boys 2girls number of ways = 5Cq % %Cy = 20 x 6 = 120
S0, the total number of possible teams = 6 + 60 + 120 = 186.
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WORKED EXAMPLE 10

Sofia has to play 5 pieces of music for her music examination.

She has 13 pieces of music to choose from.

There are 7 pieces written by Chopin, 4 written by Mozart and 2 written by Bach.
Find the number of ways the 5 pieces can be chosen if

a there are no resirictions

b there must be 2 pieces by Chopin, 2 pieces by Mozart and 1 piece by Bach

¢ there must be at least one piece by each composer.

Answers

a Number of ways of choosing 5 from 13 = *C; = 1287
b Number of ways of choosing 2 from 7 pieces by Chopin ="C;

Number of ways of choosing 2 from 4 pieces by Mozart = 'Cy
Number of ways of choosing 1 from 2 pieces by Bach = G
S0, number of possible selections = 10 % %0 % 20, =21 % 6% 2 = 252.

¢ If there is at least one piece by each composer there could be:
3 Chopin 1 Mozart 1Bach number of ways = 'Cy x 'C; x *C; = 35 x 4 x 2 =280
1 Chopin 3 Mozart 1 Bach number of ways = T X% *Cy=Tx4x2=56
2 Chopin 2 Mozart 1 Bach number of ways = TCax *Cex2C; =21 x 6 2=252
2 Chopin 1 Mozart 2 Bach number of ways = TCex 10, x ¥ =21xd4x1=84
] Chopin 2 Mozart 2 Bach number of ways = I =Txx]1=42
So, total number of ways = 280 + 56 + 252 + 84 + 42 = 714.

Exercise 10.4
1 Without using a calculator find the value of each of the following, and then
use the "C, key on your calculator to check your answers.

a B0, b °Cs € %G d (3] e (r}] f [31}

o

2 Show that ®Cy = 5Cs,.

~d

3 How many different ways are there of selecting
a 3 photographs from 10 photographs
b 5 books from 7 hooks
¢ ateam of 11 footballers from 14 footballers?

4 How many different combinations of 3 letters can be chosen from the
letters P, Q, R, §, T?
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5 The diagram shows 2 different boxes, A and B. _" |, 7]
B | )

Find the number of ways in which the 8 toys can / '
be placed in the boxes so that 5 toys are in box A and 3 toys are in box B.

8 different toys are to be placed in the boxes. A

6 4 pencils and 3 pens are to be selected from a collection of 8 pencils and
5 pens.

Find the number of different selections that can be made,

7 Four of the letters of the word PAINTBRUSH are selected at random,
Find the number of different combinations if
a there is no restriction on the letters selected
b the letter T must be selected.

8 A test consists of 30 questions.
Fach answer is either correct or incorrect.
Find the number of different ways in which it is possible to answer
a exactly 10 questions correctly

b exactly 25 questions correctly,

9 An athletics club has 10 long distance runners, 8 sprinters and 5 jumpers.
A team of 3 long distance runners, 5 sprinters and 2 jumpers is to be selected.

Bl
Cad
[+ ]

Find the number of ways in which the team can be selected.

10 A team of 5 members is to be chosen from 5 men and % women.
Find the number of different teams that can be chosen
a if there are no restrictions
b that consist of 3 men and 2 women

¢ that consist of no more than 1 woman.

11 A committee of 5 people is to be chosen from 6 women and 7 men.
Find the number of different committees that can be chosen
a if there are no restrictions

b if there are more men than womer.

12 A committee of 6 people is to be chosen from 6 men and 7 women,
The committee must contain at least 1 man.
Find the number of different committees that can be formed.

13 A school committee of 5 people is to be selected from a group of 4 teachers
and 7 students.

Find the number of different ways that the committee can be selected if
a there are no restrictions

b there must be at least 1 teacher and there must be more students
than teachers.

Scanned with CamScanner



Chapter 10: Permutations and Combinations

14 A test consists of 10 different questions.
4 of the questions are on trigonometry and 6 questions are on algebra.
Students are asked to answer 8 questions.

a Find the number of ways in which students can select 8 questions if there
are 1o restrictions.

b Find the number of these selections which contain at least 4 algebra
questions.

15 Rafiu has a collection of 10 CDs.
4 of the CDs are classical, 3 are jazz and 3 are rock.
He selects 5 of the CDs from his collection.
Find the number of ways he can make his selection if
a there are no restrictions
b his selection must contain his favourite jazz CD
¢ his selection must contain at least 3 classical CDs.
16 In a group of 15 entertainers, there are b singers, 5 guitarists and
4 comedians.
A show is to be given by 6 of these entertainers.
In the show there must be at least 1 guitarist and | comedian.

There must also be more singers than guitarists.

Find the number of ways that the 6 entertainers can be selected.

Summary

Arrangements in a line
The number of ways of arranging = distinct items in a line is
nxn-1xn-2)x..x3x2x1=mnl

Permutations
The number of permutations of ritems from = distinct items is
n!
s o,
" (n—1

In permutations, order matters.

Combinations
The number of combinations of ritems from n distinct items is

n!
e
In combinations, order does not matter.
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Examination questions

Worked example
1 a i Find how many different 4-digit numbers can be formed using the digits 1, 2, 3, 4, 5
and 6 if no digit is repeated. [1]
il How many of the 4-digit numbers found in part i are greater than 60003 [1]

iii How many of the 4-digit numbers found in part i are greater than 6000 and
are odd? [1]

b A quiz team of 10 players is to be chosen from a class of 8 boys and 12 girls.

i Find the number of different teams that can be chosen if the team has to have equal
numbers of girls and boys. [3]

il Find the number of different teams that can be chosen if the team has to include the
youngest and oldest boy and the youngest and oldest girl. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q1 O0ai, i, 6id, bi, i Now 2014

Answers
1 a i Number of 4-digit numbers = "P, = 360,
ii Method 1
238 The first number must be a 6.

L

oi2a

There are now three spaces to fill using three of the remaining five digits 1, 2, 8, 4 and 5.
o X 5 5! 5
Number of ways of filling the remaining three spaces = 9P, = B3 T
g = )l :
There are 60 different numbers that satisfy the conditions.

60,

Method 2
Consider the number of choices for filling each of the four spaces,

ool
1 E 4 3
choice choices choices choices

*

Number of ways of filling the four spaces =1 x5 x 4 x 3.

There are 60 different numbers that szuisl'}-‘ the conditions.
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iii Method 1
The first number must be a 6,

HIERIERIE:

The last number must be a 1, 3 or 5.

The middle two spaces must then be filled using two of the remaining four numbers.
!

Number of ways of filling the four spaces = 1 X P, x8=1x H_4]E]}_1K 3=3x ;_I = 36.

There are 36 different numbers that satisfy the conditions.

Method 2
Consider the number of choices for filling each of the four spaces.

The first number must be a 6.
The last number must be a 1, 3 or b.

When the first and last spaces have been filled there will be four numbers left to
choose from.

1/ f \3 \3

choice  choices  choices  choices

Number of ways of filling the four spaces =1 x4 X3 X 3.
There are 36 different numbers that satisfy the conditions.
b i There mustbe 5 boysand 5 girls.

Number of ways of choosing 5 boys from 8 = *C;.

Number of ways of choosing 5 girls from 12 = *Cs.
Number of possible teams = 80 % 1205 = 56 x 792 = 44 352.

ii The team includes the youngest and oldest boy and the youngest and oldest girl.

There are now 6 places left to fill and 16 people left to choose from.
Number of ways of choosing 6 from 16 = '°Cg = 8008.
Number of possible teams = 8008.

Exercise 10.5
Exam Exercise
1 a How many even numbers less than 500 can be formed using the digits 1, 2, 3, 4 and 5?

Each digit may be used only once in any number. [4]

- J B
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L

1]

A committee of 8 people is to be chosen from 7 men and 5 women.
Find the number of different committees that could be selected if
i the committee contains at least 3 men and at least 3 women, (4]

ii the oldest man or the oldest womarn, but not both, must be included in the committee,
[2]

Cambridge IGCSE Additional Mathematics 0606 Faper 11 Q10a,bi,ii fun 2014
An art gallery displays 10 paintings in a row.
Of these paintings, 5 are by Picasso, 4 by Monet and 1 by Turner.

i Find the number of different ways the paintings can be displayed if there are
no restrictions, [1]

il Find the number of different ways the paintings can be displayed if the paintings by
each of the artists are kept together, [3]

A committee of 4 senior students and 2 junior students is to be selected from a group of 6
senior students and 5 junior students,

I Calculate the number of different committees that can be selected. [3]
One of the 6 senior students is a cousin of one of the 5 junior students.

il Calculate the number of different committees which can be selected if at most one of
these cousins is included, [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q%ai, i, bi, i Now 2012

Arrangements containing 5 ditterent letters from the word AMPLITUDE are to be made.
Find
i the number of 5-letter arrangements if there are no restrictions, [1]

i the number of 5-letter arrangements which start with the letter A and end with the
letter E. [1]

Tickets for a concert are given out randomly to a class containing 20 students.

No student is given more than one ticket. There are 15 tickets,

i Find the number of ways in which this can be done. [1]

There are 12 boys and 8 girls in the class. Find the number of different ways in which

ii 10 boys and 5 girls get tickets, [3]

i all the boys get tickets. [1]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q4ai,ii,bi,if ifi Jun 2012

o

Scanned with CamScanner




Chapter 10: Permutations and Combinations

4 Six-digit numbers are to be formed using the digits 3, 4, 5, 6, 7 and 9.
Fach digit may only be used once in any number.
a Find how many different six-digit numbers can be formed. [1]

Find how many of these six-digit numbers are

b even, [1]
¢ greater than 500000, [1]
d even and greater than 500000. [3]

Cambridge IGCSE Additioriad Mathematics (W0 F'uf:ﬁ' 11 Qdiiv Now 2011

5 a A shelf contains 8 different travel books, of which 5 are about Europe and 3 are
about Africa.

i Find the number of different ways the books can be arranged if there are no restrictions.

2]

ii Find the number of different ways the books can be arranged if the 5 books about
Europe are kept together. [2]

b 3 DVDs and 2 videotapes are to be selected from a collection of 7 DVDs and 5 videotapes.
Calculate the number of different selections that could be made. [3]

Cambridge IGCSE Additional Mathematics (606 Paper 21 (Y6ai,ii,b fun 2011

6 A 4-digit number is formed by using four of the seven digits 1, 3,4, 5, 7, 8 and 9.
No digit can be used more than once in any number.

Find how many different 4-digit numbers can he formed if

a there are no restrictions, [2]
b the number is less than 4000, [2]
¢ the number is even and less than 4000. [2]

Cambridge IGCSE Additional Mathematics (606 Paper 21 (61,5, it Now 2010

7 a Jean has nine different flags.
i Find the number of different ways in which Jean can choose three flags from her
nine flags. [1]
ii Jean has five flagpoles in a row. She puts one of her nine flags on each flagpole.
Calculate the number of different five-flag arrangements she can make. [1]

b The six digits of the number 738925 are rearranged so that the resulting six-digit
number is even. Find the number of different ways in which this can be done. [2]

Cambridge IGCSE Additional Muathematics 0606 Paper 22 ()2 Mar 2013
. A
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8 a Alock can be opened using only the number 4351, State whether this is a
permutation or a combination of digits, giving a reason for your answer. [1]
b There are twenty numbered balls in a bag. Two of the balls are numbered 0, six are
numbered 1, five are numbered 2 and seven are numbered 3, as shown in the table below.
Numberonball | 0 1 2 3
' Frequency | 2 ’ 6 5 7
Four of these balls are chosen at random, without replacement. Calculate the
number of ways this can be done so that
i the four balls all have the same number, [2]
il the four balls all have different numbers, [2]
ili the four balls have numbers that total 3. [3]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 5 Jun 2015
9 a 6 booksare to be chosen at random from 8 different books,
i Find the number of different selections of 6 books that could be made. [1]
A clock is to be displayed on a shelf with 3 of the 8 different books on each side of it.
Find the number of ways this can be done if
ii there are no restrictions on the choice of books, ]
i 3 of the 8 books are music books which have to be kept together, [2]
b A team of 6 tennis players is to be chosen from 10 tennis players consisting of 7 men and 3
women. Find the number of different teams that could be chosen if the team must include
at least 1 woman. [3]
Carmbmicge IGCSE Additional Mathematics 0604 Paper 11 (4 Now 2015
10 a A 6-character password is to be chosen from the following 9 characters.
letters A B E K
numbers 5 8 9
symbols * B
Fach character may be used only once in any password.
Find the number of different 6-character passwords that may be chosen if
i there are no restrictions, [1]
il the password must consist of 2 letters, 2 numbers and 2 symbols, in that order, [2]
lii the password must start and finish with a symbol. [2]
b An examination consists of a section A, con taining 10 short questions, and a section B,
containing 5 long questions. Candidates are required to answer 6 questions from
section A and 3 questions from section B. Find the number of different selections
of questions that can be made if
i there are no further restrictions, [2]
il candidates must answer the first 2 questions in section A and the first question
in section B. [2]
Cambridge IGCSE Additional Mathematics 0606 Paper 12 ()5 Mar 2016
8
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This section will show you how to:

m use the binomial thearem for expansion of (a+#" for positive integral n

o . : ;
m Uuse the general term a" """ forabinomial expansion
3
m recognise arithmetic and geometric progressions
use the formula for the nth term and for the sum of the first nterms to solve problems involving
arithmetic and geometric progressions
m use the condition for the convergence of a geometric progression, and the formula for the sum to

infinity of a convergent geometric progression.
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11.1 Pascal’s triangle

The word *binomial’ means ‘two terms’,
The word is used in algebra for expressions such as x+ 5 and 2x— 3y.
You should already know that (a+ 0)*= (a+ & (a+ b) = a® + 2ab + b
The expansion of (a + b)* can be used to expand (a+ b)®.
(a+ b)* = (a+ b)a+ b)?
= (a+ b)(a® + 2ab+ b*)
=a + 2a%b+ ab® + a®b+ 2ab® + b
=a’ +3a*b+ 3ab® + b
Similarly it can be shown that (a+ b)* = a* + 44°b + 6a2* + 4ab® + b*.

Writing the expansions of (a + 5" out in order:

(a+b)' = la + 15
(a+ b)* = la® + 2ab + 182
(a+8° = 1a& + 34 + 34 + 15

(a+ B! =1a® + 42’ + 647 + 4ab® + 15

If you look at the expansion of (a+ #)% you should notice that the powers of a
and & form a pattern.

20 ¢ The first term is a' and then the power of a decreases by 1 whilst the power
of bincreases by 1 in each successive term,

* All of the terms have a total index of 4 (a%, &b, a®°, ab® and ).

There is a similar pattern in the other exp

The coetficients also form a pattern that is known as Pascal’s trianglE.

I 1

1 \??/53

E

1 4 4] 4 1

1

MNote:
¢ Each row always starts and finishes with a 1.
¢ FEach number is the sum of the two numbers in the row above it.

The next row would be:

1 5 10 10 5 1
This row can then be used to write down the expansion of (a+ 5)”.

(a+ by = 1a” + 5a*b+ 10a*0* + 10228 + 5ab* + 155
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CLASS DISCUSSION

There are many number patterns in Pascal’s triangle.

For example, the numbers 1, 4, 10 and 20 have been highlighted.

:

1 4

These numbers are called tetrahedral numbers.

Which other number patterns can you find in Pascal’s triangle?
What do you notice if you find the total of each row in Pascal’s triangle?

WORKED EXAMPLE 1

Use Pascal’s triangle to find the expansion of
a (2+5x)° b (2x-3)*

Answers
| a (2+5x°
The index = 3 so use the third row in Pascal’s triangle.
The third row of Pascal’s triangle is |, -, and
(2 +5x)" = 1(2)* + 1(2)2(5x) + (2) (5x) + | (5x)®
= 8 + 60x + 1504 + 1252
b (2x-3)*
The index = 4 so use the fourth row in Pascal’s triangle.
The fourth row of Pascal’s triangle is |, 1, 1, 4 and
(2x-3)* = 1 (220 + 1(2%)3(=8) + (1(2x)%(-3)"
+1(2x) (-3)% + 1 (-3)°
= 164 — 962" + 216x% — 216x” + 81
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WORKED EXAMPLE 2

a Expand (2 - x)°,
b Find the coefficient of x” in the expansion of (1 + 3x) (2 - x)°,

Answers
a (2-x)°
The index = 5 so use the fifth row in Pascal’s triangle.

The ﬁl!h row of Pascal’s triangle is 1, 5, 10, 10, 5 and 1,
(2—2)7 = 1(2)* +5(2) (=) + 10(23 =22 + 10(2) 2 (=) + (2) (=) + 1 (—x)®
| = 32 — 80x + 80x® — 40x* + 10x% = x°

b (1+3x)(2-2)°=(1+3x) (32 — 80x+ B0x® — 40x> + 10x% - x%)

The term in x* comes from the products:

o T 'Y
LE+ :h}{f—'ﬁ-i&—ﬂﬂﬁtﬂn' W'+ 10x* — x7)
| =—40x* and 3x x 80x” = 240x°
' So the coefficient of x” is —40 + 240 = 200,

Exercise 11.1
1 Write down the sixth and seventh rows of Pascal's triangle,

2 Use Pascal’s triangle to find the expansions of

a (1+=x) b (1-x) c (p+ q}d' d (2+x)
e (x+9) f (y+4) g (a-b) h (2x+y)'
Fi PR T - g B
: NS LY = By ot
i (x—2y) j (3x—4) k Lx+ xJ | Lx qu

3 Find the coefficient of x° in the expansions of

a (x+4) b (1+x)° ¢ (3-x) d (3+2x)°
y |
e (x—2) f (2x+5) g (4x-3)° h [EE - éx]

4 (4+x)° +(4-x)° = A+ Bx? +Cx*
Find the value of A, the value of B and the value of (.
5 Expand (1+ 2x)(1 + 3x)".
6 The coefficient of xin the expansion of (2 + ax)” is 96.
Find the value of the constant a.

7 a Expand (3+x)".
4
b Use your answer 1o part a to express (3 + u"'g} in the form a + b\.@.
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a Expand (1+ x}}
b Use your answer to part a Lo express
i {l + \E)_} in the form a + E:\H'E, il (1 - «.ﬁ)ﬁ in the f'ur_m ¢+ d-J3.
¢ Use your answers to part b to simplify (] s ; ul"g:]h + (l - ‘ﬁ)d
a Expand [E — x° }4.
b Find the coefficient of % in the expansion of (1 + 33:2}(2 = x”)d‘.

3 bl
10 Find the coetficient of xin the expansion [x s —) .
X

a
S
11 Find the term independent of x in the expansion of (m“’: % E] .

CHALLENGE Q

12 a Find the first three terms, in ascending powers of y, in the
expansion of (2 + y) .

b By replacing ywith 3x — 4x, find the coefficient of * in the
expansion of (2 + 3x — 4x?)".

CHALLENGE Q
13 The coefficient of x° in the expansion of (3 + ax)’ is 12 times the

4
coefficient of ¥* in the expansion of [1 + E;—) . Find the value of a.

CHALLENGE Q

3 4
14 a Given that (xﬂ +4—) —[ 2 —i) =m-:f'+%-, find the value of a and

X % x
the value of b
b Hence, without using a calculator, find the exact value of

3 )
1 4
Q= | =1 2-——1.
() &)
CHALLENGE Q
: 1
15 Given that y=x+—, express

g 1 .
a x+—51ntEnn5Uf}~
x

1hg
b x’+— intermsofy.
x

Chapter 11: Series
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CLASS DISCUSSION

The stepping stone game
The rules are that you can move East — or South l from any stone,

[sTART] '
| |In I | 1 | N
| |
L I -
- ] | |
| AT | oIS IR R
|
| 3 .
( el 1l o | 1
‘ | I i | '
| RIS P T | Wi
[ n 2 | ; ill.‘\.‘l'-n.ll
. l SLIH

The diagram shows there are 3 routes from the START stone to stone G.
248 1 Find the number of routes from the START stone to each of the following stones.
alilA ii B
biC ii D iii E
5 B i G i H iv I
What do you notice about your answers to parts a, b and ¢?
2 There are 6 routes from the START to stone L.
How could you have calculated that there are 6 routes without drawing or visualising them?
3 What do you have to do to find the number of routes to any stone?
4 How many routes are there from the START stone to the FINISH stone?

In the class discussion you should have found that the number of routes from the START stone to stone
Qs 10.

To move from START to Q you must move East (E) 3 and South (S) 2, in any order.
Hence the number of routes is the same as the number of different combinations of 3 E's and 2 S's,

The combinations are:

EEESS EESES EESSE ESESE ESFES
ESSEE SSEEE  SESEE SEESE SEEES

S0 the number of routes is 10.

This is the same as *Cs (or "Cy).

Scanne d with CamScanner



Chapter 11: Series

11.2 The binomial theorem

Pascal’s triangle can be used to expand (a + 8)" for any positive integer n, but if nis large it can take a
long time. Combinations can be used to help expand binomial expressions more quickly.

Using a calculator:
5Co=1 %C;=5  5Cy=10 P®Cy=10 5Cy=5 Cs=1
These numbers are the same as the numbers in the fifth row of Pascal’s triangle.
So the expansion of (a + b)” is:
(a+b)° = 5Cy & +°C; a*b+5Cy a® B2 +°Cy a®8* +°Cy ab* +°C #°
This can be written more generally as:
(G+B8)" =" a+"Cr 2" 1D+ "Cod™ 2P+ "G a® P B+ ..+ C, 8" T+ .+ G, P

But "Cy = 1 and "C =1, so the formula simplifies to:

@+ =+ W+ "G d PR+ G PP T

Oor

(a+ H"= ez“+(ﬂ a" b+ [;) a 2B+ [g] a“‘f"‘bﬂ+...+(:] a Tl 4.

The formulae above are known as the binomial theorem.

WORKED EXAMPLE 3

Use the binomial theorem to expand (3 + 4x)°.

Answers
(3 +4x)° = 35 + 5C, 3% (d4x) + °C, $3(42)? + 7G4 3% (4%)3 + 5C, 3(40)* + (4%)°
= 243 + 1620x + 4320x* + 5760x" + 3840x* + 1024x°

WORKED EXAMPLE 4

Find the coefficient of 2 in the expansion of (2 — x)™.

Answers
(2-)B=92B4 50, 9 () + 5C, 2% ()2 + ... + BCu 2B (-0 + .. 4+ ()P
The term containing x is Cyg % 2% X (—x)™.
=53130 x 32 x x*
= 1700160x>
So the coefficient of x* is 1 700 160.
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Using the binomial theorem,
1+20=1+7C 1% +7Co 172+ 'Cy 11 2% + 7C, 1344 + ...
=1+7Cx+"Co @+ Cy P+ 7Cy at + ...

But ’Cy, 'Cy, "Cs and 7C, can also be writien as:

7! 71 _7x6 : 1 ,
?Elz_:-? ?'EE: = J(:Id:_‘f.j_:TKf}KE
116! 215! 21 o 3041 3l
|-|r — - r
?qu i =f':{hKL:-}{di-
4131 41

7x6 , Txb6xh ., Tx6x5x4
L o i 5
2! 31 4]

This leads to an alternative formula for binomial expansions:

So, Ifl-r:.t:]T=l-rTx+ x4

n(n—-1) n(n—1)(n—-2) n(n=1)(n-2)(n-3) ,
—2[ 12_|_ 3 _-,|_~3+ 4 X T

(1+2)"=1+ nx+

The following example illustrates how this alternative formula can be applied.

WORKED EXAMPLE 5
Find the first four terms of the binomial expansion to
a (1+3y)7 b (2-9)°
Answers
a (1+3y) =1+7(3y)+ ;;,5{3}'12 Rt x;_x > 3y) +..

=1+ 21y + 189y* + 94543 + .,

i Y L
b {ﬂ—;vlﬁ=[? I—iﬂ

. 2/]

=9ﬁf1—i]ﬁ
. 2
B 2

= g6 I+ﬁ[—lJ M—E’(-E) Th”5x4(-1]q+
; 9 21 2 31 2
] 15 , 5

=2|1-8y+— 2 —— y*+ ..
R }

= 64 - 192y + 240y° — iﬁl}}l“ + s
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Exercise 11.2
1 Write the following rows of Pascal’s triangle using combination notation,

a row3 b row4 € rowd

2 Use the binomial theorem to find the expansions of
a (1+x)° b (1-x) ¢ (1+2x) d (3+x)°
e (x+)y) f (2-x)° g (a—2b)° h (2x+3y)°

1 4 [ I]ﬁ [ %]’5 ( l ]{'l
i —x -3 i l1—— k e E+—.— ;
: (2 ] ) 10 "% B

3 Find the term in x”* for each of the following expansions.

a (2+x) b (5+x) c (1+2x)° d (3+2x)

e (1-%° f(2-x) g (10 - 3x)’ h (4-5x)".
4 Use the binomial theorem to find the first three terms in each of these expansions.

a (1+#)" b (1+2x) ¢ (1-3x) d (3+2x)

e (3-%° f (2+%Q) g (5-x2) h (4x—5y)".

5 a Write down, in ascending powers of x, the first 4 terms in the expansion of (1+ 2x)°.

b Find the coefficient of x” in the expansions of [l — %][I + 2x)°. ”
6 a Write down, in ascending powers of x, the first 4 terms in Lh::__{;}{pansiﬂn of [] + E] A
b Find the coefficient of x* in the expansions of (1+ f%:-:}['l 4 g] ;

1

7 a Write down, in ascending powers of x, the first 4 terms in the expansion of (1- 3x) .
2 : " . : 10
b Find the coefficient of ¥* in the expansions of (1-4x)(1- 3x) .
8 Find, in ascending powers of , the first 3 terms of the expansion of (1 + 2x)’.

a
b Hence find the coefficient of x% in the expansion of (1 + 2x)’ (1-3x+ 5x?).
2 A i . “ . ' 7
9 a Find, in ascending powers of x, the first 4 terms of the expansion of (L+x).
b

l " L] " r - - 15 T
Hence find the coefficient of y* in the expansion of (1+y—y*)".

| . : 3 T | 3Y
10 Find the coefficient of xin the binomial expansion of (a, e I
X

9
11 Find the term independent of xin the binomial expansion of (ﬁ: + 5 E] :
=

CHALLENGE Q
12 When (1 + ax)" is expanded the coefficients of x* and x” are equal,

Find ain terms of n.
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11.3 Arithmetic progressions

At IGCSE level you learnt that a number sequence is an ordered set of
numbers that satisfy a rule and that the numbers in the sequence are called
the terms of the sequence. A number sequence is also called a progression,

The sequence 5, 8, 11, 14, 17, ... is called an arithmetic progression. Each term
differs from the term bhefore by a constant. This constant is called the common
difference.
The notation used for arithmetic progressions is;

i = hirst term d = common difference { = last term

The first five terms of an arithmetic progression whose first term is 2 and
whose common difference is d are:

a i+ d a+2d a+ 3d a+ 4d

This leads to the formula:

nthterm=a+ (n-1)d

 WORKED EXAMPLE 6

Find the number of terms in the arithmetic progression —17, -14, -11, -8, ... , 58.

Answers
nthterm=a+ (n—1)d
B =-17+3(n-1)
n-1=25

n=206

WORKED EXAMPLE 7

The fifth term of an arithmetic progression is 4.4 and the ninth term is 7.6. Find the
first term and the common difference,

| Answers
fifth term = 4.4 = g+ dd=4.4 --n..
ninth term=76 = a+8d=76--——--

= , gives 44 = 3.2
' d =08
Substituting in gives a+ 3.2 = 4.4

=12

First term = 1.2, common difference = 0.8,
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WORKED EXAMPLE 8

The nth term of an arithmetic progression is 11 = 3n. Find the first term and the
common difference.

Answers
Firstterm=11-3(1) =8 | |t nl i

second term = 11 = 3(2) =5

Common difference = second term - first term = —2.

The sum of an arithmetic progression
When the terms in a sequence are added together the resulting sum is called a series.

CLASS DISCUSSION

1+2+3+4+..4+97+98+99+100="

It is said that at the age of eight, the famous mathematician Carl Gauss was asked to find the sum

of the numbers from 1 to 100. His teacher expected this task to keep him occupied for some time
but Gauss surprised his teacher by writing down the correct answer after just a couple of seconds.
His method involved adding the numbers in pairs: 1 + 100 =101, 2 + 99=101,3+98=101, ...

1 Can you complete his method to find the answerr

2 Use Gauss's method to find the sum of
a 2+4+6+8+...+394+396+ 398 + 400
b 3+6+0+12+... +44]1 + 444 + 447 + 450
¢ 17+24451+538+...+339+ 346 + 353 + 360.

3 Use Gauss's method to find an expression, in terms of n, for the sum
1+2+3+4+...+(n=-3)+(n=-2)+(n-1) +n
It can be shown that the sum of an arithmetic progression, §,, can be written as:

S = %(HH] or S, =-§[2a+(n—1}d]

Proof: S = a +(a+d+(a+2d) +...+ (L~ 2dy + (I-d) +1
Reversing: §, = [ +(l-d) +(1-2d) +...+(at+t2d)+(a+t d) + a

Adding: 28, =n{a+ )+ (at+l) + (a+l) +..+(a+l) +(a+tl)+(a+ 1)
25, =nla+ I)

T -
L';:; — 'I'_I!!
=)
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Using I=a+ (n-1)d, gives Sﬂ=g[ﬂm+(n—]]d]

[t is useful to remember the following rule that applies for all progressions:

nth term=§,-§, _;

s —

 WORKED EXAMPLE 9

" In an arithmetic progression, the first term is 25, the 19th term is =38 and the last

term is —87. Find the sum of all the terms in the progression.
|

Answers
nthterm =a+ (n-1)d
~-38 =25 + 18d
d =-35
| nthterm =aq + {n=1)d
87 =26 -3.5(n-1)
n-1 =32
n =53

Sn-g[a+£]|

| e

=-1023

The 12th term in an arithmetic progression is 8 and the sum of the first 13 terms is 78
Find the first term of the progression and the common difference.

Answers
ath term = a+ (n-1)d
S8=a+11d-—-—-—.

S, = %[Ea +(n—1)d]

78 = %{Ea +12d)

D=8+ 08—
- gives 6d = 2
d =04
Substituting d=0.4 in equation gives a = 3.6,
First term = 3.6, common difference = 0.4,
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WORKED EXAMPLE 11

The sum of the first n terms, S, of a particular arithmetic progression is given by
S, =5n — 3n.

a Find the first term and the common diflerence.
b Find an expression for the nth term.
| |
Answers
| a 5, =5(1)2-3(1)=2 =  first term = 2
5 =5(2)2-3%(2) =14 = first term + second term = 14
second term = 14-2=12

First term = 2, commeon difference = 10.

b Method I1:
nth term = a+ (n-1)d use a= 2, ¢
‘ =2+ 10({n-1)
=10n-8
Method 2:

ath term = §, — 8, _ ;=57 = 3n— [5(n-1)*-3(n-1)]
~Enf—3n— (50" - 10n+5-3n+3)
=10n-38

Exercise 11.3
1 The first term in an arithmetic progression is @ and the common difference
is d.

Write down expressions, in terms of @ and d, for the fifth term and the
14th term.

2 Find the sum of each of these arithmetic series.
a 2+9+16+... (15 terms) b 20+11+2+... (20 terms)
c 85+10+11.5+... (30 terms) d —2x-5x-8x-... (40 terms)

31 Find the number of terms and the sum of each of these arithmetic series.
a 25+27+31...+159 b 28+11-6-...-210

4 The first term of an arithmetic progression is 2 and the sum of the first 12
terms is 618.

Find the common difference.

5 In an arithmetic progression, the first term is —13, the 20th term is 82 and
the last term is 112,

a Find the common difference and the number of terms.
b Find the sum of the terms in this progression.

6 The first two terms in an arithmetic progression are 57 and 46. The last
term 1s —207. Find the sum of all the terms in this progression.
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T The first two terms in an arithmetic progression are -2 and 5. The last term
in the progression is the only number in the progression that is greater
than 200. Find the sum of all the terms in the progression.

8 'The first term of an arithmetic progression is 8 and the last term is 34. The
sum of the first six terms is 58. Find the number of terms in this progression,

9 Find the sum of all the integers between 100 and 400 that are multiples of 6.

10 The first term of an arithmetic progression is 7 and the eleventh term is 32.
The sum of all the terms in the progression is 2790. Find the number of
terms in the progression.

11 Rafiu buys a boat for $15500. He pays for this boat by making monthly
payments that are in arithmetic progression. The first payment that he makes
is $140 and the debt is fully repaid after 31 payments. Find the fifth payment.

12 The eighth term of an arithmetic progression is -10 and the sum of the
first twenty terms is —350),
a Find the first term and the common difference.
b Given that the nth term of this progression is -97, find the value of n.

13 The sum of the first n terms, §,, of a particular arithmetic progression is
given by S, = 4n” + 2n. Find the first term and the common difference.

14 The sum of the first n terms, S,, of a particular arithmetic progression is
given by S, = =3n" - 2n. Find the first term and the common difference.

15 The sum of the first n terms, S, of a particular arithmetic progression is

_ SR g ds i
given by §, = 5 (4n+5). Find an expression for the nth term.

16 A circle is divided into twelve sectors. The sizes of the angles of the sectors
are in arithmetic progression. The angle of the largest sector is 6.5 times
the angle of the smallest sector. Find the angle of the smallest sector,

17 An arithmetic sequence has first term a and common difference .
T'he sum of the first 25 terms is 15 times the sum of the first 4 terms.

a Find ain terms of 4
b Find the 55th term in terms of a.
18 The eighth term in an arithmetic progression is three times the third term.

Show that the sum of the first eight terms is four times the sum of the first
four terms.

CHALLENGE Q

19 The first term of an arithmetic progression is cos®x and the second
term is 1.

a Write down an expression, in terms of cosx, for the seventh term of
this progression,

b Show that the sum of the first twenty terms of this progression is
20 + 170sinx.
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CHALLENGE Q

20 The sum of the digits in the number 56 is 11. (5 + 6 =11)
a  Show that the sum of the digits of the integers from 15 to 18 is 30.
b  Find the sum of the digits of the integers from 1 to 100.

11.4 Geometric progressions

The sequence 7, 14, 28, bb, 1 12, ... is called a geometric progression. Each
term is double the preceding term. The constant multiple is called the

common ratio.

Other examples of geomelric progressions are:

ri"mg:'l:ssiicm} x Common ratio
1, -2, 4, -8, 16, =52, ... -2
81, 54, 36, 24, 16, lﬂg, E
. D 3
l
-8,4,-2,1, —-l, ]—, o
2 4 2 N

The notation used for a geometric progression is:

i = [irst term ¥= COMIMon ratio

The first five terms of a gﬁnmeuit: prngr{zs&iun whose frst term 18 ¢ and whose
common ratio 18 rare:
9 : 4
i ar (T ar (ar

This leads to the formula:

nth term = ar™ !

WORKED EXAMPLE 12
3

The third term of a gcumctrir. prugrtﬁ.ﬁ.iﬂn is 144 and the common ratio 18 5
Find the seventh term and an t:xpressinn for the nth term.

Answers

nth term = ar"~!

144 = rz[g]h
2

a=0b4
seventhaerm. = 06d [—] =429

B | S

3 r=l
nth term = ar*' = ljil[ﬂ]
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WORKED EXAMPLE 13

The second and fourth terms in a geometric progression are 108 and 48 respectively.
Given that all the terms are positive, find the first term and the common ratio, Hence, |
| write down an expression for the nth term.

Answers
108 = ar- 48 = ar’
. ar’ 48 |
= gives — = —
ar 108
. pri=t = '
9
r=1% £
ﬁ
2
r =
I 5

Substituting r = 3 into equation || gives a= 162.

: -1
First term = 162, common ratio = g nth term = IEEEJ‘ :

WORKED EXAMPLE 14

n
- The nth term of a geometric progression is Sﬂ[—-a] - Find the first term and the

COMMOon ratio.

Answers ;

I
first term = Hﬂ(_E] = =15

2
second term = Hl](— %) =75

: nd term 7.5
Common ratip = = —n
Ist term =15

1
2

; : 1
First term = =15, common ratio = g
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WORKED EXAMPLE 15

In the geometric sequence 2, 6, 18, 54, ... which is the first term to exceed 10000007

Answers
ath term = ar" ™!

9% 371 = 1000000
log;e3" ! = logy, 500000
(n=1) log,y 3 = log, 500000

logg 3 |
n—-1>11.94...
n>14.94...
{ The 13th term is the first to exceed 1000000,

CLASS DISCUSSION

In this class discussion you are not allowed to use a calculator.
1 Consider the sum of the first 10 terms, Sy, of a geometric progression with a=1 and r=5.
So=1+5+52456%+ ... +57+5%+5°

a Multiply both sides of the equation above by the common ratio, b, and complete the
following statement.

BS;p=5+52+5"+5 4., +5"+5" +5"
What happens when you subtract the equation for §o from the equation for 55,47

¢ Can you find an alternative way of expressing the sum §;¢7

2 Use the method from question 1 to find an alternative way of expressing each of the following

a 3+3%x2+3x2243x2%+ ... (12 terms)
2 3

b 52+32x%+32:~:[%} +32::::[%J + ... (15 terms)

c 27-18+12-8+... (20 terms)

It can be shown that the sum of a geometric progression, §,, can be writien as:

= el For these
r—1

g o Note:
Szn:z[:] r) —_— a(r I} o

2 1=-7r

formulae, r= 1

Either formula can be used but it is usually easier to
e _use.the first formula when =1 <r< 1,

s use the second formula when r>1 orwhen r<-l.
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Proof:
Sn=a+ar+a’ +...+ar" 4 ar" 24 g
¥ % (1): 1§, = ar+ar + ...+ ar" Y+ a4 gyt 1y gpn

—(1): r8,-8, =ar"-a
(r=1)§, =a(r"-1)
a(r"-1)

r—1

a(l — ")

Multiplying numerator and denominator by -1 gives the alternative formula S, =
l1-7r

WORKED EXAMPLE 16 |

Find the sum of the first ten terms of the geometric series 2 + 6 + 18 + 64 + .

Answers
= alr® —=1) |
2/ r—1 : : |

| 2(3" -
G, o 2001

5

— T

as e
= 50048 |

WORKED EXAMPLE 17

The second term of a geometric progression is 9 less than the first term. The sum
of the second and third terms is 30. Given that all the terms in the progression arc |
positive, find the first term. '

Answers

second term = first term =9 ‘

ar=ag-—9 | - - |
9
a= -
| I
second term + third term = 30
ar+ ar =30 ' '

ar(1 + 1) =30 - ‘
ar{l+r) 30(1-r)

r u g
37 + 18r—10=0

(37-2) (r+5) =0

+ gives

2
r=— or r==h
2
r=—
3
= 2", i
| Substituting T:E into gives a = 27.

| First term is 27.
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Exercise 11.4

1

10

11

12

13

Identify whether the following sequences are geometric. If they are
geometric, write down the common ratio and the eighth term.
al,246,.. b -1, 4,-16, 64, ...

2 & D &

——

c 3'-.2?"9, 35 Lua _-_:‘ ] ¥
11 11" 11" 1l
e 2,0.4,0.08, 0.16, ... £ -5,5,-5,5, ...

The first term in a geometric progression is a and the common ratio is r.
Write down expressions, in terms of aand #, for the ninth term and the
20th term.

The third term of a geometric progression is 108 and the sixth term is -32,
Find the common ratio and the first term.

The first term of a geometric progression is 75 and the third term is 27.
Find the two possible values for the fourth term.

The second term of a gecometric progression is 12 and the fourth term is
97, Given that all the terms are positive, find the common ratio and the

first term.
9

rgt o N Ll . 'llj

I'he sixth and 13th terms of a geometric progression are 9 and 320
respectively. Find the common ratio, the first term and the 10th term of
this progression.

The sum of the second and third terms in a geometric progression is 30.

The second term is 9 less than the first term. Given that all the terms in the
prugr-::ssiﬂn are positive, find the frst term.

Three consecutive terms of a geometric progression are x, x+ 6 and x+9.
Find the value of x.

.1, 2,4, ... which is the fhirst term Lo exceed

o | —

[n the geometric sequence %1
500000?

In the geometric sequence 956, 128, 64, 32, ... which is the first term that
is less than 0.0017

Find the sum of the first eight terms of each of these geometric series.
a 4+8+16+32+ ...

b 729+243+81+27+...

c 2-6+18-54+...

d -5000+ 1000 -200 +40—... ...

The first four terms of a geometric progression are 1, 3, 9 and 27. Find the
smallest number of terms that will give a sum greater than 2000 000.

A ball is thrown vertically upwards from the ground. The ball rises to a
height of 10m and then falls and bounces. After each bounce it rises to —
of the height of the previous bounce. 2

a Write down an expression, in terms of n, for the height that the ball
rises after the nth impact with the ground.
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b Find the total distance that the ball travels from the first throw to the
ffth impa{‘t with the ground,

14 The third term of a geometric progression is nine times the first term, The
sum of the first four terms is k times the first term. Find the possible values
of k

15 John competes in a 10km race. He completes the first kilometre in 4
minutes. He reduces his speed in such a way that each kilometre takes him
1.05 times the time taken for the preceding kilometre. Find the total time,
n minutes and seconds, John takes to complete the 10km race.

Give your answer correct to the nearest second.

16 A geometric progression has first term g, common ratio rand sum to
nterms, S,

LS: R | r
Show that "”q—:r

CHALLENGE Q

171,1,82,01 97 1 a1 1
g” gl Slg]

|
Show that the sum of the first 2n terms of this sequence is E{ﬁw -3 4+2),

[l
[=1]
2]

CHALLENGE Q
18 5, =6 + 66 + 666 4+ 6666 + 66666 + ...

=

Find the sum of the first n tenius of this sequence.

11.5 Infinite geometric series

An infinite series is a series whose terms continue forever,

; ; l | 1 1 1
The geometric series where a= 2 and r = 3 18 2900 F=t 7 +ﬁ - en

2

For this series it can be shown that

: i 3 7
n=2,8%=3, 5,=3—, 85,=3—,8§.=5%—. ...
I 2 § T Me TS i T g 1 ]_'

This suggests that the sum to infinity
approaches the number 4.

ra| =

i | =

The diagram of the 2 by 2 square is a visual
representation of this series. If the pattern 2 E
of rectangles inside the square is continued
the total areas of the inside rectangles
approaches the value 4,

This confirms that the sum to infinity of

the series *:3+1+1+ ] +l+ . 18 4, :
2 4 8
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This is an example of a convergent series because the sum to infinity converges
on a finite number.

CLASS DISCUSSION

1 Use a spreadsheet to investigate whether the sum of each of these infinite geometric series
converge or diverge. If they converge, state their sum to infinity.

2 1 2 1
ﬂ:g,f=2 ] G=—3.T:—'§) ( ﬂ::ﬁ,f=§ ) (E-ET r=-hH

2 Find other convergent geometric series of your own. In each case find the sum to infinity.

3 Can you find a condition for rfor which a geometric series is convergent?

— . ' 2 3
Consider the geometric series a+ ar+ar”+ar + ... +ar

u[l - r"]
The sum, S , is given by the formula S = T
—F
If =1 < r< 1, then as n gets larger and larger, r" gets closer and closer to 0, Note:
: i This is not true
We say thatas n—ee, r — 0, il el or
ﬁ'-(l = T'H) a(l = 0) a when r=-1
Hence, as 1 — o, — = — 263
1-r l—r 1-7

This gives the result

provided that -1 <r <1

R

The first three terms of a geometric progression are 25, 15 and 9.
a Write down the common ratio.
b Find the sum to infinity.

Answers
" - second term 15 3
a Commonratio=———=—=—
first term 25 B
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: ; : 4 i
A geometric progression has a common ratio of — = and the sum of the first four terms
: ; 3]
15 164, .
a Find the first term of the progression.

b Find the sum to infinity.

Answers i
a Dy o= ﬂ[-l_ )
1-7r
4
r:(l - ( 2]
164 = -2 _L"_
==
5
164 = = a
125
a = Bl
b SR
1-r
_ _ 500
-t
5
7

Exercise 11.5
1 Find the sum to infinity of each of the following geometric series.

a 3+1 1—1+l+.._ b I—l+l—i—| I——
3 9 2 4 B 16
c H+ﬁ+i+—H b e d -—-162+108-72+48— ...

b 25 125
2 The first term of a geometric progression is 10 and the second term is 8,
Find the sum to infinity.

3 The frst term of a geometric progression is 300 and the fourth term is

& . ; ;
_EF . Find the common ratio and the sum to infinity.
5

4 The first four terms of a geometric progression are 1, 0.8%, 0.8% and (.85
Find the sum to infinity.

5 a Wrnte the n:s.‘m‘ring decimal 0.42 as the sum of a geometric
Progression.

b Use your answer to part a to show that 0.42 can be written as 2"

6 The first term of a geometric progression is =120 and the sum to infinity is
—72. Find the common ratio and the sum of the first three terms.
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10

11

12

13

14

15

The second term of a geometric progression is 6.5 and the sum 1o infinity
is 26. Find the common ratio and the first term.

The second term of a geometric progression is —96 and the fifth term is

1
40—
rd
a Find the common ratio and the first term.

b Find the sum to infinity.

The first three terms of a geometric progression are 175, kand 63. (iven
that all the terms in the progression are positive, find

a the value of k
b the sum to infinity.

The second term of a geometric progression is 18 and the fourth term is
1.62. Given that the common ratio is positive, find

a the common ratio and the first term

b the sum to infinity.

The first three terms of a geometric progression are k+ 15, k and k- 12
respectively, find

a thevalue of k

b the sum to infinity.

The fourth term of a gecometric progression is 48 and the sum to infinity is
three times the first term. Find the first term.

A geometric progression has first term a and common ratio r. The sum of
the first three terms is 62 and the sum to infinity is 62.5. Find the value of a
and the value of r.

The first term of a geometric progression is 1 and the second term 1s
i i T _ : :
2sinx where — 2—-::3: < 5 Find the set of values of x for which this

progression is convergent

[

A ball is dropped from a height of 12m. After each bounce it rises o — of
PP P

the height of the previous hounce. Find the total vertical distance that the
ball travels.

Chapter 11: Series
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CHALLENGE Q

16 Starting with an equilateral triangle, a Koch snowflake pattern can be
constructed using the following steps:

Step 1:  Divide each line segment into three equal segments.

Step 2:  Draw an equilateral triangle, pointing outwards, which has
the middle segment from step 1 as its base.

Step 3:  Remove the line segments that were used as the base of the
equilateral triangles in step 2.

These three steps are then repeated to produce the next pattern.

/\ /\ ¥ by
A — Al Al I T
! Fy ! { | £
/ \‘\‘ \'l\:' II_.- .ﬂll '-\.:. ..__.—"' .t ;.:l . S
.‘l\ .l"l. 'l"\. — o | ]""'I' 1*‘\-;'
P - i | ? S A L oty T G
N/ N ATy e

'hvl- .l'.||" W '\-\_I'l.

Pattern 1 Pattern 2 Pattern 3 Pattern 4

You are given that the triangle in pattern 1 has side length x unis.

a Find, in terms of x, expressions for the perimeter of each of patterns
1, 2, 3 and 4 and explain why this progression for the perimeter of
the snowflake diverges to infinity.

266 b Show that the area of each of patterns 1, 2, 3 and 4 can be written as
. Pattern | Area
| 1 | V3’
| q

4

| | 2 2 2
G T o)
| 1 T A HE‘F 9 Yler)
4 4

n A + 48
| ;

Hence show that the progression for the area of the snowflake

E . " " i r
converges to 5 times the area of the original triangle.
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CHALLENGE Q

17 A circle of radius 1 unit is drawn touching the three edges
of an equilateral triangle.

Three smaller circles are then drawn at each corner to
touch the original circle and two edges of the triangle.

This process is then repeated an infinite number of times.
a Find the sum of the circumferences of all the circles.

b Find the sum of the areas of all the circles.

11.6 Further arithmetic and geometric series

Some problems may involve more than one progression.

CLASS DISCUSSION

a,beq ...
1 Given that @, band care in arithmetic progression, find an equation connecting a, band c.

2 Given that a, band ¢ are in geometric progression, find an equation connecting a, band «.

2687

WORKED EXAMPLE 20

The first, second and third terms of an arithmetic series are x, y and x*. The first,
second and third terms of a geometric series are x, * and y. Given that x < (), fine:

a the value of x and the value of y
b the sum to infinity of the geometric series
¢ the sum of the first 20 terms of the arithmetic series,

Answers

a Arithmetic seriesis: x+ 7y +x

:I_I__x =_'_|:E_.}.

LI

£
Py BUE o bt

3 : b o
[_:EﬂmET.['IE Seres s x + x + _'_|-' e
i x?

2 x
¥ =3 == e
1) and (2) give 2x*=x2 + x

2x*—x-1=0 f

(2x+1)(x=1)=10

1 — -
Yx=—=— Or x=1 - e e
2

.

Hence, x = ~3 and y=—
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(=]

§, =t
={g) °
2

Sﬂ=§[2u+[ﬂ—1}d] |

0= 2|-1+19(3)

= §1.25

Exercise 11.6

1

The first term of a progression is 8 and the second term is 12. Find the sum
of the first six terms given that the progression is

a arithmetic b geometric,

The first term of a progression is 25 and the second term is 20.
a Given that the progression is geometric, find the sum to infinity.

b Given that the progression is arithmetic, find the number of terms in
the progression if the sum of all the terms is =1550,

The first, second and third terms of a geometric progression are the first,
fifth and 11th terms respectively of an arithmetic progression. Given

that the first term in each progression is 48 and the common ratio of the
geomeilric progression is 7, where r= 1, find

a the value of r

b the sixth term of each progression.

A geometric progression has six terms. The first term is 486 and the
L

common ratio is — An arithmetic progression has 35 terms and common

difference :.E The sum of all the terms in the geometric progression is

equal to the sum of all the terms in the arithmetic progression. Find the
first term and the last term of the arithmetic progression,

The first, second and third terms of a geometric progression are the first,
fifth and eighth terms respectively of an arithmetic progression. Given
that the first term in each progression is 200 and the common ratio of the
geometric progression is v, where r# 1, {find

a thevalue of r
b the fourth term of each progression

¢ the sum to infinity of the geometric progression.

The first term of an arithmetc progression is 12 and the sum of the first 16
terms 1s 282,
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a Find the common difference of this progression.

The first, fifth and nth term of this arithmetic progression are the first,

second and third term respectively of a geometric progression.

b Find the common ratio of the geometric progression and the value of n.
7 The first two terms of a geometric progression are 80 and b4 respectively.

The first three terms of this geometric progression are also the first, 11th

and nth terms respectively of an arithmetic progression. Find the value of n.
8 The first two terms of a progression are Hx and x? respectively.

a For the case where the progression is arithmetic with a common

difference of 24, find the two pnsﬂihle values of x and the corresponding
values of the third term.

b For the case where the progression is geometric with a third term

. . S b
of = = find the common ratic and the sum to infinity.
5

Summary

Binomial expansions
If nis a positive integer then (a + )" can be expanded using the formula

(@+b0)" = a"+"Cya* 10+ "Cea" 2P+ "Cea® PP+ ... +"C, @ T+ i
or

(a+b)" = a"+ (T] a" b+ {g] a' * b+ (’;] a3+ .+ [?) A" TH ..+ b"

1
and where "C, = nl= = ;
T (n—r)lr!

In particular,

(1+x)" =1+ nx + a1 X+ n(n=1(n=2) 5, nin=Nn=An-3 %, L2

21 31 4|

Arithmetic series

For an arithmetic progression with first term a, common difference d and n terms:
e the kthterm=a+ (k-1)d

o thelastterm=[=a+ (n-1)d

e the sum of the terms = 3§, = %[cH ]} = g[2$+{ﬂ—1}d].
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Geometric series
For a geometric progression with first term @, common ratio rand n terms:

e the kth term = ar*—!
e the last term = gr™~!

® the sum of the terms = §,_ = ﬂ(l - llF")= a[r" = ]) ;

1=r r—1
The condition for a geometric series to converge is -1 < r< 1.
When a geometric series converges, S_ = ] f =
Examination questions
Worked example
a Find the first 4 terms in the expansion of (2 + :1:“‘}“ in ascending powers of x. [3]
b Find the term independent of xin the expansion of [E' + x"‘”]“ [l - ;]d |3]

Cambridge [GOSE Additional Mathematics 0606 Paper 11 34,ii Jun 2015

Answer

i R - % ; ¥
a Expanding (2 + x*)" using the hinomial theorem cives
P s =

2% + OC; 25x% + 9C3 21 (x2)" + 5C3 28 (x2)" = 64 + 10242 + 24044 + 16046, .,

up L| 2 ? " o -I -.H} L ﬁ {L—]
e - e e

; (
Term independent of x = (64 x 1) + [1921,2 v _L:] 4 (Ef*lﬂxj ¢ } )

x e
=04 — 1152 + 2160

= 1072
Exercise 11.7
Exam Exercise
1 a Find the first four terms in the expansion of (2 + x)" in ascending powers of x, [3]
b Hence find the coefficient of x° in the expansion of (1 -+ )1 - x)(2 + x}". [4]
Cambmidge IGUSE Additional Mathematics 0606 Paper 2] Q7i# Jun 2013
g b
2 a Find the first 3 terms, in descending powers of x, in the expansion of [:u: + -—2] g [3]
' x
4 E kn
b Hence find the term independent of xin the expansion of [E* - - ,_r][x + _e) ; [2]
X< AN X

Cambridge IGUSE Additional Mathematics 0606 Paper 17 € o, i Now 2012

N | #
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L
3 The coefficient of #° in the expansion of (1 + E] , where n is a positive integer is —.
. - )
Find the value of n. [4]

b Using this value of n, find the term independent of x in the expansion of

i a2
(5 (-3) .

Cambridge [GOSE Additional Mathematics 0606 Paper 11 Q7,8 Now 2011
" i
4 a Find the coefficient of x” in the expansion of [] . ..‘:’j : [2]

12
b Find the coefficient of »® in the expansion of (1 + 4::}(1 - g] . 13

Cambridge IGCSE Additional Mathematics 0606 Paper 21 ()21, Jun 2011

5 a Find, in ascending powers of x, the first 3 terms in the expansion of (2 - hx)", giving your

answer in the form a + bx + ¢x?, where a, band ¢ are integers. [3]
10
; . : g ; ; X
b Find the coefficient of x in the expansion of (2 - t':rx}E {l + E) : (3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 (i, Now 2010

6 i Write down, in ascending powers of x, the first 3 terms in the expansion of (3 + 2x) 35
Give each term in its simplest form. [3]

i Hence find the coefficient of x* in the expansion of (2 - x) (3 A 2x)%, [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 12 (34 Mar 2015

7 i Find the first 4 terms in the expansion of (2 + )" in ascending powers of x. [3]
s : - . < 3 Y
ii Find the term independent of x in the expansion of (E+x‘}ﬁ(l ——2] . [3]
X

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q3 fun 2015
8 a i Use the Binomial Theorem to expand (a+ 8)*, giving each term in its simplest form.  [2]
bx

" , . _ . . 1Y
ii Hence find the term independent of xin the expansion of [Ex +—~-) i (2]

g 5
b The coefficient of x* in the expansion of [l + 1:5] equals - g . Find the value of the
positive integer n. : ' [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q8 Jun 2016
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9 The first term of a geometric progression is 35 and the second term is —14.

a kind the fourth term. [3]
b Find the sum to infinity. [2]

Feamiination stple question

10 The first three terms of a geometric progression are 2k + 6, k+ 12 and & respectively.
All the terms in the progression are positive.
a Find value of k. [
b Find the sum to infinity. [

bl

]
|

focamination style question

e

11 An arithmetic progression has first term @ and common difference d. Give that the sum of the
first 100 terms is 25 times the sum of the first 20 terms.

a bknd din terms of a. [3]
b  Write down an expression, in terms of a, for the 50th term. [2]

Lxemination style question

12 The L5th term of an arithmetic progression is 3 and the sum of the first 8 terms is 194,
a Find the first term of the progression and the common difference., | 4]
b CGiven that the nth term of the progression is =22, find the value of n. [2
272 PHO8

Examinaiion siyle uestion

13 The second term of a geometric progression is —=576 and the fifth term is 243, Find

a the common ratio 3]
b the first term [1]
¢ the sum to infinity. 12]

Exnmination style question

14 a  The sixth term of an arithmetic progression is 35 and the sum of the first ten terms
15 335. Find the eighth term,. [4]

b A geometric progression has first term 8 and common ratio . A second geometric

: s n] e .
progression has first term 10 and common ratio i I'he two progressions have the
same sum to infinity, 8. Find the values of rand the value of §. [5]

Fxamination style question

15 a The 10th term of an arithmetic progression is 4 and the sum of the first 7 terms is ~28.
Find the first term and the common difference., [4]

b The first term of a geometric progression is 40 and the fourth term is 5. Find the SLIT
to infinity of the progression. [3]

Fxamination siyle question
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A geometric progression has first term 4, common ratio rand sum to infinity S.
A second geometric progression has first term 34, common ratio 2rand sum to
[3]

infinity 45. Find the value of r.
An arithmetic progression has first term ~24. The nth term is ~13.8 and the (2n)th

term is =3. Find the value of n.

[4]

Examinalion style question

¥
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Vectors

This section will show you how to:

a) — ..

b ], AB,p,0i+bj

m use position vectors and unit vectors

m find the magnitude of a vector; add and subtract vectors and multiply vectors by scalars

m compose and resolve velocities.

m use vectors in any form, e.g. [
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Cambridge IGCSE and O Level Additional Mathematics

You should already be familiar with the following vector work:
Quantities that have both magnitude and direction are called vectors,
Quantities that have only magnitude are called scalars.

AB means the displacement from the point A to the point B.

For the diagram, AB =[ ‘;] f

The ‘magnitude’ of the vector AB means the ‘length’ of the vector AR and is denoted by | 4B |.

| E | is called the modulus of the vector E
; a a
Using Pythagoras for the diagram, | AR | = W.I'E{-EI-JE + (=3 =5, //'/

Two vectors are said to be equal if they are the same length

and are in the same direction.
a ~a
The vector —a is the same length as the vector a but is in the opposite direction,

Addition and subtraction of vectors

The vector a + b means the vector a followed by the vector b.
The vector a - b means the vector a followed by the vector -b.
The resultant vector is often shown with a double arrow,

Itis drawn from the starting point to the finishing point.

For example, if a = [i] s g e [4

1], then a+ b and a — b can be shown on a vector diagram as:

Finish
b —
A

A~ Finish j-’7
a ..___.1:-.4_ 4 11115 Tﬂ—-—

/ N

Start Start

a+band a- b can also be found as follows:
2 -4 244 (] 2 4 D4 -2
= — : — —b = = — -
e ol bl o L RS T B O o bl

Multiplication by a scalar

a
- Pa
a The vector a + a can be written as 2a.

The vectors a and 2a are examples of parallel vectors.
Two vectors are paralle] if one vector can be written as a multiple of the other vector.
For example:

= = -5 <
( ;] and (12] are parallel and in the same direction because [IJJ = 5[ ;]

5
[_i] and [;g] are parallel and in opposite directions because [Ig] —3[_3].
Collinear points

If AB = KAC then the points A, Band C are collinear.
(This is because the lines ABand AC must be parallel and the point A lies on both lines.)
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Chapter 13: Vectors

13.1 Further vector notation

The vector AB in the diagram can be written in component form as (;) B
AB can also be written as 4i + 3], where: ]

i is a vector of length 1 unit in the positive x-direction 1i
and j is a vector of length 1 unit in the positive y-direction. 1i

Note:
A vector of length 1 unit is called a unit vector.

P

a Write PQ in the form ai + bj. \\

b Find|P0|. Q
Answers

a PQ=4i-92

b Using Pythagoras, | PG| = (4 + (-2)* = J20 = 2/5.

You could be asked to find the unit vector in the direction of a given vector,

The method is outline in the following example.

WORKED EXAMPLE 2

EF = 4i+ 5j
=
' Find the unit vector in the direction of the vector EF.

Answers
First find the length of the vector EF:
EF? = 4% + 3¢ PR i F
EF=5
Hence the unit vector in the direction of EF is:
-;{-ﬁ + 3§) E
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a=-2i+3j, b=4i-j] and ¢ =—22i+18j.
Find A and u such that Aa + ub = ¢,

Answers

Aa+ ub=c¢

A(=2i + 31) + p(4i - j) = -22i + 18]
Equating the i's gives

=24 +4p =22
-A+2u =-11
Equating the j's gives
3A-u=18
6A —2u = 36
Adding equations | | | and gives
5A =25
A=25
Substituting for 4 in equation | | | gives
-5+ 2u = -11
21 =-6
H=-3

So A=5u=-3

318
Exercise 13.1 Al | IE _
1 Write each vector in the form ai + bj, D
a AB b AC ¢ AD | | 1
d AE e BE f DE — ¥
E EA h DB i DC 5

2 Find the magnitude of each of these vectors.
a —2j b 4i+3j € 5i—12j -d  —8i— 6j
e Ti+24j f 15i-8j B —4i+4j h  5i-10j
3 The vector AB has a magnitude of 20 units and is parallel to the
vector 4i + 3j,
Find AB.
4 The vector ITQ has a magnitude of 39 units and is parallel to the
vector 121 - 5j .
Find ﬁ
5 Find the unit vector in the direction of each of these vectors.
a 6i+ 8j b 5i+12j € —4i - 3j d 8i-15j e 3i+3j
6 p=8i-6j,q=-2i+3]and r = 10i
Find

1
a 2q b 2p+q c Ep—?}r d -E—r—p—q.
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Chapter 13: Vectors

7 p=9i+12j, q=3i-3j and r="7i+]
Find
a |p+ql b |p+q+r1.

8 p=7i-2j and q=1i+ Uj.
Find A and g such that Ap +q = 36i - 13].

9 a=5i-6j,b=-i+2j and ¢ =-13i+18j.
Find A and g such that 4a + ub =c¢.

13.2 Position vectors

The position vector of a point Prelative to an origin,
0, means the displacement of the point P from 0.

Y4
3

2
| /

0 1 2 35 4 x

For this diagram, the position vector of Pis

ﬁﬁ-_(;:] or E’=31+Ej
Now consider two points A and B with position vectors a and b.
A

a

Palk

0

—
AB means the position vector of Brelative to A.

AB = AO + OB
- _0A + OB
Hence:

E=F —ﬁ? or ﬁ =b-a
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g o o T s e
- ¥ -y ] T
NORKED EXAMPLE 4

| N -
5 '.{."'.-'--!L;u:_.'l:-r.-...- -i-::'-':_"{-:_l_-'_ g

Relative to an origin O, the position vector of Pis 4i + 5] and the position vector of
(Jis 10i — 3j.

a Find }ﬁ
The point Rlies on PQ such that PR = : E.’E
b Find the position vector of &

Answers
a PQ=00Q-0P
= (10i - 3j) — (4i + 5))

PO = 6i— 8j
b PR = -PQ
4
= 2 (6i - 8j)
: j
= 151~ 99 )
OR = OP + PR -"
= (4 + 5j) + (1.51 - 2j)
OR = 5.5 + 3

- T B
(e
x ~_‘--'-'-_E""r_-'|_g".n.;-:i-|--- p RN I L '._.,,..l y
Relative to an origin 0, the position vectors of points A, Band Care —2§+ 5§, 101 —j
and A(2i+ j) respectively. Given that Clies on the line A % find thevalue ot A

Answers
AB = OB - OA

= (10 -j) — (-2i+ 5D
= 121 - 6j
If Clies on the line AR, then ‘r'i_{': =k E

E e T —

AC = OC - 04
= A(21 + j) - (~2i + 5j)
= (24+ 2)i - (5 — A)j
kAB = k(12i - 6])
12k - 6kj
Hence, (24 +2)i—(5- A)j = 12ki — 6kj
Equating the I's gives: 24+2=12k - .

Equating the 's gives: 5- 1 = 6k

1 =28 = 12% e S
Using equation and equation gives
2A+2=10-921
44 =8
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Exercise 13.2

1

Find EPB}, in the form ai + &j, for each of the following.

a A(4,7)and B(3,4) b A(0,6) and B(2, —4)
¢ A(3,-3) and B(b, -2) d A(7, 0) and B{-5, 3)
e A(—4,-2)and B(-3, 5} f A(H,—6) and B(-1,-7).

a (is the origin, Pis the point (1, 5) and Ffé = [i} Find Fﬁ

— _—
b (is the origin, Eis the point (-3, 4) and EF = ( ;] :
Find the position vector of _
¢ Ois the origin, Mis the point (4, -2) and NM = ( ?)
Find the position vector of N T
The vector OA has a magnitude of 25 units and is parallel to the
vector —3i + 4j.
The vector OB has a magnitude of 26 units and is parallel to the
vector 12i + bj.

Find:
=T b OB ¢ AB d |aB!.

Relative to an origin O, the position vector of A is —7i—7j and the
position vector of Bis 9i + 5j.

The point Clies on AB such that AC =3CB.

a Find AB.

b Find the unit vector in the direction of AB.

¢ Find the position vector of C.

Relative to an origin O, the position vector of Pis =2i — 4] and the position
vector of Qis 8i + 20j.

a Find P_Q

b Find HE l

¢ Find the unit vector in the direction of -P_;’i

d Find the position vector of M, the midpoint of PQ.

Relative to an origin O, the position vector of A is 4i - 2j and the position
vector of Bis Al + 2j.

The unit vector in the direction of AB is 0.3i + 0.4j. Find the value of 4.

: i o . -1
Relative to an origin O, the position vector of Ais ( IE] and the

position vectors of Bis [-llﬂ
a Find AB.

The points A, Band Clic on a straight line such that AC = 2AB.
b Find the position vector of the point C.

Chapter 13: Vectors
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9
8 Relative to an origin 0, the position vector of A is ( 9 {’]] and the

iia S
position vectors of Bis 18 |

a Find:
i loal i |08 i

| 4B |.

The points A, Band Clie on a straight line such that AC = CH.
b Find the position vector of the point C,
9 Relative to an origin 0, the position vector of A is 3i — 2) and the position
vector of Bis 15i + 7j.
a Find AB.
The point Clies on ABsuch that AC = :.’- AB.

b Find the position vector of €,
10 Relative to an origin (), the position vector of A is 6i + 6j and the position
vector of Bis 12§ — 2j.
a lind E
s . 2 — B r—
I'he point Clies on A# such that AC = Eﬂ B.

b Find the position vector of €,

e 11 Relative to an origin O, the position vector of A is [4] and the position

e Lo 3]
vector of Bis .

-
The points A, Band Care such rthat BC = 2AR. Find the position vecotor of O

12 Relative to an origin 0, the position vectors of points A, Band Care
=91 — 11, 23i —4j and A(i - 3j) respectively.
Given that Clies on the line AB, find the value of A.

13 Relative to an origin O, the position vectors of A, Band Care —2i + 7j,
21— j and 6i + Aj respectively,

a Find the value of 4 when AC = 17.
b Find the value of 4 when ABC is a straight line.
¢ Find the value of A when ABCis a right-angle.
14 Relative to an origin O, the position vector of A is —6i + 4 j and the

position vector of Bis 18i + 6j. Clies on the y-axis and OC = OA + 108,
Find OC.

15 Relative to an origin 0, the position vector of Pis 8j + 3 J and the position
vector of Qis ~12i — 7. Rlies on the x-axis and OR = OP + 400,
Find OR,
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Chapter 13: Vectors

CHALLENGE Q

16 Relative to an origin O, the position vectors of points F, (Jand Rare
—6i + 8j, —4i+ 2j and 5i + 5j respectively.

a FiE the r_rLagnitudEf:
i PO ii PR iii QR.
b Show that angle PORis 90°.
¢ If OP = AOQ + uOR, find the value of A and the value of .

13.3 Vector geometry

| WORKED EXAMPLE 6

) v A

OA=2,08 =b, B =2
4]

| a Find in terms of a HEId b:
i BA i BX iii OX iv BY
b Given that OP = .FLE, find OF in terms of A, a and b.

_ BA and OF -_‘—{': OA .

¢ Given that BP = ,uﬁ find OPF in terms of ft, aand b,
d Find the value of A and the value of y.

Answers

a i ﬁ-—-mwﬁﬁ=a~h

e L e
ii BX=—-BA=—-(a-h)
0 3]

| il DX=0B+BX =b+>(a—b)==a+=b
|

on || G

5T | hE

v 'EF:ES + 0¥ ==b +%Eﬂ'=§ﬂ—h

b OF = A0X
5 5
= i} a %h
] 5
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e —_— —
€ OFP =08+ BP
:h+ﬁ?F

3
+ U 43
ri—”a+[t—_u}h

d Equating the coefficients of a for OP gives:

0 _ sy
] 4
A
5 4
47 = Gy ———————
Equating the coefficients of b for 0P gives:
24

2A=5-5n _______

Adding equation and equation gives:

A =5
pRE L
. 5 ‘
o Substituting A = - in equation gives = 3

[

Hence, A = - and u = -,
G 3

OA = 3a, OB = 4b and Mis the midpoint of OB.
OP:PA=4:3%and E:'f =L’F.
a Findin terms of a and b:

i AB i MA.
b Find in terms of A, a and b:
i BX i MX. |
€ If M, Xand A are collinear, find the value of 1. A
Answers
a i AB = A0+ OR
= —3a +4b
i MA = MO + 04
= —2b + 3a
=3a-2b
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Chapter 13: Vectors

b i BX = ABP
- A(B0 +0oP)
=l(—4b+iﬁ‘f]
7

= Ej—'a— 4Ab
7

ii MX = MB + BX
—ob+ 22 b

7
. L?}&a+{5."‘- 42)b

—p

| ¢ If M, Xand A are collinear, then MX = kMA.

J‘%}—"a +(2-42)b = k(3a — 2b)

| Equating the coefficients of a gives:

124
3k=—— il I |y R |
T : |

_4A
— T P ————
Equating the coefficients of b gives:
—2k=2-4A
E=24-1 -
Using equation and equation gives: |
44
2A-1=7 |
144 -7 =44
104 =17 |
| A=07

k

Exercise 13.3
1 0OA=a, O8 =h. I
Ris the midpoint of A and OF =308,

AQ = AAB and RQ = uRP.

a Find 'D_QF in terms of A, a and b. g Q

b Find t‘_}_ﬁ in terms of , a and b.
¢ Find the value of A and the value of u. 0 R A

2 AB=5a, DC=3aand CB =b. D 2 C
E=m;mdﬁ=ﬂﬁ. b
a Find in terms of a and b, i AD, i DB.
b Find in terms of A, 4, aand/orb, i AX, ii DX.

¢ Find the value of A and the value of [L A =a B
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3 E}T’Zﬂ,ﬁ=£h, ;mdD_Qi:Hh,
OX = A0Y and E = ,{1@.
a Find OX in terms of A, a and b,
b Find OX in terms of i, a and b,
¢ Find the value of 4 and the value of u.

4 Ef_{ = A, G_H' = b.
ii_i;s. l'.hl:ﬂf!pﬂirﬂ}f ”ijld AC = %E‘f
AX =AAD and BX = uBcC. ‘ B
a Find OX in terms of A, a and b. b X
b Find OX in terms of y, a and b.
¢ Find the value of 4 and the value of y. 0 4 A G

5 a?:a ﬂ_f:i'=|}
3

M is the midpoint of ABand a: == ’

.p..

OX = A0M and BX =,uH}’.
326 a Find in terms of a and b,
i AB i OM.
b Find OX In terms of A, a and b.
¢ Find _l'J_l'i: in terms of &, a and b. 0 ¥ A

M

d Find the value of A and the value of .

—q.

6 OA = a, OB = b, BT{'—EHA and OF =

5
OP = 20X and BP = uBy.
a Find OP in terms of A, a and b. v
b Find OP in terms of i, aand b.

0

"-II'J"

¢ Find the value of A and the value of p.

o ¥ A

7T OA= a, OB =b 1t‘1d ()1 s ¢l the origin,
OX = A0A and OY = uOB. B
a i Find BX i in terms of A, a and b.
il Find AY in terms of 4, a and b, Y
b 5BP =2BX and AV = 4PY. P
i Find OP in terms of A, aand b.
i Find OP in terms of W, aand b,

i Find the value of 4 and the value of . 0 X A
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8 ), A, Band Care four points such that
OA ='7a—5b. OB = 2a+5b and OC = —2a +13b.
a Find i AC i AB.

b Use your answers to part a to explain why B lies on the line AC.

CHALLENGE Q
9 OA =aand OB =b.
OA: AE=1:3 and AB: BC=1:2 C
OB = BD N
a Find, in terms of a and/orb, B
i OF ii OD i OC. o g
b Find, in terms of a and/orb, A
i CE ii CD iii DE.

¢ Use your answers to part b to explain why C, Dand Eare collinear.
d Find the ratio CD : DE.

13.4 Constant velocity problems

If an object moves with a constant velocity, v, where v = (4i - 2j) ms™, | ]\!.* |
Je <1 .
the velocity can bhe represented on a diagram as: | | f 1'-';_-.

Velocity is a quantity that has both magnitude and direction.
The magnitude of the velocity is the speed. 58 T -
If v = {%I:i - Ej} ms~! then,
speed = \r'[{-’-l}g +(-2)°
= /20

=9 /5 ms

You should already know the formula for an object moving with constant speed:

distance travelled

speed = -
time taken

Similarly, the formula for an object moving with constant velocity is:

displacement

O e
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Splitting a velocity into its components
The velocity of a particle travelling north-east at 442 ms™ can be written in
the form (a:i = hj} ms

i b

cos45° = and sind4bh® = ——
42 4.2 b
a = 4J2 x cos45° b= 4.2 x sin45°
a =4 bh=4
Hence the velocity vector is (4i + 4j) ms™,
The velocity of a particle travelling on a bearing of 120° at 20ms "’ E
can be written in the form {xi + pj} ms™: ;'
sin60° = - and cos60° = 2 ;
20 20 )}
x = 20 X sin 60° y = 20 X cos 60° :
x = 1043 y =10
Hence the velocity vector is (104/3i — 10j) ms~. bt s
| An object travels at a constant velocity from point A to point B,
AB = (32i = 24j) m and the time taken is 4s. Find:
- a the velocity b the speed.
Answers
: displacement 32 - 24j : . 4
I : — = — -
ol i time taken 4 b= 01 I
b speed = \,"EB]_E +(-6)° = 10 ms™!
Consider a boat sailing with velocity [_:] km h™,
At 12 00 hours the boat is at the point A with position vector [] jJ km relative
to an origin O. =
The diagram shows the positions of the boat
at 12 00 hours, 1 pm, 2 pm, 3 pm, 4 pm ... N
14' A
& o 3),.( 8)_(6 :
I'he positionat 1 pm =| 7 |41 = 121 \] pm
13) - -2 11 .
104 . 2 pm
8). o 3)_(9 8- R
The paosition at 2 pm = ( + 2 ] = ( ] ‘% i
13 | —2 9 e .4 pm
8). of 3)_[12 4+ T
The position at 3 pm = +3] Y= ]
13, =g o 21
c [ T T T T T T T T T T e
The position at 4 pm = 3 +4 3 = 15 Ol 2 46 8 10 12 14 16 18 20 22 *
13) 2] L5
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Hence the position vector, r, of the boat t hours after 12 00 hours is given by
the expression:

0

This leads to the general rule:

If an object has initial position a and moves with a constant velocity v, the
position vector r, at time t, is given by the formula: r=a + tv.

Exercise 13.4
1 a Displacement = (21i + 54 j) m, time taken = 6 seconds. Find the velocity.

b Velocity = (5i — 6j)ms !, time taken = 6 seconds. Find the displacement.
) J P

¢ Velocity = (—4i + 4j) kmh™, displacement = (=50i + 5Oj) km.
Find the time taken.

2 A car travels from a point A with position vector (60i — 40j) km to a point B
with position vector (—50i + 18j) km.
The car travels with constant velocity and takes 5 hours to complete
the journey.
Find the velocity vector.

3 A helicopter flies from a point Pwith position vector (50i + 100j) km to a

point (L

The helicopter flies with a constant velocity of (30i — 40j) km h ' and takes
2.5 hours to complete the journey. Find the position vector of the point (.

4 a A car travels north-east with a speed of 1842 kmh™.

Find the velocity vector of the car.

b A boat sails on a bearing of 030° with a speed of 20kmh ™.
Find the velocity vector of the boat.
¢ A plane flies on a bearing of 240° with a speed of 100ms b
Find the velocity vector of the plane.
§ A particle starts at a point Pwith position vector (—80i + 60j) m relative to
an origin 0.
The particle travels with velocity (12i — 16j) m 5L,
a Find the speed of the particle.
b Find the position vector of the particle after
i 1second ii 2 seconds iii 3 seconds.

¢ Find the position vector of the particle ¢seconds after leaving P,
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6 At 12 00 hours, a ship leaves a point Qwith position vector (101 + 38j) km
relative to an origin O. The ship travels with velocity (6i — 8j)kmh™",

a Find the speed of the ship.
b Find the position vector of the ship at 3 pm.
¢ Find the position vector of the ship t hours after leaving Q.

d Find the time when the ship is at the point with position vector
(61i — 30j) km.

T At 1200 hours, a tanker sails from a point Pwith position vector (5i + 12j)
km relative to an origin 0. The tanker sails south-east with a speed of
122 kmh™.

a Find the velocity vector of the tanker.
b Find the position vector of the tanker at
i 14 00 hours il 1245 hours.

¢ Find the position vector of the tanker ¢ hours afier leaving P.

8 At 12 00 hours, a boat sails [rom a point P,

T'he position vector, r km, of the boat relative to an origin (J, ¢ hours after

10 5
12 00 is given by r = - :
2 00 is given by « [h) H[l?]

a Write down the position vector of the point F.
330 b Write down the velocity vector of the boat.
¢ Find the speed of the boat.
d Find the distance of the boat from Pafter 4 hours.
9 At 15 00 hours, a submarine departs from point A and travels a distance of
120km to a point B,

The position vector, rkm, of the submarine relative to an ori gin (), ¢ hours
15 + 8t

20 + 6t )

a Write down the position vector of the point A.

after 15 00 1s given by r =

b Write down the velocity vector of the submarine.
¢ Find the position vector of the point B.
10 At 12 00 hours two boats, A and B, have position vectors (-10i + 40} km
and (70i + 10j) km and are moving with velocities (20i + 10 j) kmh™' and
(=10i + 30j) kmh ™" respectively,
a Find the position vectors of A and Bat 1500 hours.
b Find the distance between A and Bat 1500 hours.
11 Attime t =0, boat Pleaves the origin and travels with velocity (3i + 4j)kmh-,

Also at time ¢ = 0, boat Q leaves the point with position vector
(=10i +17j)km and travels with velocity (5i + 2j)km h,

a Write down the position vectors of boats A and Balfter 2 hours.

b Find the distance between boats Pand Qwhen t =2,
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Summary

Position vectors
AB means the position vector of B relative to A.

AB = OB - OA or AB =b-a
If an object has initial position a and moves with a constant velocity v,

the position vector r, at time ¢, is given by the formula: r = a + fv.

Velocity
displai:ement
time taken

Velocity =

Examination questions

Worked example

; " 4 . b e :
In this question (L‘r is a unit vector due east and | is a unit vector due north.

16
12

At 12:00 a coastguard, at point 0, observes a ship with position vector { ] km relative to 0.

The ship is moving at a steady speed of 10 kmh™ on a bearing of 330,

st
—F

’

b Write down, in terms of ¢, the position vector of the ship, relative to O, ¢ hours after 12 0. | 2]
|

a Find the value of psuch that [ } kmh™' represents the velocity of the ship. [2]

8

Find the time when the ship is due north of O [2
d Find the distance of the ship from O at this time. [2]

l!":.-:.'i-r.l.l'.l;l'.f.r_l'g.l_- TGORE Additional Mathematics i) .P.-'JI,‘JP'r 21 I'_'E':":'-E'L' Now 2012

Answers
a cos60® = — and 5in 60° = 2L
1) 10
x = 10 % cos 60° y=10x% sin 60
x=5 y = Hae

i ; : e B y
['he velacity vector of the ship is [r f_%] ms .
I e

Hence, f = NEY
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R o =3 | 16-=bi
I 5 - 543 ) |12 + 53¢

" 16 — 5¢
Ir=
12 + 53¢

Ship is due north of () when
1651 =0
t =32
Time =1512
' 16 — 5 x 3.2 0
i W et (:&3 + 543 x 3.2] = [12 ¥ uw‘:?]
Distance of ship from 0 =12 4+ 1643 = 39.7km to 3 sf.

Exercise 13.5
Exam Exercise

1 Relative to an origin O, the position vectors of the points A and Bare 2i — 3j and 11i + 42j
respectively.

a Write down an expression for E [2]
The point Clies on z’lﬁlﬂh that AC =% AB.

b Find the length of OC. [4]
The point D lies on OA such that DC is parallel to OB.

¢ Find the position vector of I, 2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 8, i fun 2012

In the diagram OA = a, OB =b and AP = Eﬁ
— 5 g
a Given that OX = pOP, where p is a constant, express OX in terms of pt, a4 and b. [3]

b Given also that AX = A0B, where X is a constant, use a vector method to find the value
of yand of A. [5]

Cambmidge IGCSE Additional Mathematics 0606 Paper 21 8i,i Nov 2011
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Chapter 13: Vectors

3 Relative to an origin O, the position vectors of the points A and Bare i—4j and 7i+ 20

L

respectively. The point Clies on AB and is such that AG = 3 AR. Find the position vector of C
and the magnitude of this vector. ' [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 (3 Jun 2011

4 The position vectors of the points Aand Brelative to an origin O are —2i + 17j and 6i + 2j

respectively.
—_—
i Find the vector AB. [1]
N
ii  Find the unit vector in the direction of AB. [2]
—_— — —_
i The position vector of the point Crelative to the origin (is such that OC = OA + mOB,
—
where mis a constant. Given that Clies on the x-axis, find the vector OC. [3]

Cambridge IGCSE Additional Mathemalics 0606 Paper 22 (03 Mar 2043

5 a The four points O, A, Band Care such that H”? = Ha, HH = 15h, E‘F‘ = 24b - 3a.
Show that B lies on the line AC, [3]

b Relative to an origin O, the position vector of the point Pisi-— 4j and the position vector of
the point Q is 3i + 7j. Find

- —_—

i |PQl, 2]
L] v ¥ Ll ' __-. -

ii the unit vector in the direction PQJ, [1]
i the position vector of M, the mid-point of PQ. [2]

Cambridge IGCSE Additional Mathenatics 0606 Paper 21 Q7 fun 2013

12 18
respectively. All distances arc measured in kilometres. A man drives at a constant speed directly
from A to Bin 20 minutes.

. E . ; " 5)(-10 ;
6 Relative to an origin O, points A, Band C have position vectors (;],[ )aml[ {}]

i Calculate the speed in kmh-! at which the man drives from A 1o B. [ ]

He now drives directly from B to Cat the same speed.
ii  Find how long it takes him to drive from Bto C. [3]

Cambridge [GOSE Additional Mathematics 0606 Papier 21 3 Nov 2015
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The position vectors of points A and B relative to an origin () are a and b respectively. The

point Pis such that OP = uOA. The point Qis such that OQ = AOB. The lines AQand BP
intersect at the point R.

i Express E in terms of A, a and b. [1]
il Express BP in terms of i, aand b. [1]
It is given that Hﬂ_fg = ﬁ and 8BR - 7BP.

ili  Express OR in terms of A, a and b. [2]
v Express OR in terms of 4, a and b. [2]
v Hence find the value of i and of A. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 (12 Now 2014
334

The figure shows points A, Band Cwith position vectors a, b and ¢ respectively, relative
to an origin O, The point Plies on ABsuch that AP:AB =3:4. The point () lies on OC such
that 0Q:QC=2:3,

i Express AP in terms of a and b and hence show that OP = i{a + 3b). [3]
ii  Find I'”'_Ql in terms of a, b and e. 3]
lii  Given that E-IT'Q = Eﬁi find ¢ in terms of a and b. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 9 fun 2013
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The vectors p and q are such that p = 11i - 24j and q = Zi + &].

i Find the value of each of the constants & and fsuch that p + 2q = (@ + )i - 20j. [3]

i Using the values of @and f§found in parti, find the unit vector in the direction
p+2q.

0
b B

The points A and B have position vectors a and b with respect to an origin 0.
The point C lies on ABand is such that AB: ACis 1 : 4. Find an expression

. oy 5 -
for OC in terms of a, b and 4. [3]
The points Sand Thave position vectors s and t with respect to an origin 0.

The points 0, Sand Tdo not lie in a straight line. Given that the vector 28 + Utis
parallel to the vector (i + 3)s + 9t where u is a positive constant, find the value of [t [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q10 Mar 2016

S
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Differentiation 2

This section will show you how to:

m differentiate sinx, cosx, tanx, e*and Inx together with constant multiples, sums and composite
functions of these,
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Chapter 14: Differentiation 2

: d
In Chapter 12 you learnt that if y = x*, then E:E: = 2x. :

This can also be written as: if f(x) = ¥, then f'(x) = 2x.

Graphing software can be used to show the function f(x) = x*
and its gradient (derived) function £'(x).

14.1 Derivatives of exponential functions

CLASS DISCUSSION

Graphing software has been used to draw the graphs of y=2% and y =3* together with their
gradient (derived) functions.

g_;ldu‘lil

functon

Discuss with your classmates what conclusions can be made from these two graphs.
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In Chapter 6 you learnt about the exponential function ¥ = e* where

e = 2,718

This function has the very special property that the gradient function is
identical to the original function, This leads to the rule:

d
—(e*) = p*
= (€)
The derivative of efl®
Consider the function y = eflx),
Let y=e" where t = fx)
2 e £(x)
du dax

dy dy d;
Using the chain rule: L
: dx du dx

= e X £/(x)

= {(x) x efl*

ad— I:EFM:] = f'(x) x efl®
x

In particular:

:1 E-qxr.'.-] = g X edxth
(1
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Chapter 14: Differentiation 2

WORKED EXAMPLE 1
Differentiate with respect to x. 4
. e
a e’ b e ¢ xle ¥ d —
x
Answers
d ' B
a P S ﬂll S 5 .:i": 1'.“'“: = 1{__”,
{Ix[ J ;
b i( ’e‘ﬂ"] = (2x — §)x e* —1x = (2% - 3]&"2‘3”
dx
c ljl—[:u:iaﬂ Bl=g il[ 30) 4 g3 x i[xﬂ}
dx dax dx
= x2 X (-3 )+ e™ x 2
= —fpa3 4 OypeH
=x e (2 - 3x)
d ax T d‘
: X —(e** ) — ® — (%
2= v e
dx\ x x®

WORKED EXAMPLE 2

" L 5
A curve has equation y = (e + %),

d )
Find the value of Hi when x = 0.

Answers

|* 2= (e + e*""]'ﬁ
| j—j = 5(e* + t:'"'"]q' x (2e® + 3e%)
x

When x = 0, 2_}' =5(e® + e“]* % (2e® + Bﬂﬂ}
x

=5x2' x5
= 400 .!
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CLASS DISCUSSION

d
By writing 2 as e"*® find an expression for E[ L)t

Discuss with your classmates whether you can find similar expressions for di[ﬂ”} and di[*i"].
x x

Exercise 14,1

1 Ihfferentiate with respect to x,

3 !..l'.i'_-r h_ E..‘!-.'r - Eﬂ:r
X
d Qe e be 2 f vt
2 r I . I
g er T h 5x— 3e¥ I 2+ —
{:_.h'
e* g™
- £ [ '\.:-I e =4 : . o
i 283-¢¥) Kk ; L 5(x?+e)
2
2  Iitlerentiate with respect to x.
a xe' b x%i ¢ Sxe™
I"II.
, e €™
d Jx e B f —

-

€ +1 gy o BT ., Xe*—5
340 E _:"_ h e — : | 1—-
et — ] 2 e’ +1]

3 Find the equation of the tangent to

o -
d ':| = “J—‘ aL x =10
et + 5

b _1I=Jt_"*_"+_I at x=Inb
C _-\'=xﬂ{_l+rr"]' at =1,

4 A curve has equation y = he® — 4x — 3,
The tangent to the curve at the point (0, 2) meets the x-axis at the point A.
Find the coordinates of A.
5 A curve has equation y = xe *,
a Find, in terms of e, the coordinates of the stationary point on this curve and determine its
natire.
b Find, in terms of e, the equation of the normal to the curve at the point P(1, e).

The normal at P meets the x-axis at A and the y-axis at B. Find, in terms of e, the area of
triangle OAB, where O is the origin,
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14.2 Derivatives of logarithmic functions

CLASS DISCUSSION

Graphing software has been used to draw the
graph of y = In x together with its gradient
(derived) function.

The gradient function passes through the

1 1
points [12- 2), (1, 1), (2, E] and (5. E) ;

Discuss with your classmates what conclusions
you can make about the gradient function.

- -

-
_____
R E T CER e

Chapter 14: Differentiation 2

y=Inx

eradient

From the class discussion you should have concluded that:

|
—{lnx) =—
d:-:{ ) x
The derivative of Inf(x)
Consider the function y = Inf(x).
let y=Inu where  u = f(x).
d
L = = f'(x)
du u dx
Using the chain rule: L, = L X o
dx du dx
= —x [(x)
u
. £{%)
f(x)
Al - £*(x)
—IInflx)|=
d:'t'[ [ }] f(x)
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In particular:

d
— [In(ax + b)] = —2
dx + b
WORKED EXAMPLE 3
Differentiate with respect to x,
| a In8x b In(5x-7) ¢ In(2x% + 5)
[
| Answers
| a i{lrui“!mr:l S
| dx Bx =
| e
A
| e
o (| SO S S
- :rin{Jx :I] hx =7 v
4x -
—|In[2x* + 5} | = -
| < .-1:[ nrl( D ]I} 2 !+5 -
1 |
d E[x - 10)7z (1) =
| d Method 1: —[Inx—10 |=5—0uo
| dx x =10 -
i 1
2(x — 10)

Method 2: using the rules of logarithms before differentiating,
d — d [ ]
E[lﬁu&—lﬂ]: a;llll{.\'— ”J}'.J] i

d |1 ;
: | . I
dxl? In{x -1 P}J

= 2 x L in(x - 10)]

&

1 1 a
_ — W oe—

2 x-=-10 =
- 1

2(x - l'[]:l

d

In«x =10
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WORKED EXAMPLE 4

Differentiate with respect o x. I x
a b5x%In2x B e
3x

Answers

Ao s @ o d s
a (5x% In 2x) = 5« xdx{lnlx}ﬂnﬂx xdx[. )

dx

= Hx® x E + In 2x x 30x®
2%

= hx® + 30x° In 2x

d d
d [lnx] i 3x x d—i[lnx}" Inx x ;I—t{.ﬁx}

b — 2
dx \ 3x (3x)*
?-x}-:]——ln:: 3
- X
Ox?
~1-Inx
ey

WORKED EXAMPLE 5

A curve has equation y = 3xsinx + E
1 F
a Show that y= 5 In(2x —1) = In(x?* +1).

d
b Hence, find the value of =2 when x = 1.

dx
Answers
-J'Ex -
a y= 21

= In(2x - 1}'~a —In(x* +1)
- %ln[ﬂx ~1) = In{x +1)

dy _ i[é}n{ﬂx— 1}]— %[lﬂ{x2 +1)]

dx dx
= -;—:u: i[ln (2x - 1)] - %[ln (x® + ]}]

lx 2 Zx

2 2x-1 x*+1

_ 1 %

Tox -1 x? +1

- 4+1-2x(2x-1)
[Ex-l}{x2+l}

——=3rTrarTil

T (2x - 1)(x2 +1)

dy

dx.

b

When x =1, =0.

Chapter 14: Differentiation 2
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WORKED EXAMPLE 6

A curve has equation y = log, (5x — 2).

a Si h = —|In(5x - 2)].
| wow that y 1:1}2[“{”: 1
dy |
b Hence, find the value nfi— when x =2, |
dx
| Answers
| a y=log,(5x—2)
_Insx-2) |
B in2 :
| = [In(5x - 2)]
| dy 1 d
b —=—x —|In(hx -2
da b el
1 B
= —x
In2 Hx-2
| =

o}

(5x — 2)In2

When x = 2, ﬂ,}'_ = 3

dx 8In2
Exercise 14.2

1 Differentiate with respect to x,

a Inbx b Inl2x € In(2x + 3)
d 2+in{i-x% e in(3x+1) f InJx+2
! 3
In(2 - 5x)° h Ex+1n[—-] i b-In————
g o ) X (2 - 3x)
j In(lnx) k In{ﬂ + l}g L In(x®+Inx)
2 Differentiate with respect to x.
a xlnx b 2x’Inx € (x—1Inx
d 5xlnx” e x°In(lnx) f I o
x
4 In(2x +1) . In(x* =1)
E e E e id
In x x* 2x + 3
3 A curve has equation y = x*In 3x.
; dy d*y .
Find the value of — and —= at the point where x = 2.
dx dx?
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Chapter 14: Differentiation 2

4 Use the laws of logarithms to help differentiate these expressions with respect to x.

a In+3x+1 b l"(gxldﬁ] e lll[x{-'-'ﬂ—f'}q
(2x + 1 (2 —x x(x +1)
d Inhx—l) e Inhxﬂ) f In{ x+2}

g g _ 2 . (x +1)(2x — 3)
- ]n_(x—ﬁ}lfx+ﬂ} " l”ﬁxﬁ%ﬁx—ll}' 1“[ x(x=1) ]

5 Find 3 for each of the following.

dx

a y=log,x Note:
9 Use change of base of logarithms before
b y=logs* differentiating.
¢ y=log,(5x-1)
2 dy . :
6 Find — for each of the following,

dx Note:
a e =4x°-1 Take the natural logarithm of both sides
R . P [ of the equation before differentiating.

¢ e =(x+3)(x—4)

: 1 -
T A curve has equation x = E[{:?fﬂ'“f} + 1],

Find the value of b when x = 1.
dax

14.3 Derivatives of trigonometric functions

CLASS DISCUSSION

Graphing software has been used to draw the graphs of y =sinx and y = cosx together with
their gradient (derived) functions.

-:|| !_'|I.I||I|.'||-' J_'l,-

(RTARER AER | e
&

raciiernl
.
E ’
et »
’

OF

-] -

e _]."

Discuss with your classmates what conclusions you can make from these two graphs.
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From the class discussion you should have concluded that if x is measured in
radians then:

—(sinx) = cos x
dx

d

—(Ccosx) = —sinx
dx[ )

The derivative of tanx can be found using these two results together with the
quotient rule.

[

d d ( sinx :
—(tanx) = —| —— use the quotient rule
dx dx\ cosx

_ dx

¥ oo i
COS X X {—-lfmn x) = sinx X : (cosx)
dx

(cosx)*

COSX X COosx —sinx ¥ (—sinx)

e

COS8* X
o

o 9
COS™ X + Sin<x ) ..
o use cos“x +sin“x =1

2
cOs” x
]
346 e 1 USE —— = SEC X
cos? x COS X
= §eC* x

—u-—{l_anx] = sec” x
dx
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Chapter 14: Differentiation 2

_ Wﬂ_ﬂﬂlﬂ'lﬂllll’_‘!.! 7

Differentiate with respect to x. <

3 tanx 2 &

a Tcosx b x%sinx c i d (5h—S3cosx)

Answers
i

a i{? cosx) = Ti (cos x)

= =7 sinx
d
b i{xﬂ sinx) = x* x ;—x{sin x) + sin x % E{x“'} - - |

| = x? cosx + 2xsinx

d g d
| ¢ i[ﬁlﬂrlx);xx:lx'{gtdnx} "jm“:‘“ﬂrl.wvf"‘:k;:|
dx X x*
_xx3sec®x—3tanx x
-
I o Jxsect x — Jtanx
d B 7 :
d - (5 - 3cosx) ]=E(5—3cusx} ® Ssinx
X

= 924 sinx(5 — Scosx)’

Derivatives of sin (ax+ b), cos (ax+b) and tan(ax + b)
Consider the function y = sin{ax + b) where x is measured in radians.

Let y=sinu where u = ax + b,
dy du
—— = S U — =4
du dx
: : d dy du
Using the chain rule: b Pl i
dx du dx
=Ccosu Xa

= a cos(ax + b)

;—I[sin[ax + b)| = a cos(ax + b)

Similarly, it can be shown that:

i[tﬂﬁ(ﬂx + b)] = —a sin(ax + b)

dihaﬁ (ax+ )] = @ sec* (ax +1) '
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Note:
It is important to remember that, in calculus, all angles are measured in
radians unless a question tells you otherwise.,

[

Differentiate with respect to x.

& |

W 2 ol : B
a 53"1(— — ..-!'J:J b xcosBx C T d |:1 + 3tan Et}
3 .l:in[ffl.:r + ]

Answers

a £ ﬁsin[-l:t —E’x] = E-ﬁ-f[ﬁin[ﬁ—f&x)
dx| 3 _ dx 3 :

B x -:.na[: - Ex] x (—-2)

-10 {:m[E - Ex)
3

b i{xcnﬁ.‘*ﬁx} = x X iI[f_'nv.'-; 3x) + cosJx x di{r}
x

dx dx
= x ¥ (-3 sin3x) + cos3x x (1)
E = cos3x — 3x sin 3x
5 5111[2.\: + E]K < (x?) — % x = [sin(ﬂx + “.n:]]
| N SRR e 2] ox g -
dx i

[qin(‘)v + T

4 /]

sin (Ex PRl ] X (2x) = x° x [E’ ::n.r.[i‘x + HJJ
4 4

ﬁin:“-’[Ex+ E]
4

it F | 8
2x 5;[]’1[2.1’ + 1‘] = EIEL'UE-[EI + ;]
sin"'(‘ix + E)

4

d ditl[l + Stan ka_"x]!;] = 5(1 + Stan 2x)* x 6sec? 2x

X

= 30sec? 2¢(1 + 3tan 2x)*

Exercise 14.3

1 Differentiate with respect to x.
a 2+sinx b 2sinx+ 3cosx € 2cosx—tanx
d 3sin2x e 4tanbx f 2cos3x— sin2x

B tan(3x + 2) h sin(Ex + %J Ems[ﬂx = %J
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Chapter 14: Differentiation 2

2 Differentiate with respect to x.

a sin’x b Hcos?(3x) ¢ sin®x—2cosx
; T e T 2 b
d (3-cosx)' e 2sin’ [Ex + -E_] f 3 cos*x+2tan® (E.\: - E]
)
3 Differentiate with respect to x.
a xsinx b 2sin2xcosix C xtanx
. x 5 X
d xtmf‘(—] e f
2 cos Sx COS X

tan x sinx . SIN X

g e i
x D4+ cosx Fv — 1

] ] K 3x l sinx + cosx

sin? 2x sin 2x sinx — COS X

4 Differentiate with respect to x.

a etosx b e bx ¢ elanx

d t:h-;in.x--rtm:'."i' e e*sinx f o L'U.‘-igl'

g e“(cosx+sinx) h D i In(sinx)

N sin 3x xsin x

j x?In(cosx) k — o | :

e e
5 Find the gradient of the tangent to
T 2 —cosx T
a y=2xcos3x when x = — b y=——— when x = —.
3 Ftan x 4
b 1 : d
6 a Bywriting secx as , find — (secx).
COS X dx
i E N d
b By writing cosecx as ——, find —(cosecx).
SII X dx
. COSX d
¢ By writing cotx as ——, find —(cotx).
; sinx ox
" dy : ;
7 Find — for each of the following.
dx 5 b e %- 9 Note:

a ¢ =slnax el = JCO8 X . .
Take the natural logarithm of both sides
of the equation before differentiating.

CHALLENGE Q

8 A curve has equation y = Asinx + B sin 2x.
The curve passes through the point P[g 3] and has a gradient of
342 n
? when x = —.

Find the value of A and the value of B,
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CHALLENGE Q
9 A curve has equation y = Asinx + Bcos 2x.

The curve has a gradient of 543 when x = g and has a gradient of
6+ 2+/2 when ng'

Find the value of A and the value of A,

14.4 Further applications of differentiation

You need to be able to answer questions that involve the differentiation of
exponential, logarithmic and trigonometric functions.

: : n
A curve has equation y = 3xsinx + —,
£

- : m
I'he curve passes through the point P[H' fx].

F 4

a Find the value of a
b Find the equation of the normal to the curve at P

350
Answers
L . [ X
a When x=—, y=3x L 5111[—}+E_
2 pid ; 6
Jx ® bBHn
: S e e
- i .
il
Hence, a = sl
3

b _*|.I=.'ti:::51'11x+31-
6

dy
F Ixcosx + Jsinx
dx

When x = E i E = [E]{m (E] + ﬂﬁiﬂ[i] =3
2 dx 2 s 2

n 5br
Normal: passes through the point (E’ ?J and gradient = —é

55 1 [ rL'J
-'}' i — T m— — I:[' __[p—
3 3 2

hm 1 i
J——=——x 4 —
3 k! ]

¥
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WORKED EXAMPLE 10

A curve has equation y = x°* Inx.

Find the approximate increase in y as x increascs from ¢ to e + f, where pis small.

Answers
y = 2 Inx
ﬂ:xixl+lnx:ﬂ2x rodu
dx % || L |
=x+2xInx
'ﬂi‘henx:ﬁ, ﬂ=t+EEIHE
dx
= Je
oy dy
Using =2 = —=
sing 5 d
d
cab S 8
P
8y = Bep

WORKED EXAMPLE 11

]
Variables x and yare connected by the equation y = =iy
2x+ 5
Given that y increases at a rate of 0.1 units per second, | ind the rate of change of x
when x = 2.
Answers
= Inx o é:’—=[}-l
2x + b dt
dy (2x + 5]l - 2Inx
_..:__—--—x - (P LT TLELA
x (2% + 5)°
_ (2x+5)=2xInx
x(2x + )
dy {4+5)-4In2
Wh =2 ==
i dx 2(4 + 5?
_9-4]n2
162
Using the chain rule, EE = E ® ﬂ
de dy dt
— _1[:'.3._— w .1
9~ 4In2
= 2.6014...

Rate of change of x is 2.60 units per second correct 1o 3 sl
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WORKED EXAMPLE 12

; o . : 8 : ‘
A curve has equation y = e (2sin 2x — 3 cos ) for 0 < x < 5 radians.

; . : ; . .
| Find the »coordinate of the stationary point on the curve and determine the nature of |
| this point. |

| Answers |

¥ =€ (2sin 2x — 3 cos 2x)

d |
| HI = e " (4cos 2x + 6sin 2x) — e~ (2 5in 2% — 3cos 2x)
4

= 7% (7 cos 2x + 4 sin 2x) |
P dy
| Stationary points occur when i = {},

x
. e*(7cos2x + 45in2x) = 0 |
| Tcos2x + 4sin2x = 0 or e* =0
c ? .
tan 2x = = no solution
l 2x = 2.0899
x = 1.045
352
d=y :

| el (~14 sin 2x + Beos 2x) — e7* (7 cos 2x + 4 sin 2x)
| dx

= &7 (cos 2x — 18sin 2x) '
| e .
| When x=1.045, —2 <0

N ; 045, :

Hence the stationary point is a maximum point.
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WORKED EXAMPLE 13
16cm

S : R

10cm 10ecm

P » Q
The diagram shows an isosceles trapezium PORS with area Acm?,
Angle SPQ = angle POR = 6 radians.
PS = QR = 10cm and SR = 16cm.
a Show that A = 160sin 8 + 10{ sin § cos .

b Find the value of # for which A has a stationary value.
¢ Determine the nature of this stationary value.

Answers
a A= 1{:1 +8) h
2
. —;-{PQ + SR)x 10sin @
= }E[(lﬁ + 20 cos @) + 16] = 10sin @

= Hsin B(32 + 20cos 8)
= 160sin @ + 100sin & cos

b SR lﬁﬂcmﬂ+[1{]ﬂsinﬂ{wsinﬂ'}+l[lﬂcu.'&?ﬁ] use the product rule on 100 sin @ cost

dx
— 160 cos@ — 100sin® @ + 100 cos* &

= 160 cos@ — 100(1 - cos? 8) + 100 cos* 6
= 200 cos® @ + 160 cos @ — 100

dA

Stationary values occur when e 0.
x

W cos @ + 160 cos@ = 100 = 0
10cos?® +Bcos@-5=10 se the qua ic formu
cosf = 0.412 or cos@ =-1.212

g = 1.146 radians no solution

d*A

dx®
d?A
When & = 1.146, < (),
dax*
Hence the stationary value is a maximum value.

= —4()cos A sin @ — 160sin @
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Exercise 14.4
: : m
1 A curve has equation y = 3§ 51]‘1(?1‘ + ?)'
= ; : 2 : i
Find the equation of the normal to the curve at the point on the curve where x = i
2 A curve has equation y = x sin 2x for 0 = x = 1 radians.
. . . Tt X
a Find the equation of the normal to the curve at the point P(—, i)
b The normal at Pintersects the x-axis at (}and the y-axis at R,
Find the coordinates of Qand R.

¢ Find the area of triangle OQR where ) is the origin.
[
3 Acurve has equation y=e 2 +1,

The curve crosses the y-axis at P
The normal to the curve at Pmeets the x-axis at )
Find the coordinates of (.
4 A curve has equation y = 5 — e,
The curve crosses the x-axis at A and the y-axis at B.
a Find the coordinates of A and B,
b The normal to the curve at B meets the x-axis at the point C.
Find the coordinates of €.

E 5 A curve has equation y = xe®,

The tangent to the curve at the point P(1, ¢) meets the y-axis at the point A.
The normal to the curve at Pmeets the x-axis at the point £.

Find the area of triangle OAB, where Ois the origin.
6 Variables xand y are connected by the equation y = sin 2x.

. : ; ; ; ; n m
Find the approximate increase in yas xincreases from 3 Loy S + f, where
fris small.

7 Variables x and y are connected by the equation y = 3+ In(2x - 5)

Find the approximate change in yas x increases from 4 to 4 + P, where
fris small,
o , Inx
8 Variables xand y are connected by the equation y = ——,
' x* + 3
Find the approximate change in yas x increases from 1 to 1 + 2 , where
P is small.

9 Variables xand y are connected by the equation y = 3 + 2x — He ¥,

Find the approximate change in yas x increases from In2 to In2 + ;i
where #is small.

In (IE - 2]
i

Find the approximate change in yas x increases from +/3 to 3 + fr. where

P is small,

10 A curve has equation y =
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11 Find the coordinates of the stationary points on these curves and determine their nature.

X

a }'::n:t‘é_ b g =x%e? c y=e*-Tx+2
d y=5e2*-10x-1 e y=(x?-8)e™ f y=x*Inx

Inx In(x* +1)
B =y Ny
x x* + 1
12 Find the coordinates of the stationary points on these curves and
determine their nature.

i 1
a y=4sinx +3cosx for []'"’-—'?If—ig

2 X R
b _‘_P=‘E‘JC{IEE+851H§ for 0 =x=2n

: Ty . T
c y:i':rmn(ﬁx+§) for —E&E:q;-ﬁ_—

X

]!

d vy for 0cx<m

S111 X

e y= Dsmmxcosx+2cosx for 0=x==x

13 A curve has equation y = Ae? + Be ™.
The gradient of the tangent at the point (0, 10) 1s -12,
a Find the value of A and the value of B.

b Find the coordinates of the turning [mim. on the curve and determine

ils nature.

14 A curve has E!quatiun y=xInx.
The curve crosses the x-axis at the point A and has a minimum point at b,
Find the coordinates of A and the coordinates of B.

15 A curve has equation y = xe*,

The curve has a minimum point at Pand a maximum point at ¢,
a Find the coordinates of Pand the coordinates of ().

b The tangent to the curve at the point A (1, e) meets the y-axis at the
point B.

The normal to the curve at the point A (1, €) meets the y-axis at the
point C.
Find the coordinates of B and the coordinates of C.

¢ Find the area of triangle ABC.,
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16 The diagram shows a semi-circle with diameter EFof
length 12 cm.

Angle GEF = @radians and the shaded region has an area

of Acm*,
a Show that A = 5660 + 18sin 20,
b Given that 8is increasing at a rate of 0.05 radians per L

second, find the rate of change of A when 8 = ‘E radians.
I

CHALLENGE Q
17 The diagram shows an isosceles triangle POR

mscribed in a circle, centre 0, radius rem.

FR = QR and angle ORP = 8 radians,

Triangle POR has an area of Acm®.

a Show that A = r*sin 260 + 2 sin 20 cos 26.

b Find the value of 8 for which A has a

stationary value and determine the nature of this

stationary value.

Summary
Exponential functions

d X X d ax =i nx+ d X o X
= ()= L ferst] = genh ] = /(x) x et
Logarithmic functions

d 1 d a d F(x)
] ral i i Byl = S =

T (Inx) . e [In(ax + b)] e = [ln (f [x})] 1
Trigonometric functions

s d .
E[smx} = COSX E[sm (m:+£:]]= a cos (ax + b)

d ; d .

—(cosx) = —sinx —[-::ns (ax + Er)] = — a sin(ax + b)

dx
vi{tan x) = sec? x —d—[tan (ax + Er}:’ = a sec” (ax + b)
dx dx
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Examination questions

Worked example

The figure shows a sector OAB of a circle, centre 0, radius 10cm. Angle AOB = 20 radians where
D<@ < g— _ A circle centre C, radius rcm, touches the arc AB at the point D. The lines OA and OB

are tangents to the circle at the points Eand F respectively.

a Write down, in terms of r, the length of OC. [1]

10 si .

b Hence show that r = ——Eﬂ [2]
1 + sinf

= : 1r 0 ;

¢ Given that 8 can vary, find £ when r = l— [6]

df 3
d Given that ris increasing at 2cm 57! find the rate at which @ is increasing when Q= ?— [3]
¥

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q10(part) Now 2001

Answers
a 0OC=0D-0CD
OC =10—-r

b Using triangle (OCE:

sinf = s use OC=1}-r
sin@ = —1?:. — multiply both sides by (10 = 7)
-7
7= 10sin® — rsin g collect terms involving r
r+rsinf = 10sin6 factorise
r(1+sin@) = 10sinf divide both sides by (1 + sin &)
iz 10siné
1+ sin@
. E
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= ﬂ]ﬁinﬂ use the ¢ ient rule
1+ sin@ SE€ juotient rule
dr (1 +5in6)10 cos@ — 10siné cosé
de (1 + SinE‘jE
dr 10cos@

46~ (1+sing) W

10 E ~ 10siné

When r = —, St o
3 1 + sinf
50sin@ =10+ 10sin@
20sin@ = 10
sin @ :'_l
If sin@ = {1, then cos@ = —5
] ) J3

10 x — —
Substituting in equation (1) gives: - 2 = 203
dé ( ] ],a g
] +
2

, €088 = — and L = 20/8 ;
. dé 9
G N iﬂ_ dr

Using the chain rule: = X —
t dr dt

9
203
)

ho |

d When 8 = E_, sinf = -

358 G

=¥

=

]
[

-

L

T 1043

T

Exercise 14.5

Exam Exercise
1 a Find the equation of the tangent to the curve y = ¥ — Inx at the point on the curve

[4]

where x = 1.
b Show that the tangent bisects the line joining the points (-2, 16) and (12, 2). [2]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i,ii Nov 2014

2 Find j—‘”— when

X
a y=cos2xsi -
= cos2xsin| —
3/ [4]
tan x
b y= “
" 1+1Inx 4]
ll,\“_ Cambridge IGCSE Additional Mathematics 0606 Paper 21 QIO 11 fun 2014
7
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i i n
3 Variables x and yare related by the equation y = 10 — 4sin®x, where 0 = x = =

Given that x is increasing at a rate of 0.2 radians per second, find the corresponding rate of
change of ywhen y = 8. [6]

Cambridge IGCSE Additional Mathematics 0606 Faper 21 Q3 Jun 2013

4 Given that y = X find

cos 4x

a 2, 3
dx T T

b the approximate change in y when x increases from 1 iy + p, where fris small. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 (34,4 Nov 2012

5 Variables xand y are such that y = e + ™",
a Find 2. (2]
b By using the substitution u = e**, find the value of y when % = 3. [4]
¢ Given that x is decreasing at the rate of 0.5 units s, find the corresponding rate of
change of ywhen x = 1. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q1045 fun 2012

L
15 ]
]

Dy

The diagram shows part of the curve y = In(x + 1) = Inx. The tangent to the curve at
the point P(1,In2) meets the x-axis at A and the y-axis at B. The normal to the curve
at Pmeets the x-axis at Cand the y-axis at D.

a Find, in terms of In2, the coordinates of A, B, Cand D. [8]

Area of triangle BFD 1
b Given that - = —, express kin terms of In 2. [3
= Arca of triangle APC k& P )

Cambridge IGCSE Additional Mathematics 0606 Paper 21 (1 2{part) Nov 2011

2 : L
7 A curve has equation y = 2xsinx + % . The curve passes through the point P(E a].
a Find, in terms of T, the value of a. [1]

b Using your value of a, find the equation of the normal to the curve at £. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i,i Nov 2010
\. o
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0 tan 2 .
8 i Given that y= - , find d—*} [3]
" i tan 2x
ii Hence find the equation of the normal to the curve y = — at the point
where x = —. (3]
8

Cambridge IGCSE Additional Mathematics 0606 Paper 12 6 Mar 2015

In [4:'4.'""' + f%}

9 The point A, where x =0, lies on the curve y = . The normal to the curve at A

meets the x-axis at the point B, x=1
i Find the equation of this normal, [7]
ii Find the area of the triangle AOB, where Qis the origin. [2]

Cambridge [GOSE Additional Mathematics 0606 Paper 11 Q7 fun 2015

10 Variables x and yare such that y = (x - 3]|r1(2.:r;5 + lj_

T dy

I Find the value of I_ when x = 2, [4]
- 9 r I ] L] e

I Hence find the approximate change in y when x changes from 2 to 2.03, [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 ()5 Nov 2015

x
11 A curve has equation y = S P—
i Find the coordinates of the stationary points on the curve. [5]
¥
y d? x* + gx : _
I Show that {: =, : 1?5 » where pand gare integers to be found, and determine
dx (== +1)
the nature of the stationary points of the curve. [5]
Camiridge fGUSE Addiional Mathematics (0606 FPaper 22 ()11 Mar 2016
12 1 _.-"'Jf .H'x.. B
s e e ___.-"1"‘
.-"'r ™ —. #,.f“'f
[ 28 rad >7em |
f M
| v |
|I i} IIII
L
\ J..J'
, i
\ /

The diagram shows a circle, centre O, radius rem. The points A and B lie on the circle such that
angle AOB = 20 radians,

i Find, in terms of rand 6, an expression for the length of the chord AB. [1]
ii Given that the perimeter of the shaded region is 20 cm, show that r = Ei_-l-l-i}uﬁ [2]
iii Given that rand @ can vary, find the value of :—; when @ = E [4]
iv Given that ris increasing at the rate of 15cms-!, find the corresponding rate of

change of 8 when @ = E [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q11 Jun 2016

K E
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Integration

This section will show you how to:
g use integration as the reverse process of differentiation

L i~ | L) .-I-
m integrate sums of terms in powers of x, including — and ——
x ax + i

B irill:!j:."I'E'IEE fl_||".:_'1_'i|:]['};, ::: Lhe f|:.-'|'|'| II.fr-. i f:':" e ".', ':iiﬂ{l.'k + n':':l, {_I_".‘-fai.:r'-_ } D':

+ evaluate definite integrals and apply integration to the evaluation of plane areas.

-
AN N -
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e

In Chapter 12, you learnt about the process of uhtammg — when you know .
This process was called differentiation.

You learnt the rule for differentiating power functions: | 1t y = x", then = x4, ‘

- 3 _ Note: There are

Applying this rule to functions of the form y = #* + ¢ you obtain: an infinite number

y=x24+53 ol lunctions

y= 2.9 dy that when

P s =3x differentiated

= x
i_ig Five 2x

S

In this chapter you will learn about the reverse process of obtaining y when you know :—j
x

This reverse process is called integration.

15.1 Differentiation reversed

CLASS DISCUSSION

o ik S
E Find 2 for each of the following functions.

dax 1
=—x*+3
)= 3
1
_]J=;J:T—ﬂ.3
|
= =x" 44
y 335
1
= —x"* 41
G
| .

] = 42
¥ (i]x 7
2

Discuss your results with your classmates and try to find a rule for obtaining yif L &
Describe your rule in words. er

From the class discussion vou should have concluded that:

. 1
lf — = x™ then y = ——a™! + ¢, where ¢ is an arbitrary constant and n = —
dx T n+l o s b

It 15 easier to remember this rule as:

increase the power n by 1 to get the new power, then divide by the new power’,
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WORKED EXAMPLE1 ‘

Find y in terms of x for each of the following.
d 1
d;p__q hﬂ:wl'? £ Y
s dx dx & ‘
Answers ] :
a BY hlﬂi:xi L
dx dx dx
*'—-l—x‘“'+¢: — x‘-lfﬂ+5 y = : x4
Y=+l :”_1+1 R
=% +¢ 2 = —x2+¢
g2 2 -
=EI + £ 1
‘ ==t |
' =?--u"':¢—5+c
| 3
- 2)(x + h)
dF-'-‘E—i hill:.ﬁ,xa'—_-q.-—?_ td—s.l:x—-—-.-
B e dx 3x? dx Jx
Answers !
a ﬂ-Eur:i—L"II.'M:'E+=1;':'
dax
| B B i d,
= —x - —— " —=xt +¢
| T e 8
=2 + 5 + 2+
=90+ 24 2% 4o
XN
b ﬂzﬂx-‘—ix*‘—ﬂx“
dx -
}'z E;\'q——-# _'L——I]'l'f

X
| A TE TR

1
:Ex"+§x_" - 9%+

1
:Ex"‘+-—-¢--—2x+|: '

Sx
dy xt4 Sx=10
i dx Jx |
3 1 1 |
= x2 + 5x2 —10x 2 |
5 ¥ qno 1 '
}_%x?+%xi e
?.}” .;E E —————— — ——

g 5 3 L
= ?:-:E 4+ Dx2 - 20x% + ¢
5
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WORKED EXAMPLE 3

. 1
| A curve is such that ;l =(1=x)(3x—2) and (2, 8) isa point on the curve,
X

Find the equation of the curve.

Answers

| Si:{]—x“ﬁx—ﬂ} xpand brackeis

I =—3x + Bx — 2

=—3-'TE+E'-'¢I "E'-Tn W N Inadex for ready 1o Ierration

i
y=—x"+—x"—2x+¢

| When x=2, y=8
8=—(2) + S{E}"! —9(2)+¢

B=-84+10-4 +¢
6= 11

.
. . : B
I'he equation of the curve is y = —x* + Ex" = 2x + 10,

2l Exercise 15.1
1 Find yin terms of x for each of the following.

a d__'}' = ]12x% b ﬂj] = EFIH C di — ':.".!L?
dx dx dx
dy 4 dy 1 dy 3

d e A —— = - _— = —
dx x° dx  2x° 4 dx  fx

2  Find yin terms of x for each of the following.
a di =Tx% +9x1+3 b i = 2x% — 3x3 + 5x
X dx

dy 3 15 dy 18 6

L —=——=—+4=x d —_— =t — -9
dx xt  x? dx x1  x7

3 Find yin terms of x for each of the following,

dy dy : :
a — = 8x(x—¢ b —=x(4x? -3
2 =3x(x~2) — =& (4s7 - 5)
d
¢ L= (v 2vR)° d L= x(x-9)(+ 1)
dy _ x" -3 f dy (2x-3)(x-1)
€ dx D dx X’
dy _ x° — 4x? +1 h dy (3x+5)(x~2)
& dx Dt de Jx
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d
A curve is such that EE = 9x* —4x+1.
e

Given that the curve passes through the point {0, 5) find the equation of
the curve.

A curve is such that ?— = 6x(x—1).
X

Given that the curve passes through the point (1, =5) find the equation of
the curve.

9.3
A curve is such that E-?- = M :
da x°

Given that the curve passes through the point (-1, 10}, find the equation of
the curve. 5
acentveskeuih that ) g=sz ]

- res % . I. r = -

curve is such that == ™

Given that the curve passes through the point (9, 14), find the equation of
the curve.

dy

A curve is such that d— = kx® — 2x where k is a constant.
x

Given that the curve passes through the points (1, 6) and (-2, =156) find the
equation of the curve,

dEJI
A curve is such that —rz = 12x — 12,
X

The gradient of the curve at the point (2, 9) is 8.
a Express yin terms of x.

b Show that the gradient of the curve is never less than 2.

A curve is such that dy = kx — 5 where k is a constant.

The gradient of the m:rmal to the curve at the point (2, —1) is —%.
Find the equation of the curve. ;

15.2 Indefinite integrals

The special symbol is used to denote integration.

When you need to integrate x*, for example, you write

1
J-:'I:Hrlr = —x° + ¢
3

-

Jx”" dx is called the indefinite integral of x* with respect to x.

It is called ‘indefinite’ because it has infinitely many solutions.

Using this notation the rule for integrating powers of x can be written as:

1 ,
Ir” dx = ——ix“+’ + ¢, where ¢ is a constant and n # —1
ik

Chapter 15: Integration
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This section provides you with practice at using this new notation together
with the following rules:

Ihf[x] dx = kjf{x} dx, where k is a constant

I [£(x) 2 g(x)] dx = J' £(x) dx + J' glx) dx

E -.1-|'J '!'-ill !!l |ll .

xt —-E’
xx

anci:aj 2(10x? - 8x + 3) dx I:J‘

Answers
a I:Jv:E I:I-L’.ix2 — 8x + 3} dx = J. {I!i'lx" - 8x? + .‘-ixﬂ} dx

lﬂtr’ Bx*  9a°

— — —— 4+ — ¢

5 4 3
—E‘xr"—ﬂx"'+x“+:

s 2 =
SRt = mdose
HIE
g 7 |
==x?44x 2 4
T
= %Iﬁ x.'I'; + % +C
Exercise 15.2
1 Find each of the following,
J-ﬂ_l:r? dx b 12x° dx C 2x3 dx
- l'_il - G
d J— dx e | — dx f , dx
» *.,I'I.E u .3|i'.":'l \Ill';
2 Find each of the following.
a '[[x+2}{x+5]dx b j{x—i}[2x+3]dx C _[{1 5)° dx
2 .
d I{\E-Fﬁ} dx e J':-:'I[:r:—ljlldx f J'«ﬂ:.";{x—q}dx

Scanne d with CamScanner



Chapter 15: Integration

3 Find each of the following.

" x% -5 " x* -8B .[x+”ir
a e dx b | dx c | B
;
* 4x? — 3.Jx B [ ]
— f +
d W E dx . L *J_ E “Jr- X 'UII'_

15.3 Integration of functions of the form (ax-+ b)"

In Chapter 12 you learnt that:

i[ﬂ—i—ﬂ{?x + 5) ] ={Zx + 5)'

7 1
Hence J. (2x + 5) dx = tm{Ex +5) +¢.

This leads to the general rule:
j- (ax + b) dx = —1—{5.5.x'+ b]“” +e,n#z=land a # 0

a(n +1)
WORKED EXAMPLE 5

Fined

: 8 J‘ 12
= BY b | — f c dx.
s .[{3’: Ji j{4x+1}r* * 9% — 7

Answers

a J' (3x — 8) dx = (Bx =87 +¢

(5 + 1)

1 5

= —|(3x—8) +¢
—(8x =8}

o 3
—dx=8) (4x+1) " d
b j{-ix*" 1y G J-l: Eh L e

H 341

= m{-‘ix +1)7 +¢
=—(4x+1)" +¢
1
=~I{-fl:¢+1:|2 i
c = dx—lEJ{Ex—'?] 2 dx
».,.'rﬂ.w: -

=2(_%+I]‘“”" s

=Y 2x— T 4
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Exercise 15.3
1 Find:
a | (x+2)7dx b | (2x-5)"dx c | 2(8x+2)dx

- * I [
d |3(2-3x)"dx e | (7x+2)s dx f J(8x - 1) dx

R rf = Y ; 3
d h ] 1x i —_—d
e . (5x+3 ‘ Jo@-2" ¥

2 A curve is such that ? = (4x + 1)*,
dx

Given that the curve passes through the point (0, ~1.95) find the equation
of the curve,

. d
3 A curve is such that s =+ 2x +1.

dx
Given that the curve passes through the point (4, 11) find the equation of

the curve.

dy 1

4 A curveis such that = = ———
dx 10-=x

Given that the curve passes through the point (6, 1), find the equation of
the curve.
; d : ;
5 A curve is such that _ll = k(2x — 3)" where k is a constant.
dx

- : : 2 1
I'he gradient of the normal to the curve at the point (2, 2) is =
Find the equation of the curve.
; d 5 ;
6 A curve is such that l—JJ = (kx - 1} where k is a constant.
x

Laven that the curve passes through the points (0, 1) and (1, 8) find the
equation of the curve,

15.4 Integration of exponential functions

In Chapter 15, you learnt the following rules for differentiating exponential
functions:

d d
— gt = o~ b -— LEEX4
dx €] e dx =

Since integration is the reverse process of differentiation, the rules for
integrating exponential functions are:

1
jc" dx =e*+¢ J-r.:“”' dx = —e®+tt 4,
a
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Find
a I{:E" dx b J-u:':"“-Jr dx c IEE'I 3 da.

Answers
1
a JL‘E"EI:-:=§EE”+E |
7 1 -Tx
b e Idx = —TL' +c

1
=——0" +¢
7

1
c jeﬁ”'ﬁ dx = EE“‘I_F" +¢

Exercise 15.4

1 Find: 1
a |e*dx b |e"dx C e? dx
d |e®*dx e |4e*dx f 9et* dx
- = : , " 1 -
g E']".-:+-I lj,I h t"" 2x dx i Eﬁ X 'Ll.’.li'
2 Find
a eF {5 - L'h} dx b ({32‘ + 1}2 dx c [3{?” + {""“}H dx
r a2x 4 i o | ey .2:! p [odx _ EE_': 2
d . +'f1:~: e E’—de f (L z ]d:a:
o EI i EE-'I o e
3 Find:
]. I 2 Syt I 3.'!:2(’!2! — 4{3x
g9e* + — ldx b x* —3es*) dx ¢ dx
a I [Ec J;] dx I[ } 192%0"
d L4
4 A curve issuch that d—T = ¢%* 4+ 7%,
X
Given that the curve passes through the point (0, 4), find the equation of
the curve.

: d )
5 A curve is such that f— — kel * 4+ 4x. where kis a constant.
x

At the point (2, 10) the gradient of the curve is 1.
a Find the value of k.

b Find the equation of the curve.
2

d ’
6 A curve is such that ——1 = Be2*,

dx?

Given that LI 9 when x =0 and that the curve passes through the point

2 . :
[1, —E] , find the equation of the curve.
e
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T The point P[;j, 5] lies on the curve for which 22 = Jet-tr,
2 dax
T'he point (1, k) also lies on the curve,
a Find the value of k.
The normals to the curve at the points Pand () intersect at the point R,

b Find the coordinates of R,

15.5 Integration of sine and cosine functions

In Chapter 14, you learnt how to differentiate sine and cosine functions:

i(ﬁin x)} = cosx i[sin (ax + b)] = acos(ax + b)
dx dax

d ) el : :
—(cosx) = —sinx —[{_‘.m{ﬁx + !:-}} = —asin(ax + b)
dx dx

Since integration is the reverse process of differentiation, the rules for
integrating sine and cosine functions are:

- =l 1
cosx dx = sinx + ¢ [cos(ax + b)] dx = —sin(ax + b) + ¢
L - EI
- - I
H sinx dx = —cosx + ¢ [sin (ax + b)] dx = = —cos(ax + b) + ¢
- L ﬁ'
Note:

Itis important to remember that the formulae for differentiating and
integrating these trigonometric functions only apply when xis measured
in radians.

WORKED EXAMPLE7

| Find:
a J'.*iinE.t dx b Icﬂﬁﬁx dx ¢ Jﬂsingtlx

ANswers

1
a Isin?&x dx = —Ecms‘?xikc

L
b Icnsﬁxdxzjmnﬁx b
N

¢ J.Ela'inf i 5_[ sin’ dsx
9 2
=3 % [—Emsg]+ c

g o
- —h::ns:]-+r
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| WORKED EXAMPLE 8

‘ Find:

a I ($cos2x + Hsin3x)dx b j !1.2 + 2cos(Hx - !}] dx

| Answers

a J (Bcos2x + Hsin3x) dx = SI cos2x dx + ﬁj gin3x dx

= Sx[lsin Ex]+ ﬁx(-lcﬂﬁﬂx]
2 3

3

= Esinﬂxu gmsﬂx +c

b j[x2+ﬂcﬂs[5:n:— 1)| dx = ‘l’:u:2 dx+?j cos(bx — 1) dx

. 1
= %35+EK[E5inI{5x- l}]+£

| —;-.1:3+§!iinf_5x—l}+f

Exercise 15.5

1 Find
a sindx dx b cos 2x dx C sin% dx
d | 2cos2x dx e |6sin3xdx f |3cos(2x+1) dx

g |5sin(2-3x)dx h 2cos(2x —7) dx i 4sin(l - 5x) dx

2 Find
a . (1-sinx) dx b («f; = 2¢cos E‘-x} dx
C (Hﬂusi’x — 7 sin 5_::] dx d [ 1“ - cc:-s?'—x] dx
o 2 o e :'-}.
e | (e* — Bsin2x) dx f ‘( - +ﬂi1’l£] dx
] J\Jx 2

3 A curve is such that BY o COSX — SInx.
x

T
Given that the curve passes through the point [E, 3], find the equation of

the curve,.

; dy
4 A curve is such that —d-l =1-4cos2x.
X

R
Given that the curve passes through the point [1 1] , find the equation of
the curve.

; d ;
5 A enrve-is-such that s dx — Gsin2x.
x

Given that the curve passes through the point (0, =2}, find the equation of
the curve.

Chapter 15: Integration
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B
: dy .
6 A curve is such that —% = 45 cos3x + 2sin x.

dx
: d
Given that —2 = -2 when x = 0 and that the curve passes through the

dx
point (&, —1), find the equation of the curve.

: d .
7 A curve is such that —d:p- = kcos3x — 4, where kis a constant,
-~

At the point (m, 2) the gradient of the curve is —10.,
a Find the value of k.
b Find the equation of the curve,
8 The point (g, E}J lies on the curve for which ? = 4 sin (ﬂx 25 g]

X
a Find the equation of the curve,

. ; . : |
b Find the equation of the normal to the curve at the point where x = 3

9 The point P [§1 3) lies on the curve for which 2—'} = 3cos [3:-: - g}

x
: I ;i
The point ¢ (—}, .i;] also lies on the curve,
bl [ 5

a Find the value of k.
372 The tangents to the curve at the points Pand () intersect at the point R,

b Find the coordinates of K.

15.6 Integration of functions of the form 2 and —-L
X ax+ b

In Chapter 14, you learnt the following rules for differentiating logarithmic functions:
d v

i{lnx}:l, x>0 —i—{ln{r::x+|'5]]:

x dx ax + b

L ax+ 6 >0

It is important to remember that Inx is only defined for x > 0,

Since integration is the reverse process of differentiation, the rules for integration are:

1 1
jldx=ln.ﬁ:+c,x::-{] j dx=—In(ax+8)+¢, ax+5b>10
x ax + b a
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Chapter 15: Integration

Find each of these integrals and state the values of x for which the integral is valid.

a Igdx b j 5 dx c J- 8 dx
X 2x+ 5 3—4x
Answers

a Iidx = E:j l:.:lx
x x

=5Inx+c, x>0

b -[ h”dx-—-ﬁ‘[ l dx
P2x+5 2x+5H

= ﬁ[é)in (2x+5)+¢

= 3In(2x + ) + ¢, ,1r::“-~—E

2
C j—a—dx=ﬂj : dax
f=4qx 8 —d4x

- H(_—LJIH{3— 4x)+ ¢

=-2In(3 - 4x) + ¢, xcti

CLASS DISCUSSION

Nicola is asked to find Ix'idx.

«"! L ¢ to obtain her answer.

She tries to use the formula Ix“n:lx =
n+1

Nicola is also asked to find I (bx + 9)~ dx.
She tries to use the formula I (ax+b)" dx = . LI (ax + b)""' + ¢ to obtain her answer.

a(n+1)
Discuss with your classmates why Nicola’s methods do not work.
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CLASS DISCUSSION

Raju and Sara are asked to find j m

1
Sl
PRI VS, .[E (3x - 1) bx—2
——111{5,1:—2]+r

1
itags | m—d =
SR WS .].2{31--1}" 2J 8x—1

[:} J(;]In{‘h —1)+¢

I
i: ]I'I{HI = 1}+ £
)

dax

Decide who is correct and discuss the reasons for your decision with your classmates.

Exercise 15.6

1 llnrl
" g .
374 a — dx b 2 dx c J‘i dx
J x J x 2x
" B & 1
d — dx e 1 dx f I dx
4 3x J x4+ 2 1 — Bx
o ? & .r-
g _ dx h . — dx i -[ o (. dx
J 2x -1 J 2-3x 2(5x —1)
2 Find:
- 0 - s P 3 § 2
a [’Fx 1-1+£J dx b (1*'3] dx C I[F}—; dx
! X o - X
- o . 2
d i dx e - dx f (Hx - —il] dx
J x v  2xt v %
. - R ix _ O
g hx + 2-4"'“ h 1_£ dx : Bxe 2e s
J x* Jd  oxx o 1 O0xe
3 A hehat 2 = —2— fores 05
— = -~ x> 0.5,
curve is such tha R e or x 3

Given that the curve passes through the point (1, 3), find the equation of the curve,
; dy | J .
4 A curve is such that e &%= 1orx s,
dx x

Given that the curve passes through the point (e, €%}, find the equation of the curve,

x dy 1 .
5 A curve is such thai Loe for x> —e.

dx x+e
Given that the curve passes through the point (e, 2 +In2), find the equation of the curve.
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Chapter 15: Integration

CHALLENGE Q 2
; ; ,ody 2
6 The point P(1,-2) lies on the curve for which - 3~ =
The point (2, k) also lies on the curve,

a Find the value of k.

The tangents to the curve at the points Pand () intersect at the pnint R
b Find the coordinates of K.

15.7 Further indefinite integration

This section uses the concept that integration is the reverse process of
differentiation to help integrate complicated expressions.

If ad;[F[x}] = f(x), then jf (x) dx = F(x) + ¢

WORKED EXAMPLE 10

x4+ F4x® - 3x -1
Show that di[ : I ]= { ]

x|\ Vix -3 (4x - 3)°
Hence find I e b dx.
:.|| 4x - 8)
Answers
Letige= x4+ ]
Jix -3 J
‘ ’ (VEx - 3)2x — (=* + 1}]%[41- - 3) 2 4}}
| di dx—3 : .
2 x® + 1
T HEnt

 Zx(4x—38)-2(x*+1)

T (Ax—-3)1x -3

B 2(4x2 — 3x — x* - 1)

" T

2(3x* — 3x — 1)

 Jx -3y

J‘Hx —3x-1 J'El:ﬁx"'—fix-l]dx
Jidx=3)’ J(dx =3
=+ 1
~aE=8
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~ WORKED EXAMPLE 11

Differentiate xsinx with respect to x.

Hence find jr cosx dx.

Answers

Lety = xsinx

d
b AP = (x) (cos x) + (sinx)(1)
dx
= XCcosx + 5N Xx
Hence I (xcosx +sinx) dx = xsinx

jxcus:u: dx + I sinx dx = xsinx
I.‘tﬂl‘.ﬂﬂx dx = xsinx — J-:-;inx dx

Jxmsx dx = xsinx + cosx + ¢

{x?—] [—2 X2 (2x — l}'%} + @_T . {3-‘5?]

=
5
= + 3x%2x — 1
2x =1 i
_ ¥+ (2x 1)
J2x -1
o ?xa_— Fact
T Px-1
T.tf_—.'ix“+ﬁd Tx —"-1 d ‘fJ.
vax -1 1.-”-"1—] ;t J2x —1
- B’
;j-ij' dx + .JJ.II:E:\:—III
5 1
= x99 -1 + 1{2.\: -1z +¢
EKE

=232 -1 +5y%x -1 +¢
=(x*+56)/2x~1+¢
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Exercise 15.7

i s Ghendia =B et
a ncnrutj—m,hmwt a.dx {Ex—l]?'-

x—-0
b Hence find J J;—v dx
(2x - 1)°

Differentiate (3x* —1)” with respect to x.

Hence find | x(3x% —1)° dx.

o

Differentiate xInx with respect to x.

o

w
<]

b Hence find | Inx dx.
d{Inx l-Inx
4 a Show that = T
dx\ x x
In x
b Hence find J [:u:_“') dx.

: : dy
5 a Given that y = xv/x* — 4, find li
dx

b l-[um:lmdj I‘_E dax.
x* —*’l
d O(x — 3
6 a Given that y = 3{x+1}u"x—5, show that d_i = ‘Z{x—‘g}-

t [-l

T Find 2 [x Eh)
a E— L" e it [F-
e dx 2

b Hence find jxeh dx.

d sl
8 a Show that (— - ) can be written in the form — , and state
dx\l-cosx cosx — 1
the value ol k.
b Hence find J — dx.
cosx — 1
9 Gi that (x + 8)vx — 4, sh th{d'T— e d state th
3 : = ¢ —4, e . and state the
a wen that y X X show Lha dx ﬂr.':t—_"'I L
value of k.
X
b Hence find ‘[ d
ence fin T x
2 1 dy kex
10 a Given that y = ——, show that = — 7, and state the value of k.
2 7 dx {xﬂ - "?}

b Hence iind‘l.* i
(x?

_ 7}2

11 a Find i{ﬂx?’ lnx}.

dx

b Hence find Jx“* Inx dx.

Chapter 15: Integration
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12 a Diafferentiate xcosx with respect to x.

b Hence find J.::.: sinx dx.

13 a Given that y = e?*(sin 2x + cos 2x), show that —2 = 4e2* cos 2x.

dx
b Hence find jt:“ cos 2x dux.

CHALLENGE Q

14 a Find - (x?\2x =7 ).

dx

b Heno: And _[ ﬁ g%

15.8 Definite integration

You have learnt about indefinite integrals such as
: L: 5
J-x‘* dx =—x*+¢
3
where ¢is an H.'[‘hil.t‘;lr}f constant,
jx” dx is called the indefinite integral of x* with respect to x.
[tis called ‘indefinite’ because it has infinitely many solutions.

378 You can integrate a function between two defined limits.
The integral of the function x* with respect (o x between the limits x = 1 and
1
x = 4 is written as; j x* dx
i

The method tor evaluating this integral is

4 -I 4
J‘ x*dx = [--;'.:ﬂ + r.':I
| 3 I
= (i w 43 4 .r_-] - [l w 1% + .r:]
3 3

=21

Note that the ¢'s cancel out, so the process can be simplified to;

4 1 .7
r:-rl dx = [ xj-l
1 3

* 1

= [l X 43]— [l X 153]
3 3
|
1
‘[ x* dx is called the definite integral of x? with respect Lo x.
!

It is called ‘definite’ because there is on |}" one solution,
Hence, the evaluation of a definite integral can be written as:

[
_[ f(x) dx = [F(x)]' = F(6) - F(a)
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Chapter 15: Integration

The following rules for definite integrals may also be used.
5 b
I kf(x) dx = kj f(x) dx, where k is a constant

r[f[x} + g(x]] dx = ri‘{x] dx * Eg[x} dx

WORKED EXAMPLE 13

fx* + 8 2 1 10
Evaluate: a ——dx b I ¥3x+1dx ¢ _[ 5 dx
1 X 0 13 — 2x)

5 |
‘ b j J3x+ldx=] (Bx+1)2dx
0

L

1 3
= (Bx + 1)z

o) |,

E (8x + 1}3]5

)

i i .
C J 0 —dx = j 10(3 - 2x) " dx
a3 =-2x) -1

1]
L(-2)(-1)

= |
8= EJ_.

.r?;]._[,HT —— — T —
\ 1 5 .

= 4

=

1
(3 -2x) ']
1
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- WORKED EXAMPLE 14

Exvaluate:

| : :
a J. 43 dx b J.q (3cos2x + 5) dx
] 1]

| Answers

4 _ 2
-'-if*'}-' Fdx = | —e?*3
2 1

- (2¢)- (2c”)

= 2e =
e
_2e"-2
_ e
= & n
] - 4
b J (5+3cos2x)dx = 5.1:+—5m2.1'}
0 | 2 0 [
[
(5
= —E+E51n1—t]—[ﬂ+—%mﬂ]
.4 2 2
- 5—“+5]—m+m
.4 2
_bm+6
4

In Section 15.10 you will learn why the modulus signs are included in the lollowing integration
formulae;

1 1 1
J—dx=]nlx|+rz J dx =—Injax+ b| +¢
X ax + b a
Note: It is normal practice to only include the modulus sign when finding definite integrals.

The next two worked {:KHIHPIER show how these formulae are used in definite inl.{rgmls.

|

3
Find the value of J. 8 -dx.
0 Pe 4+ 1

Answers
]
!Ex'l'l [E -L
= (410]7] )~(41n[5]) |
=4(In7 - Ink)
~——J1|1nE
H
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Chapter 15: Integration

L
Find the value of j L s
g 2-3x

AnswWers

] g g ) ]
L E—Sxdx = [-:511112 - :;'n.'u:l]3
= (~3In|-18|) - (-31n|-7])
=-3In13+3In7
=3%(In7-1n13)

= HIII—T—

13 |
I — - !
Exercise 15.8
1 FEvaluate.

g - 4 = 5 :
a I?x"’ dax b — dx c | (5x+2)dx
1 L o o |
= 14 - & 12
d {x? +E} clx e l:!’:-.ﬂrE -3:-;} dx f [2 + '_2] dx
w [} v —| o | X
T s - |- - —3 "
g (x?—ﬂ——l—] dx h (Ex - l)rjx i (2x — 1)(3x — 5) dx
Jo x? J1 - J-3
4 (2(5 - x)(2 + ) -1( 2 ]
1 | 9 fx — — | dx
j |lﬁ{x+3;}dx k v | xl} = ]| \’Ir:'?
2 Evaluate.
. oy .t

d

(2x + 1) dx
v
- L -IE

7 dx
Ja(x+4)

3 Fwvaluate.

- ]
e™ dx
o [}
1

T el dx
w

-l{e"' -|—~t:?’}2

o0

dx

~2x + 4 dx

o 0

| 9 d
u -1{3..";"1'5]2 1

1

--4
et dx
Ji

= | 5 i
e L
Jo L,Jxl

-

s
)d:s:

2
e®

Jix+1)" dx

(§]

-—4'44_3'1'

o ()

l']

dx

- 0
he™* dx
o (]

= | 3
{tr + 1}“ dx
Ji

(2 5+ Be®™
w [ Eﬂx

dx
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4 Evaluate.

% T

a sinx dx
« (1

3 .
d | (2cosx-sin2x)dx e

G

5 Evaluate.

-ﬁ- 2
a - clx
J1 Sx+1
" | -
b |
d dx
o =P E.T + l

6 Evaluate.

s E(i i 354}

k 0
T Given that J‘ —~
1 3x =1
" 4x
8 a Given that —— =
2x+ 3

]
b Hence show that j

i

b Hence show that J-

0

CHALLENGE Q .
10 Find the value of j
|

[

&

J *(3 + cos 2x) dx
0

I

‘[4 (2x — sin 2x) dx
L]

- 1
- —‘L‘lx
J_12%x+ 5§

- E
11— 3x

J’* 2 1
S
1[-’: E*x+l] :

dx

2
dx = Elﬂ 7, find the value of k

2x+ 3
5
di=9—FIn2.
I+ 3 "3

2x + 1

Gx® — 8x

2x — 1

'4x? + dx 1

dx =2 - —=In5.
.

clx.

C j? sin (E':.r.: - E] dx
0 i)

f J: (sinx — cos 2x) dx
4

8 7
cj —— dx
g 2x — 1

¢ o
f J - dx
13— 2x

A
+ ——, find the value of the constant A.

a Find the quotient and remainder when 4x? 1+ 4% is divided by 9% 1
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15.9 Further definite integration

This section uses the concept that integration is the reverse process of
differentiation to help evaluate complicated definite integrals.

WORKED EXAMPLE 17

. Sx : dy
Given that ¥ = = , find —=.
X+ da
t 3
Hence evaluate j - dx,
o Jl )

Answers
_ 3
2 JxZ + 5
[-J.t.'"f + ﬁ}{ﬂ} - H:r][:; {xﬂ + 5}_% [Ex}]

WORKED EXAMPLE 18

- . L
Given that y = x cos2x, find T’

n
Hence evaluate J'ﬁ 2x sin 2x dx.
0

‘d_-T: L1 | TLLLE
dx x>+ 5
B Sx?
3a' +5 - 2 3 multiply numerator and denominato
= x-+ 5 ¥
x*+5 by " + ]
" 3(x* + 5}— Sx*
(x2 + 5)vx*+ 5
o 15
{‘__,+5}.1
bl 1 2 5
j eyl —J' S
0 J(x* +5) 5Jdo J(x* +5)
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Answers
Let ¥ = xcos2x

| )
{i—}' - {;.:J X (—2sin 2x) +(cos E'I'] x {]}
dax
= c052x — 2x5in 2x

i n

jﬁ{l‘.un‘ 2x — 2xsin 2x) dx = [x cos 2x]§
o

n 111

“cos2x dx - | ® 2xsin2xdx = [E . cmE] - (0 % cos0)
w i l.lu E 3
1 51 Ex} jices 9y 5in 2% dx = L
E ] w [ IE
b L
% 9 sin2x dx = [isjnﬁx-] il
Jo 2 o 12
[i . EJ (1 : ] R
=|=sin—|=|=sn0 |- —
2 3 2 12
_¥3 _=m
4 12
33 -=n
12
Exercise 15.9
dy

1 a{jwnmm;=4x+nﬁH_Tde{.
) ax
b Hen [

ence evaluate o (]
)i ox -1
cdly

2 a Given that y = xy/3x* + 4 | find d_
x

2 2 o
- Bx* + 2
b Hence evaluate — .
0 V3x® + 4

, hind d—}

3 a Given that y =

x?+5 dax
2
b Hence evaluate j e —- il
1 (x2 +5)
¥ A e Xt a gy
=V t = T o
a Given that y o peap

* Bx + 4
0 J(8x + 4)°

d ( x ]_ COSX + xsin x

b Hence evaluate dax.

5 a Show that —

dx\ cosx COS® X
31 COSX + xsinx
b Hence evaluate I e e 1 4
0 Hcoos® x
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CHALLENGE Q ]

6 a Find di[x sinx). b Hence evaluate JE xcosx dx,
x 0

CHALLENGE Q

7 a Find di-(xg Inx). b Hence evaluate j 4xInx dx,
x !

CHALLENGE Q .

8 a Given that y = xsin3x, find lj-ji b Hence evaluate j“xcns 3x dax.
0

dx

15.10 Area under a curve

Al x)

0 L

Chapter 15: Integration

If you define the area under the curve y = f(x) to the left of xas A(x), then as x increases then A (x)

als0 Increases.

Now consider a small increase in x, say dx, which results in a small increase, 84, in area.

;

///

A(x) 34

y = f(x)

o] x x+ox

8A = area to the left of (x + 8x) — area to the left of x

8A = A(x + 8x)— A(x)

Now consider the area 84 which is approximately a rectangle.

i

dA =ydx y|

50 S—A =y DA
x

Ox
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As dx — 0, then M " ﬂ, hence o = ¥,
¥ dx clax
. dA
1f =4y, then A = jjl dx.
X

Hence the area of the region bounded by the curve y =f(x), the lines x = a
and x = band the x-axis is given by the definite integral.

b
Area = j f(x) dx, where f(x) = 0

- WORKED EXAMPLE 19

Lal
L0
L

I
Find the area of the shaded region.

Answers

5
Area = J- x? dx
9

(-

[ 1
| = 6= units?
3 1IT1

Scanne d with CamScanner



Answers

3 1,
Area = I []+c2 dx
1

- |
I ]

= .'I:+-l"-l.':E
2

L 1
- 1 q

—X
| =|x + 2el
L di

| 1
= 3+Ee?]+[1+2c?—]
%,

i
' =2 4 2l _ 9p?

=E[l+u@{t-l]]

= 7.67 units®

X

In the examples so far, the required area has been above the X-axis.
If the required area between y = f(x) and the x-axis lies below the x-axis, then

J” f(x)dx will be a negative value.

i

{{x) dx | .

a |

WORKED EXAMPLE 21 y y=x7=3x

‘ Find the area of the shaded region.

Hence, for a region that lies below the x-axis, the area is given as

r

Answers
3 1 .
L{x“d?-x}dx=|:§x3—5xﬂ]ﬂ |
ET]
=|l9-==|-(0-0
‘ [ 7)-0-0

—4.5

Areais 4.5 units®.

The required region could consist of a section above the x-axis and a section
below the x-axis.

[f this happens you must evaluate each area separately.

Chapter 15: Integration
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This s illustrated in the following example.

:

| Find the total area of the shaded regions.

0 - o |

Answers

n
-[ 2sinx dx = [-2cosx]]
L1}

= (-2cosn) - (-2 cos0)
=(2)-(-2)
= 4

in an
b : o

J 2sinx dx = [-2cosx] ?
19

= (—E COS E;E] — (—2cosm)
=(0) - (2)

B

Hence, the total area of the shaded regions=4+2=6 units?,

. _— , : 1
In Secuon 158 you were given the formula J —dx = In|x| + ¢.
x
The use of the modus symbols in this formula can be explained by considering
. ]
the symmetry properties of the graph of y = —.
X

:Il:l

ra
:-1‘:". -
=

$ -2 - o0

-9
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31 -21
The shaded areas that represent the integrals j —dx and j -dx are equal in
magnitude. 2 X -3 X

. : =1 =
However, one of the areas is below the x-axis, which suggests that ‘[ —dx = —I — dx.
-5 X X
i
Evaluating | —dx gives:
P
=
1 3
—dx = []T"I.I]i =In3-In2 =In—=
J2 X 2

-2 :
This implies that J ldx = -]I'l§ = hﬁE ;
3 X 2 3
-0 -I
If you try using integration to find the value of —dx you obtain
: -3 X

o , 9
j ldx=[ln:~:]:§:]n[—"r_’]—ln{—ﬂjzln—
-3 X ' 3

There is, however, a problem with this calculation in that In x is only defined for x >0
so In(—2) and In{-3) do not actually exist.

1
Hence for x <0, we say that J —dx = In|x| + ¢.

e
Exercise 15.10
1 Find the area of each shaded region.
a . b
. ¥
)= x¥—6x%+9x
Mo 3 X 0
C y d y,
y=3x+5=5 =:
0 ] 5 x 0 1 x
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y y =2sinx + 3cosx

ol = |
=2 9

)

2 Find the area of each shaded region.

: b
y4 ¥ . o
Yy =x(x—2) ‘i'f gjﬂ—x-—ﬁn.ma
B X
”\_/5:‘ x ::
L :Ff d
390 b
.
&-}-E
() :-,’ # _i {:J I :
3
y={x+2){x+1)(x-1)

XA

Find the total shaded region.,

4 Sketch the following curves and find the area of the finite region or
regions bounded by the curves and the x-axis,

a y=x(x+1) b y=(x+2)(8-x) ¢ y=x(x?-4)
d y=x(x-2)(x+4)e y=x(x-1)(x-5) f y=x2(4-x)
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5 Find the area enclosed by the curve ¥ = —=, the x-axis and the lines x =4
lel
and x =9. ¥
_ . ; 12 :
6 a Find the area of the region enclosed by the curve y = —, the x-axis and
: X
the lines x =1 and x = 4.
b The line x =  divides the region in part a into two equal parts.
Find the value of p.
, d, . .
7 a Show that —{xn - Er*‘} = xe*,
dx
b Use your result from part a to evaluate the area of the shaded region.
¥y
.
CHALLENGE Q
B J:ll.
0 1

The diagram shows part of the curve y = . Given that the shaded

2x -1
region has area 8, find the exact value of k.

CHALLENGE Q d
9 a Show that d—{xln x)=1+Inx
x

b Use your result from part a to evaluate the area of the shaded region.

¥ y=Inx

L Y PR

0 /1

Chapter 15: Integration
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CHALLENGE Q d
10 a Show that d—{xmsx] = COSX — xsinx.
x
b Use your result from part a to evaluate the area of the shaded region.

Ya
y=xsinx

O

15.11 Area of regions bounded by a line and a curve

The following example shows a possible method for finding the area enclosed
by a curve and a straight line,

JI: —
H Ly =2x
The curve y= 2% intersects the line y=x :
at the point (4, 4). Find the area of the shaded
region bounded by the curve and
the line. '
i} 4 X

Answers
Area = area under curve — area of triangle
4 1
= oSk dx— = x 4x4
il 2
]

4 L]
=-[ 2xf dx— 8
[

I
|
[
oo

3 5
=[ix4'§]—[i x{}i]—ﬁ
4 3

2 =
= 2 units*®
3

There is an alternative method for finding the shaded area in the previous
example.
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':T" e
R

If two functions f(x) and g(x) intersect at x = aand x = b,
then the area, A, enclosed between the two curves is given by:

A= I:f(x] dx - I:g[a:} dx

So for the area enclosed by y = 24/x and y = x:

J|=
Jt y=2/x
{ 393
0 4 x
using f(x) = 9Jx and g(x) = x
.4 4
area = | fix) dx—j g(x) dx
Jo 0
. 4 4
=| 2Jx dx—J x dx
Jo 0
o
Jo
- <4
3
= %;ﬂ —%x‘"z
2 Jo
i ] 3
= ix.iz'__l..x42 - ixﬂgﬂ.l_xﬂz
3 2 3 2
e 2-;— units®

This alternative method is the easiest method to use in this next example.
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| WORKED EXAMPLE 24

The curve y = x* - 4 intersects the xaxis
at the points A and B and intersects the L]
line y =x—2 atthe points Band .

a [Find the coordinates of A, Band C.

b Find the area of the shaded region
bounded by the curve and the line. C

Answers
a Wheny=0,x2"-4=0
x =42
A s the point (-2, 0) and Bis the point (2, ()
For intersection of curve and line:
x2—4 =x-9
X =-x—-2=1
(x+1)(x-2)=0
x=-lorx=2
When x=-1,y= -3

194 . 1s the point (=1, -3)

2 2
b Area = J- (x = 2)dx — I (x? - 4) dx
-1 -1

2 s
= f {1--~9_.1-9+a1:mr—_‘!f [¥+2— x2)dy
-1 -1

= I:ixl‘J + 2x - —I-I:IJH

0 5
=(E+*I—EJ—( —E+]—]
3 3

= 4.5 units?

CLASS DISCUSSION

Discuss with your classmates how you could find the
shaded area, A, enclosed by the curve y = x(8 — x)
the line y = 3x and the x-axis.

M | —

Can you find more than one method?
Calculate the area using each of your different methods.
Discuss with your classmates which method you preferred.
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Exercise 15.11 ¥4

1 Find the area of the region enclosed by the curve
= : _ - £ y=1l+cosx
y =1+ cosx and the line y = 1. /\
y=1

AN

2 Find the area of the region bounded by the curve y
y =2+ 3x — x?, the line x =2 and the line y = 2.

3 Find the area of the region bounded by the curve ¥y _ g2
g : - y=3x*+2
y = 3x* + 2, the line y = 14 and the y-axis.

0 X

4 Find the area of the shaded region. ¥ ; _
y =2sin2x + 3cosx

0

5 Sketch the following curves and lines and find the area enclosed between
their graphs.
a y=x+1 and y=5
b y=x*-2x+3 and x+y=9
C ;l=v"¥ and ;u=-;ix
d :p—fi:.'c—:u:“" and 2x+y=0
e y={x—1)(x-5) and y=x-1
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6 Sketch the following pairs of curves and find the area enclosed between
their graphs for x = 0,

a y=x% and y=x(2-x)
b }1——-3:'9’ and y = 4x — 3x*

7 Find the shaded area enclosed by the curve y = 3Jx the
line y = 10 - x and the x-axis,

8 The tangent to the curve y = 6x — x* at the point (2, 8) ) LEE 8)
cuts the x-axis at the point P. ’ y=6x-x?
a Find the coordinates of F.
b Find the area of the shaded region. /
P 10 6" x

E 9 The curve y = /2x + 1 meets the y-axis at the point P, ¥

The tangent at the point Q(12, 5) to this curve meets
the y-axis at the point R.

Find the area of the shaded region POR.

b

0

10 The diagram shows the graphs of y = 2 + cos2x and V4

y=1+2cos2x for 0 = x = 7. y=2+cos2x

Find the area of the shaded region.

7 o o

y=1+2cos2x

CHALLENGE Q

6
11 The diagram shows the graphs of y = :

x+3

and y=4 - x.
Find the area of the shaded region.
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Summary

Integration as the reverse of differentiation

Hi[F{x}] = f(x), then jf (x) dx = F(x) + c.

Integration formulae

1 -
Jx“ dx = x4 ¢ where ¢ is a constant and n # =1
n+

I{ﬂx+b]“d:~:= (ax+8)"" +¢e,n#-land a# 0
a(n+1)
efdx=e*+c¢ e+ du = le"‘”* +6
. " 2
. . l
cosx dx = sinx + ¢ [cos(ax + b)] dx = —sin(ax + ) + ¢
8 : a

& l
sinx dx = —cosx + ¢ [sin(ax + b)] dx = ——cos(ax + b) + ¢
(44

' ln:i:n;:=ln:ur+|::, x>0 1
an J ax+ b
" 1 e il

—dx =1 +¢
o X nlxl = ﬂx'l'b

-:lx=-1—1n(-:zx+ﬁr)+t:, ax+b >0
a

1
dx = —In|ax+ b|+¢
a

3597

Rules for indefinite integration

I kf(x) dx = hj f(x) dx, where k is a constant
j [f (x) g[:a:)] dx = I f(x) dx J g(x) dx
Rules for definite integration

If I f(x) dx = F(x) + ¢, then be[x) dx = [F[x)]i = F(b) — F(a).

= b L]
kf(x) dx = kj f(x) dx, where k is a constant

b b
| [f (x) + g(x) | dx = j f(x) dx & J- g(x) dx

Area under a curve ¥4
The area, A, bounded by the curve y = f(x), the x-axis and -1
the lines x = a and x = b is given by the formula

b
A= J' £(x) dx if £(x) = 0.

[ i1 b x
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Area bounded by the graphs of two functions

If two functions f(x) and g(x) intersect at x =a and x = b, then J
the area, A, enclosed between the two curves is given by the formula: \

A= I:f{x} dx — j:gl‘:x} dx.

3

Examination questions

Worked example

. B
() x

: : dy :
The clmgmm shows part of a curve such that —= = 3x° — 6x — 9.
x
Points A and B are stationary points of the curve and lines from A and B are drawn perpendicular

to the x-axis. Given that the curve passes through the point (0, 30), find

a the equation of the curve, 47
b the x-coordinates of A and B, [3]
€ the area of the shaded region. [4]

Cambridge IGOSE Additional Mathematics 066 Faper 11 Q12(part) New 2012

Answers
I :

g e e et
dx

y=x" -8 - Ox +¢
Using x =0, y = 30 gives ¢ = 50.
The equation of the curve is y = % — 3x% — 9x + 30,
dy

b Stationary peints occur when {?1_ =0
' x

3x° —6x—9=0
x*=2%=35=0
(x+1}{x—3)=0
x==lorx=3

T'he x-coordinate of A is =1 and the x-coordinate of Bis 3.

Scanne d with CamScanner




Chapter 15: Integration

=

¢ Area ¥ dx

i

=
(x* - 8x* — 9x + 30) dx
-1

ok 9 -“
E x——xﬂ--'c’i+:-5ilx]

| 4 9 a

 rand 2

3 9(8)" _ an
= k%-{a}“——%]—wﬂu)]—[
=76

Area of shaded region is 76 units®.

Exercise 15.12

Exam Exercise

dy

dx

b Use your answer Lo part a to find
2

- {‘:"E

1 a Given that y = ::‘E, find

jx
¢ Hence evaluate I dx.
i

: dy 1
A curve is such that — = 4x + -
dx (x+1)

a Find the equation of the curve.

2

b Find the equation of the normal to the curve at the point where x = 1.

.

a Find J[ q) dx.

X

b Hence find the value of the pﬂsitive constant k for which

and at the point A. The line y - 2x +18
point 5.

o

4 @
% - (-1)° - g{:” E 30{-1}]
[2]
e dax . 2]
[2]

The diagram shows part of the curve of

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i,ii,&i fun 2014

15]

for x> 0. The curve passes through the point (c—, E
4]
[4]

Cambridge IGCSE Additional Mathematics (0606 Paper 11 Q744 Jun 2014
Ak

[2]
Al

6
[4]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5,4 fun 2013

IOt
R

]d:c:z.?.

y= 9x% — x% which meets the x-axis at the origin O
= () passes through A and meets the y-axis at the

NOT TO
SCALE

y =Qx? - x*

B

y—2x+ 18=0
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a Show that, for x = 0, 9x? — % = 108, [4]
b Find the area of the shaded region bounded by the curve, the line AB and the y-axis, [6]
Cambridge IGCSE Additional Mathematics (0606 Paper 11 QGli{part) fun 2012

5 The diagram shows part of the curve y = 2sin 3x. The normal to the curve ¥ =2sin 3x at the

. s . e
point where x = 9 meets the y-axis at the point P,

y y = 2sin 3x
\ r e

—

P o
\ - i NOT TO

X SCALE

L

0 =xn L
9
a Find the coordinates of P, [5]
b Find the area of the shaded region bounded by the curve, the normal and the y-axis, [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 (H H{part) fun 2012

2
6 Find the exact value of I (5 + 8 )dx, giving your answer in the form In(ae’), where
aand b are integers, : 4x -3

[5]

Framinatinn wtule i"—r-‘!'.‘-'lll.-."-"’.".‘-

N
T a Find the value of the constant A such that b Rl 3+ A ; [2]
2x -3 2x—3
“6x— 5 7
b Hence show that J. dx=6+2In—, [5]
3 2x—3 3
Examination style question
8 a Differentiate 4x”In(2x+ 1) with respect Lo x. [3]
; ; 2x dy x+ 4
b i Given that y = , show that = 3 4
v J Jx+2 dx ( I+2}H 4]
. 5 0 .
ii  Hence find j L_Fg—; . [2]
{-ﬁ.l'.!: + 2 )
T B 0
ili Hence evaluate J ﬂ“‘; dx. [2]
2 (~.,|".T + 2 ]

Cambridge IGCSE Additional Mathematics 0606 FPaper 11 (39 Nov 2013

Scanne d with CamScanner




Chapter 15: Integration

9 Do not use a calculator in this question.

: d(e™ . .
i Show that a—[ PR xe'* | = pxe**, where pis an integer to be found. [4]
X
In?
ii Hence find the exact value of xe'* dx , giving your answer in the form
]
b :
aln? + —, where a, band ¢ are integers to be found. [4]
¢
Cambridge IGCSE Additional Mathematics 0606 Paper 11 (13 Jun 2016
3
10 i Find j 3;.;—:-;‘—*] dx. 2]
3

The diagram shows part of the curve y = 3x — x? and the lines y=3%x and 2y=27-3x
The curve and the line y= 3x meet the x-axis at O and the curve and the line 2y =27 - 3x
meet the x-axis al A.

¥3 B
y = 3% Oy =27 - Jx
y=3x - x°
0 A x
ii Find the coordinates of A. [1]
jii Verify that the coordinates of Bare (3, 9). [1]
iv Find the area of the shaded region. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 (11 I Jun 2016

A
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Kinematics

This section will show you how to:

®  apply differentiation to kinematics problems that involve displacement, velocity and acceleration

of a particle moving in a straight line with variable or constant acceleration, and the use of x-f and
vt graphs.
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You should already know about distance-time graphs and speed-time graphs.
Distance-time graphs can be used to find out how the distance changes with time.

* The gradient of a distance-time graph represents the speed.

distance &

A horizontal line shows
that the speed is zero.
The steeper a line
— is, the greater the

speed.
A straight line shows
that the speed is
constant (steady).
time

Speed-time graphs can be used to find out how the speed changes with time.
* The gradient of a speed-time graph represents the acceleration.
® The area under a speed-time graph represents the distance travelled.

A line with zero The steeper the line
gradient means the is, the greater the
speed is constant.  acceleration,

h}'_:-{‘.::.ﬂ.

A line wath pu_:ﬁillwr

A line with negative

gradient means the —— gradient means the

speed is increasing; speed is decreasing.

(It is accelerating. ) (It is decelerating. )
0 tme

Distance and speed are examples of scalar quantities.
(Scalar quantities have magnitude but no direction.)

In this chapter you will learn about displacement, velocity and acceleration.

Displacement, velocity and acceleration are examples of vector quantities.
(Vector quantities have magnitude and direction.)
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16.1 Applications of differentiation in kinematics

Displacement

Consider a particle, P, travelling along a straight line such that its
displacement, s metres, from a fixed point 0, ¢ seconds after passing through
0, is given by s = 4¢ — ¢2,

= w

The graph of sagainst tfor 0 < ¢ = 5 is:

This can be represented on a motion diagram as:
t=D5 =4 t=3

g
La ] Y

£
F

=1 =3
5 -4 3 2 1 0 1 2 3 4 E

At time t = 2, the displacement of the particle from Ois 4m.

When ¢ = 2 the particle stops instantaneously and reverses its direction of
motion.

At time ¢ = 3, the displacement is 3m and the total distance travelled is
44 (4—-3)=5m.

Attime ¢ = 4, the displacement is Om and the total distance travelled is
4+ 4 =8m,

At time ¢ =5, the displacement is =5 m and the total distance travelled is
4+9=13m.

Velocity and acceleration
[t a particle moves in a straight line, with displacement function s(#), then the

: . , ; ds . : .
rate of change of displacement with respect to time, . 1s the velocity, v, of
. i d C
the particle at time ¢, ¢
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If the velocity function is v(f), then the rate of change of velocity with respect

2 dv | : . : ,
to time, — , is the acceleration, a, of the particle at time L.

dv d¥%
g=—=—
de  di®
CLASS DISCUSSION
IR 1
5.
4
1
9
1.
f} | I | o
1 2 kS f
—14
_9-
—34
—4-

Earlier in this chapter you considered this displacement-time graph for the first 5 seconds of the
motion of a particle P. The displacement of the particle, s metres, from a fixed point 0, t seconds
after passing through O, was given by s = 4t — (%,
Working in small groups, complete the following tasks.
1 Find an expression, in terms of ¢, for the velocity, v ms™, of this particle.
2 Draw the graph of vagainst tfor 0 =t =5,
3 State the values of t for which vis
a positive b zero € negative.
4 What can you say about the direction of motion of the particle when v is
a positive b zero € negative?
5 Find the acceleration, a ms 2, of this particle and interpret your answer.
Now, discuss your conclusions with the whole class.

It is important that you are able to interpret the signs for displacements,
velocities and accelerations.

These interpretations for a particle P relative to a fixed point Oare
summarised in the following tables.
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Signs for displacement s

s <0 | s =10 | >0 |

Fis to the left of O [ Pisat O Fis lu the right of O AI

Signs for velocity v

v<0 [ =10 '{J}ﬂ

i — L === 1

: - . Fis instantaneously at
Pis moving to the left J ‘ ﬂ;ﬁ y

e ERESE = .S

Pis mmmg 1o the ﬂgh ‘

Signs for acceleration a

a<i) g =10 | a>1

velocity could be
velocity is decreasing | maximum or minimum velocity is increasing
Or constant

WORKED EXAMPLE 1

| A particle moves in a straight line so that, ¢ seconds after passing a fixed point @, its
| displacement, s metres, from 0 is given by s = ¢* - 12¢% + 45, I

Find the ‘r'l’]L'.I'E;iT'j’ when (=92

Find the acceleration when ¢ = 4.,

Find the values of when the particle is instantaneously at rest.
Find the distance of the particle from Owhen ¢t = 7.

T o & o W

Find the total distance travelled by the particle during the first 7 seconds.

Answers

‘ a 5= =122 + 4
ds
Y= ——‘3;-—24:+4,_:
dt
Whent=2,v=3(2) -24(2)+45 =9

The velocity is 9ms™! when t = 2.

- v = 5t2 — 24¢ + 45
d
a=— =6t - 24
de

Whent=4,a=6(4)-24 =0

The acceleration is 0ms ™ when { = 4.
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¢ The particle is at instantaneous rest when v = 0.
2 — 24t +45 =0
(2 —-Bt+15=10
(t—3)t-5)=0
i=8%0orit=>5
The particle is at instantaneous rest when ¢ = 3 and ¢ = 5.
d Whent=7s5=(7?-12(712+45(7) =70,
The particle is 70m from Owhen =7,

g Whent=0,s5=0.
Critical values are when ¢t = 3 and £ = 5.
When ¢t =3, s = (3)* — 12(3)% + 45(3) = b4
When t =5, 5 = (5)% = 12(5)* + 45(5) = 50.

= I_'_.— 7
=5 % =
- -
t=0 2
| 0 50 54 709 |
‘ Total distance travelled = 54 + (54 = 50) + (70 - 50) = 78m,

ADT
WORKED EXAMPLE 2 07

A particle moves in a straight line so that the displacement, s metres, from a fixed
point 0, is given by s =In (2t + b), where {is the time in seconds after passing a point
Xon the line.

a Find OX

b Find the velocity when ¢ = 10.

¢ Find the distance travelled during the third second.
d Find the acceleration of the particle when ¢ = 2.5,

Answers

d Whl;.'-l'l£=D1.T=|l1[2{ﬂ}+5]=lﬂ5 ticlie 1s at fhnni
OX=In5=1.61m

| b s=In(2t+5)
S 2

LI-_
dé 2t+5

2
Whent=10, v=

— = (.08
2(10) + 5
The velocity is 0.08m 571,

Scanne d with CamScanner



Cambridge IGCSE and O Level Additional Mathematics

¢ Since v> 0 for all values of ¢, there is no change in the direction of motion of
the particle.
The third second is from t =2 to t = 3.
Whent=2,5=1In [2(2) + 5] =In?Y.
Whent=3,5=In[2(3) +5)=1In11.

t=10 =2 =3

- ™ :

0 In5 In9 Inll $
Distance travelled during the third second = In11-1n9 = Ing = 0.201 m.

2
o=
2+ 5
dv = 1
=—=—2(2t+5 P
di - T EBER (2 + 5)°
4

Whent=256= ———-2u =004
[2(2.5) + 5]

= 2(2t + 5)

i

The acceleration is ~0.04 ms2.

- WORKED EXAMPLE 3

A particle moves in a straight line such that its displacement, s metres, from a fixed .
|.'rt.'.“-il]1‘. (7 on the line at time tseconds is given by 5 = 20 [E N . ﬁ.l]_

a Find value of t when the particle is instantancously at rest.
b Find the displacement of the particle from Owhen ¢ = 1.
¢ Find the total distance travelled during the first second of its motion.

Answers
a s= ?ﬂ[f'z" - 3"]
= €1 20[—2e + 3e~¥]
de

v=0when —2e® + 3% = !

22 = JeBt

r:‘=-::—}~

2
a!=|n-?-f
2

It is instantaneously at rest when ¢ = In 9 = (.405s,

| b When =1, 5= 20[e™) - e*0]= 1711,
Displacement from Qis 1.71 m.
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¢ Whent=0,s=0.
Critical value is when t = ln'E :

When ¢ = ln%, §= Eﬂ[e""'['“g) - c'j[h‘%]] ~ 9 063,

i—l:vl——-l—} X 5
. I_]ﬁE
=n T T -
0 1.711 9 0f3 §

i

Total distance travelled = 2,963 + (2.963 — 1.711) = 4.21 m.

!

A particle travels in a straight line so that, t seconds afier passing through a fixed
_ _ . A _ f

point O, its velocity v ms™, is given by » = 5cos el

a Find the value of t when the particle first comes to instantaneous rest.

: : ; ; T
b Find the acceleration of the particle when ¢ = e

Answers

a The pnr'rir.le is at rest when v =0.

5::03[-{-] =0
2

!

l cns[:}-]=ﬂ
.I'_II!
2
F= N

It is at instantaneous rest when § = 1.

b v= ﬁcus[i]
2

Chapter 16: Kinematics
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Exercise 16.1

1

A particle, moving in a straight line, passes through a fixed point O.

Its velocity v ms™, ¢seconds after passing through 0, is given by v = o
a Find the velocity of the particle as it passes through 0.

b Find the value of ¢ when the velocity is 0,125 ms ™.

¢ Find the acceleration of the particle when ¢ = 1.

A particle, moving in a straight line, passes through a fixed point 0.

Its velocity wms™, ¢ seconds after passing through 0, is given by v = 6e* — 2t

a Find the initial velocity of the particle.

b Find the initial acceleration of the particle.

A particle starts from rest and moves in a straight line so that ¢ seconds
after passing through a fixed point 0, its velocity » ms™, is given by
v=5(1-e"),

a Find the velocity of the particle when ¢ = In 100.

b State the value which v approaches as t becomes very large.

¢ Find the acceleration of the particle when v = 4,

d Sketch the velocity-time graph for the motion of the particle,

A particle moves in a straight line such that its d isplitcmm:m, s metres, from
a fixed point O on the line at time {seconds is given by s = 9{In (3¢ + 2)].

a Find the value of t when the displacement of the particle from is 36 m,
b Find the velocity of the particle when ¢ = 1.

¢ Show that the particle is decelerating for all values of .

A particle moves in a straight line so that, ¢seconds after passing through a
hxed point 0, its displacement, s metres, from (7 is given by s = In(1 + 2{)
a Find the value of t when the velocity of the particle is 0.4ms ™.

b Find the distance travelled by the particle during the third second.

¢ Find the acceleration of the particle when ¢ = 1.5,

A particle travels in a straight line so that, ¢ seconds after passing through a
: : ; : o t
fixed point 0, its velocity v ms™, is given by v = H{ZUH[:{].

a Find the value of ¢ when the velocity of the particle first equals 4ms,
b Find the acceleration of the particle when ¢ =5,

A particle, moving in a straight line, passes through a fixed point G,
[ts velocity vms™, ¢ seconds after passing through 0, is given by

v = cos 3t + sin 3¢,

a Find the value of t when the particle is first instantaneously at rest.

b Find the acceleration of the particle when ¢ = 1.

(3t+2)°
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11

A particle starts from rest and moves in a straight line go that, { seconds
after leaving a fixed point 0, its displacement, s metres, is given by
s=2-2cosi.

a Find an expression for the velocity and the acceleration of the particle
in terms of L

b Find the time when the particle first comes to rest and its distance from
(J at this instant.

A particle moves in a straight line such that its displacement, s metres, from

a fixed point O on the line at time ¢ seconds is given by s = Eﬂ][u'?‘ —€ ‘”].

a Find the time when the particle is instantancously at rest.

b Find the displacement of the particle from Owhen ¢ =2,

¢ Find the total distance travelled during the first 2 seconds of its motion.

A particle moves in a straight line so that its displacement from a fixed

point O, is given by s = 9 + 2 cos 2t, where {is the time in seconds after the

motion begins.

a Find the initial position of the particle.

b Find an expression for the velocity and the acceleration of the particle
in terms ol £,

¢ Find the time when the particle first comes to rest and its distance from
() at this instant.

d Find the time when the acceleration of the particle is zero for the first
time and its distance from O at this instant.
A particle, moving in a straight line, passes through a fixed point O,

Its velocity vms ', t seconds after passing through O, is given by
o = kcos4t, where kis a positive constant.

a Find the value of t when the particle is first instantaneously at rest.

b Find an expression for the acceleration, a, of the particle t seconds after
passing through O,

¢ Given that the acceleration of the particle is 10m s“when ¢ = ?E, find
the value of k. 24
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CHALLENGE Q

12 A particle moves in a straight line such that its displacement, s metres,
from a fixed point O at a time ¢seconds, is given by

s=2t for 0=t =4,
§=8+2In(t-3) for t>4.
a Find the initial velocity of the particle,

1 £ =6.

b Find the velocity of the particle when i i=32
€ Find the acceleration of the particle when i t=2 i t=6.
d Sketch the displacement-time graph for the motion of the particle.

e Find the distance travelled by the particle in the 8th second.

CHALLENGE Q

13 A particle moves in a straight line so that the displacement, s metres,
from a fixed point O, is given by s = 265 — 17¢? + 40t — 2, where tis the
time in seconds after passing a point X on the line.

a Find the distance OX.
b Find the valuc of ¢ when the particle is first at rest.
¢ Find the values of ¢ for which the velocity is positive.

d Find the values of ¢ for which the velocity is negative.

16.2 Applications of integration in kinematics

In the last section you learnt that when a particle moves in a straight line
where the displacement from a fixed point O on the line is s, then:

ds

I..I — E—

dt
dv  d¥%
and 3 = = ==
di dz

Conversely, if a particle moves in a straight line where the acceleration of the
particle is a, then:

I-'=Jﬂd.f and .'i:jﬂdt

In this section you will solve problems that involve both differentiation
and integration,
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The following diagram should help you remember when to differentiate and

when to integrate,
displacement (s)

ds
il

velocity (v)

dy d=s

acceleration (a)

 WORKED EXAMPLE 5

A particle moving in a straight line passes a fixed point O with velocity Bms ™.
[ts acceleration a ms 2, ¢ seconds after passing through (s given by a = 2t + 1.

a Find the velocity when ¢ = 3.
b Find the displacement from Owhen ¢ = 3.
|

Answers

a a=2t+1

uzjadt

‘ :I{EHIM:

=12 4L+

Using v = 8 when t =0, gives ¢ = 8
‘ v=1t*+1+8
When t=5, v=(3)%+(3) +8=20
The particle’s velocity when ¢ = 3 is 20ms ™",

b v=12+t+8

|
R ju it

:I{ﬁ+-t+8}m
1

1
==+ —t2 4+ 8+c
3 2

Using s =0 when ¢ =0, gives ¢ = 0

TR o
s=—2+=1" + 8
5 2

When =3, s=—(3)" + %{3]2 + 8(3) = 37.5

1
3

Its displacement when ¢ = 3 is 37.5m.

Chapter 16: Kinematics
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“,“,,' -5!..:,-..-:.;&[
lil-j._li:u ...... “ A

A particle, moving in a straight line, passes through a fixed point O,

Lis velocity vms™, tseconds after passing through 0, is given by v = 6e® + 2,

a Find the acceleration of the particle when ¢ = 1,

b Find an expression for the displacement of the particle from 0.

¢ Find the total distance travelled by the particle in the first 2 seconds of its motion.

Answers
a v=~06eM+N '
dv

g =—=18" +92
di

Whent=1, a=18:% + 2 = 364
Its acceleration when =1 is 364ms 2.

b v=6e"+

5= J-t.l i

= I{ﬁe“‘ + 2t} dt
= 2eM + 42 4+ ¢
Using s = 0 when ¢ =0, gives ¢ = -2

414 S : 2 : ; .
I'he displacement, s metres, is given by s=2e* +¢* -2,

¢ Since v > 0 for all values of ¢, there is no change in the direction of motion of
the particle.
Whent=0,5=0
When 1 =2, 5 = 2¢%® 4 (2 —2 = 26 4+ 9
Distance travelled during the first 2 seconds = 2e® + 2 = 809m,

Alternative method
Since there is no change in direction of motion:

= II.-' di

5
= I (Be™ + 2¢) de Note:

o This alternative method can only be
= [2::”" 1 :“If‘ used when there has been no change

_ in direction of motion during the

e {EEI' T 1} = EE‘-’-D + 'D} relevant time interval.
= 2¢® + 2
= 809 m
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WORKED EXAMPLE 7

A particle starts from rest and moves in a siraight line so that, { seconds afier leaving a
fixed point 0, its velocity, vms ', is given by v =4 + Bcos 2&,

a Find the range of values of the velocity.

b Find the range of values of the acceleration.

¢ Find the value of t when the particle first comes Lo instantaneous rest.
d Find the distance travelled during the time interval () =t = g

Answers
a v=4+8Bcosdt and -1=cos2t=1
Uy =4+8(-1)=—4¢ and v, =4+8(1)=12
Hence, —4 = v = 12.
b v=4+8cos2t
= _{‘i& = =16 sin 24 and -1=3sin2t=1
a_.. =-16(1) = -16 and a4, =-16(-1)=16

Hence, —16 = a = 16.

€ When v=0,4+8cos2t =10

::u&?f=-l
2

2n

20 =—

3

.

3

The particle first comes to rest when ¢ =

d 5=Judn’

= j (4 + Bcos 2t) dt

| A

=4f+45in2l+¢
Using s = 0 when ¢t =0, gives ¢ =10
5=4f+4sin 2¢
Particle changes direction when { = g

T ' 4 . | 2K
an t=—, s=4|= |+ dsin| — | = 7.6529
When 3 5 [q] 1 [ 3 )

[+

When ¢ = E s = 4[g]+45in(m}l = 91 = 6.2832
Pl u—-t—-.. n
[ I =
* - : A
1=0 _ e
i 6,283 7.658___¢

Total distance wravelled = 7.658 + (7.653 — 6.283) = 9.02m.

Chapter 16: Kinematics
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Exercise 16.2

1 A particle, moving in a straight line, passes through a fixed point 0,

', tseconds after passing through 0, is given by v = 10t — ¢2,

Its velocity v ms™
a Find the velocity of the particle when the acceleration is Hms ™.

b Find the time taken before the particle returns to O,

¢ Find the distance travelled by the particle in the 2nd second.

d Find the distance travelled by the particle before it comes to instantaneous rest,

e Find the distance travelled by the particle in the first 12 seconds.
2 A particle, moving in a straight line, passes through a fixed point 0.

Its velocity # m s ! tseconds after passing through (), is given by v = W
f+ 5

a Find the acceleration of the particle when ¢t = 2.

b Find an expression for the displacement of the particle from 0,

¢ Find the distance travelled by the particle in the 3rd second.

3 A particle, moving in a straight line, passes through a fixed point 0.
Its velocity v ms™, tseconds after passing through O, is given by v = 4e* + 21,
ﬂ a Find the acceleration of the particle when ¢ = 1,
b Find an expression for the displacement of the particle from 0.

¢ Find the total distance travelled by the particle in the first 2 seconds of

its mation. Give your answer correct to the nearest metre,

4 A particle, moving in a straight line, passes through a fixed point O.
Its velocity v ms™, ¢ seconds after passing through 0, is given by

¢
=1+ EEHH[;J.] :

Find the displacement of the particle from Owhen ¢ = =
acceleration at this instant.

9 and its

5 A particle, moving in a straight line, passes through a fixed point 0.
Its velocity v ms 1 tseconds after passing through (), is given by v = 4e* + 6e7™,
a Show that the velocity is never zero.
b Find the acceleration when ¢ = In 2,

¢ Find, to the nearest metre, the displacement of the particle from O
when ¢ =2,
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6 A particle moves in a straight line, so that, t seconds after leaving a fixed
point O, its velocity, vms ', is given by v = pt* + gt — 12, where pand
g arc constants.

When ¢ = 2 the acceleration of the particle is 18ms™.
When { = 4 the displacement of the particle from O1s 32m.

Find the value of p and the value of ¢.

7 A particle moving in a straight line passes a fixed point O with velocity
10ms™,

Its acceleration a ms >, ¢ seconds after passing through Ois given
by a =3 - 2t.

a Find the value of t when the particle is instantaneously at rest.
b Sketch the velocity-time graph for the motion of the particle.

¢ Find the total distance travelled in the first 7 seconds of its motion. Give
your answer correct to 3 sf,

8 A particle moving in a straight line passes a fixed point Owith velocity 13ms’ >
Its acceleration a ms *, { seconds after passing through Ois given by @ = 3¢ — 12.
a Find the values of t when the particle is instantaneously at rest.

b Find the distance the particle travels in the 4th second. 417

¢ Find the total distance travelled in the first 10 seconds of its motion.

9 A particle starts from rest and moves in a straight line so that, ¢ seconds
after leaving a fixed point 0O, its velocity, vms | is given by v = 3 + 6cos 2.
a Find the range of values for the acceleration.
b Find the distance travelled by the particle before it first comes to

instantaneous rest. Give your answer correct to 3 sk

10 A particle starts from rest at a fixed point O and moves in a straight line
towards a point A, The velocity, vins 1, of the particle, ¢ seconds after
leaving O, is given by v = 8 — 8e™.

a Find the acceleration of the particle when ¢ = Inbh.
b Given that the particle reaches A when ¢ = 2 find the distance OA.
Give your answer correct to 3 sf,
11 A particle travels in a straight line so that, ¢ seconds after passing through a

l

. . ; e t
fixed point O, its speed, vms™, is given by v = ‘-.Ems[—]— I

2
a Find the value of { when the partitle first comes to instantaneous rest at
the point P.

b Kind the total distance travelled from i =0 to [ = 27,
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CHALLENGE Q

12 A particle moves in a straight line so that ¢ seconds after passing through a
fixed point O, its acceleration, ams™, is given by a = Pt + g where pand g
4arc Constants.

The particle passes through O with velocity 3ms™ and acceleration —2ms 2,
The particle first comes to instantaneous rest when ¢ = 2.

a Find the value of p and the value of 4.

b Find an expression, in terms of 1, for the displacement of the particle,

¢ Find the second value of ¢ for which the particle is at instantaneous rest.

d Find the distance travelled during the 4th second.

CHALLENGE Q

13 A particle starts from a point O and moves in a straight line so that its

‘ i g . T
displacement, scm, from O at time fseconds is given by s = 2 B

a Find expressions for the velocity, v, and the acceleration, a, of the
particle at time ¢ seconds.
b Show that 18(vt — 5) = t*(9a + n%s).

Summary

1he relationships beiween displacement, velocity and acceleration are:

displacement ()

velocity (v)

acceleration {a)

A particle is at instantaneous rest when v = (),
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Examination questions

Worked example

A particle travels in a straight line so that, ¢ s after passing through a fixed point 0, its velocity,
vems | is given by v = 4e® — 244,

a Find the velocity of the particle as it passes through O. L1]
b Find the distance travelled by the particle in the third second. [4]

¢ Find an expression for the acceleration of the particle and hence lind the stationary value of
the velocity. [5]

Cambridge IGUSE Additional Mathematics 0606 Paper 21 Q1 1(part) Now 2012

Answer
a When =0, v=4e®" - 24(0) = 4.
l

The velocity of the particle as it passes through Ois 4cms™.

b The third second isfrom t =2 to ¢ = 3.

v= 0 for 2=t =3, hence there is no change in direction of motion in this ime interval.
-

Distance travelled = | odt

o3

.3

= | (4e® —24¢)dt

= [2e* —12¢%],
= (2¢® — 108) — (2¢* — 48)

= 2¢® — 2e? - 60
Distance travelled in third second = 638 m.

. d
¢ Acceleration = —(v)

dt
= %{mﬁf ~ 24¢)
= Be® — 24
Acceleration is (8¢ — 24) cms™2.
S ; duv
Stationary values of v occur when T =[)
8e* -24 =0
e =5
2=1In3
f= llnf‘.‘-
2

1
When ¢ = Elnﬁ, v=4e" -12In3=12-12In3

Stationary value of velocity is 12(1 — In 3)cm T
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Exercise 16.3
Exam Exercise
1

vms!

164----

0 % 94 ts

T'he velocity-time graph represents the motion of a particle moving in a straight line.

a Find the acceleration during the first 5 seconds. [1]
b Find the length of time for which the particle is travelling with constant velocity, [1]
¢ Find the total distance travelled by the particle. [3]

Cambridge IGOSE Additional Mathematics 0606 Paper 21 Q24 iii Jun 2013

2 A particle moves in a straight line so that, ts after passing through a fixed point 0, its velocity,

vms ", isgiven by v = 2t — 11 + G Find the acceleration of the particle when it is at
instantancous rest. &

[ 7]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 29 fun 2012

3 A particle moves in a straight line such that its displacement, x m, from a fixed point O at time
ts, is given by x = 3 + sin2¢, where t = 0,

a Find the velocity of the particle when t = () ra)
b Find the value of t when the particle is first at rest. [2]
¢ Find the distance travelled by the particle before it first comes to rest, [2]
d Find the acceleration of the particle when ¢ = —H 2]

Cambmidge IGLSE Additional Mathematics 0606 Paper 11 Q5i-tv Now 2011

4 A body moves in a straight line so that, ¢s after passing through a fixed point 0, its
displacement from OQis s m. The velocity v ms™ is such that v = 5cos 4.

a Write down the velocity of the body as it passes through O. [1]
b Find the value of ¢t when the acceleration of the body is first equal to 10ms™, [4]
¢ Find the value of s when ¢ =5, [4]

Cambridge 1GOSE Additional Mathematics 0606 Paper 11 (0%,ii,5i fun 2011 J
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5 A particle Pis projected from the origin Oso thati 11' moves in a str.nght line. At time ¢ seconds
after projection, the velocity of the particle, vm s !, is given by v = 2¢2 — 14t + 12.

i Find the time at which P first comes to instantaneous rest. 12]
i Find an expression for the displacement of Pfrom Oat time { seconds. [3]
jii Find the acceleration of Pwhen = 3. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 (36 fun 2015

6 a A particle Pmoves in a straight line. Starting from rest, P moves with constant
acceleration for 30 seconds after which it moves with constant velocity, kms-!, for
00 seconds. Pthen moves with constant deceleration until it comes to rest; the
magnitude of the deceleration is twice the magnitude of the initial acceleration.
i Use the information to complete the velocity-time graph. 2]

vms14

ke

L

0 " tseconds

ii  Given that the particle travels 450 metres while it is accelerating, find the value
of k and the acceleration of the particle. (4]
b Abody Qmoves in a straight line such that, tseconds after passing a fixed point, its
acceleration, ams-2, is given by a = 3¢* + 6. When t =0, the velocity of the body is 5ms~!.
Find the velocity when ¢ = 3. [5]
Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q11 Mar 2015

7 A particle is moving in a straight line such that its velocity, v ms-1, t seconds after passing a fixed
point Ois v=e*-6e* - 1.

i Find an expression for the displacement, sm, from O of the particle after {seconds. [3]

ii  Using the substitution u = e or otherwise, find the time when the particle is at rest.  [3]

i Find the acceleration at this time. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q10 New 2015

8 A particle Pis projected from the origin Oso that it moves in a Elrﬂlght line. At time ¢ seconds
after projection, the velocity of the particle, vms-1, is given by v = 94 - 63¢+ 90.

i Show that P first comes to instantaneous rest when {= 2. [2]
ii Find the acceleration of Pwhen (= 3.5. [2]
iii Find an expression for the displacement of Pfrom O at ume {seconds. (5]
iv Find the distance travelled by P
a in the first 2 seconds, [2]
b in the first 3 seconds. [2]
L\_ Cambridge IGCSE Additional Mathematics 0606 Paper 22 (112 Mar 2016 =
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Answers
Chapter1 e —h, —2 f —0.5,75 b .
Exercise 1.1 g 16, 24 h -5,32 -]
9 |
1 one-one 2 many-one 2 \:\
| =D :
3 one-one 4 one-onc - " \/
A
g 3 R R
5 one-one 6 one-one T 10 b —08.0 4
7 one-one 8 one-many 6 2
: c -5.6,4 d 0.75, 35 1
Exercise 1,2 e 6.5 f nggi o LA S
1 1,2,8 4 5 6and 7 5 S
: 3 a-22 b -3, 3 3 a wvshape, vertex at (0, 1)
2 a-7=flx)=2 c -8 -19 d 0,4,6 b v shape, vertex at (0, -3)
b 2=1f(x) <17 e -2,1,8 f -2.-1,0,3 ¢ ~shape, vertex at (0, 2)
c-1=fx=9 g 05,1 h -1 9 d v shape, vertex at (3, 1),
= g y-intercept 4
d0=f(x)=9 i 0,2.6 % _ |
L ) e v shape, vertex at (-3, -3),
5 T f(x) =<8 4 a(—4,M, (38,7, (5.9 yintercept 3
f 1 = f(x) =1 b (0,0, (1, 1), (2, 2) 4 a -3%=f(x) =11
5
c (1,3, (2.5, 7.5 b 0=gx) =1l
P 3 g9 =2 4 f(x)=—-4 LT e 1) gx)
2 : c 3=h(x) =5
5 f(x) =5 6 f(x) =-5  Exercisel.5 =0
5 -5 = -., = r = =
- e -H=hix) =3
y-intercept |
Exercise 1.3 § 3 vshaoe, veriex at (=2, )
3T 1.2 b v shape, vertex at (1.5, 0), \ ; ‘:}_ ::_ Ltiu_,\ dal [=&, JJ,
1 0 2 al 3 675 _}:'j.li!.i:l'ifnl-]t 3 -1 ”U.ILLI_':[
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6 a hk b kh c -5 1
B i 1 d v shape, vertex at (-6, 0),
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2 : y-intercept 3
B L E.|::|.r x =4 e ﬁl]iiE'}l'". vertex at {5. ”':l, : g
;{ y-intercept 10 b -S=flx) =7
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Scanne d with CamScanner



f

Chapter3
Exercise 3.1
1 a xM b «x® ¢ x°
d x° e x* f £
g x h i I.':f-';na:ﬁ_-}l'L
i ﬁxfﬁ'jp'ﬂ k lﬁ:n:mjlﬁl ﬁxﬁ}I'H
2 a xt b c x
9 4
B T
3 aa=15b0=8c¢c=5H
7
4 a ag=—— 0=1
9
5 =2, y=-1
x==, )
6 x=5y=8
1
T ]l + 22
Exercise 3.2
1 al b 3
¢ Jor? d —-%DI‘E-
2 a4 b 2 c h
d 1 e —I f =53
g —4 h +4
3 ab b -1 c =7
9 4
d =10 e —dLE f =
1 . D
g -3 h ’l; | E
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4 a08 b l5 c-3
d 8
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-
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2
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|
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=
|
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bt
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=
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e
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o

i
[
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e
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10 a 3

Exercise 3.3
1 a 10v5

c 9411 d ’

5V5 + 43

b 45 + 53

¢ 1245 + 543
d 20v5 + 273

24+ 1347
b 10+ 3547
¢ 2+ (2n- V7

4 a 33

C:—1:D

b 11+ 33

5 x=5-3V2, y=8+442,

z=12 - 742,
6 a 1++2 b 3+2J2
Exercise 3.4
1 ahb b 12 c V30
d 2 e 13 f 5V6
g 156 h 1436
2 a?2 b 2 c 2
d - e : f 5
2 B
g 3 h < I S
j V2 k6 (I
3 a2y2Z b 23 ¢ 25

d 2v7 e
g 3¥2 h
i 310 Kk
m2¥ll n
p10v2 gq !
s V5 t
v 102 w
y 35

4 a93 b
d 73 e
g2¥6 h
i 8v2  k
m20V5 n

5 a2+32
c —4452
e 5—+3
g |
i 12 + 535
k 13
m 4

o 23 + 1642

6 a 0+45
c 91 + 403

7 (10+ 1242) cm®

[~

8 a 293 b
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10 2
11 a a=4,b=2 Db
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1 a “E b E?F
o |
d 8 e 145
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23 5Y2 ., 342 ;
g5 h =5~ i I° 2 al++v2,3-249 Chapter 4
s ' VB : 15 b 2+6,3-6 Exercise 4.1
b 4 B 13 c 2+v5 ~ 345 1 a 3x" +2%° + 3x°
mﬁjiﬂ ?ﬂi’;‘:ﬂ 5+EWIG d 8+V7,5-9v7 b 9x*+2x° + 7+ =2
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o 104+ 5VE . _m_oy7 4 al b 3 c 3 d 3x" +12x" +13x" + 3x* — 4
3 - d -3 e | f 5 e x' —10x" + 20x%* — 20x + 4
15+ 103 g 4 h no solution _
4+ 2v3 h 3 9Ty’ =
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& = F _"i,.l
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= 57 V3 01 Exercise 4.2
4 a v53 b = 2 x=3,9y=-0.5 1 a x°+2x—48
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o
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2
4 ax-x"+x-—1

b x*+2x+4

Exercise 4.3
2 a2y
b 546
c 12
3 b=-2-12a
4 a a=0,=-19
b a=2546=38
c a=-12,b=-7
5 -66,18
6 a=135 b=055
7 a p=Lg=9
8 b0,1,3

Exercise 4.4
1 b (2e-1D(x+1)(x-1)
2 a (x-2)(x*+4x+5)

b (x+4)(x+2)(x-2)

c x(2x+3)(z-6)

d (x—7)(x+1)(x~-2)

e (2x+1)(x—38)(x—4)
(x=2)(x+3)(3x-1)
(2% - 1)(2x + 1)(x - 2)
(2x —1)(x — 3)(x + 5)
3 a—f:,],?l b 1,2,3

c —4, +E,§ d -4, 1,15

|
-2 0.5, 3 f -4, -, 1
e =2, 05 5

g -2,-1505 h 4,253

= Mm™m =

4 a 1,-3+7
o)
= e
b 5 1937
c 2,-2+.3
d 1514

5 -0.5,-2+413
6 -b5.54, -3, 0.54

T b2

B a x—4x" -Tx+10
b x® +3x* - 18x — 40
€ x"+x" —6x

9 a 2" —11x* +10x+8
b 2x" = Tx" +7x -2
c 2x' = 9x° —8x+ 15

10 ' +x" —Tx—3

11 2x° — 9x" + 6x — 1

1 £ /33
11!:!531—1;:z

Exercise 4.5

1 ab b -1
c 76 d 2

2 ab b 57
c 11

3 a=4,5s=10

4 a=-6,b=-6

5 aa=-85=15

~1+ 4421 —1-421
5% +Jz_|, J2
2 2
6 a a=-95b=2
bbh
T =2
8 a=6b=-5
9 a b=12-2a
ba=5bb=2
10 a 5 b =72
11 a a=-8,b6=-5
b -30
12 32
o JI5 T =4f13
13 b 5, . -
6 4
14 a 3 b -5

15 a=26=-5,¢c=7
16 b -3, 6

Exercise 4.6

1 b (x—2)(x—4)(3x+4)
2 a=-2,b=2.5

3 b & —4ac=-11

4 a 17 b 71

5 (x+1)(x—-7)(2x+1)
6 a=T7b=-6

7 i a=6,b=2

i (2x — )(3x2 + 5x — 2)
il (2x = D(8x —1Dix+ 2)

Chapter5
Exercise 5.1

6 x={],:p=5m'x="£,j:3

5
T x:q-’JI:_E

Exercise 5.2
1 4<x<8
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2 a S d "Lﬂshapﬂd curve, axis
¥ 9 intercepts (2, 0),
\# _ b —<x<4 1) :
7\ / 5] [ P ﬂ), (0, 40) where (2, 0)
3 / . . el
¢ / B Cx=-2orx= 2 is a minimum point
B - E 5 a | _T' |
2 '| G /
9 : \ / \
X<=— 0r x >»— | fll.-
-'-:I :Il'l & ':} I|IIHIIIIIIIr x“\"-._k = - ‘}’/
10 —iﬁ:u:f:il- X 3 i_{_ 3 x
4 3
. b, d
3 Exercise 5.3 \ =
! f
1 A(-1,0), B2, 0), €(3, 0), L
T g D(0, 6) H;
. r S Nﬁhﬂptrd Clurve, axis E] I'I_'f x
P e s intercepts (-3, 0), (2, 0), = . .
: (4,0), (0, 24) | | .'

| |

d x<2? or x>5 b mshapml CUrve, axis 'I, f"'\ / N [
intercepts (-2, 0), (-1, 0), III'\.-L \\/ \\.IJJI
& 0 — 'r'-:_:‘-'

e x<=3 or x>— (3, 0}, (0, 6)
3

' c S shaped curve, axis d . . .
f -1=x=<686 intercepis \ ‘ ,."ll
|
4 (-2, ), [— % ﬂ). (2, M, (0, —4) I', !
4 a —=x=<? \/ |\
3 d Wy shaped curve, axis B ___ L _—
b xo 2 . intercepts : - v ' =
4 (-2, 0), (1, ), [ f ”), (D,-6) 6 a mﬁlmped curve, axis
B & wesliaips 1 s ntercepts (-3, 03, (0, 0),
- J:,r b
”‘ 3 a[;, u]. B(0, 14) . 0)
b x>- . = b S shaped curve, axis
9 4 a ¥\ shaped curve, intercepts (=3, 0, (=2, 0),
== axisintercepts (—2, 0} and (1,00, (0, -6)
9 {0, 0) where (0, 0) 15 a

c Nﬁhapcd curve, axis

1
intercepts (=4, 0), [—'. {}],
(3, 07, (0,12)

3 minimum point
d x<-1or x>-—=
[ b Yy shaped curve, axis

e -l=x=3f -B3<cx<l 1!]1.1‘31'1"!_‘]][5

i 3 1 3 [g {}]and (0, 0) where d £/ shaped curve, "”“;
. 2 % 2 (0, 0) is a minimum point e g [L-H' U'].{——. ”J'
3 _ (4, 0}, (0, —60)
C x=-2 or x=-= c Nshapud CUI'VE, axis
o intercepts (=1, 0), (2, 0),
d 6=x=0 (0, —2) where (-1, 0) isa

g —Jdecyc maximum point

f x:—'—{—-l or x=213%
2
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9

10 o=

a '
o / b

blue curve axis illT.EI‘{.‘EPIF'r:

I
= -1,0),| =, 0
(=2,0), ( ‘}{9 ]

, (0,-2)

red curve axis intercepis:,

r:"-'l, ﬂ:l'1 (41 ﬂ}r {_ﬂ. J-U
b (=3,-14), (-1, 0}, (1
a=1,b=2and k=

L
1, k=1, ¢=2,

Exercise 5.4

1

a x=-lorD=x=
b x=21

c x=-]l4orl=x
a x=2

b x=-2

¢ -19=x=03 or
a x=25

b -l=x=lorx=

c x<—08 or 0.6 =

Exercise 5.5

|

a 12, £l b £

c 4,32 d +

,6)

-2
k=3

2

=14

x=1b5

2

x =22

2 a +0.350G, +2.81
¢ +1.16
e 1.26, —0.693
3 a4,25
c 9
9 9
e —,—
16 4
E ]— 16
l.'l,
B |
1 —, 16
4
4 ET,H
B
5 a ;'J\/:_r:x+f1
6 al 2
c —-1,2
e -1
T 7
- . I8
9 —4-30,1
Exercise 5.6
l1 x=—orx=2

5
2 x<—H%orx>4

3 E{xn‘.‘.ﬂ
5
4 l-::.11:«:.']
2
1
5 = ——=
2
L
[ —ﬁ*’:x{—i
k
T x>——
e
8 a -1, 27
a -1 3

9 X"\ shaped curve, axis
intercepts (0, 0), (

b
d
f

b

3
= # ﬂ] [ .*- []
9 (4, 0)

+2.32 10 /\ shaped curve, axis
1
_Ll 1, 1.42 IIIII.EI'CEPL"; {_-"11 ﬂ:l [_J [}] ] {31 ﬂ}:
2
+1.40 (0, 6)
16 11 x <-0.8 or 055 < x <225
¥
12 a ¥\ shaped curve, axis
25 intercepts (-2, 0), (1, 0},
2 (1,0), (0, 8)
i,
) b ,__
l 25 I -t
g LYol
% = 0 1 X ¥ X
13 a x(x=2(x+3)
R A Sh'ﬂpt‘.[l curve, axis
(L, 1), (16, 4) crossing points(-3, 0), (0, 0},

2,0
0,3 e

14 a
2,3

b 2
15 a (x+4)(2x —1){x—3)
b #\/ shaped curve, axis

|
intercepts(—4, 0), [E {'I).
(3, 0), (0, 12)

16 a :
\-- e e
; P o .
.'-..---
¥

b (0, 0), (2, 16), (8, —128)

Chapter6
Exercise 6.1
1 a lglO00=35

b Ig100 =2
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3 al ! i
¢ 1g 1000000 = 6 al6 b 9 Exercise 6.4
c G225 d /3 l1 ahb b 7.5 c 25
d x=lg2 d 77
R e 12 f 3 g 17
f x=I1g0.06 ' E
i a2 fid c3 d 3 e 0.7 f 7.5
2 alB88 b 248 ; .
45 . - 3 a28 b 5 c6
¢ 286 d 119 ’1 4 2 1 3
9 K 4R i 1 e 3 i, e
e 170 f -2.30 Eed  ala ol 4’2
. : l D :
3 a 10° =10000 j =05 k 3 | -0.5 & S 9
: : 4 a lf £
b 10' =1 ¢ 1V I } 2 >ig
1000 5 a9 b 2 ¢ 1.5 d V3
d x=10" e x=10" ‘
x=10 d -9 ol FiRE 5 ab25 b , 3125
f x=10"" : - 180
g 2 h < 1 I
4 96 _ 3 3 e ——, 15625 —_—,
a 126000 b 1450 6 T L
6 a 8 b 62
¢ 145 d 0.501 29 6 ax=4,y=16
e 0.0316 f 0.00145 Exercise 6.3 b x=20,y=10
¥ 1 a log h r
5 a4 b—l.:_r og, 15 b log, 6 ¢ x=4,y=12
¢ log, 64
c 0.5 d - 0g; 64 d log, 2 d x =40, y=16
432 | -
e 1.5 f 25 e log, 20 f ]:IEF[EJ e a=6250=25
: f x=1.25y=25
Exercise 6.2 g log, 12 h lgE]E- 7 b N | c
1 alog, 64=3 BASRIEY =R
i log, 6.4 .
b log, 32=5 Exercise 6.5
2 asj b 2 c | :
c Imgrl 125 — 3 1 d f}.lf’i b ".3.73 C [}.Hﬂl
' d 1 e L5 f -2
d log, 36 = 2 . 1 : 1 d241 e 265 f 1.66
a log 56 log, —
s T %_Tc}:_ﬁ R Beg g690 h 519 i L5
i ol og=2
! 4 a2,2%b 2 i -134 k 0641 [ 0.262
g 9 -
f log, Y —4 5 az b 3 G 2 b 10 c 3.32
— d _]
g log b=2 3 a4l b 242 ¢ 246
. 6 a hH" b u-2
h log, 4=y * d 1.63 e 1.03
; 1 3
I log, c=4 c 1+§Hd EH_H 4 -0.761,1.38
g2 B -
2 a22=4 b 2°=¢64 ¥ ke B B 5 a0, 146
¢c5=1 d 8= N - b 140 ¢ 232 d 0.683
e 362=6 f 8'=29 B -8 b 55 6 0.683, 1.21
g x =1 h x'= c 13 d 34 7T a 1.58
P a=p W b 90 b (.257, 0.829
. d o ¢ 0.631, 1.26

d 0.792, 0.161
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1.16

~().189
2.81

1+2.81

3.18
—-3.08
F'4

2u

l+x

44+ 2%

(1.4

9
1.87

b 3,9
b 5
d 16, 64

f 25

1
E]ng?t b glug.ﬂ

8 a23%2 b
¢ (.631, 1.26
d 0.431, 1.45
9 a 0.6 b
10 a 126 b
c 189 d
log.. 53
11 5 < —2l0-
log g 2
Exercise 6.6
1 ai32 b
c 1290 d
1
2 a - b
L
c 1— d
2
1
3 a - b
¥
c ?x d
4 a4 b
1
5
3
6 a 23 b
T a —log,x
9 Ba
b 256
8 alé b
¢ 1.59 d
9 a :
log,x
|
10 a —h,ET
27
!
¢c —.,4
2R6
L
e —, 512
2
1
11 a
c x=32,y=12

12 x=6.75,y=13.5

Exercise 6.7

1 a 739 b 448 ¢ 1.22
d 0.0498

2 al3 b 0742 c -0.357
d —i).942

3 ab b 8 c b
d -2

4 a7 b 2.5 c b
d 0.05

5 a425 b 167 c L7V
d 1.30

6 a In7 b In3

1
c é{FH In3) d F—gl{l-l—?rlnkl}

T a 201 b 0.135 ¢ 1100
d 125

§ a34d b -215 c 0.262

9 a 3+e b é{l FIn'7)
¢ 2In2 d ilnﬂ

B

e 2In2, In5 f In2, Ind

10 a 179 b 0,1.39

c —3.60, 4.38
11 a x=—5, %"

= e

b x=1n06, y=In0.12
12 (.82
13 0, 0.4
14 +J2, ;—lnﬁ

Exercise 6.8
1 a 409600

b
a 43000 b 2001
a 0.0462 b
a 500 b
g 3.5
5 a $250000 b 0.112
c 6.18

4 Wk

6

b

c

4
5
81

= A, represents the area
of the patch at the start of
the measurements

6.72

Exercise 6.10

1

d

asymptote: y = -4,
y-intercept: (0, =2)
x-intercept: (In2, 0)

asymptote: y = 6,
y-intercept: (0, 9)

asymptote: y = 2,
y-intercept: (0, 7)

asymptote: y = G,
y-intercept: (0, 8)

asymptote: y=—1,
yintercept: (0, 2)
x-intercept: (In3, 0)
asymptote: y = 4,
y-intercept: (0, 2}
x-intercept: (—In2, 0)

asymptote: y= 1,
yintercept: ({0, 5)
asymptote: y =8,
y-intercept: (0, 10)
asymptote: y = 2,
y-intercept: (0, 1)
1

x-intercept: [q In 2, ﬂll
asymptoie: x _ -2,

x-intercept: (=15, ()
y-intercept: (0,In4)

asymptote: x = 2

1
sintercept: (E'. %. {}}

ﬂﬂ?ll‘lpl'ﬂ“f: A= ':I',
x-intercept: (3.5, 0)
y-intercept: (0,In8)

asymptote: x=—1,
x-intercept: (—0.5, 0)
y-intercept: (0,21n2)
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e .':tH_‘_.-'H'l['J[uH.‘: x.— 2, Exercise 6,12 c 4J5 . 3.5 51.."'5;
x-1ntercept: (2.5, 0) 1 a 55 —Ty+2=0 right-angled
f asymptote: x= 1.5, b 0, —0.569 4 5and -5
x-intercept: (I é‘ f]] 2 x=58y9=22 5 land3
Exercise 6.11 $ @) m( 5t 9) v E b )
1 a f'(x)=In(x-4), x>4 b x=1 EA5:8) d 105,15)
. A4 F 9 K
b f If_x} = In |:.1‘ t E} x »—=2 4 a 10 h =& c 71 £ |: 1.5, -2.5)
- x4+ ] / f (3a, b
c f'['..'q:}=]n[ },x:-—] 5 a2 b 4.6
5 T a=18.5=-8
I o] 6 3.14
d f'(x)= Hln['--%—). x> ] = _m“fi_ 8 a(0.45 b (1,1)
1' : 8 1000 9 1
i § - X — :5 ; ; =
e [ (x)= EJn[ 5 ] x>=3 8 -0.569 10 A(-5.2), B(9, 4), C(-3, 6)
] T 9 a7 b 397 ¢ 170
f r {x}:--—]u(—---], x>h | :
B 1 10 a —log,x Exercise 7.2
I{ 1
o ’ 1 a -2 b -3 |
g 1 |{.1:J=|I'I|::2—x},x-:;2 b y=1%g
: 1 3
B - p ‘ . d 5 e = [ e
h £'(x) = u:~|}~]n(J UI], x<s ME =2 &-n 3 s 4
E: = = : ] i
. £ i y=5 x=1 2 - ot
N 2 a2 f'(x)=e -1 4 e 175 P& €79
b f'ix)=e"+35 ie 8 | d d _; d 2
c Fi{x)=e"> -2 ' ?
s 1 £ b 2 a E b _-g
u i I:'I:"'I_E_illt —I.j e I:']1 '”_ T e 3 2
l I'l' 4
2 - —
! o2y —E _i
f f'{szq[c'ﬂ'+1] P Mompng
N k=-h b :
3 a f(x)>] . not collinear
| 1 b -log,2 c x=5 7 35
b f'{x}l—-glnix—l} !
- = —r L
& A B 13 a p=54g=2 b x=1 g 1.2
c - 1
4 ai hx i x+Inb. Chapter 7 ey
b 5 Exercise 7.1 Exercise 7.3
5 aix i 3x 1 a3 b 4 c 10 1 a y=3x-13
| -
b —ln 2 d 13 e 5 f 25 b y=—-4x+]
& o ]
; i g g C = ——
6 a (2x+1) g V74 h 13 i 122 gl
b x=In2 2 a Ev’ﬁ,ﬁ«fﬁ,\n‘ﬁ; 2 a Zy=bx-11
right-angled b Sx+2y=9
right-angled .

Scanne d with CamScanner



Answers

ra
6 a (0,-7) e 1||J-=—Elnx+—,}’=1n_jp,
3 ay=2x-10 i b
b 60 units” el 2
b x+2y=-8 .:'i':|llx,ﬂ1:"}":-ﬂ—_g
T 7 a (75,9 :
pl b 38.25 units® £ lgr=ylgatlgh ="gs
d x+4y=10 X=ym=-lga,c=Igb
4 - I.T 8 a [:2.. E.}s I:'Il: _E}: I:U- ﬁ:]
= — — P
* e Eemi b 40 units® g x'=-by+na ¥ =x,
b (0, 3.4) X=ym==bc=Ina
S 9 a (551
C 34 unis b (6,7) h Iny=6x+1Inag, ¥ =Iny,
5 a y=-2 ’ , X=xm=bc=Ina
¢ 116 units®
b 3x+4y=2 .
" Exercise 7.6
c bx+T7y=-26 Exercise 7.5
= ; " 1 a y=2x
| 1 1 a y=ax ---FJ,}"=}'.}':=-T1 2 |
3 i oy __ P
6 a f[]ir{}}1ﬂ[[}r£4} m=ag,c="b h}wzgx'*+3
h H'\‘Iﬁ bjx=fﬂx2+b.}?=x}',x=x!: C }l:.dlr_-j_;+]
4 m=a,c==b
¢ 1.6875 units® d :_ilﬂ _i_E
y y #= gty
7 a (3,2) c ~=ax-0Y==,X=n,
3 X X e _‘y:&’i’}i‘i’x + 7
b 3-?:2:“_'_5 'i"i"i'-:H-,l'.::_I!-' t’. 12'?
3 A :—L- - -
8 a(h6) b k=8 d x= E:§+r1,‘-r’=x,ﬁ£=;r £y qlnx+4 435
9 a y=-2x+13 m==bhc=a 2 aii J’=_u] 1 i ;
. = ~'
b (6, 1) e yx=ax+b Y =y, bii y=2x®+3x i 14
¢ 645, 35 X = x,m=a,c=b :
its? ; cil 9y=—~1 i 3
d 45 units f x'y=bx"+a, Y =2y, ar
10 al 2x+3y=14, X=x'm=bc=a nt -
o dii y=(13-2") i 25
n .:I'I=EJ: E E: II:'.;""FJHF =E1 EE 5 2 9 i :;
b{4 '-',l:l :l" :Ill e }"=E.T —.'-'l""t_:;; il —E
T X=xm=a,c=0 fii y=ax"- o0
Exercise 7.4 . ﬁ_ - - w,_.'; " 3./3
1 a 275 units® ¥ . . y 2
b 22 units® X=xm=a,c=-b 3 y=-2x" +16x"
2 a 54.5 units® 2 algy=ax+hY=IgypX=x, 4 a 3'“2'_'3{2:]*25 b 5
— _:f
b 76 units® LTy 5 a y=-2¢"+8x
b lny=ax—-54Y=Iny X =x, b x=25y="75
S kg m=a,c=—b 6 ae =4l
b 50 units” c lgy="tlgx+lga, ¥ =lgy, - -
4 a (-1,15), (2,-1.5) X=lgxm=bc=lga b ina el
3
¢_22 5 units” d lgy=xlgb+lga, ¥ = Ig ), 7 _algy= ;x—'?
X=xm=lghc=Iga - 3
5 a (4,5),(0,-3) b y=10" x10®

b 20 units®
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8 a y=100x" 2 b alow-14 to-1.6 3 a0b59 b 0960 ¢ 147

b 0.64 ¢ allow 15 to 16 d 215 e 4.31
9 a lny=3lnx-1 3 a2/5 b y=-2x+6 4 a 745" b 143.2° ¢ 59°
l:
b y=% ¢ (3,0), (-1 8) d 1049° e 33.2°
[ ]
10 a 12.7 4 A=¢e'b=¢ 5 a
b a=e®,b=-2 5 55 | Degrees | 0 | 45 [ 90 [135] 180
| E| x| 3x
Exercise 7.7 & & i e e e | 5] ®
. | _
— . a | || Degrees | 225 | 270 | 315 | 360
[ 05101520725 o5 5.41}‘4.1.% 5.07 | 6.20 LHT | - |
x| 0.5 l 3 | 5.51 8 llﬂ.f:i : . - = 'Ilﬂatﬁﬂﬂﬂ" O% E:_JT[ iR | on
e _53 - g = c a=36=04 [ 2 L _2 =¥ -
T
S d 3.05 & mEpse s
d x=084y=25 7 12,5 Degrees | 0 | 30 | 60 | 90 | 120
s T yis | 2n
2 a 8 a68 e %islsl5]ly
1 Y E lawslan Vol Ba=884=—is I i
| 19| @ |335] 25 |2 i o Degrees | 150 | 180 | 210 | 240 | 270
] [ i [ | 2 1 2x+3y=14 —— —_—
y | 901 | 6.49 | 5.68 [ 5.29 ‘5 4 Radisns | 22| 5 | 15| 4x/ 3z
: : : i y+2=>(-10) e 0l 1 6 )51 2
= 2x 2 — r———
436 il L |
. 2 ¢ ey d 0.22 iii V65 Degrees | 300 | 330 | 360
3 b _;l.i-=ﬂ.ﬁ:4:+£ 10 x+3y=2 Radians | 57 | Lz _c,-.“_
X 3 1
: . . - s -
C =06, y=2048 11 i (0, 3.5) i (3,5
= . 6 20964 b 105 c 0.932
& b om =50,k=002 i 2x 4+ y=11 iv (0, 11)
d 1 e (.5 f 1
¢ 24.1
Chapter 8 7 19279°
5 b k=3 k=07 Exercise 8.1
¢ Exercise 8.2
E b Ed-:ﬁ,hi'-].rﬁ 1 a 11 h Tf C l_ﬂ: %T[
18 9 9 M Qqr -
P B R ; 1 a 5~ ¢m b 2r cm
i 20 e G2 i
8 ba=02,5b=3 ¢ 4.56 18 12 2 " l:ﬂcm d 1Bon
9 ba=-155b=18 c 8.61 an -l i o
g 1 L 2 a9%6cm b 2cm
10 b a=36,bh=-0.1
: 4n hr 3 al2rad b lbrad
¢ gradient = 3.6, intercept = 0.1 ] 4m k 9 ! Y
X ' 7 4 a 124ecm b 32cm
11 b y=e xx™ 7 5n n
m— Il — 0 — c 3lcm
¢ gradient = (0.8, 20 12 5 "
a 900 a ¢ 38.5cm
Exercise 7.8 d 20 e 120 f 144 i 1
95° ; i o a 23cm b 18.3cm
1 ay=7 b 3x+4y=3] B R
c 125 ] 162°  k 216° | b40° c 41.3cm
m 315 n 480° o B10°
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7 al36cm b 2l.lcm

¢ 34.7cm

Exercise 8.3

A 155 :
1 a fbnem® b Trr:;m‘*

il

= Bl ].Eﬁ g
¢ %%Bacm” d T.—: cm=

a 104cm® b 4.332cm?
a l.1lrad b 1.22rad
a (L8rad b 40cm®
(75 -r)
a EJJ%.?-L'm
p I

2

81,

C L—n I

;o A& W R

7 a 124rad b 89.3cm’
¢ 121 em?

8 a lrad b 49.8cm”
¢ 17.8cm?

9 a 24.3cm® b 37.7cm®
¢ 13.4cm®

10 b 54n - 3642

11 a :‘}IH{I b 18cm?®

—

7
12 a 439cm b 240cm

¢ 15.5cm  d 15.0em®
13 344cm
14 a 45.5cm” b 571cm®
¢ 80.8cm”® d 21.7cm?
15 14.6 cm®
Exercise 8.4
1 a 04x° b 19.8 or 19.9
¢ 2495 to 25
b 422 or 423
3 b 54.6 or 54.5 or 5b4.55

2 a4l

¢-115.26.0r-115.3.0r-115

4 ah43 c¢ 187

5 i allsides are equal to the radii

of the circles, which are also

equal
i ‘!?“ il 58.2 or 58.3
iv 148
6 i 19.3 i 79.1 iii57.5
; E i 11.6

iv 1.08 = Area = 1.11

Chapter 9
Exercise 9.1
213 3./13
1 a — b —
13 | 3
c i d 1
13
7+13
e
0
5t 6
5 & 23 b 46
5 0%
c B J2 + 2%
25 5
" 9232 — 2./23
10
k!
3 a itﬁ b 4.3
)
C 4,‘_‘5 d 1
i/
" 7 —196./3
48
1 2
4 a — b3 ¢ =
2 3
3 2
d J3 +42 : 8
2 7
y ]
5 a ir_% b -
4 2
J6 —6+ 1045
c — d
3 3

Answers

Exercise 9.2
1 a b

E ¥ h 3
n
6, LA Z
il 'l r? :-F &
- 2
F...-_r" " ﬂ'\-\. :
i |
T
| 1 ¥ i I., ¥
an ;—5‘“

2 a second b fourth ¢ third
d third e third f first
g fourth h third i first

j first

Exercise 9.3

1 a —=sind)® b cos3h”
¢ —tan 40° d cos25°

.M

e tanbl® f sin—

5]

. T

£ ~tan— CO8 —

G

L . T

i —tanl—% J sin—

[ |'.1
Ea———e-l h&-\"ff]'—
2 5
J3 |
: A
:!uslE 5
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4 12 et iii amplitude = 2, period i period = g
15 12 9w T T 1 hn
_ T TR
g 215 | 313 3 '\6 9 1 4 i
13 13 - o o
] 3 Pl 4
6 a — i = :
- 5 ['?IT[ E](”ﬂ _‘_}] 8 .I'_'.':E,-[E‘ l,r::.‘%
g el d 3 | 2 /16 9 a=9b=4,c=6
3 v amplitude = 3, period =4n o A9 Bk
; ; y 12 (0, 3), (2r, -3) ’
13 5 v amplitude = 1, period ==, b3
n an
EOTC R
5 3 4 4 i
. or im . B
Exercise 9.4 A | == i
4 £+ ;s
1 ai amplitude=7, vi amplitude = 4, period =, 24
period = 360°, (0, 7), ) [n: i !
0,3,l—,-51Ix, 3), y
(180, —7), (360, 7) W3 5 (= 3) s
T = i E _ﬂj,
o amplitude = 2, period [ﬂ‘ . 5] (2n, %)
= 1807, (45, 2), (1356, —2), 2 11 a A=1,B=38C=4
(225, 2), (315, -2) 3 a=2,b=4,c=1 b
il amplitude = 2, E:rer'md B eNheuEay J: |
2, ].Eﬂﬂ:, {E', 2:'. [1-“}1 _E}. i = TRITT 4
(120, 2, (180, -2), > a=3b=2,c=3 54
C £ [ 2
(240, 2), (300, -2), 6 ai period=90° x=15°, : |
360, 2 — 1REC o OOED .. _ 5 ) . = ! —
. | 1. ) | x=135°% x=225° x=1315 -: ‘llll!’" -lll ,'ﬁ‘” \lﬁ” \l?ﬂ“
v amplitude = 3 neriod i iod = 360° 180° 9 W W/ W \/
riod = 3607 x= -
_ 790°, (180, 3) peru 0, x g
. 3 riod = 60°, x= 30"
v amplitude = 4, period il perioc A '
G s i W 9
= 3607, (0, 5), (180, -3), x= fi” X = lfjf.] ) %= 910, 12 b
l::f“'“], EI::I xX= ._T{.-i . x= 330 13 h 9
; 2 TL
vi amplitude = 5, period T ai period = ' 14 b 4
= 1807, (45, 3), (135, =7), _m _am  Bm
(225, 3), (315, —7) T AT e Exercise 9.5
2 a i amplitude =4, p;rlmi el %;, e '-'-}?"‘ e }E, 1 a f(x)=0
1 | ol
= & — 4 s e i -~ ‘-'E F ’ =
:.’J'l::.(EE ][9 i] e i . b O0=f(x)=1
- == TR o TRLT
il amplitude = 1, period 8 5 c 0=f(x)=3
bl v [T Py ii period = e d 0=f(x)=1
—?.{U.Ij,[%,—l],[‘—,lj, 3’
; : JN3D P x__-r’_" e 0=f(x)=2
4n o 6 i 6
]'[,—I ,[_. }.],(_,—])1 ac = K
I: } 3 3 i Tn . 3n 11n t O=fia) s
= — X=—, X =— e .
(2m, 1) 6 . 6 g 1=f(x)=3
h 0=f(x)<6

1 O0=f(x)=7
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2 c4 3 2
4 ¢ § 5 b2
6 b5 Th2
8 b4

9 1l<k<h

10 a=Lb=4,¢c=2

Exercise 9.6

1l a
b

c

> @ = o

d
= 51

=¥ g = a N o o =T g < & S M

£
o

17.5%, 162.5
41.4°, 318.6°
63.4°, 243.4°
216.9°, 323.1°
125.5°, 3056.5%
233.1°, 306.9°
48.6° 131.4°
1207, 240°

373
0.197, 3.34
no solutions
1.89, 5.03
3.99, .44
2.15,4.15
0.253, 2.89
3.55, 5.B7
26.6°, 63.4"
63.4°, 116.6°
31.7°,121.7°
108.4°, 161.6°
18.4°, 161.6°
98.3%,171.7°
80.8°, 170.8°
20.9°, 69.1°
150°,270°
05.7°,-129.3°
225, 315°

o
= ol < N = S -

= ro|
%
: ~T
{x‘:m|=l
o

X
6 6

14.0°, 194.0°

126.9°, 306.9°

81.0°, 211.0°

95.7°, 115.7°, 205.7°, 295.7°

N

6 0.648, 222

o

== M Q. n

== @& o N

= 1

0°, 30°, 180°, 210°, 360°

0°, $8.7°, 180°, 218.7°, 360°
70.5°, 90°, 270°, 280.5°

0°, 1352, 180°, 315°, 360°
11.5°, 90°, 168.5°, 270°

0°, 45°, 180°, 225°, 360°
30°, 150°, 210°, 330°

31.0°, 149.0°,211.0°, 329.0°
45°, 108.4°, 295°, 288.4°
30°, 150°, 270°

0°, 109.5°, 250.5°, 360°
602, 1807, 300°

0°, 180°, 199.5°, 340.5°, 360°
19.5°, 160.5°, 210°, 330°
19.5°, 160.5°, 270°

30°, 150°, 270°

19.5°, 160.5°

10 0.848

Exercise 9.8

1 a
b

g 0

o W

73.3°% 253.9°
75.6°, 284.5°
210°, 330°
53.1%, 306.9°
0.201, 2.94
0,806, 4.04
1.82, 4.46

2.55, 5.70
ah . 1545
5.8°, 84.2°
67.5%, 157.5°
112.82, 157.2°
100.5°, 319.5°
75.8%, 161.7°
2.56, 5.70
1.28, 2.00
5 a 60° 120° 240°, 300°
b 56.3° 123.7°, 263.3° 303.7°
106.5°, 263.7°
41.4°, 180°, 318.6°
113.6°, 246.4°,
71.6°, 153.4°, 251.6°, 333.4°
19.5°, 160.5°
e 48.2° 311.8°
f 18.4° 30°, 1507, 198.4°
g 60°, 300°
h 23.6° 30°, 150°, 156.4°

L L
o @ 0 P oD o8B O 0 T O O

g o

Exercise 9.9

5 26

6 a —2+47sin’x
b 2=f(x)=5

7 a T-(cosf-2)
b 6, -2

Exercise 9.10
1 bi 4
i 60"

2 a 107 50°

n bn
b —, —
6 6

3 b 54.7° 125.3° 234.7°, 305.3°
5 2. 164.1° 344.1°
b 0.898, 1.67, 4.04, 4.81
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15 X
£ —m h —{,
2 -4
3 (0,0,

25
9

5 = | - 2x

9.Jx (2x +1F

-H({x - 3)

d A8
2Jx (x +8)°

6 4
7 (3 -9
8 a (-2,-24),(04,0),(2 1.6)
IS T
25° 29 ' 95

Exercise 12.5
1 a y=4x-6
h y=-x~2
c y=16x-10
1
d = x+3
¥ 2‘-’
e y=-3x—3
f —lx+£’
-
1 l
2 a y==-=x-—4-—
=g %y
| 1
b y=-—x+5—
¥ g vy
1 3
€ y=—x-3—
’ = 4 4

= B
g
I
&
r
=]
Ay

e y=-01x-38

f 9=4x-22

3 _5'—H.1'—ﬂ,}=—%x+f

8
4 (0,5.9)

9 1 16
B A wianad
ITIE T Ty
6 (2,-3)
7 y=2x-20
8 a y=x+8
b (1, 6)
! S
S B B

9 (1, 5.25)
10 a (7, 4)
b 12 units?
11 b y=-04x-0.6
12 216 units®

13 225 units®

Exercise 12.6

1 0.21 2 .68
3 -08p 4 2p
5 25p 6 I—Jj] P
T — |

20
8 ay= ﬁ

X
¢ —2b64p, decrease

Exercise 12.7

1 (.15 units per second

0.125 units per second

3 -4 units per second
4 —0.25 units per second
5 0.5 units per second
|
6 — units per second
150 :
T =0.08 units per second
8 0.095cms™!
1 |
— cms

10 324 cm’s”!

1
11 — cms?!
480

12 127 cmis™!

b (-2,9) maximum

¢ (=2, I8)maximum,
(2, =14) minimum

E.'I Cp
d [—::3—, ld 2=
5 ]

(2, =36) minimum

e (—3, ~18) minimum,
MAXINIT

Scanne d with CamScanner

€

o 4o D0
.} {\:‘—ﬁ}ll
102
f ¥ = e
* (3x-1)
3 a-=-53 b -9 C -8
4 b -18 18
s [a[1[2]s]
dy i
[ 2 [-[o]-]-s
dz;-.l
| d:l.'E | | + +
6 x=>2
Exercise 12.9
1 a (6,-28) minimum

1

k|

] MAXIMu,

14
27

4
13 a — cms! b —] cing |
An S
1 -1 1 -1
14 a — ¢ms b — cms
7 12
Exercise 12.8
1 a 1§ b 12x+6
15
€ == d 320(4x+1)’
] t
e ey Tk f % =
(2x +1)= (x+3)z
2 a 12(x-4)(x-2)
Q .
b X 4 &
-
8
C ——
(x-3)

|



. W)

minimum

2 a (4, 4) minimum
b (-1, 3) minimum

¢ (4, 3) minimum

d (—5, —%] minimurm,

( 9, l] AN LT
3

e (-2, —4) maximum,
{00, 0 minimum

f (—4,-13) maximum,
(2, =1) minimum

dy 3

3 —L=- -
dx  (x+1)
dy . R
— {5 NEVET ZEr0
dx

4 a=3

5 a a=-3,b=5H

b minimum

]

(=1, 7), maximum

a=2 h=-4

o W

T

T aa=8b=-4
b maximum

B a a=-36,06=4
b (-2, 48)

¢ (=2, 48) = maximum,
(3, =77) = minimum

d (0.5,-14.5), =575

Exercise 12.10

1 ay=8-x
bi P=8x—x"
i 16
ci S=x"+(8-x)
i 32

2 b A=1250,x="50

[E’ E] maximum, {4, —18)

numerator of

10

11

12

11

28
P i
A=432, 12¢cm by 6cm by 8 cm
v
Ko
4x°
5/6
-
Bl
f=—-1:
r
80 — 2r , -2
15

995 maximum
|
h=3- E'J“{‘IT-F?]I

G—4r—mr, 4-n
5

4+n

18 :
—  IMAXIITIT
4+m

BC=4-p"
243

3
32./3

. maximum

. 250
h=—
s

500 1000
— , dn 4 ——

T r

4dnr -

5

150m, minimuom

A=875 x="7.00
r=+26 -k

5.3
3
MAXITm

h=294=2y

hl2n

Answers

13 a r=+/20h— A’

e 183
3
32000 ;
d M, Mmaximuim
Exercise 12.11
1 (2, 12)
2 k=4
1 1
3 a-——+—+—
¥ Jx
2 1
b ._.. ..... T
o Dot
¢ (1. 3), mmimum
4 b 56.25cm*
l. >
5 a E’(—:'«:—E)
1
b 256
|
6 = —x + 10
4
T a y=-3x+4
b (-2, 10)
9 x=9
10 b x= 10

11 ii A= 246, minimum

Chapter 13
Exercise 13.1

1

ai-3j b3i-2j c4i—]

d 2i e i+3j f —2i+]j
g 20 h -3i-2ji -i—j
a2 b 5 c 13

d 10 e 25 f 17

g 442 h 55

16i +12j

361 — 15j

1
a —|31+4

|
b —(51+12j
,3( i+12j)
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c —_—1(4i + 3j)

H |
d #[Hi— 15j)
S -
8 —|14
- (i+j)

6 a 4i b 14i-9j

c 26i-3j d —i+38j
7 als b J461
B u=-34=5
9 u=93%A=-9

Exercise 13.2

S ] b 2i-10j
c 3i+ ] d —12i + 3
e i+7j f —6i—j

= [13] . [1?]
(3

3 a -15i+20§j b 24i+10j

¢ 150+ j J226

4 a lhi+12§ b -]-{4i+*_:~'.j]|

¥

5 a l0i+24j b 26
Lz :
c H(ﬁ.wmj}d 3i + 8j

20 A0
T a b
[—E’t] [—,‘-EEJ
B ai 29

i 30
i 38.1

b [EE.E:J
]

9 a 12i+9j b 7i+j
10 a 6i-8j b 7.5i + 4]
11 ¥

7
12 3

13 a 22 or—8 b -9
c 1

14 6j

15 ﬂi
7

16 ai 210
i 130
i 310
T s ¥
4 3

Exercise 13.3
1 a(l-A)a+4ab

c A=

1]
b |- Suh

™
B
Il
=
|
,_:||||—

b ua+(3-3u)b
5 o

|’_'_.-"",: 'u:-—

5
4 a (1-A)a+24b

5
b E#“(l—p]h

i 1
-:,FL=5 p*-i
7 7
5 ai -a+b
| |
i §H+§h
1 1
h —aflﬂ+§aq.|]

O [y
C ,ZL:E, =ﬂ
31 31
ai Aa-b
ii —a+ub
2 3
bi —=Aa+—=-1b
5 5
= o 3
il —a+—ub
1 g
4 4
i A=-, =—
8 # 9
ai —-9a+18b
ii =5a+ 10b

'.} —_—

b AC = r— AB, so ABand AC
5]
are [.In:-ll‘a_llfrl and A lies on
both lines

ai 4a
ii 2b
ifi —2a+3b
bi 6Ga-3b
i 2a—b
iii 4a - 2b

b CE =3CD, 50 CEand CD are
parallel and C'lies on both

lines

d 1:2

Exercise 13.4

1

a (3.5i+9j) ms!
b (30§ — 36j)m
¢ 12.5 hours
(—22i + 11.6§)k mh!
1251 km
a (I8i+18j)kmh!
b I{]'.ﬁ"‘]“xlllﬁj)k“ih :
¢ (-5043i - 50j)ms!
a 20ms™!
bi (-68i +*Hj}m
i (560 + 28j) m
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i (—44i +12j)m
80 12
c r—[ E-{]]-i-'t[wlﬁ]

b (281 +14j) km

< v {as) o9
d 2030
7 a (121-12j)kmh!
b i (E’F}i—lﬂj}km
i (14i+3j) km
e 1)
12 —12
a (10i+6j) km
b (5i+12j)kmh!
¢ 13kmh™
d 52
(1 n-t—iﬂ]]km
(8i+6j)kmh !
¢ (111i+92j) km
(
(

10 a (B0i+ 70j)km,

40i + 100j) km
b $1.6 km
11 a (6i+ 8j)km, 21jkm
b 14.3km

Exercise 13.5

1 a 9i+45)
b 13
c —i—12j
3 2

B —a+—b
: ”[Eﬂ 5]
g 2
b e e
i

3 {5i+lﬂj]km,|3km
4 i 8i-15j i
lii —h3i

=
l—.?'[E'rl—

15j)

5 a6/ b —=(2i+11
! hf_{ ]}
¢ 2i+1.5)

6 i Hlkmh’!

i 40 minutes
7 i Ab-a
ii gua-b
: |
iii £ﬂ+—.F1.h
3 3
1 T
iv —b+ —Lla
g Tgh
Y pal8 i 3
e
—_— 3%
8 i AP=—=(b-a)
4
ii PQ=-—a—-—-b+-c¢
@ 4 4 H

1
iii c=—(b-bha
1c 15{ )
9 ai a=20(=13
il ]—[Hi—rij}
5

b {}_ﬂ:={l-ﬂ.}u+j,h
c u=3

Chapter 14
Exercise 14.1
1 a 7e™ b 3e™
c lhe™ d —Be ™
e -3&5 f Je™
et

_..a'":'li- h r_
E 2 xe ) E\."E

H g it = )
i 3™ ) —4e™*

I Iﬂ:.r(l +e"y]

b 2x%e™ + 2xe™
c —Jxe "+ 3%

d Jx e 4 E:E

Answers

e*(#* + 2xe™ + 2x + 5)

(e 4]

a bx+8Hy=10
b x—6y+15Inbh=10

C y=3ex+2x—-2e—1

9

|
5 a (-L-—},minimum
¢
1
b - == 1
y=¢ E{r{x )
; (2e® + 1)
e
Exercise 14.2
1
1 a ~I- =
X x
¢ 2 d f:u:
2x+ 3 % =1
(5]
g o= fol
20 1
h 2——
¥ T o -
. 3 . ]
| i
Bx =2 xInx
k I t EIE'F].
(Va +1)/x x(x* + Inx)
2 al+lnx b 2x+4xlnx
! - g
cl-—+lnx d 10+565Inx
=
e E +2xIn(lnx)
In x
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3

4

| - In2x 4

F o e
x* . x(Inx)
B e 2 _EIn{Ex+1}
x(2x+1) x

i
3x* (2 +3) - 2(x° —1)In(x" - 1)
(2x+3) (x* - 1) '

2+4In6, 3+2In6

3
bx + 2

d

A +d4x+9
x(x+1)(x+2)
i 2 — bx - 2x°
(= B){x+1)(2x +3)

-3 = 1
(x+3){x—-1)
-x" +6x—3
x(x=1)(x+1)(2%x-3%)
|
x In3
2

x In2

0.2

Exercise 14.3

1

e N o & = T m = o o N o

COS X
2cosx — Ssinyx

C} a1 PR -
-2sinx —sec" x
G cos 2x

z

20 sec” hx
-635in3x - 2 cos2x

Ssec’ (3 + 2)

Ecm[ﬂx + E]
3

=H aill(.‘-‘nx - E]
b

3sin’ x cosx

=30 cos 3xsin 3
2sinxcosx + 2sinx
4(3 — cosx) sinx

12:-:.1112(:!:-: + %J{'m[i‘x i E]

6

-12sinxcos” x

+ Hlun[Ex - E]src"'(ﬂx - 1‘—)
4 4

XCosx + 5inx
—6 510 2x sin 3x
+ 4 cos 2x cos Sx

x“sec” ¥+ 2xtanx

§Il'ﬂ]l& [E]S{_‘.[E [EJ
27 |2 9
+1.'ElIl';i [E]

2

15 tan 3x sec 8x
5CY +Xian xsecx
Xs5eC x—lAnx

F,
o

| +2cosx
(2 + cosx)’
(3x — 1)cosx — 3sinx
(3x — 1V

q
—bcot2x cosec” 2x

3 cosec 2x — Bxcot 2x
cosec 2x

—2

(sinx — cosx)*

—sinxe™"

o fi

o o

=hsinbhxe

Lamx

]

SEC X0

Csimxtcrme)

(= 1§

(cosx —sinx)e

€ ¢ (sinx+ cosx)

f ]f‘ (2 tmlx — sin 11:]
2 2 2

g 2e"cosx

h 2" (2~xsinx)

i cotx

i #|2In(cosx) - xtanx]

3cos3x — 25in 3x

k a1
l XCO5x 4+ s5Inx — xsinx
l__:r
5 a -2
3,2 -8
Tt o S
¥}

B a tanxsecx

b —cotx cosec x

C am_m{;t": X

7 a 3cotix

b —2tan2x
8 A=5% B=-h
9 A=4,B=-3

Exercise 14.4
1 4x-24y=n

2 a 2x+2y=n

n i §
b Q(E,HJ,H[U,E]

T
€ — units
8

3 0(1L0)
4 a A[élnﬂ, {]J. B(0, 4)
b C({-8 0)

L s
5 EeLkﬂ+|}

Scanne d with CamScanner



2
7 y =
6 b 5 F
1 9
st g =
8 4-!#3 ‘.»!P
10 2.3 p

11 a {—E‘, -—Ee"} minimum

b (-1, &™) maximum,

(0, 0) minimum
¢ (In7, 9-7In7) minimum
d (0, 4) minimum

minimum,

4 Be” }mdmmum

] MmN

) MAXIMum

] maximum,
'I]} minimuin,

e - 1 e '} maximum

12 a (0.927,5
b (1.85, 10) maximum

) maximum

¢ (0, 5) maximum,

(;:—, —5) minimum
n 2 &
d (E,B.III}] minimum
B ﬁﬁ] T
g | —, == | minmum
i 2

133 A=2B=
b [-——Inﬂl H] minimuim
14 A(L0), Ble", —€")

15 a P(0,0), Q(-2 4¢7)
b H{ﬂ,—?c},C(U.E+LJ

Je

16 b 2.7 cm® per second

m ¥
17 E MAaX1Tmum

Exercise 14.5

1

2

10

11

12

a y=2x-1

a ! 2 ns[x]
—[NO8 EXC =
EL 3

: [ x
- Zgin 2x sm( 3)

(sect 2) (1 + Inx) — 1{I::m x)
x

b

(1+ Inx)

~.8
9 cos dx + 4x” sindx

cos’ 4x

A(1+2In2,0),

H(ﬂf -I- +In?2 ]
2
: |
(.(I -=In2, 0 ]
2

D(0,-2+1n2 )
b k=(In2)

4 4n
a=—
ﬂ
19
b 29=—"—x
6

dy Zxsec’2x—tan2x

dx x?

- ._ﬁz_i_(x_i)
xS &

l )
i +In3=——=x 1
L

i —E+]I19
g

i (=1,-0.5), (1, 0.5)
H j.i'= E, ‘?= —'Eh {_!b_ﬂ'ﬁ}

minimum, (1, 0.5) maximum

i 2rsind il —17.8

iv =0.842

é (In 8)*

i 0.0393

Answers

Chapter 15
Exercise 15.1
12
1 ay=—x +¢
: 5
5
b y==x"+¢
Y7y
C ﬂ."—.rd-l-{:
2
d ==—+F
J i
e -'—L+E
Y 2x
f y=6J/x+¢
s 5
2 a y=x7+£; +3x+c
b £ 3x'  Bal
= —— — ¢
YT T
1 15+x”+
€ y=——+—+—++¢
) x x 2
2 1
d y=—-——-———-2x+¢
¥ o 0
3 a :;I=Ju:"i %" + ¢
4 .
b vy=—x"—-x" +¢
¥ 5:":
=} g
¢ 3—§:~:?—|—i+2r2+c
5 3
] ]
x' x i
d y=—+—=06x" +¢
) 4 3
3
X 3
e = —p +c
> =76 T2
2 b 1
A T
4
X 1
p=——-Aq——+¢
Y 8 2x
q
]
TR RB Y
5 3
4 y=x"-2"+x+5
5 y=2x5—312n=1-
6 y=f—2+3
X 9 )
T JI—-BJ_—4J:+EA:'*‘+H
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8 y=2"-x"+5

9 a y=2¢" —6x" +8x+1

- Bx + 1]

10 y=2x*

Exercise 15.2

X+ x

2
i
1 a —+¢ b 2x" +¢
H
1
R
xﬂ
e Bfx+e f -—
x Tx
2 a —+ +10x + ¢
A 2
Ex:!- j:i
h —+——3%x+r
3 [
]
X 2
C - — B + 9By + ¢
ke
a b

o
d 'q-IE'I'E FYx 4+ ¢

4 5 2
x 2x x

e ——"—4++¢
i 3 '3
T
Fx? :
£
- (
2 a I'l'iir;
x
x y
b —— = =i
4 x"
| ! ]
c — - o T e

Dt o
e e
5 :
2+
X 6 9
. I
2 x dx

Exercise 15.3
a —(x+2Y"+¢
1{1{:': )+

1 "
b v —5) +
H_{ix ) +¢

1

—(9x42) +¢
¥

1 _
d ——(2-3x) +¢
5

3 :
e —E-H-(?:»..- +2)5 +¢

cp L ]

f ﬁ{‘iﬂ." ”-‘ T

E 124Jx+1+¢

h _;“ + e
5(6x +3)°
4 ] .
| —
4(3 - 2x)
(4x+1)°
2 = ——2
20
TR
3 J'“ﬂilll} +9

4 y=5-2J10-=x

5 y=(2x-3)"+1

_(3x-1)"+8

B ¥ —
’ 0
Exercise 15.4
O Tha
e e
1 d —+¢ b —++¢
0 9
-'l_."' e Dy
c 2e® +¢ d +r
2
El.l\.
e 4e* +¢ f S
&
Tu+4 S-x
L i
E - + & h - 5 + £
. .__._:E-.l.' 1
| +c
|8
Ay
2 8 bhe'—-——4¢
3
ix
c
b — 4 e + x5+
4
g B
E == Q + 0OX L
d e —de™ +¢

e ] ;
—— 2™ - 4e

HL

3 a 2+2x+¢

1.5 Be™

h E.JI. = 5 +
e’ I
4 A
4 }:“!?_L—v__i
5 a k=-7

b y=%e""+2x* -5
D “ 1
B y=2Ze™ +6x-06

T a 6-e¢

b [4(:2 —E—% 24e—4e’ — 2]

A

2e -2 1e

Exercise 15.5

|
1 a ——cosdx +¢
4

|
b = sin 2x + ¢

i 1
C —Scos—+¢
]

d sin2x + ¢

e —2cosix+¢

3

9

i

sin(2x +1) + ¢
5

o4 3 cos(2 — 3x) + ¢

h sin(2x-7)+¢

. 4
i —cos{l—-6Hx)+¢
B

2 a x+cosxy+r

[ -
b E{ x? — ﬁinf’-x]+c'

3 9 Bx

4

C =sin?x+ =ncos— 4+ ¢
2 H 9
] 2 Ix
d —— gin — + ¢
- 2
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e —]Er{-:” + hcos Qx] + ¢

f 4Jx - Ecm%+ £

y =sinx+cosx + 2
:,|=::—Esinfe]x+3—%
y=2x"+3cos2x -5
y=bhcos3x — 2sinx + 4
a k=6

b y=2sin3x-4x+2+4dn

l i
P LN
2 b

b [%‘.‘1‘:"2'%]
b

T
=h=2cos| 2x ——
a y 1 [ g]

b y=

Exercise 15.6
1 a 8lnx+c¢

b 5ln x+¢
€ —Inx+¢
o
5
d —Inx+¢
3
=
e él|113x+£]|+r.

|
f ——In(1—8x)+«¢
8

I+ ¢

g %1"{_2.‘&:

4
h ——In(2 - 3x)+ ¢
3 ni( x)+ ¢

l
i —In(bx-D+¢
5 ( )

Tx?
a ?+x+2lnx+c

b x—i+*1|nx+;:
A

9
C 2hx———-30Inx+¢
x

d x+Inx+¢

1 5lnx
P 2
4

%—g—lﬂlnx+r
i |+ &

T

f 3t -

4q
Alnx ——+¢
g q\.III'“"

X
A
2x 2
h ——Inx+c¢
5
e™ Inx
i ———
B 5
5
3 }:EInl[Ex—1:|+Fi

4 j:x9+ﬁl11x—ﬁ
5 y-—l—.lr1{x'+l:}
6 a 1-2In2

b (2In2,2In2 - 3)

Exercise 15.7

x+h

1 b + ¢

J2x—1
2 a 30x(3* - 1)

b %—::'-{%x -1} +¢

3 a lnx+]

b xInx—x+¢

4 b N e
X X
2(x* - 2)

5 3 —m=—"
Jx¥-4

b —lx ,:,;-"' —;-I &
2

6 b él:x+'|}x.":u:—5+rr

2
b —(x+8)Jx
3 )
10 a £=-2
b ——£---I-r:
P

11 a 22 +6x" Inx

12 a8 Cosx — XSInx

Answers

b sinx —xcosx+«¢

1

13 b Eu“”{sin?x +cos2x)+¢

-
14 a

Ba® — 14x
N2x—T

b (A'E I H]"JEJ: 7

Exercise 15.8

i1 a 127 b 1.5 c 24
d 15 e 10 f 7.5
5 HY
12— h — i 75.5
- 3]5_?" 81
13 |
i 264 k 35— | H-—
) 24 '3
2
2 a b8 b IHE c 124
d 0.5 e (.25 t B
] 1
3 a E{EE_I} b E(E—]}
5(e* - 1) |
C - d —le=1
et 3{ )
Ale® —1
5 1)

f %[{JE +41:-—3}

g é[ﬂe‘ + 8e’ + b’ —17)

0 2 29
h —e'-=-=—
EH el 9
; 9 5
i de*———=—
: e’ 2
- b
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J2 3
cC — . ) - e
4 & b
T — 8 1
e f —=13-.2
16 E{ \r)
4 1
il TORE - =
E a H‘]u._. b Elnll
3 5
¢ —Inb d —glni’n
2 11 9
e ——In— f 2In
3 9 7
oL G K |
6 a 2+=ln— b In9-10
3 3
E—'-l- ||1£]-
2 5
T k=5
8 A=-6

9 a quotient=2x+ 1],
remainder = —1

[

10 2-21n3
4

Exercise 15.9

Ax 1
1 a — b h—-
o1 '3
. @
2 a bx™ + 4 -
x + 4
2
2 a2 —% b S
(* +5) 9
Jx +
2./(3x + 4)°
s p ™2
20
6 a sinx+xcosx+c
]
b —(n-92)
2'{

T a x+2xInx+¢

1+e’

o

8 a sindx + 3xcos3x

1
b - -
13{?: 2)

Exercise 15.10
1 a ﬁé b
4
c 6 d
e 5 f
2 a ]l
3
b 5/2 -5-
c 4ln—
d In5
3 3o
12
4 ai_ b
]
c 8 d
2
e 32— f
4
5 12
a9 b
T b 1+e?

| =
202

1)

49 —

91—
3

1.6

_1 4
8 ft—;{{, +11

.

9 b hlnh-4
10 b n-1

Exercise 15.11

I =3
2 3l
3
3 16
X el
4
5 a Iﬂ-i- b
3
d 36 e
[
6 a — b
3
T 34
8 a(-20)b
|
9 4—
15

0= ¢

20—
5
9

i

42=
3

10

11

m

35
- 6Iné
9

Exercise 15.12

1 a 2x" b {l}uf‘ ¢ 26.8
2 a y=2x"- + 1
x+1
b 8x-+ 34y =093
5]
3 a x+—+¢ b k=2
X
4 b 628 units®
5 a (0, 1.85 b 0.292 units
6 In I{Eﬁtr‘r’j
T aA=4
H k] ;
8 a 2:+1 +12x2 In(2x + 1)
= 10 40)
b ii — i i —
R P 3
9 | —4xet~
i 4In?2 - ]i
16
g . T
- i l& T, :
10 i ET 5‘.1"? + ¢
i (0,0) iv 16.2
Chapter 16

Exercise 16.1

1

al2bms' b6
€ -24ms?

a 6ms? b 10ms™
a49% ms! b5

.}
Ims™

k.

a %I{t"1 —EJ b 54ms!

Scanne d with CamScanner



& a?2 b
c —0.25ms™
6 a 4—“ b
I bt
T a = T b

8 a v=4sin2t, a
L

h I=—,5=4

9 at—-é]nl’ b

c 24.1m

lﬂ[ng
W

1.90ms2
—3ms >

= Reos P

(0.899m

10 a 2m away from O

b v1=2—-4sn2, a =-Bcos2
n iz
C f=—, "-_—_""'-.-'.5
s 6
L Tt
d i=—,5=—
4 2
i
11 a8 i =—
B
b a=—-4ksindt
C k=D
12 a 2ms”’
bi 2ms’?
i = ms™
!
ci Oms™
LE
ii —= ms?
L
H_
4 [

e Elni I
4

13 a Z2m

[

h .".::I
.

=

C Di»:r-::%andi':b4
5!

d < <4
K

Exercise 16.2

1 a l6ms’

2 2
c 12 d 166— m
: m ]JH

e 1391 m
5 -
2 a-lms? D s= 15
£+ 2
¢ l.bm
3 a E[ﬁh:"! i 1]1]]
b s=2%+t"-2
¢ 1llm
I
4 Jn +6 | m, ! ms*
5 4
5 b 20.75ms™ ¢ 109m

b 15 seconds

c 62.5m
8 ait=2,t=6 b bbHm

c 112m

9 a -12=g=12 b 57m

10 a 0.64ms™ b 121 m
11 a J:E—n
b [’lw"g--g]m
3
12 a f,l——l- g=-2
i
b 5= —-t"—1" +3

‘. .

Answers

11
cit=6 d —m
] 12
i |I! IF
13 a w:-& cusT—i-Esjn%,
Init . wi
= ——35n—-+=+
4 mit
- CO8 —
3
Exercise 16.3
1 a 3.2 b 15 c 312
N _111
6
i - T, b i it |
|
d 4
4 ab b ?—1 c 1.14
24
B 1 =1
i iz“—?ﬁ F 12t
3
i -2
6 ali
rms!
3 —— i
0 3 150 155

i k=30, a=1

b 50ms!

7T i L—JL‘*'—?-L:'”‘—I—H.
o
Hn —Ins
2
Wi 10
g8 ii 0

jif 8¢% — Eeﬂ“ + Ot
2
iva 78

b 88.5
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Index

absolute value see modulus
acceleration 405, 412-13, 418
signs for 405-6
addition
of polynomials 71-2
of vectors 316

addition/subtraction rule, for differentiation 277,

310
amplitude 196, 198-9
angles
between 0° and 90° 187-90
general definition 190-1
negative 190, 220
positive 190, 220
approximations 291-3, 310
arcs 174
length 174-6

dAlCAS

bounded by graphs of two functions 393, 598

rectilinear figures 148-5H1

regions bounded by line and curve 392-6

sector 177-80
under curves 385-G92, 397
arithmetic progressions 252-7
common difference 252
tormula tor nth term 25Y
notation 252
sum 253-5
arithmetic series 253-5, 267-9
arrangements 226-9
rule for 226

base 50

change of 124-6
binomial 244
binomial expansions 249-51, 269
binomial theorem 249-51, 269
boxing in method 149, 150

Cartesian plane 190
chain rule 280-2, 310
change of base rule 124-6
chords 174

gradients of 275-6, 291
circular measure 170-80
collinear points 316

combinations 232-7
order and 232-3
rule for finding 233
common difference 252
common ratic 257
completing the square method 25, 20-30
composite functions 5-7
conjugate surds 60
convergent series 263
cosecant function (cosec) 216-17
cosine function (cos) 187, 192
amplitude 196, 199
derivative of 345-50
graphs of 195-6, 199-200, 202
integration of 370-2
pertod 196, 199
sign of 192-3, 220
cotangent function (cot) 216-17
cubic equations 78-82
cubic inequalities 102-3
cubic polynomials 71, 78-82, 98-101
curve
area of region bounded by line 392-6
arca under 385-92, 397
intersection of line and 494

definite integrals 378-85, 397
degree, of polynomial 71
degrees 171
converting from radians to 172
converling to radians from 172
denominator, ration alising 60-3
derivatives 276
ol cos (ax+ b)) 347
of e 338-9
of exponential functions 337-40, 350-6
first 298
of In f{x) 341-2
of logarithmic functions 341-5, 350-6
second 298-9
and stationary points 302-3
of sin (ax+ &) 347
of tan (ax+ b) 347
of trigonometric functions 345-56
see also differentiation
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differentiation 274-311, 336-56
addition/subtraction rule 277, 310
applications in kinematics of 404-12
approximations 291-3, 510
chain rule 280-2, 310
first derivative 298
from first principles 276
notation 276
power rule 276-80, 310
product rule 282-4, 310
quotient rule 285-7, 310
rates of change 294-8

connected 295
reversed, integration as 362-5, 372, 375, 397
scalar multiple rule 277, 310
second derivatives 298-9
and stationary points 302-3
see also derivatives; stationary points

discriminant 39-40

displacement 316, 404, 41213, 418
signs for 405-6

distance 403

distance-time graphs 403

dividend 73

division
of polynomials 73-5
of surds H8

division law 118

divisor 73

domain 3, 12

e 126, 338
elimination method 24
equations
cubic 78-82
involving indices see exponential equations
involving surds 63-6
logarithmic 120-]
modulus 90-4
quadratic see quadratic equations roots 39
of type |ax + b| = |ex + d| 90-4
‘equivalent to’ symbol 90
exponential equations
practical applications 128-9
solving 51-4, 122-3
exponential functions 111-35
derivatives of 33740, 350-6
egraphs of 129-32
integration of 368=70
inverse of 135-4
exponents see indices

factor theorem 75-8, 86
factorial notation 225
factorisation method 25
factors, of polynomials 75-86
Ferris wheel 195
fractions, rationalising denominator 60-3
funcuons 1-18
composite 5-7
definition 3
domain 3, 12
exponential see exponental functions
gradient 275-80
inverse 12-15
of exponential functions 1334
graphs of 15-18
of logarithmic functions 135-4
logarithmic see logarithmic functions
modulus 79
periodic 196
range 3, 12
trigonometric see trigonometric functions

geometlric progressions 257-62
common ratio 257
formula for nth termm 257
notation 257
sum  259-6(0)
geometric series 262-9, 270
condition for convergence 263, 270
mfinite 262-7
geometry, of vectors 323-7
gradient
curve 275-6
line 139, 275
parallel lines 139, 143-5
perpendicular lines 139, 143-5
gradient function 275-80
graphs 89-106
of cubic polynomials and their moduli 98-101
of exponential functions 129-32
of functions and inverses 15-18
of logarithmic functions 129-32
in solving cubic inequalities 102-3
in solving equations of type
lax+ b| = |ex=d| 91, 92
in solving modulus inequalities 94-8
straight-lines see straight-line graphs
of trigonometric functions/ratios 195-205
of y=acos bx+ ¢ 196, 199
of y= asin bx+ ¢ 196, 199
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of y= asin x 197

of y= atan bx+ ¢ 196, 199

of y=cos x 195-6

of y=e* 129

of y=ke™+aq 130-2

of y=kln ax + b 130-2

of y=sin bx 197-8

of y=sin x 195-6

of y=sin x+¢ 198

of y=tan x 196

of y= |[f(x)|
where f(x) is linear 10-12
where f(x) is quadratic 34-7
where f(x) is trigonometric function 205-7

mage sct see range
indefinite integrals 365-7, 375-8, 397
indices 49-54
rules of 50, 67
simplifying expressions involving 50-1
solving equations involving 51-4, 122-3
inequalities
cubic 102-3
linear 37
modulus 94-8
quadratic 37-9
inflexion, points of 301-2
instantaneous rest 406, 413
integration 361-98
applications in kinematics of 412-18
area of regions bounded by line and curve
302-6
area under curve 385-92 397
areas bounded by graphs of two functions 393,
398
of cosine functions 370-2
definite 378-85, 397
as differentiation reversed 362-5, 372, 375, 397
of exponential functions 368-70
formulae for 397

372-5, 380-1

of funcuons of form

1
( ax + b)
of functions of form L 372-h, 380, 388-9

of functions of form (ax+ #)" 367-8
indefinite 365-7, 3758, 397

of powers of x 365

of sine functions 370-2

symbol for 365

inverse functions 12-15
of exponential functions 133-4
graphs of 15-18
of logarithmic functions 133-4

kinematics 402-18
applications of differentiation in 404-12
applications of integration in 412-18

laws of logarithms 118-19, 134
length
arc 174-6
line 139
problems involving 140-3
linear inequalities 37
linear polynomials 71
line(s)
equations of straight 139, 145-8
gradient 139, 275
intersection of curve and 42-4
length 139
mid-point 139
parallel 139, 143-5
perpendicular 139, 143-5
problems involving length and midpoint 140-3
see also straight-line graphs
logarithmic equations, solving 120-1
logarithmic functions 111-35
change of base of 124-6
derivatives of 341-5, 350—6
graphs of 129-32
inverse of 135-4
laws/rules of logarithms 118-19, 1534
natural logarithms 126-7, 1356
product rule for 135
to base 10 112-15
to base a 115-17

many-one mappings 2
mappings 2
many-one 2
one-many 2
one-one 2
maximum points 28-33, 300
first derivative test for 300, 311
practical problems 305-10
second dermvative test for 302, 311
mid-point of line 139
problems involving 1403
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minimum points 28-33, 300
first derivative test for 300, 311
practical problems 305-10
second derivative test for 303, 311
modulus
of number 7-9
of vector 316

modulus equations 90—
modulus inequalities 94-8
motion diagrams 404
multiplication

of polynomials 71-2

of surds 57-8

of vector by scalar 316
multiplication law 118

natural logarithms 126-7, 135
non-linear equations
converting from linear form to 155-8
converting to linear form 151-4
finding relationships from data 159-64
normals 287-91
equations of 288, 310

one-many mappings 2
one-one mappings 2
order

and combinations 232-3

and permutations 229-30

parabola 28

intersection of line and 42—4
Pascal’s triangle 244-8
period 196, 199
periodic functions 196
permutations 229-32

nolation 229

order and 229-30

rule for finding 229
points of inflexion 301-2
polynomials 70-86

addition 71-2

cubic 71, 78-82, 98-101

definition 71

degree 71

division 735

factor theorem 75-8, 86

factors of 75-86

linear 71

multiplication 71-2
quadratic 71
quartic 71
remainder theorem 82-6
subtraction 71-2
position vectors 319-23, 331
power law 118
power rule 276-80, 310
powers see indices
product rule
for differentiation 282-4, 310
for logarithms 135
progressions 252
arithmetic see arithmetic progressions
geometric see geometric progressions
rule for all 254

quadrants 190-1

quadratic equations 25, 28-37, 39-41, 103-6
completing the square method 25, 29-30
condition for real roots 42, 45
and corresponding curves 45
[actorisation method 25
graphs of y = |f(x)| where f(x) is quadratic 34-7
maximum values 28-33
minimum values 28-33
more complex 103-6
quadratic formula method 25
roots of 39-41

quadratic formula 39

quadratic formula method 25

quadratic inequalities 37-9

quadratic polynomials 71

quartic polynomials 71

quotient 73

quotient rule 285-7, 310

radians 171
converting from degrees to 172
converting to degrees from 172
range 3, 12
rates of change 294-8
connected 295
rectilinear figures, areas 148-51
remainder theorem 82-6
rest, instantaneous 406, 418
roots
of equations 39
of quadratic equations 39-41
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scalar multiple rule, for differentiation 277, 510
scalars 316, 403
secant function (sec) 216-17
sectors 174
area 177=-80
segments 174
series 24370
arithmetic 253=h, 267-9
convergent 263
definition 253
FeOMELric see geometric series
infinite 262
see also progressions
shoestring/shoelace method 149
simultaneous equations 25—4, 257
elimination method 24
one linear and one non-inear 2567
substitution method 24
sine function (sin) 187, 192
amplitnde 196, 198-Y
derivative of 345-50
equivalent trigonometric expressions for 215
graphs of 195-9, 20]1-2
integration of 370-2
period 196, 199
sign of 192-3, 220
small increments 291-=3, 310
speed 403
constant 327
see also velocity
speed—time graphs 403
stationary points (turning points) 28, 300-4, 310
ol inflexion 301-2
second dervatives and 302-3
see also maximum points; minimum points
stepping stone game 248
straight-line graphs 158-65
arcas of rectilinear figures 148-51
converting from linear form to non-linear
equation 155-8
converting from non-linear equation
to linear form 151-4
equations of straight lines 139, 145-8
finding relationships from data 159-64
see also line(s)
substitution method 24
subtraction
of polynomials 71-2
of vectors 316

surds H5H—67

conjugate 60

division b8

multiplication 57-8

rationalising denominator of fraction 60-3
rules of 67

simplification 57-60

solving equations involving 63=6

tangent function (tan) 187, 192
derivative of 346-50)
graphs of 196, 199
period 196, 199
sign of 192-3, 220
tangents 45, 287-91
equations of 288, 310
tetrahedral numbers 245
translation 198-9
trigonometric equations 208-13, 216-17
trigonometric functions/ratios 187
dervatives of 345-56
of general angles 192-4
graphs of 195-205
graphs of y= [{(x)| where [{x) is trigonometric
function 205-7
signs of 192-3, 220
sketching 200-2
see also cosecant function; cosine
function; cotangent
functon: secant function;
sine function; tangent
function
rrigonometric identities 214-15, 218-19, 220
trigonometry 186-220
equivalent trigonometric expressions 215
see also angles; trigonometric
equations; trigonometric
functions,/ ratios;
trigonometric identities
turning points see stationary points

vectors 315=-31
addition 316
component form 317
constant velocity problems 327-30
definiton 316, 405
equal 516
geometry 323-7
i, j notation 317

1 L}
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Index

magnitude 316 velocity 327, 331, 404-5, 412-13, 418
modulus 316 constant, problems 327-30
multiplication by scalar 316 signs for 4056

notation 316, 317-19 splitting into components 328-9

positon 319-23, 531
subtractuion 316
unit 317

458
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