" TIPS TO REMEMBER

[ CONGRUENT : Let us start by choosing.a base n, then each
integer N = q.n + r whereq is quitent and ris remainder (0< r <n).
We write this as N=r (mod n) and say that N is congruent to r modulo

. n. eg. 78 =66 (mod 12).
Ex. January 1, 2000 falls on a saturday. ‘What day of the week

will January 1, 2020 be ?
Sol. Because there are 20 years in ‘the range 2000 to 2019 of which 5
are leap-years, January 1, 2020 falls on day 20+ 5= 4(mod 7), 1e

Wednesday.

‘0 MATHEMATICAL INDUCTION :
(1) Weak Versnon Let P(n) be a statement such that (1) P (n,) is true
and (ii) P(k) implies P(k+l) for any k 2n., then P(n) is true for every n

_ -y .

2) Strong Versnon Let P(n) be a statement such that (i) P(n ) is true

and (ii) 1f P(n,), P(n,+1),..... ; P(k) are true for any k 2 n, , then P(k+1)

is also true. Then P(n) is true for every 1 i, .

O PIGEONHOLE PRINCIPLE : If m pi'geohs are assigned to n
plgeonholes where m > n, then at-least two plgeons must occupy the

same pigeonhole.

Proof Let the gwen conclu510n is false that is, no two pigeons

occupy the same pigeonhole. Then every pigeon must occupy a distinct

p:geonhole so n 2 m, which is a contradlctlon Thus two or more

pigeons must occupy some: plgeonhole

' ROUND-ROBIN TOURNAMEN In round-robin tournament
every team plays every other team exactly once. Suppose there are n
teams , labeled 1 through n. Then the tournament: can be represented

Scanned by CamScanner



by a polygon with n vertices with every pair of vertices cconnected ,
“every vertex represents a team and every line segment with endpoints
i anid j represents a game between teams i and j.

Let g = ﬁumber of games by n teams. in ap- 7
'toumament It can be defi ned rccurswely _
g] =0 ; ’ 5 3

£ =8 5 1), where f 22
Solve this recurrence relation, we get

_ n(n-1)
gn = 2

=Nc,. e.g. 5 teams will plai'y 10 games
shows in given ﬁgure‘ |

O FERMAT’S LITTLE THEOREM : Let p be a prime and a is
any mteger such that pra, then ar-l=| (mod P)-

Ex. Find the remamder when 241947 is dlvlded by 17.
Sol. 24 = 7 (mod 17). .. 24!%7 = 7'“ 7 (mod 17).
From Farmat’s llttle‘?heorem
76 = 1(mod 17). = 7'%7= (7'9)'*. 70 = 21 71 = 7 (mod 17).
But 72= —2(mod 17). =~ 7" = (73’ .7 = (-2)".7 = -32.7
= 2.7 = 14 (mod 17). |
Hence the reqd. remainder is 14.

O PRINCIPLE OF INCLUSION AND EXCLUSION (P.LE.) OR
SIEVE FORMULA : It is very 1mportant principle is a generahzanon
of the sum-rule to sets which need not be disjoint. Venn-diagrams show
that | AU B|=|A|+|B|~|A 1 B| and [ UBUC] =
|Al+[B|+|C|~]ANB|-|BAC|-|CAA|+|]AnBAC]|.

We generalize to n-sets as follows :

A 0....UA, | = ZIA |—Z|A Ak i+ ZlA NA. nAk|

l)m-l,A Ry, | i<jek

Scanned by CamScanner



. e.g. We consider all n! permutations of 1,2,...n. If an element i is on
place number i, then we say i is a fixed-point of the permutation . Let

p,= number of fixed point free permutations and q, = number of
permutations with at least one fixed point . Then p, = n!-q,.
- Let A; =number of permutations with.i fixed point , then

Qo =AU A, | = (1) (n= 1)1 (5 )(n=2)t+..+ (=)™ (3 )or=

O DIVISION WITH REMAINDER : For polynomials f(x) and

g (x) there exist unique polynomials q-and r such that fx) = g(x) yury -
r(x), deg r(x) < deg g(x) or r(x) =0, where q(x) and r (x) are quotient

and remainder respectively on division of f(x) by g(x). If r(x) = 0, then
we say that g(x) divides f(x) and we write g(x) | £(x).

Q ARITHMETIC-GEOMETRIC-HERMONIC-MEAN

INEQUALITY: |
Take any n different positive numbers x,x,,......Xx, where n is positive
integer , then Arithmetic mean A = (X +X;+....+X,)/n, Geomeric
mean G = (x, xz_,,xn)”“ , Harmonic mean H =

|
1 1 1 _ I d 4
{[z-{-z"‘...."‘i’}f n} and Root mean Square - -

1 1/2
[ugl'”:{(xf +X3 Fureenn + x2 H} :

Verify that whatever the values of n you take and whatever be the positive-
numbers you choose [u5]"2 > A2 G2 H, butif X,sXyse-00X, are equal,.

then all there means are also equal .
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0 FOLLOWING RESULTS OF HEIGHTS AND DISTANCES:
@) Appolonius theorem : Itin a AABC, AD is "
median, then AB? +AC” =2(AD? + BD? ).

(ii) m-n theorem : If BD :DC = m:n, then
(m+n) Cotp = mcoto—ncotf
= ncotB—mcotC.

(i) Angle bisector : If AD is the angle
BD AB _c¢

bisector of ZBAC . , —="—"—F=—
DC AC b

(iv) The exterior angle ,is'équai to sum of interior (3ppoisite angles.
(v) If a line is perpendicular to a plane, then its perpendicular to every
line in that plane.

O REGULAR POLYGON : Let A ,A,,....,A, be a regular polygon
of n sides each of length a . '
(i) Inscribed circle of a regular polygon of n sides : o)

Area = nrztann and Radius r 2cosn ) | £ A

(ii) Circumscribed circle of a regular polygon of n sides :

Area = lnR’Sing.E and Radius R=2

R
cosec—.
2 n 2 n

Q MODULUS OR ABSOLUTE VALUE FUNCTION :

x: x20
-x: x<0°

=11}
= c
- f(—x)=x=f(x). - - |8 .
~.f(x) is symmetric about y-axis. » 45° 45°
Here |0| =0 ; |-5|=5;|5| = 5. Domain : x € R . — L

Range : y € [ 0 ,%). Continuous everywhere .
Non differentiable at x = 0, elsewhere |
differentiable. Even as well as Many-one function. Monotonically

It is defined as y=f(x)= |x| =J;7 - {
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increasing and decreasing for all x>0 and x<0 respectively.

Note::|x| is read modulus or mod x. x| =2 & x=% 2 ; |x|<2 &-2 <x<2
and |[xP2 & X<-2 or x>2.

Properties :

M. | xtyl|=|x|+ly|=x,y2 Oorx,y < 0.
@|x-y|I=lxHylex2 0, | x|2]y|orx < 0, ¥ < Oand |x |<|y]|..
@) |xty| < |x|+yl.

vi) [xxy| 2 |x| =1yl .

= SIGNUM FUNCTION : It is defined as y=fx) =

—li x <0
I :
-—orﬂ,xatﬁ =40 x =
Sgn(x)=y o ;x=0 I x >0 | X

©O,1)

Domain : Xx€R . Range : y€ {-1,0,1} .
Continuous everywhere except Y’
at x=0 and discontinuous at x = 0 . Odd as well as many-one function.

Neither monotonically increasing nor decreasing.

Note : O indicates that the points ( 0,1) and (0,-1) are not included and
denote the point (0,0) is included in the graph.

() GREATEST INTEGER OR FLOOR OR STEP FUNCTION:

It is defined as y = f(x)=[x]=12<_!=gint (x)=n where nS<x <n+1.
e.g.[x]=3,(log,3] = 0, [-3.5] = —4, etc and [0.7] = O etc.
-. Real number = Integral Part (I) + fractional part (f), where l =[x] and
0Sf<l. .y = fix)=[x]
For —3S X <-2; y= -3
o 25 x<ly=-2
, 1S5 x<0; y=-1
sy 0sx<Il; y= 0
’ 1€ x<2; y= 1 and so on.
oDomain : xeRoRange : y€ |
o Continuous and differentiable
everywhere expect at x=n, n € I .
eManyone and into function for —0
co-domain as all real numbers.

y= —1. x<0

Scanned by CamScanner



1

Properties : _
(i) [x+n]=n+(x], nel. |
(i) [-x}=—x]v n € 1 and [-x]= —{x] -1, x & L.
(ifi) x=[x]+{x}, {} denote fractional part of x .

(iv) [x, %120 Hx,)

: [x] X
(V) -n— = -I']" Vne N.

i) If [f09] 21, then f(x) 2 I and for [f(x)] < I, then f(x) <I+1.
(vii) [pHQ+{r+[s+{t1=[p]+ql+[r]Hs]+t]-

1 2 - n-1 :
(viii) [x]+{x+;J+[x+E}+.....+{x+—;—}=[nx].

'O LEAST INTEGER OR CEILING FUNCTION : It is defined
as y = fix) = (x)=X1=lint (x) = n+1,. - [x]=n (x)=n+1

where n < x € n+l. —O—8—>X
€—X—>
j LX) xy+1
e.g. (n) =4, (Log,3) =1,.(-3.5) = -3 etc. |« + }- —
: ~ m-1 x
LYy (x)=0if-1<xs0
=1if 0<x<1 . AY
=2if I<xg2 ' ] Ak o—®
=3 if 2<x ¢ 3 and so on. .
| T _ - 2}---0~0
¢ Domain:x e R® Range:yel R
® Many one into function for 2 -1 I
- L S SR
ccf-domaltn of gll real .numbers. 1. o; 2 3 X
Discountinuous at all integral 1é - -1
‘values of x.
Properties :
@) (x+n) = (x)*+n, nel" R

(i) (=x) = —(x), x € 1 and (-x) = —()+1, x €.
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(iii) x = (x)+{x}-1,{x} denoes ﬂ1e fractional part of x.
(v) (x,+%,) < (X, )HX,). -

(V) [%2]:[-:—],1‘1 e N.

1 2 ( n-1
(vi)(x)+[x+a-}+[x+ﬁ]+ ....... +[x+——] (nx)+n-1, neN

 FRACTIONAL PART. FUNCTION : It is defined as y = f(x)
={x}=x—[x] = f(where 0 < f< 1) =x-n, n < x <n+l.
eg. {1.6}'=0.6, {1}=0, {-3.6} = 0.4
= {x}=xif0< x<1 3
=x-lifl £x<2

= x—2 if2< x < 3 and so on.
e Domain :xeR , ¢ Range : y€ [0,1),
e Discontinuous and Non-differentiable
at all integers, ¢ Monotonically -2 -1
increasing throughout ¢ Many-one and
into function for co-domain of all real numbers.
Properties :
(i) If 0< x <I, then {x} = x."
(ii) If x €1, then {x} =0.

(iiii) I x & ['and x > 0, then {~x} = I- {x}.

(iv) Domain and Range of —:—(— are R-1 and (0,1) respectively.

Note : f (x+T)=f(x) (xER) , where T be a (+)ve ré_al number and
f(x)={x}. = x+T-[x+T]=x—[x] V x € R, =[x+T}-[x]=T Vx€ R,
= T=1,2,3,....Thus there exist T > 0 such that f (x+T) = {x) V x€ER,

so f(x) is periodic and the smallest value of T satlsf ies f(x'+T) f(x) Vv X
ERis 1. -

Q DIRICHLET FUNCTION : Suppose c and d be real numbers
-(usually taken as c=1 and d = 0), then the Dirichlet function is defined
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c for X rational " 5

by y=f (x) =‘

i and is dj .
dfor x irrationa) " 18 discontinuous everywhere.

' : 6x)= It { It cos?

Analytically ﬂ( ) m_m{n_mcos (m!nx)} |
OD'omai.n :XxXER® Range *Y € {c,d}={0,1} eNeither increasing nor
decreasing ® Not a periodic function. ® Discontinuous everywhere
eManyone and into function for co-domain of all real numbers.

'WORKED OUT EXAMPLES

Ex.1. Let max (x,y) denote the maximum of x, y and min (x,y)
their minimum , where x and y are any integer, prove that

max (x,y)-min (X,y)=|x-y|. S

Sol. Case 1. Let x. 2> y, then |x—y|=x—y, max (x,y) = x and min (x,y)
= y. Thus max (x,y)-min (x,y)=x—y=|x—y|.

Case.2. Let x <y, then [x—y|=y-x, max (x,y)= y and min (x,y)=x.
Thus max (x,y) — min (x,y) = y—x=|x—yl|. ‘ o

Ex.2. Solve : (i) |x+ lllos(x+1)(3+ 2x=x%) _ (x-3)|x]

(i) =1+ =4,x—ly—1]=2.
Sol. () Given :  [x+1[% (x+ )P ™) = (x=3)x.nu()
3 + 2x— x2 >0 (for log x, x>0) :
s—l<x<30.(2).
Let x+1>1, then x>0.....3).
-, From (1): (x+1)o8e®*2) =(x-3)x

' 1
=3+2xx’=x'-3x, = 2x*-5x-3=0... x=-7,3.

Now , from (2) and (3) : X # —%, 3.
Hence it has no solution.

x+3y =5, x2l.....(1)

(i) Given : |x—1| +3y=4,= {-x+3y-3,x<'l ...... {2)

and also given : x— |y—-1|=2
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. x-y=l, !21-43)
-=:’{x+y-—3 x<l...(4). Solving (1), (3): x=2, y-l and solvmg(l) (4): x=2, y=1.

~. Nosolutionasx 2 1,y < 1.
Solving (2), (3) : x=3, y=2, i.x. no solution as x < 1, y > 1 and solving

5 3
(2), 4):x =3,y =75, i.e. nosolutionasx < 1, y< I

'Hence the reqd solution is unique, i.e. x=2, y=1.
Ex. 3 If f(x)—3|x]+5 and f(x)=5[x-2] +7 find the value of [x+f(x)].

Sol. given : 3[x] +5 = 5[x-2] +7, = 3[x]+5 5[x] 10+7, = 2[x]= 8
= [x]=4. .. 4 S x<5, i x=4-+fractional part .

f(x)=3[x]+5—3 4+5=17. - [x+f(x)]=[17+fractional part +4]=21.
Ex. 4. Solve : {x+1}+2x =4[x+1]-6 where {.}=f.p; [.I=G.1.
Sol. x+1—[x+1J+2x=4[x+11-6 (- {x}=x—[x]),= 3x+1=5[x+1] - 6
=S(IXFH) — 6,2 3x=S[K]-2...0),= (O XD=5D] - 2.
~ 3{x}=2[x]-2...(ii)- o
Now , 05 {x}<l, =0<3{x}<3,= 0<2[x]-2<3 [using (iD)},

=2 < 2[x]<5,= lStx]< %,:b[x]= 1,2.

. ) . - I
- From (i): [x]=1, i.e. x=1 and [x]=2, i.e.X= 3.
Hence reqd. solutions are 1,8/3.

Ex. 5. Solve : (x)* + (x+2)* =20, where () = least integer.
Sol. Let x=I+f, then from the given equatlon we have (I+fy + (l+f+2)-

=20, = {1+|}2+{|+3}2=20,=> 2+21+1+12+61+9=20,

=12+41-5=0,=1=1,-5. |
. x = 14f, -5+ ,=0<f<1, — 1< +f <2 and -5 <-5+f < —4.

Purther x=1L |
. (x)?+(x+2) =20, i.e. xe (-5,-4]V(1,2].
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Ex. 6. Solve : y=[Sinx +[Sinx+ [Sinx]]] and [y+]y]|=2cosx.

Sol. we have

y=-;—[Sinx+[Sinx+[Sinx]]]——[Smx+[+[Smx]+[Smx]] . [l+x] 1+[x] for

any 1meger I) == ([Smx]+[Smx]+[Smx]) ..... (1)

and [y+[y]] 2cc_>sx, = 2[y]=2cosx , = [y]=cosx.....(2).
~. From (1) and (2) : [Sinx] = cosx ,
= [Sinx] = cosx. R AA(A))
Now, ploting the curves [Sin x]Jand cos x
on the same frame, we see.that the two ;. .
—Si—t -3x| K

curves have no intersection points. =
Hence the given equation has no solution.

R PBx

rb——

Ex,7. How many integers between 1 and 300 (inclusive) are
(i)divisible by at least one of 3,5and 7? (ii) divisible by 3 and by 5,

but not by 7 ? (iii) divisible by 5 but by neither 3 nor 7 ?

Sol. Let A, B and C be the set of those integers between 1 and 300
which are divisible by 3, 5, 7 respectively.

A={n|1<n<300, 3In}; B={n|1<n<300,5|n};

C={n|1<n<300,7 In}.
To be divisible by 3 or 5 or 7 is to be at least in one of A, B, or C.

Xv

% E T

’ 300 | i
Now, |A] =[—3“"'], [.] is the greatest integer = 100.

; 300 300
. Similarly, IB|[ ] 60 and ICI[ ]—42 where |Al,|B|,|C]| being

the cardinalities of sets ‘A, B, C. Again , A~ B is the set of integers
between 1 and 300, which are divisible by both 3 and 5, since 3 and 5
are relatively prime, any number divisible by them must be divisible by

product of them,
. A B is the set of integers divisible by 15.

Similarly BNC, AnC, AnBNC are the sets of integers. between 1
and 300 which are divisible by 35, 21 and 105. ;
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30
|A~B|= [ 0] =20JAnc|= [_0]-14|Bnc] [3050] 8,

AnBAC|={390]_
A~ NC| ‘,[105]_2.

() |ANnBNC|=|AHB[HC| - |AB| - IBC| — [CA+ABCI=100+60+42—
20-14-8+2=162.
(ii) The numbers divisible by 5 and 3, but not by 7, are preciesly those

numbers in (ABC)/C, whose cordmahty is ]AnB|-]AnBAC|
=20-2=18.

(iii) The numbers divisible by 5. but by neither 3 nor 7 are those in
B\(A U C), having cardinality |B|-|BN(AwC)|. Since BN(AUC)|=

(BAA)U(BNC), the principle of inclusion and exclusion gives
(BA(AUC))=|BNAJ+[BNACI-|(BnA)N(BNC)|= |
[BNA|+(BNC)- IBhAnC 20+8-2=26 and the number we are

looking for is IBHBm(A UC)|“60—26"34

Ex. 8. Let n be a positive integer. Suppose a function L is defined
recursively as follows:

0if n=1 i
L(n)= { L(["gj)if isd .([.].is-the @r function ).
Find L (25).

Sol. L (25) is found recursively as follows
'L (25) = (12) +1.....()); L (12)=L (6) + 1......(ii);
L (6) =L(3)+1...Gii); L (3)y=L (1) +l......(iv);
Back calculating L(6)=L(3)+1=1+1=2; L(IZ)—L(6)+1-2+1 =3.
. L(25) = L(12) +1=3+1=4.
Ex. 9. If f(x) = x*— 9x*+24x +c has three real and distinct roots a,
B, Ythen find the possnble values of c. Hence, otherwise show that

[o]+[B]+ [Y] can take only two values and determme these values,

|.] denotes the greatest integer function.
Sol. Suppose y = x>~ 9x* + 24x.

y|—3(x—2)(x—4) .. For turning point'y,=0.
'« X = 2, 4 are turning points.
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Thus y(2)=8-36+48=20 and y (4)=64-144+96=16.
From the graph we can see that x-axis will [
cut the graph 3 times , if it shifted A .
downward by 16 to 20 units, i.e. '
ce(-20, —16). For

-[a]+.[‘31“' [v}ifc€(-20,-16),then a € (1,2), ,1:384
B € (3,4), YE (4.5). ‘ :
~ [a+HBIHY]=1+3+4=8. Again, if |70
c€ (-20,-18), then a €(1,2,)
B € (2,3), YE(4,5). . | -
S lHBIHIYI=1+2+4=T.

20

[ ]

4> X

- - if -18<c<-16 -
Finally, We can say that [ HB1+YI={3 If 20<5< 8

Ex. 10. If a, b, ¢ are the cube root of p, (p<0) then for any permisible

xa+yb+zc

value of x, y, z which is given by [xb+yc+za +@,-2b*) ot+o? (Ix]

+[y]+[z])=0, where ® is cube root of unity and a,, b,, are real
positive numbers, b, is a prime, find the value of

[x+a J+[y+b,1+]{z](|.]=G.1.F.).

| xa+ yb+zc -
xb+Yc+Zal +(a%-2b%) o +

Sol. Given : l+w+m2=0....(i) and

(x}Hyl+[z)) @ =0....(i).

xa+yb+zc '
xb+yct 2|~ (@ —2b2 )=[x] +Hy}+2] .....o-iiD)-

From (i) and (ii) :

Since a, b, ¢ are the roots of (p)'? and leta=1t, b=1tO® and ¢ = t0",

._1_|=|,
®

xt+y+o+tlz] |x+yo+zo?|
x.to+y.to? +x.t| |x0 +yo? + z|
- From (iii) : a2, -2b% = 1, i.e. a?=2b% +1 (odd)...... (iv)

Thus a, can be written in the from (2n+1), = (2n+1)>=1+2b* =
4n?+4n=2b%, =2n (nt+l),= bz'I =2n(2n+1), an even number and given
prime, so b?, is also prime. .. b=2("+2 is only even prime)

. |xa+yb+zc|_
" |xb+yc+_za|—
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<. a%, =9,=a =3. From (iii) : [x] HylHz]=2* -2b% = 1.
+ [xa, [+ [y +b HZI=[x+ 31y +2]+[z)=[x]+y} +{z]+5=1+5=6.
~ Ex. 11. Find the liumber of solutions of 4{x}=x+[x], where {}, |.]

denotes the frai:tional part, greatest integer function respectively.
" Sol. leen 4{x} x+[x], = 4(x—[x])-x+[x]( x—[x]-i-{x}),:: 3x=5[x].

3
[X]—-x (1)
. To plot the graph of both y—[x] and |
=§
5 X

‘Thus the two curves intersects when
[x}=0 and [x]=1......(i1).

-, From (i) and (ii) : x-—-% (x], i.e;x=-§'.o

and J£=-§-.1.

: Hencc x=0 i.e. the only two solutlons

’3’

. . .
Ex. 12. Draw the graph of [yl Sm“(z) ‘where [.||= G.LF

Sol. Flrst draw the graph of

« 4 [y]=sin"(%]
y= Sin"[-;-), = "'!s'fgl, ie. 2 <x <2 fare . B
. | | N ko
T n ,
.. L3 T .
and 25)752. | a2 AR
X ' AP =
[Y]= = 2!"1’031- Pt Sin™ (E) = "'2,"'1,0,10 or | _[-"}"i“ I(f]

; = —Sin2, -Sinl, 0,Sinl,

—x = -2 Sin2, -2 sinl, 0, 2sinl..
Now when x= —2sin2, -2 S y < -I.
. x = =2 Sinl, -1 Sy<0;x=0,05y<1;x=28in1, 1sy<2.
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- Ex. 13. Find the do-ma'in and range of f(x) =

| s(-x'). |
Sol. Let f(x)= Frz)* Where g(x) =e* and

F(x) =1+[x], now domaln of g(x)=e* is
‘get of all values of x as it is defind

V x € R. :
-, D, of e = Set of all real numbers. .

. Also domain of f{x) = 1+[x] is set of all
values of X € R. But

1+[x]=0 V -1 < x <0.
- Domain of f{x) will be R -{-1< x<0} (-oo -1)U[0,0).
For range x>0, 1+[x]2x,VX € [o o) ande >1.Vx e [0, oo)
‘X.

For xe [0, I), f(x) e and for xe [1 2), f(x) ——2- and soO on.

Thus all values ofy ore2 L Range f(x) e [1,%).
{x}+{2x}+{3x}+....+{-nx}

Ex. 14. Evaluate : ', > —— where {x} is

—

fractional part of x.
Sol. - os'{m}<1'wheref_= 3D s,

. 0< Z{rx}<z(l) =>0< Z{rx} <n.

r=1

'Dividing throughout by n?, we get

D RC I Yimb
0 i, sy gl <

n. 1 bl n

. 2

=a>0 5 n—soe ..L—n-—-']
nz
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{x}+{2x}+....+ {nx}

LR 0
N—oo .
i nZ

<0.

'According to Sandwich theorem or Squeeze principle

Lt . =
Lt - 5 0.

Ex. 15. If [x] denotes the integral part of x and

1

Sin—~— + Sinm x+1

4 x+1
1+ x , then show that f(x) is

f(x) = [x]

'
discountinuous at all integral points.
Sol. Sin w[x+1] = 0 and [x+1] = [x] +1. _ _—

, [x]
"_f(x) 1+[x]S [x]+l

.Forn<x<n+l,ne |,

n m
At x = n, nel, then f(x) ——.-—Smnﬂ

T n -
: ' n-1.. =«
For n—-1 <x <n, [x] =n-1. - f(x) =—-ﬁ—Sm—E.
' -1 T
x—m-o f(x) =";"*_Sm_ and f(x) _"__'— Sl 'm

Hence f{x) is dlSCOI’ltl-ﬂLlOUS atall ne l. '
Ex. 16. Let [x] stands for the g.i.f. Find the derivative of f(x) =
(x +[x> +|])"2+5i“x , wherever it exists in (1,3/2). Indicate the points

where it does not exist.

Sol. We see that [x*+1] takes a jump from 2 to 3 at 2 ' and again from
3 to 4 at 3% in (1, 3/2). | | |
. It is discontinuous at x=2 '®and x=3'?, i.e. it is not differentiable at
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x=2 13 and antﬁ.

| x42) i ax<2®

| (x+3]5" " if 2" ex<a™

Now, f)=(x+{+H ] ¥45inx = s
| (X+4] " if 3%ax< &

-

’ F x?+Sinx | ’ inx '
(x+2)* {(2x+Cosx)log{(x+2)+x:_f;nx } ifl <x <2

p : J
_ D T | 2 L Qing )
f'(x) i (x+3)° 5" {(2x+ Cosx)log((x+ 3)+ 2 :f;nx } if2% < x <34
- J

x24+Sinx ' i .
|(x+4) '+S {(2x+Cosx)_log[(x+4)+£%“_’£}} if3}§<x<‘%'

.

Ex. 17. Evaluate.:

J'IXJ dx | K (1 L
®»X—; (ii)J) U [xl‘["‘ild"]“x
0 0
j{x} _
0
2[X] e ‘l[ i )
T 2% - l x-—[x]l | " | .. :
iii Sin| — 5 : . 1
. ( l).{[ [n]dx | (lV) j xT : (V) -1[—;5_-]4—5
3x- [x] o

(vi) I[ne'”]dx,_ where [x] = G.LE;; {x} =F.P. and n is natural numbers.

n ! 2 3 n
x dx jxdx+jxdx+l"]‘x'dx+ ...... +jxdx
o - _o oy .2 n-1
17. (i) Let I =" - L TN
e T n {x}ax
0. 0
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041 fdx+2 [t t(x=1) [x ]
_ * I +_.! 1+ . j _(n- 1) /2_(%1)'

n/2
njxdx
0

(i) T[T( . —[ X +f(—%)]}k .(letx=[x]+ f,0< f<‘l)
- [x{[x]_[f(__)]dx}k .0sf<l.s ; (—-12—) < %,i.;:.[[(—-lz-)j =-1,0.
Case 1. If [f(——z-)]zo,then T [lzlb.dx].dxzo,'

0
C W (I ‘
1 == :0
~ Case 2.If[f(—§)]— 1,then j [Il.dx] dx
o \o _
[x) | 2 3 [x]
_[[x]dx 2 j[x]dx+j[x]dx+j[x]dx+....+ _[[x]dx:o+1+2+
o 0 1 2 xH1
~ ([x]-1)x] |
....... +([-X]-1)3—, L3 .
s 3
u .
jsm[g;"- jSmOdJHjSmldx ]1n2dx+ .......
(i) n
_ 2
....... JSm (2n-2)dx + ISm(Zn 1dx =.
l:l‘l-‘i- ¢ nl-%
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.’zl {Sin 1+Sin 2+Sin 3+......+Sin (2n-2) +Sin (2n-1)} =

Sin a+(2n_2) h
n e (2n-1)h
7 h x Sin eSS o
Si“'z‘. ' _ where a =1, h=1,
[ 2(n-1)| .. (2n-1)
Sin{ I'+ .
. ln{ 2] }Sln 0) E rm (2n 1)
-0 .1 =2 l 2
| Sin> Sin>
2[x]
: 3x—[x]
(iv) Let f{x) = 3Tx]
3x—[x]
Clearly f is not defined if x=0
and when 3x=[x].
", In (-10,0), f is not defined at X=~3.

Case. l; XE[ 10——-) [x]<0 and 3x-[x]<0

[x]
-"-m> 0, i.e.f(x)=1

Case.z XE( = )[x]<0 and 3x-[x]>0, lef[x]—-l
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L]

-1/3

ﬁow If(x)dx— j dx+ j (-1)dx=(x)2}5 = ()23 = (—%HO)

-10 -1/3
( 28
0+ 3) 3

: _ iy
V) Letl = If(x)dx, where {x) = Sin“x

[x/V2]+1/2

Sin?x Sin%x

[-xu/_]n/z -1- [x/J_]+I/2

~f(-x)= (-: [x]-[-x]=-1Vxel)

-+ x/2 is not anmtegern (-1,0) and (0,1).

Sin%x

=10 x),"[ 2= Ak

i.e. f(x) is an odd function in x

1
= I f(x)dx=0.
¢ |

(vi) Let fix) =n.e* V ne N, xeR".

s f(x)=-ne” <0 Vxe R
Thxs is decreasing O to o and in such type of problems we always

break the’internal for x >log,n, we have [ne™] =0.

a1 - leers

Tldx+ Ide (n- 1)(log——i-—0)+(n 2)(|0g——-—3—|0gn l)

h‘g— bg n

-----

+1., (108“1* - |°B-;_;') ..... 4+0(o0 — logn).
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Now writing the terms in reversed order, we have

Y n_ . n n n n
'[0 ne_‘ dx ](logI log-2-)+2(log~5—log§)+3[log%"log'z)+

e t(D— 2)(log;—g—2— - IOgn—'lT) +(n- l)logﬁ—l»

= logn +(2-Dlog5 +(3-2)logZ +.....+[(n-1)=(n ~2)]log——

' nn n
= log n +log-2—+log--+ ot log——-l--lo T3 5= 1)

e} )

x-[x]—%, ifxe I

_ . where [.] denotes the G.LF. If
0 1fx‘el :

Ex. 18. Let f(x) ={
g(x) =max {x’ f(x), |x|}, V x € [-10, 10], then find the value

of Jg(X)dx

Sol. It is clear from the graph

X2 if -2< Xx<-1
X -1sxs-4
X453 -5 x0
g =|x * ffo<xsi

X2 if 1s x<2
"'jf(x)dx=.fx2dx+-]“(—x)dx+ i (x+-;-}1x+jx dx=2—;!§§
e J

2 - -1/4

" Ex. 19. Let the curves C,:y™=4[/y]x and C,:x*=4[vx]y where [

denotes the G.LF., find the area of the region enclosed by these
two curves with in the square formed by the lines, x=1,y=1, x=4,

. y=4.
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Sol. Since 1<x<4, so 1<Jx <2.

Now, ¢ :y*=4x and c,:x=4y.

4 4 ,
- Reqd. area = IZJ;dx-(2—l).l-I-dex
: 2

4 4
=.;_x3ﬂ ~1-1 %3 =usq.units.

1 4 2 3

Ex. 20. If x is a real number in [0,1], then

~[yX] =1 and similarty_[{/y]=1.

‘Y ‘!1,#&*
=4y
} _
1 |
of 12 4 +A

Lt Lt -
show that the value of m—»e n—w{l+cot (n!nx)} is given by 2 or
1 according as x is rational or irrational.

Sol. Case.l. If x € Q, then n!
large values of «.

nx will be an integral multiple of n for

- cos (n!'x x) will be either 1 or 1 i.e. cos™(n'xn x) =1

Lt Lt

S Mo noee {1HCOS™ (!X} =

1+1=2.

Case. 2. If xeQ, then x!x x will not be an integral muliiple ofarm.
~.cos (x!'mtx) will be between —1 or I, i.e. cos™(n!n x) =0.

Lt Lt

Hence, m—yc0 n—yso {1+c0s™™ (nlnx)} =

1+ 0 =1.

O LIMING POSITION OF A SECANT : A secant (Latin seco, I
cut) is a straight line that cuts a curve at two points. If the secant in fig

(i) moves in such a

way that P remains
fixed in  position,
but R approching P
more and more
" closely, successively

occupies the posi-
tion R‘,RZ,R3 and

R,, shown in fig.(ii) . It will be seen that the length of

chord PR and the length arc PR both becomes successively less and
‘less as R approaches P, while all the time the secant of which PR is part
approaches closer and closer to its limiting position, which is that of
the tangent to the curve at point P as shown in fig(iii).

'.4
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Ay .
L1 SIGN OF -g-i— : Let y=f(x) If—A—i"B(-p)vc Axand Ay have _the same

sign, i.e. an increase in x produces an increase in y and a decrease In X

productes a decrease in Y.

If y=f(x) be drawn, P being the point (x,y) and Q (x+Ax,y +Ay). lThen
if Axand Ay both (+)ve P and Q will be placed as in (1), if both negative
as in (2). In each case the chord PQ has a (+)ve gradient. But if Ax be
(+)ve and Ay (-)ve, P and Q will be placed as in (3), if Ax (-)ve, and

Ay (+)ve, as in (4).

3 & &

(1)

So, if % is (+)velfor a given value of x, x and y are both increasing or

both decreasing, but if e is (—)ve, x is increasing and y decreasing or
vice-versa. In the graph if % is (+)ve at the point (x,y), the gradient of

h 1
Ll

(5) 6) ™) ()

the tangent is (+)ve and the curve in the neighbourhood of P is shaped
like (5) or (6), but if % is (-)ve, the shape is like (7) or (8).
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U MAXIMA AND MINIMA :

At A and D, the gradient is changing from (-)ve to (+)ve and these are
called minimum points, FA and HD are minimum (or minima) values
of y . At B and E, the gradient is changing from (+)ve to (—)ve and
these are called maximum (or maxima)points, GB and JE are
maximum values of y.
The words max. and min. are used in the sense of greatest and least
only in the immediate vicinity of the point, this local meaning is bought
- out clearly in this curve, since a maximum value, JE as in fact less than
a minimum value FA. -
At C the gradient is zero, but is not changing sign, this point is a point
of inflexion, which may be linked to the point on an S-bend at which a
road stops turning left and begins to turn right or vice-versa. The gradient
of a curve at a point of inflexion need not be zero (the reader should be
able to spot four more in given fig.), however at this stage we are
‘concerned only with searching for maximum and minimum. We need to
bear in mind points '
of inflexion only as T A
a third possibility at
points where the
gradient of a curve
is zero, Atany point
where the gradient
of a curve is zero, y
'is said to be a
stationary value.
Any max or min
point is called a .
~ turning point andxy o
is said to be a turning value there.
Note: While a function has at most only one greatest value or absolute
max. or global max and at most only one least value or absolute
min. or global min.. It may have several max. value or local max and
several min valueor local min, : ' !
O DISTINGUISHING BETWEEN MAX AND MIN POINTS :
- At a max.point % = 0. Just before the point - is (+)ve and just after if
: % is (—-)ve. Thus in passing from one side of the point to the other =
decrease. If a graph of % against X is plotted, it has a downword slope -

Least Value
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in the region of the point under :con- ‘
sideration. Now the slope of the
[%" ] graph is given by -gx-(%)-_- _
dzy dzy
o So, at the max. point —5 &2

)ve (except as below); In fig. the graph
of y is represented by a continuous

is (-

line and the graph of % by a dotted line. In a siihilar way it can be seen

) |
that at a min.point :x); will be (+)ve (except as below) This provides a

comeroTpg,

method of investigating the nature of a turning point.

o dy_ d?y
If, at a point, e 0 and F <0,i.e. max.point.
dzy

If, at a pomt,g=0 and p)

Ex. 0 is a point on a straight line. A particle moves along the line
so that it is s ft. from O,t see. after a certain instant, where s =

t(t-2)>. Describe the motion before and after t=0.
Sol. Here s=t>-4t?+4t. | |

ds
“dt =3t° -8t+4=(3t-2)(t-2)=v.

> 0,i.e. min.point.

| 1 41
This graph has a min.point (15,-1§)

2 .
and pasges through (-3—,0), (2,0)
and (0,4), it is the middle sketch and

_ 2 32
upper sketch the max pt. | 3557

and min. point (2,0).

& o
i
N
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Agam,%‘;-—a—&—s and is the bottom sketch.

' Notice that the max. and rhin. values of s occur when v= %;—=0 and that

\

%
the min. value of v occurs when a"ﬂdt‘; 12

Before t=0, the particle is approaching 0 from the (-)ve side, at t=0 it is
passing through 0 with velocity 4ft./Sec. and acceleration — 8ft/Sec?.

Hence its speed is decreasing and it comes momentarily to rest %ﬁ.

L 2 :
from O (on the (+)ve side), when t=73, it returns to 0, where it is

momentarily at rest when r‘2 and thereafter it mnoves away fom 0 in
the (+)ve direction.

(] SIGN OF AREA : If we advance from left to right , i.e. if Ax is
(H)ve, yAx representmg the area of our typical. strip is (+)ve if y is

"_

Y+ B Y+ ¥
9 A 'Y A
Axl+ Ax |+ Ax |- ; Ax |-
yAx | + yax |- vAX |- B

g o 4y e
T

(+)ve, i.e. if the strip lies above the x-axis and (—)ve if the strip lies
below the x-axis is given fig. -

If we advance from right to left, i.e.if Ax is (—)ve, yAx is (H)ye if the
strip lies below and (—)ve if the strip lies above the x-axns

O DIVISION BY ZERO : Values like %’%’ﬁ' are inadmissible. There

| | ’ ; 5 .
‘have no meaning. Some students are under thg impression that 0 is
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infinity which is wrong. Infinity (=) is not a number it is a symbol.

Nor is %=1 If we let —g—=l, then we shall be led to absurditiés.Considet;
for example, what would be the result of dividing by zero both side of

an equation like 5x0 = 2x0.
Thus the statement x= oo is meanmgless unless 1t stands f'or the statement

X—> oo.
Corresponding to the notion of infinity, the symbol (zero) denotes the
‘continuous decrease without limit. The student should understand the
following facts also -’1?—>0 if x = +eo and ;1(-—»0 ifx 95—
Ex. Show that the number 0(zero) has no reciprocals.
= - . 1

Sol. Suppose that 0 has the reciprocals —16, then 0. (§)=l
(- product of two reciprocals = 1).

1 |
Also, O.(3)= 0 (-- product of any number by zero is 0). It follows that

1=0, which brings contradiction.
Hence 0 has no reciprocal.
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NOTES ON GRAPHS

] Introduction : The graphs of a function provides many informa-
tion regarding the function f{(x). All the information we need to draw the
graph of a function accurately can be put together to a name and
that is DR. T. SAM. This means Domain (D), Range (R),
Transformation (T), Symmetry (S), Asymptotes (A), Maximum
and Minimum (M), Now we shall discuss some important graphs.

Draw the graphs of each of the following functions:

2x
(a) ﬂxFl 2 . Y
- S 1+x | y=1
(i) fx) is a odd function, B O
(ii) graph is symmetrical about | __ 3 -2 -1 X
origin, .
(iii) f(x) attains minimum value | ———=~---~==-- A -———y=1
f(x)=0, -

(iv) Maximum value of the function f{(x) equalis 1.
(v) 0)=0 and |f(x)|< 1 indeed (1- |x|)2 > 0or1+x% 2|x,

2"" -If(X)l

Since f(a)> 0 at x20 and f (1) =1 infhe ifitz:val [0, ) the maximun;
value of the function f{x) equals 1, the ‘minimum value being zero.
Domam --oo< X < oo,

Raﬂge ~1 <fix) <+l | ‘
(b) fix)= Sln"x.—-Zsm x—-(sin x-12-1. - Y -
When f(x) increases then sin x decreases.
Similarly, f{ix) decreases when sin x .. _
increases. -, .

When sin x increases | , | mE 8 \U‘ e
(-_-1’:/2 £x< It/2) sin X decreases

(r/2<x<3n/2).

orl>—L
1+
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© f(x)=x4-2x2 +3=(x2-1) +2

(i) fx) is even function,

(ii) f(x) is symmertric about y-axis, -
(i) f(x) is attains min.value at x = +1,

(iv) f{x) decreases x=0 to 1 and

similarly x=0 to-1,

\p’x

1
— -
-t [ o -
.

(v) f{x) increases x=1 to oo, |

(Vi)f (0)=3, D, :~co< X< oo and R, : 2 S y < oo,
(d) y=f (x)=cos™ (cos x)

f(x) is periodic with period 27 .

f(x)=x,0<x<m [from definition of cos” x]

=2x-x, MSX<2m - Y
Let 2T—X =x! - (am) y=m

or 2m—x'=x : 3

n<2n-x'<2n

-n2x'-2n2-2n
n>x'20
0<x'<n

cos™! cos (21:-x‘)= cos™! cos x'=x'=2n—x
Domain: —nx < x < nr [1,2,....=n]

Range: 0<f(x)<m

(e y= f(x)=-Jsin_x
Here sin x20, 0<x<m

- 2r<x<3m . "7?\ m X

20m < x < (2n+1)x

[n=0,1,2....]
Domain : 20t < X< (2n+1)n [n=0,1,2...]
Range : 0<f(x)<1
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() y=f(x)=x"losx
~ Domain : 0<x<1 and 1< x < oo .

f (x) . xlflogx' ¥

! 10 X
- x( 0810 !logw ) - xlogxlo;

- f(x)=10.
| | 'sin’xat -n<x<0
@ y= '2.at 0<x<l1
|1/(x-1)at 1<x<4

10—0 -y=10
I
;
0 >X
AY i‘ " ;
P Se—
] ———
| x-1
I \&”
1:—3{\\__‘&)(
_']'t - ﬂ l 4‘r
=S1inx|

(h) y=[x]?, we have
vy =0 when 0<x<1 :
- =] when 1<x<2 .
=4 when 2<x<3
=9 when 2<sx<4
and so on.

Similarly in the case of negative values.

(i) y=x2+[x}?, we have

[ X2ifx e [0,1]
x2+1ifx e[1,2]

y-1 x2+4 ifx €[2,3[
hx2+lifx e[-1,0]
‘and so on. -
-2 atlx>0
(j)y: l/ZﬂtX'=0
x> atx<0
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y= 905x+|C03x| :

(k)"
Y =C0sX+cosx cosx>0
Y =€0sX—cosX cosx<0
y = cos2x -‘E/ZSXSTC'/2
y=0 n/2<x<3n/2
(i))’ x+2|x
= (x+2)x x2>-2
=—(I+2)X x< -2
y=x"+2x
= (x+1)* -1 x2-2
y=1-(x+1)* x<-=2

(m) y=2|x-2|-|x+1|+x at x> 2

(n) y=2%

y= Z(x 2)-(x+1)+x

= 2x-5§ -1<x<?2

y =2(2-x)-'(x +1)+x

= -2x+3 x<-1

Y= 22-0)+x+D+x

— |

Let_us define dorﬁain as (-1,1)

y=2% —27%(1,1)
Y=2-I __2[,
=372
yzzl _2-|
=3/2
y=20_.90
=0

(0) y=xSinx : 0<x<m;

y = xSinx : 0<y<— 0<xs<Z

?* S

. L -
.2$y30 5 S <X<T;
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1

)

B (x+3)(x-3)

(p)y=

4y
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At x = 3, -3 the curve is | _
undefined, i.e. the two *=73
asymptotes aré x=3 and x=-3.
' h §
(xz+x+l) :~1<x<0 ] 4
(qQ)y= sin’x: <x<m |
T | (x-1)/(x+1) :x<x<5) Y
J il > X
1 2 3 -1 4
y=[x+§) +'Z-
AY
2 '
y=sin“x : 0<x<m — ]
o ) P— : S Nl ,x
y-x+l + R X T -1 0 x | SR
_x+1-2 . 2 .
T ox+1 7T x+1
1 2 3
(N y=x+— (s) Y=X"—-X
y=x*(1-x)
Y
18 |-
"\
———— e n ! v
1 , . >
5 ] % 3 .)X 0 12
/"“‘\"-3 .



(t) y=3 sin _(25(-4) 0<2x-4< 2 1|:

4<2x<2n+4

2<x<m+2

W  y=2{[(-3(x+15))-12]
y =0
1.2=2/(3(x+1.5))
1.44
T= =3(x+1.5)
-12-1.5=x
-1.62=x

@ y=lx-2x-1  (¥*-2x-1)>00rx21+42
=(x*-2x-1) (x2—2x—l)<00rx51-ﬁ .

- 2<x<1442

=-(x?-2x-1

y = (x-1y-2
y = «(x-1y+2

T—)X

C|=-1-62

i

1? —bX

!-w’

W y=(|x|-1]  |x-120 x2lorx<-I

=|x|-1 [x[21

- =1-|x] -1<x<1

y =[x|-1 Xx2lorx<-1
y=x-1 le_
y=-x-1 x S-1
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Similarly y=1-x 0<xsl

‘ y=l+x -1€£x<0
An"angingallpartsy=—x—l x £-1
C y=1+X -1€x<0
y=1-'x - 0<x<l1
y=x’-_l x 21

(x) y =|sinx| + sinx on the interval [0',31!.']

=sinx+sinx sinx20 0<x<™m
=2sinx 2n<x<3m
=.sinx+sinx sinx<0 T<XS2T

=0

(y)y=-x+2| . ;

y=-(x+2)x+2_20; x>-2
= (x+2)x+2 <Q;x<-2

@y Ty

y=|x-1-2 [|x-1|22 . -
=-{x-1]-2} [x-1|<2 |
y=(x-1)-2 x23 _ | _ )

=x-3 . >X
;=-x-l - x<-1 . =% | .
y=-x+3 +1<x<3 - '

y=x+1 -1<x<1 "’
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(A) y =[x +2|+x-3| z
; yz_(x+_2)+(x-3) 'X_+220;X2-2' _ K /Y_ﬂ,m
- y=2x-1 s S Yoore }—5 : |
y=(x+2)+(3-x)  x+220 x2-2 =
y=5 x<3 x-3<0 x<3
y=-(x+20+(x-3) X< -2 | ok
' - x23 »
Not possible X
Y=-(x+2)+(3-x) x<-2andx<3
y=-2x+1 PP T N
St B ' l . Y AL
. x | o : I q,’.’;‘t
(B) y=x+14- oY SXES Rl %
=x:1 "x<£0° P B
R e L
_ _ig 1X=2 LS
y=HE- s, Ly T 5
© Y exHx-l4 x22 K |
Co=x+x-l14l x22 <« Y=2x
y=2x .x 22 4=
y=x+x-1-1 1<x<2 | 3t |
=2x-2 : 2T ! -
y=x+l-x-1 x<l - /;_Y=_2x-2
- =0 ' vy=0 ©Of ' 2 X
T e =
D) 5= s
At x = -1, the curve does not exist, i.e.
undefined. ' | .
C\ (0.0) g
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(E) |y]+x=-1

y+x=-1
y=-x-1 y20
-y +x=-1 ySO

=x+1

) [x+]y|=2
x'+y=2 x20,y20
x-y=2 x20;y<0
-x+ty=2 x<0;y20
-x-y=2 x<0;y<0

(G) |y—l3|=]x_—l|

y-3=x-1y23;x21 |
y=X+2

y-3=1-xy 23;x<1
y=4-x

3-y=x-1 y<3;x21
y =4-x

3-y=1-x y £3;x<1
y=2+x

H) |x+y|+]x-y|=4 (x+y)>0

(x+y)yHx-y)y=4 x-y>0
2x=4 X<—y
x=2 x>y
(x+y)x+ty=4 = x+y>0
2y=4 ¢ X-y<O0
y=0
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Y=2

X=-2|

X=2

(-2,0)

X
0 (0.2)

2) v=2




(x+y)x+y= 4

2y=4
y=2
—(x+y)Hx-y)=4
—x-y—-x+y=4(x+y)<0
—2x=4

Xx=-2

M|y x=x

yx=x y>0 x(y-1)=0
yx=x y0b x=0y=1

x+yx=0

x=0 y=-1."

d) | x-y|+y=0
x-y+y=0 - x—y>0

x=0 x>y
—X+y+y=0  x<y

X=2y

=X

y=3

®K) y=2- x - x2 x>0

=2-x—x*

y =2+x-x%, x <0
= (x%+x-2), x>0

{5

y = «(x*—x-2)
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},x>0

x+y>0

x-y<0
- x-y<0
~(x+y)Hx-y)=4
—2y=4
y ==
Y=1
> X
Y=-1
» X

y w={xt=2x]|




(L) y=|x2+x|
At adxg 1
(%" +5)" -7l

P

(N)y =log,(1-x) : (1-x)=2
i x = -

1-x=0

x =1

T e s St e e ———
v
>
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(O) y=|log,(1-x)| ‘
=log,(1-x) log,(1-x)20

2 log 1 A
_ Lo0o<x<0 =10 5 > X
=-log, (1-x)log,(1-x) <0
' 0<x<l
(P) y=xsinx "
-x < xsin x Ay
TS -
=>-XSysX )
o {1 O

y= X sinn X, same graph but instead of
. .

= | -E . = e
x =0, 7> % m=0,1, >

(R)

=e!": x2>1

| ___e-lnx s e—lnx
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(T) y =log, (x’ -2x)

y =log, {(x~- 1) -1}
(x-1)*-1=1
C(x-1)=12

X = l:t-\[i
(x-1)*-1=0
x =2,0

(V) y= log2 sinx :sin x>0
0<x<m

2R <x<3x

W) 1yl=logy(~x)
y =log,(-x) 2y > 0x <0
.y =-logy(-x):y <0x<0
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3

e
L
X
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(X) y=Isinx] ‘
: =sinx smx:>0 - AY
0<x<m
2“'<x(3ﬂ- m
= -sin xsin x <0 & —x 0 Yoo > X
T<Xx<2:m
3n<x<4mn
sin X YA
wy gl A
=] sinx >0 s
LR N
=-] smx <0 > e |
N<X<27
4Y '\'P,?&
(Z)y= x+sinx - /_13
v -I1<sinx<1 e
s x-1< x+sinx LN ETN
X 1<:+: -q -—-\\;},,.J :u
5 _ 7 y=snx

=x-1<y<x+1

Z) y=sn|xj
(Z,) =sinx x >0
=-snx x <0

(Z,) y=sin sin’ (log; x) |

x =1/2
y=logy,x . log;,(1/2)=1
g 121=0 log. 2
_ 108,
log l"22_1cog2(1/2)
B
-1
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0O SOMEMORE GRAPHS OF THE FOLLOWING FUNCTIONS :

_x+1| oy | 1 y
¥ x-11 % E | ] y = 2—Ix| ' J& E |
y=1."" _i\_ _ E l [
N S R, ————— \ 12 Iy- =
Iﬂ\_“. - ! . _ | : ..z_l_r:x
- \_Oi""_.- > X -2 Jo lz
‘ ' |
| I' . 1
i ‘ L
_x=] y " 3 Iy=sin2x
ARNET T T
¥ ‘ Y
m—_ |
f 1L.,..
: > :
-1 _‘i (1.0) X _. . -2 ol ! =2 _)x
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5 X

>X

——— —

3r2

s g L
=i v..\ - y e S W q L‘ \\1. -
8 o . < n(- L N~ VuA —i 7
: 1R ! e CHENE L3
ol 1y - E w ob | 0
5 - 3
| B I I I
o™
-~ i - | IS )
w ,
lllllll S N ¥
ﬂ. o l/
o~ - S o . G L 4
n—.tM —— - — — — ’ .w
_" > : H. b 2 3 >
,. VlA =t H m Lo . > o &
E 1 S L .__-ll .Il..l..__. — B - .
- | X o m ah _ ~
o I3 e 1 .- i %
. o e .t e s Wt o oy T x.
e S 17 8 ~
R i S o E
B | ! > - : ~
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O SOMEMOREGRAPHS OF THE FOLLOWING INEQUALITIES:

(a) (x-yl<l
-1<(x-y)<1  x-y<l
~1<(x-y) x=1<y
y <x+l y2 x-1

(© xHyl21
x+yz21l x20y20 -
-x-y21 x20y=20
-x+y21x<0y<0
-x-y21 x<0y20

(b) [x-y|22
(x+y)22
(xt+y)<-2
y<2-x,y <2 -X

(d) xHlyl<3
x+y23x20y=20
x-y23 x20y<0
-x-y23 x<0y<0 |
cx+y23x<0y20

() [x-1] + ly +1[>2
(x-D+ (y+D22
(x-1)20 (y+1)20
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C(x=1)= (y+1)22

(0 x+yl + Ix-yls2
(x-D+ (y+1)22
(x-1)20 (y+1)20

—~(x-1)- (y+1)22 N
(x-1) <0 (y+1) <0 i
_

7

7

NN

(x-1) <0 (y+1) 2 0

L\

i




O SOMEMOREGRAPHS OF THE FOLLOWING INEQUALITIES:

y —2x<0 | . xM+y<0
X2+y2—-5_<_.0 2x2+y_1 So y,
" N
| ' ’ - >x%
(=1.-1) (1,-1)
|o
X
el | | yweco
x*+y*>16 . . y—2x+3>0 7t

2y 2 o 35/-x< :
y<—2x3+3x . | y+2x<1l

| 4y+x>9
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