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| NTRODUCTION TO
T RIGONOMETRY

There is perhaps nothing which so occupies the
middle position of mathematics as trigonometry.

— J.F. Herbart (1890)
8.1 Introduction

You have already studied about triangles, and in particular, right triangles, in your
earlier classes. L et ustake some examplesfrom our surroundingswhereright triangles
can be imagined to be formed. For instance :

1. Suppose the students of a school are
visiting Qutub Minar. Now, if astudent
islooking at thetop of theMinar, aright
triangle can be imagined to be made,
as shown in Fig 8.1. Can the student
find out the height of the Minar, without
actually measuring it?

2. Suppose agirl issitting on the balcony
of her house located on the bank of a Fig. 8.1
river. Sheislooking down at aflower
pot placed onastair of atemplesituated
nearby on the other bank of the river.
A right triangleisimagined to be made
inthissituation asshownin Fig.8.2. If

you know the height at which the =2 |1 ™=
personissitting, canyoufindthewidth < sl A

of theriver?
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3. Suppose a hot air balloon is flying in
the air. A girl happens to spot the
balloon in the sky and runs to her @A @B
mother to tell her about it. Her mother A e
rushes out of the house to look at the
balloon.Now when the girl had spotted S
the balloon intially it was at point A.
When both the mother and daughter F |
came out to see it, it had already  Af* - R ———— = oF
travelled to another point B. Can you ,
find the altitude of B from the ground? Fig. 8.3

In all the situations given above, the distances or heights can be found by using
some mathematical techniques, which come under a branch of mathematics called
‘trigonometry’. The word ‘trigonometry’ is derived from the Greek words ‘tri’
(meaning three), ‘gon’ (meaning sides) and ‘metron’ (meaning measure). In fact,
trigonometry isthe study of relationships between the sides and angles of atriangle.
The earliest known work on trigonometry was recorded in Egypt and Babylon. Early
astronomers used it to find out the distances of the stars and planets from the Earth.
Even today, most of the technologically advanced methods used in Engineering and
Physical Sciences are based on trigonometrical concepts.

In this chapter, we will study some ratios of the sides of a right triangle with
respect to its acute angles, called trigonometric ratios of the angle. We will restrict
our discussion to acute angles only. However, these ratios can be extended to other
angles also. We will aso define the trigonometric ratios for angles of measure 0° and
90°. We will calculate trigonometric ratios for some specific angles and establish
some identities involving these ratios, called trigonometric identities.

8.2 Trigonometric Ratios

C

In Section 8.1, you have seen someright triangles f
imagined to be formed in different situations. =
<
Let ustake aright triangle ABC as shown Hvpotenuse 8
inFig. 8.4. P £
Here, £ CAB (or, in brief, angle A) isan §
acute angle. Note the position of the side BC bt
with respect to angleA. It faces £ A. We call it A 5

the side opposite to angle A. AC is the Side adjacent to B

hypotenuse of theright triangleand the sideAB angle A
is a part of £ A. So, we call it the side

adjacent to angle A. Fig. 8.4
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Note that the position of sides change C
when you consider angle C in place of A .
(see Fig. 8.5). g

You have studied the concept of ‘ratio’ in u §

. . - . ypotenuse =
your earlier classes. We now define certainratios S %
involving the sides of aright triangle, and call 2
them trigonometric ratios. I

Thetrigonometric ratios of the angle A A B
inright triangle ABC (see Fig. 8.4) are defined Side opposite to
asfollows: angle C

_ side oppositeto angle A  BC Fig. 8.5
sineof LA = =—
hypotenuse AC

: Side adjacent toangle A AB

cosineof L A= =—

hypotenuse AC

tangent of £ A = sideoppositetoangle A _ BC

g ~ sideadjacenttoangleA AB

1 _ hypotenuse _AC

cosecant of £ A = — =— _ =
sneof LA dSdeoppositetoangleA BC

1 _ hypotenuse _AC
cosneof L A sdeadjacent toangleA AB

secant of Z A =

1 _ Side adjacent to angleA _ AB
tangent of £ A sideoppositeto angleA BC

cotangent of £ A=

The ratios defined above are abbreviated assin A, cosA, tan A, cosecA, secA
and cot A respectively. Note that the ratios cosec A, sec A and cot A are respectively,
the reciprocals of theratiossin A, cos A and tan A.

BC
BC Ac SnA COsA
Al hattan A = — === A= :
S0, observe that tan AB ﬁ oS A and cot SnA
AC

So, the trigonometric ratios of an acute angle in a right triangle express the
relationship between the angle and the length of its sides.

Why don’t you try to define the trigonometric ratios for angle C in the right
triangle? (SeeFig. 8.5)
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Thefirst use of theidea of ‘sine’ in the way we use
it today wasin thework Aryabhatiyam by Aryabhata,
in A.D. 500. Aryabhata used the word ardha-jya
for the half-chord, which was shortened to jya or
jiva in due course. When the Aryabhatiyam was
tranglated into Arabic, the word jiva was retained as

itis. Theword jiva was transated into sinus, which
means curve, when the Arabic version wastranslated
into Latin. Soon the word sinus, also used as sine,
became common in mathematical texts throughout
Europe. An English Professor of astronomy Edmund
Gunter (1581-1626), first used the abbreviated
notation‘sin’.

Theorigin of theterms’ cosine' and ‘tangent’ was much later. The cosine function
arose from the need to compute the sine of the complementary angle. Aryabhatta
called it kotijya. The name cosinus originated with Edmund Gunter. In 1674, the
English Mathematician Sir Jonas Moore first used the abbreviated notation ‘ cos'.

Aryabhata
C.E. 476 — 550

Remark : Note that the symbol sin A is used as an
abbreviation for ‘the sine of theangleA’. sinA isnot
the product of ‘sin” and A. ‘sin’ separated from A
has no meaning. Similarly, cosA is not the product of
‘cos and A. Similar interpretations follow for other
trigonometric ratios al so.

Now, if we take a point P on the hypotenuse Hypotenuse

AC or apoint Q on AC extended, of theright triangle
ABC and draw PM perpendicular to AB and QN
perpendicular to AB extended (see Fig. 8.6), how
will the trigonometric ratios of Z A in A PAM differ
fromthose of Z A inA CAB or fromthoseof L Ain
A QAN?

Q

c.
P

A M B N
Fig. 8.6

To answer this, first ook at these triangles. IsA PAM similar to A CAB? From
Chapter 6, recall the AA similarity criterion. Using the criterion, you will seethat the
triangles PAM and CAB are similar. Therefore, by the property of similar triangles,

the corresponding sides of the triangles are proportional.
AM _ AP _MP

So, we have E_A_C_B_C
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F hi find —MP = —BC =snA
rom this, wefin AP - AC .
. AM AB MP BC
Smilarly, ——=—— = COSA, — =—— = A and so on.
Y AP AC AM - Ap

This shows that the trigonometric ratios of angle A in A PAM not differ from
those of angle A in A CAB.

In the same way, you should check that the value of sin A (and also of other
trigonometric ratios) remains the samein A QAN also.

From our observations, it is now clear that the values of the trigonometric
ratios of an angle do not vary with the lengths of the sides of the triangle, if
the angle remains the same.

Note : For the sake of convenience, we may write sin?A, cos?A, etc., in place of
(sinA)?, (cosA)?, etc., respectively. But cosecA = (sinA) = sin? A (itiscalled sine
inverseA). sint A has adifferent meaning, which will be discussed in higher classes.
Similar conventions hold for the other trigonometric ratios as well. Sometimes, the
Greek letter 6 (theta) is also used to denote an angle.

We have defined six trigonometric ratios of an acute angle. If we know any one
of the ratios, can we obtain the other ratios? Let us see.

1 C
If inaright triangle ABC, sSinA = 3

B
i — ==, k
then this means that AC 3,|e,the

lengths of thesidesBC and AC of thetriangle
ABCareintheratiol: 3(seeFig.8.7). Soif A B
BC isequal to k, then AC will be 3k, where Ei

. " . ig. 8.7
kisany positive number. To determine other
trigonometric ratios for the angle A, we need to find the length of the third side
AB. Do you remember the Pythagoras theorem? Let us use it to determine the
required length AB.

AB? = AC? — BC? = (3k)2 — (k)2 = 8K = (2+/2 k)?

Therefore, AB = + 2./2k

So, we get AB = 22k (Why isAB not—22k?)
AB 22k 22

Now, COSA= —=———=—+—

AC 3k 3
Similarly, you can obtain the other trigonometric ratios of theangleA.
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Remark : Since the hypotenuse is the longest side in aright triangle, the value of
sin A or cosA isawayslessthan 1 (or, in particular, equal to 1).

Let us consider some examples.

4
Example 1 : Given tan A = 3 find the other

trigonometric ratios of the angleA.
Solution : Let us first draw a right A ABC
(see Fig 8.8).
N k that tan A = BC _4

ow, we know anA=-m=3.
Therefore, if BC = 4k, then AB = 3k, where k is a A % B
positive number.

Fig. 8.8
Now, by using the Pythagoras Theorem, we have y,

AC? = AB? + BC? = (4k)? + (3K)? = 25k?
o, AC = 5k
Now, we can write all the trigonometric ratios using their definitions.
BC 4k 4
AC 5k 5
AB 3k 3

CSA=AC 5 5

SinA=

Theref tA—i—§ cosecA—i—E d A= 1 _
Crelore, colA = tanA ~ 4 snA 4 NIFCAT s A

wlo

P
Example 2 1 If £ B and £ Q are

acute angles such that sin B = sin Q,
then provethat « B = £ Q.

A

Solution : Let us consider two right
triangles ABC and PQR where
sin B = sin Q (see Fig. 8.9). C B R Q
Fig. 8.9

We have sinB =

and snQ=

313 3|3
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Th AC _ PR

en AB ~ PQ

Theref AC—ﬁ-ksay 1
erefore, PR PO D

Now, using Pythagoras theorem,

BC= ,/AB?>- AC?

i

and QR = ,/PQ* - PR?

BC AB?-AC® \K?PQ?-k’PR? _k\[PQ*-PR? ’
o QR T JP?-PrR?2  JPQ?-PRZ  |[PQ?- PR?
From (1) and (2), we have

(2)

AC _ AB_BC
PR  PQ OR
Then, by using Theorem 6.4, A ACB ~ A PRQ and therefore, £ B = £ Q.

Example 3 : Consider A ACB, right-angled at C, in
which AB = 29 units, BC = 21 unitsand Z ABC =60
(see Fig. 8.10). Determine the values of

_ _ 29
(i) cos? 6 +sin? 6,
(i) cos* 6 —sin? 6.
Solution : In A ACB, we have 6
¢ 21 B
— 2 2 — 2 2
AC= JAB?-BC? = {(29)* - (21) Fig. 8.10

= /(29 - 21)(29 + 21) = /(8)(50) = +/400 = 20units
AC 20 BC 21
=—=—,0080=—=—-
AB 29 AB 29
20\°, (21) _20°+21° 400+ 441 _
29 29) 29 841

So, sin®

1,

Now, (i) cos?0 + sin?6 = (

oy oso-swvo= (2] -
and (ii) cos’6 —sin”o = 29

20)" _ (21+20)(21-20) _ 41
29) 29° 841"
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Example4: Inaright triangle ABC, right-angled at B, A
if tan A = 1, then verify that

2 sSinA cosA =1.

BC
Solution : INAABC, tanA = AB 1 (seeFig8.11)

e, BC= AB .
Fig. 8.11
Let AB = BC =k, where k is a positive number.

Now, AC= ,/AB?+ BC?
= (k) + (K)? = ky/2

BC_ 1 AB_ 1
Therefore, SinA = AC 2 and CosA = AC f
So, 2sinA cosA = 2[ )( J:], which is the required value.
Example 5 : In A OPQ, right-angled at P, 0
OP =7 cmand OQ — PQ = 1 cm (see Fig. 8.12).
Determine the values of sin Q and cos Q.
Solution : In A OPQ, we have
0Q? = OP + PQ?
i.e, (1+PQ)*=OFP + PQ* (Why?)
ie, 1+PQ*+2PQ = OF* + PQ?
i.e, 1+2PQ= 72 Why?
PQ (Why?) pL0 g o
ie, PQ = 24cmand OQ = 1+ PQ = 25 cm om
Fig. 8.12
7 24
So, snQ= — andcosQ—2—5
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EXERCISE 81
1. InAABC, right-angledat B, AB =24 cm, BC =7 cm. Determine:
(i) SnA, cosA r
(i) sinC,cosC
2. InFig.8.13,find tan P—cot R.
3 12 cm 13 cm
3. IfsnA= 7 calculate cos A and tan A.
4. Given15cot A =8, findsin A and sec A.
13 QD——R
5. Givensec6= o calculate al other trigonometric ratios. Fig. 8.13

6. If £ A and £ B are acute angles such that cos A = cos B, then show that £ A = £ B.

(1+sinB)(1-sin0) ,
(1+ cos 0) (1 — cos0)

7. If cotezgy evaluate: (i) (ii) cot?6

1-tan’A

—_ s _ N _an?
1+ tan?A =cos? A —sin?A or not.

8. If 3 cot A =4, check whether

1
9. Intriangle ABC, right-angled at B, if tan A = ﬁ find the value of:
(i) snAcosC+cosAsinC
(i) cosAcosC—-sinAsnC

10. InAPQR, right-angled at Q, PR + QR =25 cm and PQ = 5 cm. Determine the val ues of
sin P, cosPand tan P.

11. Statewhether thefollowing aretrue or false. Justify your answer.
(i) Thevalueof tan A isalwayslessthan 1.
12
(i) secA= 5 for some value of angle A.

(iif) cos A isthe abbreviation used for the cosecant of angle A.
(iv) cot A isthe product of cot and A.

4
(v) sinb= 3 for someangle6.

8.3 Trigonometric Ratiosof Some SpecificAngles

From geometry, you are already familiar with the construction of angles of 30°, 45°,
60° and 90°. In this section, wewill find the values of thetrigonometric ratiosfor these
angles and, of course, for 0°.
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Trigonometric Ratios of 45° C

InA ABC, right-angled at B, if oneangleis45°, then
the other angle is also 45°, i.e, L A= £ C = 45°
(see Fig. 8.14).

So, BC=AB (Why?)

A B
Now, Suppose BC =AB = a.

Fig. 8.14
Then by Pythagoras Theorem, AC? = AB2 + BC? = @ + a2 = 2a2,
and, therefore, AC = aJ2.
Using the definitions of the trigonometric ratios, we have :
gin45° = sideoppositetoangle4s> BC a1
- hypotenuse AC a/2 2
oS 45° = side adjacent toangle45° AB a1
- hypotenuse AC a/2 2
side oppositeto angle45° BC a
tan 45° = — , =—=—=1
Side adjacent to angle 45°  AB a
Al Sec45° = — 2 =2 secd5t = —~ =2 cot 457 = =
0, €0 "~ sin45° ’ "~ cos45° : C tan 45°
Trigonometric Ratios of 30° and 60° A
Let us now calculate the trigonometric ratios of 30°
and 60°. Consider an equilateral triangle ABC. Since
each anglein an equilateral triangleis60°, therefore, 30°
ZA=/ZB=2C=60°
Draw the perpendicular AD from A to the side BC B/\60° C
(see Fig. 8.15). b
Now AABD = AACD (Why?) Fig. 8.15
Therefore, BD = DC
and Z BAD = £ CAD (CPCT)

Now observe that:

AABD isarighttriangle, right-angled at D with £ BAD =30° and £ ABD = 60°
(see Fig. 8.15).

Rationalised 2023-24



INTRODUCTION TO TRIGONOMETRY 123

Asyou know, for finding the trigonometric ratios, we need to know the lengths of the
sides of the triangle. So, let us suppose that AB = 2a.

1
Then, BD = EBC=a
and AD? = AB? — BD? = (2a)% — (a)® = 3a?,
Therefore, AD = a\/§
Now, we have :
sin30° = ﬁ=i=£ cos30°—£——a\/§—£
T AB 2a 2° " AB 2a 2
,_BD_a 1
tan 30° = AD a\@ \/é
Al 30° = ! =2 300—L_£
O 0= Ghaer T Y T sz 3
1
cot 30° = =+/3
tan 30° \f
Similarly,
AD a/3 3

1
sin60° = cos60°=—,tan60°=\/§,

AB 2a 2
2
cosec 60° = \@' sec 60° = 2 and cot 60° = \@

Trigonometric Ratios of 0° and 90°
L et us see what happens to the trigonometric ratios of angle

A, if itismade smaller and smaller in theright triangle ABC s
(seeFig. 8.16), till it becomes zero. As £ A gets smaller and
smaller, thelength of the side BC decreases. The point C gets
closer to point B, and finally when £ A becomes very close A B
to 0°, AC becomes almost the same as AB (see Fig. 8.17). Fig. 8.16

2 A A A A

AC e

A B A B A B A B A B A1

Fig. 8.17
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When £ A is very close to 0°, BC gets very close to 0 and so the value of

BC
SnA= AC isvery closeto 0. Also, when £ A isvery closeto 0°, AC is nearly the

AB
same as AB and so the value of cosA = AC isvery closeto 1.

This helps us to see how we can define the values of sin A and cos A when
A =0°. We define: sin 0° =0 and cos 0° = 1.

Using these, we have :

tan 0° = =0, cot0° =

1
i _ o
oS 0° @ 0° which is not defined. (Why?)

sec0° =

1
- =1landcosec0° = prmpes which is again not defined.(Why?)

Now, | et us see what happensto the trigonometric ratiosof £ A, whenitismade
larger and larger in A ABC ill it becomes 90°. As £ A getslarger and larger, £ C gets
smaller and smaller. Therefore, asin the case above, the length of the side AB goeson
decreasing. The point A gets closer to point B. Finally when £ A isvery closeto 90°,
Z C becomes very close to 0° and the side AC almost coincides with side BC
(see Fig. 8.18).

C C C C C

A A AB oo A o EIB

A B A B A AP A
Fig. 8.18

When £ Cisvery closeto 0°, £ A isvery close to 90°, side AC is nearly the
sameasside BC, and so sin A isvery closeto 1. Also when £ A isvery closeto 90°,
Z Cisvery closeto 0°, and the side AB is nearly zero, so cosA isvery closeto 0.

So, we define: sin 90° = 1 and cos 90° = 0.
Now, why don’t you find the other trigonometric ratios of 90°?

We shall now give the values of all the trigonometric ratios of 0°, 30°, 45°, 60°
and 90° in Table 8.1, for ready reference.
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Table 8.1

Remark : From the table above you can observe that as £ A increases from 0° to
90°, sin A increases from 0 to 1 and cos A decreases from 1 to 0.

Let usillustrate the use of the valuesin the table above through some examples.

Example 6 : In A ABC, right-angled at B, A
AB =5cm and £ ACB = 30° (see Fig. 8.19).
Determine the lengths of the sides BC and AC.

Solution : Tofind the length of the side BC, we will

choose the trigonometric ratio involving BC and the 30°
givensideAB. Since BCistheside adjacent to angle B C
C and AB isthe side opposite to angle C, therefore Fig. 8.19

AB
BC

5cm

=tanC

1
E—tanSO =/

which gives BC= 5,3 cm

i.e,
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To find the length of the side AC, we consider

in30° = ﬁ Why?
sin = AC (Why?)
- 1_5
i.e., >~ AC
i.e., AC = 10cm

Note that alternatively we could have used Pythagoras theorem to determine the third
sidein the example above,

ie, AC= [AB?+ BC? = |52+ (5//3) cm =10cm.

Example 7 : In A PQR, right-angled at

Q (seeFig. 8.20), PQ=3cmand PR=6 cm. P
Determine £ QPR and £ PRQ.
Solution : Given PQ = 3 cm and PR =6 cm. 3 em 6 cm
PQ _ .
Therefore, R - snR Q R
Fig. 8.20
inR = 3.1
or sSnR= 6" 2
o, Z PRQ = 30°
and therefore, Z QPR =60°. (Why?)

You may note that if one of the sides and any other part (either an acute angle or any
side) of aright triangleisknown, the remaining sides and angles of thetriangle can be
determined.

1 1
Example8:1f sn(A-B) = 5 cos(A+B) = 5 0°<A+B<90° A>B,findA
and B.

1
Solution : Since, sin (A —B) = o therefore, A—B =30° (Why?) (1)

1
Also, sincecos (A +B) = > therefore, A+ B =60° (Why?) 2
Solving (1) and (2), weget : A= 45° and B = 15°.
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EXERCISE 8.2
1. Evaluatethefollowing:
(i) sin60° cos30° +sin 30° cos60° (i) 2tan?45° + cos? 30° —sin? 60°
i cos 45° W) sin 30° + tan 45° — cosec 60°
sec 30° + cosec 30° sec 30° + cos 60° + cot 45°
v 5 cos® 60° + 4 sec? 30° — tan® 45°

sin? 30° + cos? 30°

2. Choose the correct option and justify your choice :

@)

(if)

(i)

(iv)

2tan 30°
1+ tan? 30°
(A) sn60° (B) cos60° (© tan60° (D) sn30°
1-tan® 45°
1+ tan? 45°
(A) tan90° ® 1 (© sin45° (D) 0
sin2A =2sinAistruewhenA =
An) @ B) I © 4 (D) 60°
2tan 30°
1- tan? 30°
(A) cos60° (B) sin60° (© tan60° (D) sin30°

1
3. Iftan(A+B)= /3 andtan(A-B) = E;O°<A+B£90°;A>B,findAandB.

4. State whether the following are true or false. Justify your answer.

0
(if)
(ii)
(iv)
v)

sin(A+B)=sinA+snB.

The value of sin 6 increases as 0 increases.
The value of cos 6 increases as 6 increases.
sin 6 = cos 6 for all valuesof 0.

cot A isnot defined for A = 0°.
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8.4 Trigonometricldentities A

You may recall that an equation is called an identity
whenitistruefor all valuesof thevariablesinvolved.
Similarly, an equation involving trigonometric ratios
of anangleiscaled atrigonometricidentity, if itis
truefor all values of the angle(s) involved.

Inthis section, we will prove onetrigonometric B
identity, and use it further to prove other useful C .
trigonometricidentities. Fig. 8.21

In AABC, right-angled at B (see Fig. 8.21), we have:
AB2 + BC? = AC? (1)
Dividing each term of (1) by AC?, we get
AB®> BC® AC?
+
AC® AC* AC?

_ (AB)Z [BC)Z (AC)Z
i.e, — |t =] =|==
AC AC AC
i.e, (cosA)y + (snA)3=1
ie, cos* A +sinfA=1 2

Thisistruefor al A such that 0° < A <90°. So, thisis atrigonometric identity.
Let us now divide (1) by AB2. We get
AB?> BC* AC?
+
AB? AB?  AB?

ABY’ (BC)* [(ACY
or — |+ —=] = |—
' AB AB AB
i.e, 1+tan?A = sec? A (3)

Isthis equation true for A = 0°?Yes, it is. What about A = 90°? Well, tan A and
sec A are not defined for A = 90°. So, (3) istruefor al A such that 0° <A < 90°.

Let us see what we get on dividing (1) by BC? We get

AB? BC? AC?

+ =
BC? BC? BC?
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(58] (3 - (53

ie, cot?A + 1 = cosec? A 4

Note that cosec A and cot A are not defined for A = 0°. Therefore (4) istrue for
all A such that 0° <A < 90°.

Using theseidentities, we can express each trigonometric ratio in terms of other
trigonometric ratios, i.e., if any one of theratiosis known, we can a so determine the
values of other trigonometric ratios.

Let us see how we can do this using these identities. Suppose we know that

1
tan A = 7 Then, cotA = /3.

4 2 V3.
2

Since,sec2A=1+tan2A=1+}=—, seCA = —, and coOsA = —
3 3 V3

Again, sinA = /1- cos’ A = /1—:31 :%. Therefore, cosec A = 2.

Example 9 : Expressthe ratios cos A, tan A and sec A interms of sin A.

Solution : Since Cos* A + sin?A = 1, therefore,

O A= 1—smA,i.e,cosA=t1-sin’A
Thisgives cosA = \/1-sin?A (Why?)

sin A sin A 1 1
= andsec A = =
CosA  [1-sin’A COsA [1-sin’A

Hence, tan A =

Example 10 : Provethat secA (1 -sinA)(sec A +tanA) = 1.
Solution :

1 sin A
CosA CcosA

LHS = secA (1 -sinA)(secA + tan A) = (ﬁj @-snA) (—+
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(L-sinA)(1+sinA) 1-sin®A
cos? A cos’ A

_ cosZA_l_
= 02 A =RHS

cot A—cosA cosecA -1
cot A+cosA cosecA +1

Example 11 : Prove that

cos A
cot A —cos A sin A ~CosA

Solution ;: LHS = AT A = oS A
cot cos + cos A

sin A

cos A _1 -1 _1 -1
B sin A A sin A _Cosec A -1 _

= ATl
Ccos A _1 +1 _1 +1 (O=C
sn A sn A

RHS

Sin®-cos®+1 _ 1

. = » using the identity
sSnO+cosO—-1 secH-—-tan 0O

Example 12 : Prove that
sec? 0 =1+tan?0.

Solution : Since we will apply the identity involving sec 6 and tan 6, let us first
convert the LHS (of the identity we need to prove) in terms of sec 6 and tan 6 by
dividing numerator and denominator by cos0.

sSin® —-cos®+1 tanO-1+secO
snO+cosf®—-1 tanO+1-secH

LHS=

(tan©®+secO)—-1 {(tan 6 + sec ©) — 1} (tan 6 — sec 6)
(tan © —sec0) +1 {(tan 6 — sec 0) + I} (tan H— sec 0)

(tan? 0 — sec? 0) — (tan 6 — sec 0)
{tan ® —sec 6 + 1} (tan6 — sec 6)

—1-tanO+secO
(tan ® —sec © + 1) (tan 6 — sec 0)

Rationalised 2023-24



INTRODUCTION TO TRIGONOMETRY 131

|
T tan@-secH secOH-tan o

which isthe RHS of the identity, we are required to prove.

EXERCISE 83

1. Expressthetrigonometric ratiossin A, sec A and tan A interms of cotA.
2. Writeall the other trigonometric ratios of £ A intermsof secA.
3. Choose the correct option. Justify your choice.

(i) 9seccA—-9ta?A=

(A) 1 B) 9 © 8 (D) 0
(i) (L+tan© +secO) (1+cotO—cosecO) =
(A) 0 B) 1 © 2 D) -1
(i) (secA+tanA) (1-sinA)=
(A) secA (B) sinA (©) cosec A (D) cosA
1+tan® A

™ Ty a
(A) sec?A ®) -1 © cot?A (D) tan? A

4. Provethefollowing identities, wherethe anglesinvolved are acute anglesfor which the
expressions are defined.

1-cos® iy _CoSA Ll+dnA
1+cos6 1+snA  cosA

(i) (cosec6—cot0)?=

~ tan® cot 6
() 1 cote " 1-tan e
[Hint : Write the expression in terms of sin 6 and cos 6]
~_l+secA _ sSn’A
V) sscA  1-cosA
CoSA —sinA +1

(v) - = cosec A + cot A, using theidentity cosec?A =1+ cot?A.
CosA +sinA -1

=1+sc 0O cosec O

[Hint : Simplify LHSand RHS separately]

1+snA sn6-2sin0
(vi) —— =%CA +tan A Vi) —————=
2c0S’6 —cos O

1-snA tan 6

(viil) (sinA +cosecA)2+ (cosA +secA)2 =7 +tan?A + cot? A
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1
tanA + cot A

[Hint : Simplify LHSand RHS separately]

1+tan?A) (1—tanAY
= =tan’A

iX) (cosec A —sin A)(sec A —cos A) =

1+ cot?A 1-cot A

85 Summary
In this chapter, you have studied the following points:
1. InarighttriangleABC, right-angled at B,

side opposite to angle A side adjacent to angle A

SinA = Cos A =
hypotenuse hypotenuse
side opposite toangle A
tanA = — - .
side adjacent to angle A
2. co:aecA:_1 ;SeCA = 1 ;tanA:LytanAzsmA_
sin A cos A cot A cos A

3. If oneof thetrigonometric ratios of an acute angleisknown, the remaining trigonometric
ratios of the angle can be easily determined.

4. Thevauesof trigonometric ratiosfor angles0°, 30°, 45°, 60° and 90°.

5. Thevalueof sin A or cosA never exceeds 1, whereas the value of sec A or cosec A is
always greater than or equal to 1.

6. SINPA+co?A=1,
sec?A—tan?A=1 for 0°<A<90°,
cosec?’A=1+cot?A for 0° <A <90°
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