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PREFACE

Inside this book is an older book. In 1993, the MAA published “The Wohas-
cum County Problem Book”, and a few years ago we were asked to consider
reissuing that book with a less rustic and more descriptive title. Meanwhile,
we had many more problems to contribute, and so the original list of 130
has grown to 208. The new problems are, if anything, more likely to involve
pattern finding and experimentation, although technology is generally not
needed or even particularly helpful. In difficulty the new problems tend to
be in the middle range of the original book, so anyone familiar with that
book who looks only at the very beginning or the very end of the problem
list may not notice much difference. From a geographical perspective, we
haven’t tried to move the problems that were originally set in Wohascum
County, and we still can’t tell you where to look for that setting on a map.

We have been asked, and in any case it is appropriate in a preface, to say
something about the purpose of this particular collection. There are actually
multiple purposes, and different users will no doubt have their own priori-
ties. One purpose is entertainment; we think these problems are attractive
and will provide mathematical pleasure to those who spend time with them.
This has been confirmed over the years by undergraduates at Carleton and
St. Olaf Colleges, where many of the problems were first posed as weekly
challenges, by high-school age (but unusually talented and enthusiastic) par-
ticipants at Canada/USA Mathcamp, and by a variety of others. Were you
once, or are you now, a mathematics major? Do you teach mathematics at
any level? Do you simply find pleasure in encountering mathematical prob-
lems that are accessible but not routine? We like to think that in all those
cases, you will enjoy browsing through this book, whether in the usual way
or by starting in the index and looking up problems that have unexpected
words or phrases in them. (The numbers in the index refer to problems, not
to pages.) In an ideal world, maybe no one would look at a solution before
trying seriously to solve the problem, but if you're feeling curious and are
pressed for time, you can still appreciate the problem by reading the solu-
tion and the underlying ideas behind it. Should you be looking for weekly
challenges, you might consider that if you ration yourself to one problem a

vii
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week, there are enough problems here for four calendar years — spanning
your undergraduate career, perhaps?

Another purpose is instruction. There are books (and one of us has writ-
ten such a book) that provide systematic introductions to problem solving,
presenting various techniques together with problems that allow students to
test their skill and ingenuity in using those newly acquired techniques. This
is not such a book. In fact, it can be argued that one of the most important
things for a problem solver to learn is the ability to recognize which of the
many possible tools might be applicable. Success may come only after trying
several approaches. The process of finding the key idea is often what makes
the problem interesting and ultimately valuable. Thus the order in which
the problems first appear does not provide any clues as to their method of
solution. However, the appendices in the back of the book do provide infor-
mation about topics and prerequisites, and we hope this will be helpful to
people teaching problem solving classes and to teams or individuals prepar-
ing for contests such as the Putnam. Specifically, the first appendix lists the
prerequisites for each problem, while the second has the problems arranged
by general topic.

So, one might ask, in what sense is this book providing instruction?
Not surprisingly, most of the book is taken up by solutions rather than by
problems; we hope that most of these solutions are instructive and/or elegant
as well as being clear. For many problems, multiple solutions are presented.
Sometimes the solutions are preceded by “Ideas”, which can serve as hints,
or followed by “Comments”, which often provide a broader perspective. We
have tried to provide enough details and motivation so that even the messier
and more involved solutions, which may run to several pages, can be read and
enjoyed by inexperienced problem solvers. If the ways of thinking suggested
by these solutions turn out to be helpful and appealing to the readers of the
book, we will be delighted.

Some of our problems have a third purpose, namely to generate more
problems, that is, to suggest variations or extensions for further investiga-
tion. In particular, the comments to Problems 55, 106, 144, 158, 164, and
176 indicate related questions which we have so far been unable to solve.

All problems presented here are due to the authors. While the majority
are taken from the Wohascum County Problem Book, as far as we know
almost none of the others have appeared in print. Some of them can be
found on the Web (but without solutions) in old issues of our respective de-
partment newsletters (the Carleton “Goodsell Gazette”, the St. Olaf “Math
Mess”, the TCU “Math Newsletter”). For a few of the problems, some
knowledge of linear or abstract algebra is needed, but most require noth-
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ing beyond calculus, and many should be accessible to high school students.
However, there is a wide range of difficulty, with some problems requiring
considerable “mathematical maturity”. For most students, few, if any, of
the problems should be routine. We have tried to put easier problems be-
fore harder ones, while keeping the list as varied as possible, and we expect
that nearly everyone will find Problem 150 more difficult than Problem 75.
Nevertheless, a particular solver might find 150 easier than 140 or even 125.

As for the title, it has been a struggle to find an appropriate balance
between the fanciful and the matter-of-fact. An earlier candidate, “Intuition
and Proof”, was perhaps a bit stark, and did not make clear reference to
problems (or even mathematics). We hope the collective noun “Orchard”
will evoke images of such good things as vigorous growth, thoughtful care,
and delectable fruit; if so, the metaphor will have taken us as far as intended.

It is a pleasure to thank Don Albers, whose initiative led to this book.
Our heartfelt thanks go, also, to the many people—our parents, spouses,
colleagues and friends—whose vital encouragement and support we have
been privileged to receive. The following reviewers each read substantial
portions of the manuscript, and their thoughtful suggestions led to many
improvements: Professors Irl Bivens, Joe Buhler, David Callan, Paul Camp-
bell, Barry Cipra, the late William Firey, Paul Fjelstad, the late Steven
Galovich, Gerald Heuer, the late Abraham Hillman, the late Meyer Jerison,
Elgin Johnston, Eugene Luks, the late Murray Klamkin, Bruce Reznick, the
late Tan Richards, John Schue, Allen Schwenk, Steven Tschanz, and William
Waterhouse. Beverly Ruedi of the MAA brought unfailing good humor and
patience to the nitty-gritty of manuscript production. Finally, our thanks
to all past, present, and future students who respond to these and other
challenge problems. Enjoy!

Mark Krusemeyer
George Gilbert
Loren Larson

Northfield, Minnesota
Fort Worth, Texas
October 15, 2011
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THE PROBLEMS

1. Find all solutions in integers of =3 + 233 = 423. (p. 45)

2. The Wohascum County Board of Commissioners, which has 20 members,
recently had to elect a President. There were three candidates (A, B, and C);
on each ballot the three candidates were to be listed in order of preference,
with no abstentions. It was found that 11 members, a majority, preferred A
over B (thus the other 9 preferred B over A). Similarly, it was found that
12 members preferred C over A. Given these results, it was suggested that
B should withdraw, to enable a runoff election between A and C. However,
B protested, and it was then found that 14 members preferred B over C!
The Board has not yet recovered from the resulting confusion. Given that
every possible order of A, B, C' appeared on at least one ballot, how many
board members voted for B as their first choice? (p. 46)

3. If A= (0,-10) and B = (2,0), find the point(s) C' on the parabola
y = 22 which minimizes the area of triangle ABC. (p. 47)

4. Does there exist a continuous function y = f(x), defined for all real
x, whose graph intersects every non-vertical line in infinitely many points?
(Note that because f is a function, its graph will intersect every vertical line
in exactly one point.) (p. 48)



2 PROBLEMS 5-15

5. A child on a pogo stick jumps 1 foot on the first jump, 2 feet on the
second jump, 4 feet on the third jump, ..., 27! feet on the nth jump. Can
the child get back to the starting point by a judicious choice of directions?

(p- 49)

6. Let S, = {1,n,n%,n3,...}, where n is an integer greater than 1. Find
the smallest number k& = k(n) such that there is a number which may be
expressed as a sum of k (possibly repeated) elements of S, in more than one
way (rearrangements are considered the same). (p- 49)

7. Find all integers a for which 23 — 2 + a has three integer roots. (p. 50)

8. At an outdoor concert held on a huge lawn in Wohascum Municipal
Park, three speakers were set up in an equilateral triangle; the idea was that
the audience would be between the speakers, and anyone at the exact center
of the triangle would hear each speaker at an equal “volume” (sound level).
Unfortunately, an electronic malfunction caused one of the speakers to play
four times as loudly as the other two. As a result, the audience tended to
move away from this speaker (with some people going beyond the original
triangle). This helped considerably, because the sound level from a speaker
is inversely proportional to the square of the distance to that speaker (we are
assuming that the sound levels depend only on the distance to the speakers).
This raised a question: Where should one sit so that each speaker could be
heard at the same sound level? (p. 51)

9. Ten (not necessarily all different) integers have the property that if all
but one of them are added, the possible results (depending on which one is
omitted) are: 82, 83, 84, 85, 87, 89, 90, 91, 92. (This is not a misprint; there
are only nine possible results.) What are the ten integers? (p- 53)

o]
10. For what positive values of = does the infinite series > z!°820127
n=1

converge? (p. 53)

11. Let A be a 4 x 4 matrix such that each entry of A is either 2 or —1.
Let d = det(A); clearly, d is an integer. Show that d is divisible by 27.
(p. 53)



THE PROBLEMS 3

12. Consider the n x n array whose entry in the ith row, jth column is
i+ j — 1. What is the smallest product of n numbers from this array, with
one coming from each row and one from each column? (p. 54)

13. Let A and B be sets with the property that there are exactly 144 sets
which are subsets of at least one of A or B. How many elements does the
union of A and B have? (p. 54)

14. Find /(x6 + %)/ a3 + 2 da. (p. 55)

15. Hidden among the fields of Wohascum County are some missile silos,
and it recently came to light that they had attracted the attention of an
invidious, but somewhat inept, foreign agent living nearby in the guise of a
solid citizen. Soon the agent had two microfilms to hide, and he decided to
hide them in two dark squares of a chessboard—the squares being opposite
each other, and adjacent to opposite corners, as shown in the diagram. The
chessboard was of a cheap collapsible variety which folded along both center
lines. The agent’s four-year-old daughter explored this possibility so often
that the board came apart at the folds, and then she played with the four
resulting pieces so they ended up in a random configuration. Her mother,
unaware of the microfilms, then glued the pieces back together to form a
chessboard which appeared just like the original (if somewhat the worse for
wear). Considerable complications resulted when the agent could not find
the films. How likely would it have been that the agent could have found
them, that is, that the two squares in which they were hidden would have
ended up adjacent to opposite corners? (p- 57)




4 PROBLEMS 16—-25

16. For what values of n is it possible to split up the (entire) set {1,2, ..., n}
into three (disjoint) subsets so that the sum of the integers in each of the
subsets is the same? (p- 58)

17. Let f(z) be a positive, continuously differentiable function, defined for
all real numbers, whose derivative is always negative. For any real number
xo, will the sequence (z,) obtained by Newton’s method (that is, given by
Tnt1 = Tn — f(xn)/f (x,)) always have limit co? (p- 60)

18. Find all solutions in nonnegative integers to the system of equations
322 — 2y? —42% + 54 = 0, 5x2 —3y? — 722+ 74 =0. (p. 61)

19. If n is a positive integer, how many real solutions are there, as a func-
tion of n, to e* = a"? (p. 61)

20. The swimming coach at Wohascum High has a bit of a problem. The
swimming pool, like much of the building, is not in good repair, and in
fact only three of the lanes are really usable. The school swimming cham-
pionship is coming up, and while the coach expects only a small turnout
for this event it is not at all sure that the number of participants will be
divisible by 3, let alone a power of 3 (which would make it easy to arrange a
“single-elimination” format). Instead, in order to choose three participants
to compete in the final, the coach intends to have all participants swim in an
equal number of preliminary races (of course, that number should be posi-
tive). Also, she wants each preliminary race to have exactly three swimmers
in it. Finally, she does not want any two particular swimmers to compete
against each other in more than one of these preliminary races. Can all this
be arranged

a. if there are five participants;

b. if there are ten participants? (p. 62)

21. Does there exist a positive integer whose prime factors include at most
the primes 2, 3, 5, and 7 and which ends in the digits 117 If so, find the
smallest such positive integer; if not, show why none exists. (p. 65)

22. The Wohascum County Fish and Game Department issues four types
of licenses, for deer, grouse, fish, and wild turkey; anyone can purchase any
combination of licenses. In a recent year, (exactly) half the people who
bought a grouse license also bought a turkey license. Half the people who
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bought a turkey license also bought a deer license. Half the people who
bought a fish license also bought a grouse license, and one more than half
the people who bought a fish license also bought a deer license. One third
of the people who bought a deer license also bought both grouse and fish
licenses. Of the people who bought deer licenses, the same number bought
a grouse license as bought a fish license; a similar statement was true of
buyers of turkey licenses. Anyone who bought both a grouse and a fish
license also bought either a deer or a turkey license, and of these people the
same number bought a deer license as bought a turkey license. Anyone who
bought both a deer and a turkey license either bought both a grouse and a
fish license or neither. The number of people buying a turkey license was
equal to the number of people who bought some license but not a fish license.
The number of people buying a grouse license was equal to the number of
people buying some license but not a turkey license. The number of deer
licenses sold was one more than the number of grouse licenses sold. Twelve
people bought either a grouse or a deer license (or both). How many people
in all bought licenses? How many licenses in all were sold? (p- 65)

23. Given three lines in the plane which form a triangle (that is, every pair
of the lines intersects, and the three intersection points are distinct), what
is the set of points for which the sum of the distances to the three lines is as
small as possible? (Be careful not to overlook special cases.) (p. 67)

24. For the purposes of this problem, we’ll say that two positive integers a
and b are “one step apart” if ab+ 1 is a perfect square. For example, 2 and
24 are one step apart because 2 -24 + 1 = 49 is a perfect square. Also, 24
and 7 are one step apart, so it seems natural to say that 2 and 7 are at most
two steps apart. In fact, since 15 is not a square, 2 and 7 are separated by
exactly two steps; that is, they are two steps apart.

a. Show that any two (distinct) positive integers are separated by a finite

number of steps.

b. How many steps separate two consecutive positive integers m and m+17

c¢. How many steps separate 1 and 47 (p- 68)

25. Suppose the plane = 4+ 2y 4+ 3z = 0 is a perfectly reflecting mirror.
Suppose a ray of light shines down the positive z-axis and reflects off the
mirror. Find the direction of the reflected ray. (Assume the law of optics
which asserts that the angle of incidence equals the angle of reflection.)

(p- 69)
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26. Starting at (a,0), Jessie runs along the z-axis toward the origin at a
constant speed s. Starting at (0, 1) at the same time Jessie starts, Riley runs
at a constant speed 1 counterclockwise around the unit circle until Jessie is
far down the negative x-axis. For what integers a > 1 is there a speed s so
that Jessie and Riley reach (1,0) at the same time and (—1,0) at the same
time? (p. 70)

27. Find the set of all solutions to z¥/* = y*/* = 2*/¥  with z, y, and z
positive real numbers. (p. 71)

28. Find all perfect squares whose base 9 representation consists only of
ones. (p- 72)

29. Show that any polygon can be tiled by convex pentagons. (p. 73)

30. The following is an excerpt from a recent article in the Wohascum
Times. (Names have been replaced by letters.) “Because of the recent thaw,
the trail for the annual Wohascum Snowmobile Race was in extremely poor
condition, and it was impossible for more than two competitors to be abreast
each other anywhere on the trail. Nevertheless, there was frequent passing.
... After a few miles A pulled ahead of the pack, closely followed by B and
C' in that order, and thereafter these three did not relinquish the top three
positions in the field. However, the lead subsequently changed hands nine
times among these three; meanwhile, on eight different occasions the vehicles
that were running second and third at the times changed places. ... At the
end of the race, C' complained that B had driven recklessly just before the
finish line to keep C', who was immediately behind B at the finish, from
passing. ...” Can this article be accurate? If so, can you deduce who won
the race? If the article cannot be accurate, why not? (p- 75)

31. At arecent trade fair in Wohascum Center, an inventor showed a device
called a “trisector,” with which any straight line segment can be divided into
three equal parts. The following dialogue ensued. Customer: “But I need to
find the midpoint of a segment, not the points 1/3 and 2/3 of the way from
one end of the segment to the other!” Inventor: “Sorry, I hadn’t realized
there was a market for that. I'll guess that you’ll have to get some compasses
and use the usual construction.” Show that the inventor was wrong, that
is, show how to construct the midpoint of any given segment using only a
straightedge (but no compasses) and the “trisector.” (p. 75)
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32. Find a positive integer n such that 2011n + 1 and 2012n + 1 are both
perfect squares, or show that no such positive integer n exists. (p. 77)

33. Consider a 12 x 12 chessboard (consisting of 144 1 x 1 squares). If one
removes 3 corners, can the remainder be covered by 47 1 x 3 tiles? (p. 78)

34. Is there a function f, differentiable for all real z, such that
|f(z)] <2 and  f(z)f (z) > sinz? (p. 79)

35. Let N be the largest possible number that can be obtained by com-
bining the digits 1, 2, 3, and 4 using the operations addition, multiplication,
and exponentiation, if the digits can be used only once. Operations can be
used repeatedly, parentheses can be used, and digits can be juxtaposed (put
next to each other). For instance, 1234, 1 + (2 x 3 x 4), and 23'%% are all
candidates, but none of these numbers is actually as large as possible. Find
N. (All numbers are to be construed in base ten.) (p- 79)

36. The Wohascum Times has a filing system with 366 slots, each of which
corresponds to one date of the year and should contain the paper that ap-
peared most recently on that date, except that the February 29 paper is
taken out, leaving an empty slot, one year after it is filed in a given leap
year. It was discovered some time in the summer of a non-leap year that
some prankster had scrambled the papers; for example, the March 10 paper
was in the April 18 slot, but there was still exactly one paper in each slot,
with the exception of the February 29 slot, which was vacant, as it should be.
A junior employee was given the task of putting the papers back in order.
He decided to try to do this in a series of moves, each move consisting of
transferring some paper from the slot it was in to the slot that was vacant
(so that the slot the paper was moved from becomes the new vacant slot).

a. Is it possible, using this method, to unscramble the papers, and if so,
what is the maximum number of moves that might be needed, assuming
that the papers were moved as efficiently as possible?

b. What would the maximum number of moves be if there were n slots
instead of 366 (that is, there is one slot for a “leap date” which is empty
at the beginning and the end, and n—1 papers are scrambled among the
other n—1 slots)? (p- 80)
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37. Babe Ruth’s batting performance in the 1921 baseball season is often
considered the best in the history of the game. In home games, his batting
average was .404; in away games it was .354. Furthermore, his slugging
percentage at home was a whopping .929, while in away games it was .772.
This was based on a season total of 44 doubles, 16 triples, and 59 home
runs. He had 30 more at bats in away games than in home games. What
were his overall batting average and his slugging percentage for the year?
(Batting average is defined to be the number of hits divided by the number
of at bats. One way of defining slugging percentage is the number of hits
plus the number of doubles plus twice the number of triples plus three times
the number of home runs, all divided by the number of at bats. Both of
these percentages are rounded to three decimal places.) (p. 82)

38. Let C be a circle with center O, and @ a point inside C' different
from O. Where should a point P be located on the circumference of C' to

maximize ZOPQ? (p.- 83)
L /ed £ 94219

39. With technology you can find that / % dr ~ 1.27798 and
0

1 Vot 4222 + 2 1

TV16+ 7 ~ 127155 Clearly, then,/ %dm > 2V16+ 7.
0 :1:

Prove that this is indeed correct, without using any technology. (p- 84)

40. Let f (z) = 22 + 4z + 2, and for n > 2, let f, (z) be the n-fold
composition of the polynomial f, (z) with itself. For example,

f(@) =1, (fl (2)) = 2" + 82° + 242” + 322 + 14.

Let s be the sum of the coefficients of the terms of even degree in f (z).

For example, s, =1+4+24+14 = 39. Find Sy019"

(p- 85)
41. Find all real solutions of the equation sin(cosx) = cos(sinx). (p. 86)

42. For what real numbers « does the series
1 1 1
2a T + 1 1 .
(2+ 2 + i)

2 (24 5)
converge? (p. 86)
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43. For a natural number n > 2, let 0 < 1 < 25 < --- < x, be real
numbers whose sum is 1. If z,, < 2/3, prove that there is some k, 1 < k < n,
for which 1/3 < YF_, z; < 2/3. (p. 87)

44. Ts there a cubic curve y = ax® + bx? + cx + d, a # 0, for which the
tangent lines at two distinct points coincide? (p- 88)

45. Show that for any positive integer n,

= i(i + 1) + n? @n—D)m
Z arcsin (\/12 Y/ oy n2> = 1 . (p. 88)

46. Digital watches have become the norm even in Wohascum County.
Recently three friends there were comparing their watches and found them
reasonably well synchronized. In fact, all three watches were perfectly accu-
rate (those amazing silicon chips!) in the sense that the length of a second
was the same according to each watch. The time indicated shifted from one
watch to the next, but in such a way that any two watches would show the
same time in minutes for part of each minute. (A different pair of watches
might show the same time in minutes for a different part of the minute.)

a. Show that there was at least one pair of watches that showed the same
time in minutes for more than half of each minute.

b. Suppose there were n watches, rather than three, such that once again
any two watches would show the same time in minutes for part of each
minute. Find the largest number z such that at least one pair of watches
necessarily showed the same time in minutes for more than the fraction
x of each minute. (p- 90)

47. Let C be a circle with center O, and @) a point inside C' different from
O. Show that the area enclosed by the locus of the centroid of triangle O PQ
as P moves about the circumference of C' is independent of Q. (p- 91)

48. Suppose you have an unlimited supply of identical barrels. To begin
with, one of the barrels contains n ounces of liquid, where n is a positive
integer, and all the others are empty. You are allowed to redistribute the
liquid between the barrels in a series of steps, as follows. If a barrel contains
k ounces of liquid and k is even, you may pour exactly half that amount into
an empty barrel (leaving the other half in the original barrel). If k is odd,
you may pour the largest integer that is less than half that amount into an
empty barrel. No other operations are allowed. Your object is to “isolate”
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a total of m ounces of liquid, where m is a positive integer less than n; that
is, you need to get a situation in which the sum of the amounts in certain
barrels (which can then be set aside) is exactly m.

a. What is the least number of steps (as a function of n) in which this can
be done for m =n — 17

b. What is the smallest number of steps in which it can be done regardless
of m, as long as m is known in advance and is some positive integer less
than n? (p- 92)

49. Describe the set of points (z,y) in the plane for which

sin(z +y) =sinz + siny. (p. 94)

50. For n a positive integer, find the smallest positive integer d = d(n) for
which there exists a polynomial of degree d whose graph passes through the
points (1,2), (2,3), ..., (n,n+1), and (n+ 1,1) in the plane. (p- 95)

51. It is shown early on in most linear algebra courses that every invertible
matrix can be written as a product of elementary matrices (or, equivalently,
that every invertible matrix can be reduced to the identity matrix by a finite
number of row reduction steps). Show that every 2 x 2 matrix of determinant
1 is the product of three elementary matrices. (2 X 2 elementary matrices
are matrices of types

G GO G G ()

where y # 0 and x are arbitrary. The standard row reduction of (f db) would

ordinarily use four row reduction steps.) (p- 96)

52. Let ABCD be a convex quadrilateral (a four-sided figure with angles
less than 180°). Find a necessary and sufficient condition for a point P to
exist inside ABCD such that the four triangles ABP, BCP, CDP, DAP
all have the same area. (p- 97)

53. Let k be a positive integer. Find the largest power of 3 which divides
108 — 1. (p. 99)
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54. Consider the parabola y = 2. For different points P in the plane,

there may be different numbers of normal lines to the parabola that pass
through P.

a. Show that there is always at least one normal line, and that there are at
most three normal lines, to y = 22 that pass through any given point P.

b. Show that there are exactly two normal lines to y = 22 that pass through
Q = (4,7/2), and find and sketch the set of all points @) with this property.

c. Are there any such points @ for which both coordinates of @) are integers?

(p. 99)

55. Every week, the Wohascum Folk Dancers meet in the high school au-
ditorium. Attendance varies, but since the dancers come in couples, there is
always an even number n of dancers. In one of the dances, the dancers are
in a circle; they start with the two dancers in each couple directly opposite
each other. Then two dancers who are next to each other change places
while all others stay in the same place; this is repeated with different pairs
of adjacent dancers until, in the ending position, the two dancers in each
couple are once again opposite each other, but in the opposite of the start-
ing position (that is, every dancer is halfway around the circle from her/his
original position). What is the least number of interchanges (of two adjacent
dancers) necessary to do this? (p. 102)

56. If n points in the plane are such that all the distances between them
are equal, it’s easy to see that m can be at most 3 (which occurs for an
equilateral triangle). Now suppose that n points in the plane are such that
there are just two different distances between them, that is, there are two
numbers a and b such that whenever we choose any two of the n points, their
distance to each other will be either a or b. What is the largest possible value
of n? (p. 102)

57. Let L be a line in the plane; let A and B be points on L which are
a distance 2 apart. If C is any point in the plane, there may or may not
(depending on C') be a point X on the line L for which the distance from
X to C is equal to the average of the distances from X to A and B. Give a
precise description of the set of all points C' in the plane for which there is
no such point X on the line. (p. 104)

58. Show that there exists a positive number A such that

/ 2 sinz dz = 3. (p. 107)
0
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59. There is no analog of the quadratic formula that solves polynomial
equations of degree 5 and higher, such as x° — 5z* 4 823 — 622 + 32 +3 = 0.
However, this particular polynomial has two roots that sum to 2. Using this
information, find all solutions. (p- 109)

60. One regular n-gon is inscribed in another regular n-gon and the area
of the large n-gon is twice the area of the small one.

a. What are the possibilities for n ?
b. What are the possibilities for the angles that the sides of the large n-gon
make with the sides of the small one? (p. 110)

61. Consider a rectangular array of numbers, extending infinitely to the
left and right, top and bottom. Start with all the numbers equal to 0 except
for a single 1. Then go through a series of steps, where at each step each
number gets replaced by the sum of its four neighbors. For example, after
one step the array will look like

1
1 01
1

surrounded by an infinite “sea” of zeros, and after two steps we will have

—
N O N
_ O = O =
N O N
[y

a. After n steps, what will be the sum of all the numbers in the array, and
why?

b. After n steps, what will be the number in the center of the array (at the
position of the original 1)?

c. Can you describe the various nonzero numbers that will occur in the array
after n steps? (p. 112)

62. What is the fifth digit from the end (the ten thousands digit) of the
number 55 ? (p. 114)
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63. One of last week’s deals at the Wohascum Bridge Club will long be
remembered. [As you may know, bridge is a partnership game; two players
sitting in the North and South positions around a square table join forces
against East and West. A standard deck of 52 cards is dealt, so each player
starts with 13 cards. After an episode called “bidding” which is irrelevant
to this problem, a deal is played out in 13 rounds or “tricks” of 4 cards each,
with each player contributing one card to each trick. The first card to be
played in each trick determines the suit (spades, hearts, diamonds, or clubs)
of that trick; the other three players must contribute a card of the same suit
(“follow suit”) if they are able to do so, else they may choose any card. The
highest card in the suit of a trick wins that trick (at least in “no trump”,
a circumstance that happened on this deal); “highest” is according to the
usual ranking: ace (high), king, queen, jack, 10,9,...,2 (low). Also, the
player winning a trick thereby becomes the first player to play to the next
trick.]

On this particular deal, West had to play the very first card (on the first
trick). One of her options was to play the king of hearts, and it turned out
that if West did so, the East-West partnership would take all thirteen tricks,
no matter what (assuming legal, but not necessarily intelligent, play). On
the other hand, if West started the play by contributing any of her other
twelve cards, the North-South partnership would take all thirteen tricks, no
matter what! Given that North had the two of spades and the jack of clubs,
who had the five of diamonds? (p. 116)

64. Describe the set of all points P in the plane such that exactly two
tangent lines to the curve y = 2% pass through P. (p. 118)

65. The sets {1,8,12} and {2, 3,16} have the property that all their ele-
ments are distinct but the two sets have the same sum and the same product.
Show that there exist such sets of size n for any n > 3. That is, show there
exist 2n distinct positive integers a1, as, ..., an, b1, be, ..., b, such that

zn:ai = zn:bz and ﬁai = ﬁbz . (p. 119)
i=1 i=1 i=1 i=1

66. Let f and g be odd functions (that is, f(—z) = —f(z) and g(—z) =
—g(x) for all z) that are infinitely differentiable at = 0, and assume that
1/(0) = ¢’(0) = 1. Consider the compositions F = fogand G=go f.
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a. Show that F’(0) = G’(0), F®)(0) = G®)(0), and F©®)(0) = G®)(0).
b. Show that for all even n, F(™(0) = G(™(0).
c. Is it always true that for all odd n, F(™(0) = G (0)? If so, prove it; if

not, give a counterexample. (p. 121)
67. In how many ways can the integers 1,2,...,n, n > 2, be listed (once
each) so that as you go through the list, there is exactly one integer which
is immediately followed by a smaller integer? (p. 123)

68. A two-player game is played as follows. The players take turns changing
a positive integer to a smaller one and then passing that smaller integer
back to their opponent. If the integer is even, the two legal moves are (7)
subtracting 1 from the integer and (i7) halving the integer. If the integer
is odd, the two legal moves are (i) subtracting 1 from the integer and (i)
subtracting 1 and then halving the result. The game ends when the integer
reaches 0, and the player making the last move wins. For example, if the
starting integer is 15, the first player might move to 7, the second player to
6, the first player to 3, the second player to 2, the first player to 1 and now
the second player moves to 0 and wins. However, in this sample game the
first player could have played better!

a. Given best play, if the starting integer is 1000, should the first or second
player win? How about if the starting integer is N7

b. If we take a starting integer at random, say from all integers from 1 to n
inclusive, we can consider the probability that the second player should
win. This probability will fluctuate as n increases, but what is its limit
as n — oo? (p- 126)

69. Find a solution to the system of simultaneous equations
zt — 6222+t =1
4oy —dxy® =1,
where = and y are real numbers. (p. 127)
70. Show that if p(z) is a polynomial of odd degree greater than 1, then

through any point P in the plane, there will be at least one tangent line to
the curve y = p(x). Is this still true if p(z) is of even degree? (p- 129)
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71. For each positive integer n, let

RN N

where k is the unique integer such that 28=! < n < 2% and [z] denotes
the smallest integer greater than or equal to xz. For which numbers n is
N(n) =n? (p. 129)

72. Call a convex pentagon (five-sided figure with angles less than 180°)
“parallel” if each diagonal is parallel to the side with which it does not have a
vertex in common. That is, ABC DFE is parallel if the diagonal AC is parallel
to the side DE and similarly for the other four diagonals. It is easy to see that
a regular pentagon is parallel, but is a parallel pentagon necessarily regular?
(p. 130)

73. Given a permutation of the integers 1,2,...,n, define the total fluc-
tuation of that permutation to be the sum of all the differences between
successive numbers along the permutation, where all differences are counted
positively regardless of which of the two successive numbers is larger. For ex-
ample, for the permutation 5, 3,1, 2,6, 4 the differences would be 2,2,1,4,2
and the total fluctuation would be 24+ 2+ 1+ 4+ 2 = 11. What is the
greatest possible total fluctuation, as a function of n, for permutations of
1,2,...,n? (p. 132)

74. Find the sum of the infinite series

1 1 1 1

75. It is not hard to show that any integer either is a square, or one can get
it by adding and/or subtracting distinct squares of integers. For one thing,
any odd positive integer is a difference of consecutive squares (for example,
13 = 49 — 36), and any even positive integer can be found from the odd
one just before it by adding the square 1 (for example, 14 = 49 — 36 + 1).
This leaves two awkward cases in which we have used the square 1 twice
(2=1-0+1and4=4—-1+1), but we also have2=16—-9—-4—1, and 4
is itself a square. Now for the problem: Can one get any integer that is not
itself a cube by adding and/or subtracting distinct cubes of integers?

(p. 138)
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76. For any vector v = (x1,...,2,) in R® and any permutation o of
1,2,...,n, define o(v) = (r51),. -, To(n)). Now fix v andlet V

be the span of {¢(v) | ¢ is a permutation of 1,2,...,n}. What are the
possibilities for the dimension of V'? (p. 140)

77. Note that the set {1,2,3,4} can be split into two sets S = {1,3} and
T = {2,4} with the property that the average of the elements of S is an
element of T" while the average of the elements of T" is an element of S. For
this problem, say a positive integer n is suitable if there is a way to write
the set {1,2,...,n} as the union of sets S and T which have no elements in
common and such that the average of all the elements of S is an element of
T and vice versa. (It is not necessary that S and T have the same number of
elements.) Show that, with one exception, composite numbers are suitable
and prime numbers are not suitable. (p. 141)

78. Suppose three circles, each of radius 1, go through the same point in
the plane. Let A be the set of points which lie inside at least two of the
circles. What is the smallest area A can have? (p. 144)

79. Do there exist two different positive integers (written as usual in base
10) with an equal number of digits so that the square of each of the integers
starts with the other? For example, we could try 21 as one of the integers;
the square is 441, which starts with 44, but alas, the square of 44, which
is 1936, starts with 19 rather than 21, so 21 and 44 won’t do. If two such
integers exist, give an example; if not, show why not. (p. 147)

80. How many real solutions does the equation

Vi E=E-E
have? (p. 148)

81. Suppose you draw n parabolas in the plane. What is the largest number
of (connected) regions that the plane may be divided into by those parabolas?
(The parabolas can be positioned in any way; in particular, their axes need
not be parallel to either the x- or the y-axis.) (p- 150)

82. A particle starts somewhere in the plane and moves 1 unit in a straight
line. Then it makes a “shallow right turn,” abruptly changing direction by
an acute angle o, and moves 1 unit in a straight line in the new direction.
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Then it again changes direction by « (to the right) and moves 1 unit, and
so forth. In all, the particle takes 9 steps of 1 unit each, with each direction
at an angle a to the previous direction.

a. For which value(s) of « does the particle end up exactly at its starting
point?

b. For how many values of the acute angle « does the particle end up at
a point whose (straight-line) distance to the starting point is exactly 1
unit? (p. 152)

83. Let A # 0 and By, B2, Bs, By be 2 x 2 matrices (with real entries)
such that

det(A + B;) = det A + det B; fori=1,2,3,4.

Show that there exist real numbers ki, ks, k3, k4, not all zero, such that

k1B1 + koBs + k3Bs + k4Bs = 0.
(0 is the zero matrix, all of whose entries are 0.) (p- 155)

84. Let g be a continuous function defined on the positive real numbers.
Define a sequence (f ) of functions as follows. Let f (z) =1, and for n > 0
and x > 0, let

fn+1(a:) = /f f g(t)dt.

Suppose that for all z > 0, Z f (x) = z. Find the function g.  (p. 155)
n=0

85. Let r and s be specific positive integers. Let F' be a function from the
set of all positive integers to itself with the following properties:

(i) F is one-to-one and onto;

(ii) For every positive integer n, either F(n) =n+r or F(n) =n — s.

a. Show that there exists a positive integer k£ such that the k-fold composi-
tion of F' with itself is the identity function.

b. Find the smallest such positive integer k. (The answer will depend on r
and s.) (p. 156)
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86. As you might expect, ice fishing is a popular “outdoor” pastime during
the long Wohascum County winters. Recently two ice fishermen arrived at
Round Lake, which is perfectly circular, and set up their ice houses in exactly
opposite directions from the center, two-thirds of the way from the center
to the lakeshore. The point of this symmetrical arrangement was that any
fish that could be lured would (perhaps) swim toward the closest lure, so
that both fishermen would have equal expectations of their catch. Some
time later, a third fisherman showed up, and since the first two adamantly
refused to move their ice houses, the following problem arose. Could a third
ice house be put on the lake in such a way that all three fishermen would
have equal expectations at least to the extent that the three regions, each
consisting of all points on the lake for which one of the three ice houses was
closest, would all have the same area? (p. 158)

87. a. Define sequences (a_) and (b ) as follows: a  is the result of writing
down the first n odd integers in order (for example, a, = 135791113),
while b is the result of writing down the first n even integers in order.

Evaluate lim % .
b. Now suppose we do the same thing, but we write all the odd and even
integers in base B (and we interpret the fractions a /b in base B). For
g = 13, a, = 1357101214. Show

that for any base B > 2, lim Z—n exists. For what values of B will the

n—oo n

limit be the same as for B = 107 (p. 159)

example, if B = 9 we will now have a

88. Note that the integers 2, —3, and 5 have the property that the difference
of any two of them is an integer times the third:

2-(=3)=1x5 (=3)—=5=(-4)x2,  5-2=(=1)x (-3).

Suppose three distinct integers a, b, ¢ have this property.

a. Show that a, b, c cannot all be positive.

b. Now suppose that a, b, ¢, in addition to having the above property, have
no common factors (except 1, —1). (For example, 20, —30, 50 would not
qualify, because although they have the above property, they have the
common factor 10.) Is it true that one of the three integers has to be
either 1,2, —1, or —27 (p. 161)
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89. Start with four numbers arranged in a circle. Form the average of each
pair of adjacent numbers, and put these averages in the circle between the
original numbers; then delete the original numbers so that once again there
are four numbers in the circle. Repeat. Suppose that after twenty steps,
you find the numbers 1,2, 3,4 in some order. What numbers did you have
after one step? Can you recover the original numbers from this information?

(p. 162)

90. Suppose all the integers have been colored with the three colors red,
green and blue such that each integer has exactly one of those colors. Also
suppose that the sum of any two (unequal or equal) green integers is blue,
the sum of any two blue integers is green, the opposite of any green integer
is blue, and the opposite of any blue integer is green. Finally, suppose that
1492 is red and that 2011 is green. Describe precisely which integers are red,
which integers are green, and which integers are blue. (p. 165)

91. Let A be an m X n matrix with every entry either 0 or 1. How many
such matrices A are there for which the number of 1’s in each row and each
column is even? (p. 167)

r  ifz<1/2

92. For0 <z <1, let T(x) = {1—3: ifex>1/2"

(You can think of

T'(x) as the distance from x to the nearest integer.) Define f(x) = Z T(x").
n=1

1
a. Evaluate f (— .
\?’/§>

b. Find all (0 <z < 1) for which f(z) = 2012. (p. 169)

93. For three points P, @, and R in R? (or, more generally, in R") we say
that R is between P and @ if R is on the line segment connecting P and Q)
(R =P and R = Q are allowed). A subset A of R3 is called convez if for
any two points P and @ in A, every point R which is between P and @Q is
also in A. For instance, an ellipsoid is convex, a banana is not. Now for the
problem: Suppose A and B are convex subsets of R3. Let C be the set of
all points R for which there are points P in A and @ in B such that R lies
between P and Q. Does C have to be convex? (p. 170)
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94. Start with a circle and inscribe a regular n-gon in it, then inscribe a
circle in that regular n-gon, then inscribe a regular n-gon in the new circle,
then a third circle in the second n-gon, and so forth. Continuing in this
way, the region (disk) inside the original circle will be divided into infinitely
many smaller regions, some of which are bounded by a circle on the outside
and one side of a regular n-gon on the inside (call these “type I” regions)
while others are bounded by two sides of a regular n-gon on the outside and
a circle on the inside (“type II” regions).

Let f(n) be the fraction of the area of the original disk that is occupied
by type I regions. What is the limit of f(n) as n tends to infinity? (p. 171)

95. Suppose we have a configuration (set) of finitely many points in the
plane which are not all on the same line. We call a point in the plane a
center for the configuration if for every line through that point, there is an
equal number of points of the configuration on either side of the line.

a. Give a necessary and sufficient condition for a configuration of four points
to have a center.

b. Is it possible for a finite configuration of points (not all on the same line)
to have more than one center? (p. 173)

1/2 —
96. Define a sequence of matrices by A1 = < 0 / > , A2 = (3 2 > ,

—1/2 1 1 0
_ _1 . . . . . .
and for n > 1, An+2 = An+1AnAn+1. Find approximations to the matrices
A, oand A . with each entry correct to within 1072%. (p. 174)

97. Find all real solutions x of the equation

210 — 28 + 825 — 242 + 3227 — 48 = 0. (p. 176)

98. The proprietor of the Wohascum Puzzle, Game and Computer Den,
a small and struggling but interesting enterprise in Wohascum Center, re-
cently was trying to design a novel set of dice. An ordinary die, of course,
is cubical, with each face showing one of the numbers 1, 2, 3, 4, 5, 6. Since
each face borders on four other faces, each number is “surrounded” by four
of the other numbers. The proprietor’s plan was to have each die in the
shape of a regular dodecahedron (with twelve pentagonal faces). Each of
the numbers 1, 2, 3, 4, 5, 6 would occur on two different faces and be “sur-
rounded” both times by all five other numbers. Is this possible? If so, in how
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many essentially different ways can it be done? (Two ways are considered
essentially the same if one can be obtained from the other by rotating the
dodecahedron.) (p. 177)

99. Arrange the positive integers in an array with three columns, as follows.
The first row is [1, 2, 3]; for n > 1, row n is [a, b, a+b], where a and b,
with a < b, are the two smallest positive integers that have not yet appeared
as entries in rows 1,2, ..., n—1. The first four rows of the array are

Column 1 Column 2 Column 3

Row 1 1 2 3
Row 2 4 5 9
Row 3 6 7 13
Row 4 8 10 18

Note that after row 3 is in place, 8 and 10 are the two smallest positive
integers that have not been placed yet, so they appear in columns 1 and 2
of row 4. For each non-zero digit d and each positive integer m, in which

column will the m-digit number ddd . ..d end up, and why? (p. 179)
—_——

100. For what positive integers n is 17" — 1 divisible by 2™ 7 (p. 182)

101. Let f be a continuous function on the real numbers. Define a sequence
of functions fo = f, f1, f2, ... by repeated integration, as follows:

folw) =f@)  ad fea(o) = [ K@d fori=oL2.
0
Show that for any continuous function f and any real number x,

lim f,(x)=0. (p. 183)

102. Consider an arbitrary circle of radius 2 in the coordinate plane. Let n
be the number of lattice points (points whose coordinates are both integers)
inside, but not on, the circle.

a. What is the smallest possible value for n?

b. What is the largest possible value for n? (p. 184)
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103. Let a and b be nonzero real numbers and (x,) and (y,) be sequences
of real numbers. Given that

. azxy + by,
Iim ———— =0
KV ]
and that xz,, is never 0, show that y
lim 2%
n—oo I,
exists and find its value. (p- 185)

104. Note that if we tile the plane with black and white squares in a regular
“checkerboard” pattern, then every square has an equal number of black and
of white neighbors (four each), where two squares are considered neighbors
if they are not the same but they have at least one common point. If we
try the analogous pattern of cubes in 3-space, it no longer works this way:
every white cube has 14 black neighbors and only 12 white neighbors, and
vice versa.

a. Show that there is a different color pattern of black and white “grid”
cubes in 3-space for which every cube does have exactly 13 neighbors of
each color.

b. What happens in n-space for n > 37 Is it still possible to find a color pat-
tern for a regular grid of “hypercubes” so that every hypercube, whether
black or white, has an equal number of black and white neighbors? If so,
show why; if not, give an example of a specific n for which it is impossible.

(p. 187)

105. The MAA Student Chapter at Wohascum College is about to organize
an icosahedron-building party. Each participant will be provided twenty
congruent equilateral triangles cut from old ceiling tiles. The edges of the
triangles are to be beveled so they will fit together at the correct angle to
form a regular icosahedron. What is this angle (between adjacent faces of
the icosahedron)? (p. 189)
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106. Consider the following procedure for unscrambling any permutation
of the integers from 1 through n into increasing order: Pick any number
that’s out of place, and wedge it into its “proper” position, shifting others
over to make room for it. Repeat this procedure as long as there are numbers
that are out of place. For example, for n = 5, take the permutation 351 2 4
and choose the underlined out-of-place number at each step.

351 2 4
3 1 4 2
3 25 1 4
2 5 3 1 4
2 31 4 5
2 1 3 4 5
1 23 45

In this case, it’s taken 6 steps to sort the numbers into their proper order. We
could have done it in no more than 5 steps, by putting 1,2, 3,4,5 in their
proper places in that order. On the other hand, some choice of numbers
might have taken more than 6 steps, or this procedure might not terminate
at all for some choice of out-of-place numbers.

Find a permutation of 1,2, 3,4, 5 that may take as many as 15 steps to sort
using this procedure. (p. 190)

107. Given a constant C, find all functions f such that

f@)+Cf2—z)=(xr—-1)3 for all . (p. 192)

108. The Wohascum Center branch of Wohascum National Bank recently
installed a digital time/temperature display which flashes back and forth
between time, temperature in degrees Fahrenheit, and temperature in de-
grees Centigrade (Celsius). Recently one of the local college mathematics
professors became concerned when she walked by the bank and saw read-
ings of 21°C and 71°F, especially since she had just taught her precocious
five-year-old that same day to convert from degrees C to degrees F by mul-
tiplying by 9/5 and adding 32 (which yields 21°C = 69.8°F , which should
be rounded to 70°F). However, a bank officer explained that both readings
were correct; the apparent error was due to the fact that the display device
converts before rounding either Fahrenheit or Centigrade temperature to a
whole number. (Thus, for example, 21.4°C = 70.52°F .) Suppose that over
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the course of a week in summer, the temperatures measured are between
15°C and 25°C and that they are randomly and uniformly distributed over
that interval. What is the probability that at any given time the display
will appear to be in error for the reason above, that is, that the rounded
value in degrees F of the converted temperature is not the same as the value
obtained by first rounding the temperature in degrees C, then converting to
degrees F and rounding once more? (p- 193)

109. Consider the sequence 4, 1/3, 4/3, 4/9, 16/27, 64/81, ... , in which
each term (after the first two) is the product of the two previous ones. Note
that for this particular sequence, the first and third terms are greater than
1 while the second and fourth terms are less than 1. However, after that the
“alternating” pattern fails: the fifth and all subsequent terms are less than
1. Do there exist sequences of positive real numbers in which each term is
the product of the two previous terms and for which all odd-numbered terms
are greater than 1, while all even-numbered terms are less than 17 If so, find
all such sequences. If not, prove that no such sequence is possible. (p. 196)

110. Sketch the set of points (z,y) in the plane which satisfy

(22 — y*)* + (22y)?% = (2 + )5 (p. 198)

111. Let f . f,,.-, f2012 be functions such that the derivative of each of
them is the sum of the others. Let F = f1 f2 .- -f2012 be the product of all
these functions. Find all possible values of 7, given that lim F(z)e'™ is a

finite nonzero number. (p- 199)

112. On a table in a dark room there are n hats, each numbered clearly
with a different number from the set {1,2,...,n}. A group of k intelligent
students, with k < n, comes into the room, and each student takes a hat at
random and puts it on his or her head. The students go back outside, where
they can see the numbers on each other’s hats (but, naturally, no one can
see her/his own hat number). Each student now looks carefully at all the
other students and announces

(i) the largest hat number that (s)he can see, as well as

(ii) the smallest hat number that (s)he can see.
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After all these announcements are made, what is the probability that all
students should be able to deduce their own hat numbers:

a. if n =6,k =5;

b. in general, as a function of n and k? (p. 201)

113. Find all integer solutions to 2% + 615 = 2. (p. 204)

114. Sum the infinite series

> 2a o}
Sin — sin —. . 204
sin o sin o (p )

n=1

115. A fair coin is flipped repeatedly. Starting from x = 0, each time the
coin comes up “heads,” 1 is added to x, and each time the coin comes up
“tails,” 1 is subtracted from z. Let a_be the expected value of |z| after n
flips of the coin. Does a — 00 as n — 007 (p. 205)

116. a. Show that there is no cubic polynomial whose graph passes through
the points (0,0), (1,1), and (2, 16) and which is increasing for all .

b. Show that there is a polynomial whose graph passes through (0, 0), (1, 1),
and (2, 16) and which is increasing for all x.

c. Show that if r, <z, <z, and Y <Yy <Yy, there is always an increasing
polynomial (for all ) whose graph passes through (xl, yl), (xQ, yz), and

(T4 Yy)- (p. 206)

117. Do there exist five rays emanating from the origin in R? such that the
angle between any two of these rays is obtuse (greater than a right angle)?
(p. 208)

118. Note that the integers a = 1,0 = 5, ¢ = 7 have the property that the
square of b (namely, 25) is the average of the square of a and the square
of ¢ (1 and 49). Of course, from this one example we can get infinitely
many examples by multiplying all three integers by the same factor. But if
we don’t allow this, will there still be infinitely many examples? That is,
are there infinitely many triples (a, b, ¢) such that the integers a, b, ¢ have
no common factors and the square of b is the average of the squares of a
and c? (p. 208)
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119. Find all twice continuously differentiable functions f for which there
exists a constant ¢ such that, for all real numbers a and b,

/abf(x) dr — b;a<f(b) Jrf(a)) <c(b—a)t. (p. 211)

120. Let A be a set of n real numbers. Because A has 2" subsets, we can

get 2™ sums by choosing a subset B of A and taking the sum of the numbers
in B. (By convention, if B is the empty set, that sum is 0.) What is the
least number of different sums we must get (as a function of n) by taking
the 2" possible sums of subsets of a set with n numbers? (p.- 212)

121. The proprietor of the Wohascum Puzzle, Game, and Computer Den
has invented a new two-person game, in which players take turns coloring
edges of a cube. Three colors (red, green, and yellow) are available. The
cube starts off with all edges uncolored; once an edge is colored, it cannot
be colored again. Two edges with a common vertex are not allowed to have
the same color. The last player to be able to color an edge wins the game.

a. Given best play on both sides, should the first or the second player win?

What is the winning strategy?

b. There are twelve edges in all, so a game can last at most twelve turns
(whether or not the players use optimal strategies); it is not hard to see
that twelve turns are possible. How many twelve-turn end positions are
essentially different? (Two positions are considered essentially the same
if one can be obtained from the other by rotating the cube.)  (p. 214)

122. Asis well known, the unit circle has the property that distances along
the curve are numerically equal to the difference of the corresponding angles
(in radians) at the origin; in fact, this is how angles are often defined. (For
example, a quarter of the unit circle has length /2 and corresponds to an
angle 7/2 at the origin.) Are there other differentiable curves in the plane
with this property? If so, what do they look like? (p. 216)

123. Fifty-two is the sum of two squares;
And three less is a square! So who cares?
You may think it’s curious,
Perhaps it is spurious,
Are there other such numbers somewheres?

Are there other solutions in integers? If so, how many? (p. 218)
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124. Let E be an ellipse in the plane. Describe the set S of all points P
outside the ellipse such that the two tangent lines to the ellipse that pass
through P form a right angle. (p. 219)

125. Starting with a positive number zg = a, let (z,,),>0 be the sequence
of numbers such that
22 +1  if nis even,
Tp4+1 =
VI, —1 ifnisodd.
For what positive numbers a will there be terms of the sequence arbitrarily
close to 07 (p. 222)

126. Suppose you pick the one million entries of a 1000 x 1000 matrix
independently and at random from the set of digits. Is the determinant of
the resulting matrix more likely to be even or odd? (p- 223)

127. a. Find all positive numbers T' for which

T %)
/ ey = / Ty
0 T

b. Evaluate the above integrals for all such 7', given that

/ e dy = \/—7? (p. 225)
O 2

128. Let a_ be the number of different strings of length n that can be
formed from the symbols X and O with the restriction that a string may not
consist of identical smaller strings. For example, XXXX and XOXOQ are not
allowed. The possible strings of length 4 are

XXXO0, XXOX, XX00, XOXX, X00X, X000,
OXXX, OXXO, 0XO00, 0OO0XX, 00XO, 000X,

a
soa, =12. Hereisa table showing a  and the ratio "L forn = 1,2,...,13.
n a

n

n 1 2 3 4 5 6 7 8 9 10 11 12 13
2 2 6 12 30 54 126 240 504 990 2046 4020 8190

a
i+l 3 2 25 1.8 233 190 2.1 1.96 2.07 1.96 2.03 1.98
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The table suggests two conjectures:
a. Foranyn > 2, a is divisible by 6.

a

b. lim 2t — 2,
n—oo
n

Prove or disprove each of these conjectures. (p. 225)

129. Let f(z,y) = 2% +4? and g(z,y) = 22 — y%. Are there differentiable
functions F'(z), G(z), and z = h(x,y) such that

flx,y) =F(2) and  g(z,y) =G(2)7 (p. 227)

130. For x > 0, let y = f(x) be continuously differentiable, with positive,
increasing derivative. Consider the ratio between the distance from (0, f(0))
to (z, f(z)) along the curve y = f(z) (the arc length from 0 to x) and the
straight-line distance from (0, f(0)) to (z, f(x)). Must this ratio have a limit
as ¢ — 0o? If so, what is the limit? (p. 228)

131. Note that the three positive integers 1, 24, 120 have the property that
the sum of any two of them is a different perfect square. Do there exist four
positive integers such that the sum of any two of them is a perfect square and
such that the six squares found in this way are all different? If so, exhibit
four such positive integers; if not, show why this cannot be done. (p. 230)

132. A point P = (a,b) in the plane is rational if both a and b are rational
numbers. Find all rational points P such that the distance between P and

every rational point on the line y = 13z is a rational number. (p. 231)

133. For what positive numbers x does the series

S Ym) = (1= 2)+ (1= Vo) + (1= )+
converge? (p. 234)

134. Note that a triangle ABC' is isosceles, with equal angles at A and B,
if and only if the median from C' and the angle bisector at C are the same.
This suggests a measure of “scalenity”: For each vertex of a triangle ABC,
measure the distance along the opposite side from the midpoint to the “end”
of the angle bisector, as a fraction of the total length of that opposite side.
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This yields a number between 0 and 1/2; take the least of the three numbers
found in this way. The triangle is isosceles if and only if this least number is
zero. What are the possible values of this least number if ABC can be any
triangle in the plane? (p. 236)

135. Let R be a commutative ring with at least one, but only finitely many,
(nonzero) zero divisors. Prove that R is finite. (p. 238)

136. Consider the transformation of the plane (except for the coordinate
axes) defined by sending the point (z,y) to the point (y + 1/x, x + 1/y).
Suppose we apply this transformation repeatedly, starting with some specific
point (xo, yo), to get a sequence of points (xn, yn)

a. Show that if (xo, yo) is in the first or the third quadrant, the sequence of
points will tend to infinity.

b. Show that if (z,,y,) is in the second or the fourth quadrant, either the
sequence will terminate because it lands at the origin, or the sequence
will be eventually periodic with period 1 or 2, or there will be infinitely
many n for which (z ,y ) is further from the origin than (z .y ).

(p. 239)

137. Let (an)n>0 be a sequence of positive integers given recursively by
Gn+1 = 2ap, + 1. Is there an ag such that the sequence consists only of prime
numbers? (p. 241)

138. Suppose ¢ > 0 and 0 < 21 < 29 < 1/c. Suppose also that
Tptl = CTpTn_1 forn=1,2,....
a. Prove that
lim z, = 0.
n—oc

b. Let ¢ = (14 +/5)/2. Prove that

Tn+1

lim 3
n—oo :rn

exists, and find it. (p. 241)
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139. Consider the number of solutions to the equation

sinx 4+ cosx = o tanx

for 0 < z < 2w, where « is an unspecified real number. What are the
possibilities for this number of solutions, as « is allowed to vary?
(p. 242)

140. Given 64 points in the plane which are positioned so that 2001, but
no more, distinct lines can be drawn through pairs of points, prove that at
least four of the points are collinear. (p. 245)

141. Let fi, fo,..., fn be linearly independent, differentiable functions.
Prove that some n — 1 of their derivatives fi, f5,..., f/, are linearly
independent. (p. 246)

142. TFind all real numbers A and B such that

o1 B 1
——dt—A——| < —
/1 1+4¢2 x 3x3

for all > 1. (p. 247)

143. The following figure shows a closed knight’s tour of the chessboard

which is symmetric under a 180° rotation of the board. (A closed knight’s

tour is a sequence of consecutive knight moves that visits each square of the

chessboard exactly once and returns to the starting point.)

a. Prove that there is no closed knight’s tour of the chessboard which is
symmetric under a reflection in one of the main diagonals of the board.

b. Prove that there is no closed knight’s tour of the chessboard which is

symmetric under a reflection in the horizontal axis through the center of
the board. (p. 249)
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144. A function f on the rational numbers is defined as follows. Given
a rational number x = %, where m and n are relatively prime integers
3m—1
2n+1-°
z,, apply [ repeatedly to get a sequence z, = f(xo), T, = f(xl), .
T = f(z ), ... . Find all rational numbers  for which that infinite

and n > 0, set f(z) = Now, starting with a rational number

sequence is periodic. (p. 250)

145. a. Find a sequence (ay), a, > 0, such that

ad a.
n
Y =% and —
n an
n=1

both converge.
b. Prove that there is no sequence (ay), a, > 0, such that

[M]8
|8

=1
and ;a

3
Il
-

both converge. (p. 252)

146. It is a standard result that the limit of the indeterminate form z%, as
x approaches zero from above, is 1. What is the limit of the repeated power

2% with n occurrences of x, as « approaches zero from above? (p. 253)

147. Show that there exist an integer N and a rational number 7 such that
oo
="

n=2012 (2(?12)

= N In2 + r, and find the integer N. (p. 255)

148. A new subdivision is being laid out on the outskirts of Wohascum
Center. There are ten north—south streets and six east—west streets, forming
blocks which are exactly square. The Town Council has ordered that fire
hydrants be installed at some of the intersections, in such a way that no
intersection will be more than two “blocks” (really sides of blocks) away
from an intersection with a hydrant. (Thus, no house will be more than 2%
blocks from a hydrant. The blocks need not be in the same direction.) What
is the smallest number of hydrants that could be used? (p. 257)
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149. Consider a continuous function f : RT — RT with the following
properties:

(i) f(2) =3,

(i) For all 2,y > 0, f(ay) = f@@)f(y) — f(%):

a. Show that if such a function f exists, it is unique.

b. Find an explicit formula for such a function. (p. 259)

150. A can isin the shape of a right circular cylinder of radius r and height
h. An intelligent ant is at a point on the edge of the top of the can (that
is, on the circumference of the circular top) and wants to crawl to the point
on the edge of the bottom of the can that is diametrically opposite to its
starting point. As a function of r and h, what is the minimum distance the
ant must crawl? (p. 261)

151. Consider a triangle ABC whose angles «a, 8, and v (at A, B,C re-
spectively) satisfy a < 8 < 5. Under what conditions on «, (3, and 7 can
a beam of light placed at C' be aimed at the segment AB, reflect to the
segment BC', and then reflect to the vertex A? (Assume that the angle of
incidence of a beam of light equals the angle of reflection.) (p. 263)

152. It’s not hard to see that in the plane, the largest number of nonzero
vectors that can be chosen so that any two of the vectors make the same
nonzero angle with each other is 3 (and the only possible nonzero angle for
three such vectors to make is 27/3). Now suppose we have vectors in n-
dimensional space. What is the largest possible number of nonzero vectors
in n-space so that the angle between any two of the vectors is the same (and
not zero)? In that situation, what are the possible values for the angle?

(p. 265)

153. Let S be a set of numbers which includes the elements 0 and 1.
Suppose S has the property that for any nonempty finite subset 7" of .S, the
average of all the numbers in 7" is an element of S. Prove or disprove: S
must contain all the rational numbers between 0 and 1. (p. 267)

154. Find

()

or show that this limit does not exist. (p- 270)
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155. A person starts at the origin and makes a sequence of moves along
the real line, with the kth move being a change of +k.

a. Prove that the person can reach any integer in this way.
b. If m(n) is the least number of moves required to reach a positive integer

n, prove that
i )

n—oo \/ﬁ

exists and evaluate this limit. (p. 271)

sin x

156. Let S(n) be the number of solutions of the equation e

S(n)

e2nm’
exist. (p. 272)

= sin(e”)

or show that the limit does not

on the interval [0,2n7]. Find lim

157. Consider the functions e: Z — {1, —1} having period N, where N > 1
is a positive integer. For which periods N does there exist an infinite series

Zan with the following properties: Zan diverges, whereas Za(n)an
n=1 n=1 n=1
converges for all nonconstant ¢ (of period N)? (p. 275)

158. Suppose you form a sequence of quadrilaterals as follows. The first
quadrilateral is the unit square. To get from each quadrilateral to the next,
pick a vertex of your quadrilateral and a side that is not adjacent to that
vertex, and then connect the midpoint of that side to that vertex. This
will divide the quadrilateral into a triangle and a new quadrilateral; discard
the triangle, and repeat the process with the new quadrilateral. (The sec-
ond quadrilateral will be a rectangular trapezoid, for instance with vertices
(0,0),(1,0),(1,1/2),(0,1). The size and shape of the third quadrilateral will
depend on what vertex and what side of the trapezoid you choose.) Show
that there are at most 2"~! — n + 1 possibilities for the area of the nth
quadrilateral, and state explicitly what the 2"~! —n + 1 candidates are.

(p. 275)

159. Suppose f is a continuous, increasing, bounded, real-valued function,
defined on [0, o), such that f(0) = 0 and f’(0) exists. Show that there exists
b > 0 for which the volume obtained by rotating the area under f from 0 to
b about the z-axis is half that of the cylinder obtained by rotating y = f(b),
0 <z < b, about the z-axis. (p. 278)
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160. In general, composition of functions is not commutative. For exam-
ple, for the functions f and g given by f(z) = = + 1, g(z) = 2z, we have
flg(x)) = 2z + 1 and g(f(x)) = 22 + 2. Now suppose that we have three
functions f, g, h. Then there are six possible compositions of the three, given
by f(g(h(x))), g(h(f(x))),.... Give an example of three continuous functions
that are defined for all real  and for which exactly five of the six composi-
tions are the same. (Reprinted with the permission of the Canadian Mathe-
matical Society, this problem was originally published in the Mathematical
Mayhem section of Crux Mathematicorum with Mathematical Mayhem, vol.
25, 1999, p. 293, problem C87.) (p- 279)

161. Does the Maclaurin series (Taylor series at 0) for ¢*==" have any zero
coefficients? (p- 280)

162. Let a and d be relatively prime positive integers, and consider the
sequence a,a+d,a+4d,a+9d,...,a+n2d,.... Given a positive integer b,

can one always find an integer in the sequence which is relatively prime to b7
(p. 282)

163. The other day, in the honors calculus class at Wohascum College, the
0o —x 6—296
instructor asked the students to compute —— dx. One student
T

0
split up the integral and made the substitution v = 2z in the second part,
concluding that

oo —x —2x oo _—x oo —u
(& — € (& e
——dzx = —dzr — —du=0.
0 €T 0 T 0 u

The instructor was not too impressed by this, pointing out that for all pos-
—x 6—230

itive values of x, ————— is positive, so how could the integral be zero?
x

a. Resolve this paradox.

b. Eventually a student gave up and asked Mathematica to compute the
integral, and an exact answer appeared on the screen: Log[2] (which is
Mathematica’s notation for In2). Is this answer correct? (p. 282)

164. Find the smallest possible n for which there exist integers x1, zo, ..., x,
such that each integer between 1000 and 2000 (inclusive) can be written as
the sum, without repetition, of one or more of the integers x1,xs, ..., x,.
(It is not required that all such sums lie between 1000 and 2000, just that
any integer between 1000 and 2000 be such a sum.) (p. 284)
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165. Two d-digit integers (with first digit # 0) are chosen randomly and
independently, then multiplied together. Let P, be the probability that the
first digit of the product is 9. Find dlim P (p. 285)

1
166. Define (,)n>1 by 21 =1, zp41 = —=y\/1 — /1 —22.

V2
a. Show that lim =z, exists and find this limit.
b. Show that there is a unique number A for which L = lim 1:_:; exists as
a finite nonzero number. Evaluate L for this value of A. (p. 286)

167. Consider the line segments in the zy-plane formed by connecting
points on the positive z-axis with z an integer to points on the positive
y-axis with y an integer. We call a point in the first quadrant an I-point if
it is the intersection of two such line segments. We call a point an L-point if
there is a sequence of distinct I-points whose limit is the given point. Prove
or disprove: If (x,y) is an L-point, then either x or y (or both) is an integer.
(p. 287)

168. a. Find all lines which are tangent to both of the parabolas
y=u and y=—x 4 4x — 4.

b. Now suppose f(z) and g(z) are any two quadratic polynomials. Find
geometric criteria that determine the number of lines tangent to both of
the parabolas y = f(x) and y = g(x). (p- 289)

169. Suppose we are given an m-gon (polygon with m sides, and including
the interior for our purposes) and an n-gon in the plane. Consider their
intersection; assume this intersection is itself a polygon (other possibilities
would include the intersection being empty or consisting of a line segment).

a. If the m-gon and the n-gon are convex, what is the maximal number of
sides their intersection can have?

b. Is the result from (a) still correct if only one of the polygons is assumed
to be convex?

(Note: A subset of the plane is conver if for every two points of the subset,
every point of the line segment between them is also in the subset. In
particular, a polygon is convex if each of its interior angles is less than
180°.) (p- 292)
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170. Suppose we start with a Pythagorean triple (a, b, ¢) of positive inte-

2 and which can

gers, that is, positive integers a, b, ¢ such that a? + b2 = ¢
therefore be used as the side lengths of a right triangle. Show that it is not
possible to have another Pythagorean triple (b, ¢, d) with the same integers
b and c; that is, show that b2 4+ ¢? can never be the square of an integer.

(p. 294)

171. Every year, the first warm days of summer tempt Lake Wohascum’s
citizens to venture out into the local parks; in fact, one day last May, the
MAA Student Chapter held an impromptu picnic. A few insects were out
as well, and at one point an insect dropped from a tree onto a paper plate
(fortunately an empty one) and crawled off. Although this did not rank with
Newton’s apple as a source of inspiration, it did lead the club to wonder: If
an insect starts at a random point inside a circle of radius R and crawls in
a straight line in a random direction until it reaches the edge of the circle,
what will be the average distance it travels to the perimeter of the circle?
(“Random point” means that given two equal areas within the circle, the
insect is equally likely to start in one as in the other; “random direction”
means that given two equal angles with vertex at the point, the insect is
equally likely to crawl off inside one as the other.) (p. 296)

172. Let ABCD be a parallelogram in the plane. Describe and sketch the
set of all points P in the plane for which there is an ellipse with the property
that the points A, B, C, D, and P all lie on the ellipse. (p- 298)

o (4 2
173. Find lim neos (Ya/n?)

n—oo J 1 —|—n2x2

(p. 301)

174. Let zy be a rational number, and let (z,)n>0 be the sequence defined
recursively by

3
2z,

3x2 — 4|

n

Tn+1 =

Prove that this sequence converges, and find its limit as a function of xg.
(p. 302)
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175. Let f be a continuous function on [0, 1], which is bounded below by 1,
but is not identically 1. Let R be the region in the plane given by 0 < z < 1,
1<y < f(x). Let

Ri={(z,y) eR|y<y} and Ry={(z,y)€R|y>7},

where ¥ is the y-coordinate of the centroid of R. Can the volume obtained
by rotating R; about the z-axis equal that obtained by rotating Rs about
the z-axis? (p. 304)

176. Let n > 3 be a positive integer. Begin with a circle with n marks
about it. Starting at a given point on the circle, move clockwise, skipping
over the next two marks and placing a new mark; the circle now has n + 1
marks. Repeat the procedure beginning at the new mark. Must a mark

eventually appear between each pair of the original marks? (p- 306)
177. Let
c:g:1 ﬁ=1+%+%+%+m
Show that
62%%%% (p. 307)

178. Let q(x) = 22 + ax + b be a quadratic polynomial with real roots.
Must all roots of p(x) = 23 + az? + (b — 3)z — a be real? (p. 309)

o0
179. a. For what real numbers « is / (g — arctan(xo‘)) dx convergent?
0

(oo}

b. Evaluate lim (g — arctan(xo‘)> dzx . (p- 310)

a— 00 0

180. Let p(x) = 23 4 a122 4 asx + as have rational coefficients and have
roots ri, ro, 3. If 71 — ro is rational, must r1, 72, and r3 be rational?

(p. 312)
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181. Let f(x) = 23—3x+3. Prove that for any positive integer P, there is a
“seed” value x( such that the sequence xg, x1, 2, . .. obtained from Newton’s
method, given by

has period P. (p. 313)

2
R N (2" (2n)!)

183. Suppose a and b are distinct real numbers such that
a—b,a®—b% ..., d" =k, ...

are all integers.
a. Must a and b be rational?
b. Must @ and b be integers? (p. 317)

184. The mayor of Wohascum Center has ten pairs of dress socks, ranging
through ten shades of color from medium gray (1) to black (10). When he has
worn all ten pairs, the socks are washed and dried together. Unfortunately,
the light in the laundry room is very poor and all the socks look black there;
thus, the socks get paired at random after they are removed from the drier.
A pair of socks is unacceptable for wearing if the colors of the two socks
differ by more than one shade.

What is the probability that the socks will be paired in such a way that
all ten pairs are acceptable? (p. 318)

185. Let p(z,y) be a real polynomial.

a. If p(x,y) = 0 for infinitely many (x,y) on the unit circle 22 + y? = 1,
must p(x,y) = 0 on the unit circle?

b. If p(z,y) = 0 on the unit circle, is p(x,y) necessarily divisible by
z? +y? — 17 (p- 320)

2011

186. For a real number x > 1, we repeatedly replace z by x — r until

the result is at most 1. Let N(z) be the number of replacement steps that is

N(x) I

2

o0
needed. Determine, with proof, whether the improper integral /

1
converges. (p. 322)
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187. Find all real polynomials p(x), whose roots are real, for which

p(a® — 1) = p(z)p(—2). (p. 324)

188. Consider sequences of points in the plane that are obtained as follows:
The first point of each sequence is the origin. The second point is reached
from the first by moving one unit in any of the four “axis” directions (east,
north, west, south). The third point is reached from the second by moving
1/2 unit in any of the four axis directions (but not necessarily in the same
direction), and so on. Thus, each point is reached from the previous point
by moving in any of the four axis directions, and each move is half the size
of the previous move. We call a point approachable if it is the limit of some
sequence of the above type.

Describe the set of all approachable points in the plane. That is, find a
necessary and sufficient condition for (z,y) to be approachable.  (p. 325)

189. A gambling game is played as follows: D dollar bills are distributed in
some manner among N indistinguishable envelopes, which are then mixed
up in a large bag. The player buys random envelopes, one at a time, for
one dollar and examines their contents as they are purchased. If the player
can buy as many or as few envelopes as desired, and, furthermore, knows
the initial distribution of the money, then for what distribution(s) will the
player’s expected net return be maximized? (p. 327)

190. Let a = 0.dydads. .. be a decimal representation of a real number
between 0 and 1. Let r be a real number with |r| < 1.

a. If a and r are rational, must Zfil d;r* be rational?
b. If @ and r are rational, must Zfil id;r* be rational?

c. If rand Y .2, d;r’ are rational, must « be rational? (p- 329)

191. Let £; and Ly be skew lines in space (that is, straight lines which
do not lie in the same plane). How many straight lines £ have the property
that every point on £ has the same distance to £1 as to L7 (p- 332)

192. We call a sequence (x,,)n>1 a superinteger if (i) each z,, is a nonneg-
ative integer less than 10™ and (ii) the last n digits of z,; form z,. One
example of such a sequence is 1,21,021,1021,21021, 021021, ..., which we
abbreviate by ...21021. Note that the digit 0 is allowed (as in the example)
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and that (unlike in the example) there may not be a pattern to the digits.
The ordinary positive integers are just those superintegers with only finitely
many nonzero digits. We can do arithmetic with superintegers; for instance,
if x is the superinteger above, then the product zy of x with the superinteger
y =...66666 is found as follows:

1 x 6 = 6: the last digit of xy is 6.

21 x 66 = 1386: the last two digits of zy are 86.

021 x 666 = 13986: the last three digits of xy are 986.

1021 x 6666 = 6805986: the last four digits of xy are 5986, etc.

Is it possible for two nonzero superintegers to have product 0 = ...00000?
(p.- 334)

193. If > a, converges, does there have to exist a periodic function
e: Z — {1,—1} such that > e(n)|ay| converges? (p- 335)

194. Let f(z) =  — 1/x. For any real number z, consider the sequence
defined by xg, 1 = f(x0),...,Znt1 = f(xn),..., provided z,, # 0. Define
T to be a T-number if the sequence terminates, that is, if z,, = 0 for some n.
(For example, —1 is a T-number because f(—1) = 0, but v/2 is not, because
the sequence

V2, 1/V2=f(V2), —1/V2=f1/V2), 1/V2=f(-1/V2), ...

does not terminate.)
a. Show that the set of all T-numbers is countably infinite (denumerable).

b. Does every open interval contain a T-number? (p. 336)

195. For n a positive integer, show that the number of integral solutions
(x,y) of 22 + xy + y? = n is finite and a multiple of 6. (p. 338)

196. For what real numbers x can one say the following?

a. For each positive integer n, there exists an integer m such that

rT——| < —.
n 3n

b. For each positive integer n, there exists an integer m such that

‘ m 1

m 1
-2

—| <5 (p. 341)
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197. Starting with an empty 1 X n board (a row of n squares), we succes-
sively place 1 x 2 dominoes to cover two adjacent squares. At each stage, the
placement of the new domino is chosen at random, with all available pairs of
adjacent empty squares being equally likely. The process continues until no
further dominoes can be placed. Find the limit, as n — oo, of the expected
fraction of the board that is covered when the process ends. (p. 342)

198. Let Z/nZ be the set {0,1,...,n — 1} with addition modulo n. Con-
sider subsets S,, of Z/nZ such that (S, + k) NS, is nonempty for every k
in Z/nZ. Let f(n) denote the minimal number of elements in such a subset.
Find

lim In f(n)

n—oo Inn

Y

or show that this limit does not exist. (p. 344)

199. a. If a rational function (a quotient of two real polynomials) takes on
rational values for infinitely many rational numbers, prove that it may be
expressed as the quotient of two polynomials with rational coefficients.

b. If a rational function takes on integral values for infinitely many integers,
prove that it must be a polynomial with rational coefficients.  (p. 345)

200. Can there be a multiplicative n X n magic square (n > 1) with entries

1,2,...,n2? That is, does there exist an integer n > 1 for which the numbers
1,2,...,n2 can be placed in a square so that the product of all the numbers
in any row or column is always the same? (p. 348)
xl/zzl/x ’
201. Define a function f by f(z) = 2t (z > 0). That is to say,
for a fixed z, let
a =z, a,= 5171/96, a, = et/ xl/zal, a, = xl/zml/z = 171/35&2,

. Qn .
and, in general, = x'/*"" and take f(z) = lim a .
n+2 n—ooo N

a. Assuming that this limit exists, let M be the maximum value of f as x
ranges over all positive real numbers. Evaluate M™M.

b. Prove that f(z) is well defined; that is, that the limit exists.  (p. 350)
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202. Note that if the edges of a regular octahedron have length 1, then the
distance between any two of its vertices is either 1 or v/2. Are there other

configurations of six points in R? for which the distance between any two of
the points is either 1 or v/2? If so, find them. (p- 353)

203. Let a and b be positive real numbers, and define a sequence (z,,) by

1/ 1
To=a, 1 =b, T+l = 5 x—+$n—1 .

a. For what values of a and b will this sequence be periodic?

b. Show that given a, there exists a unique b for which the sequence con-
verges. (p- 357)

204. Consider the equation 22 + cos? x = a cos x, where « is some positive
real number.

a. For what value or values of o does the equation have a unique solution?

b. For how many values of a does the equation have precisely four solutions?
(p. 361)

205. Fast Eddie needs to double his money; he can only do so by playing a
certain win-lose game, in which the probability of winning is p. However, he
can play this game as many or as few times as he wishes, and in a particular
game he can bet any desired fraction of his bankroll. The game pays even
money (the odds are one-to-one). Assuming he follows an optimal strategy
if one is available, what is the probability, as a function of p, that Fast Eddie
will succeed in doubling his money? (p. 364)

206. Define a die to be a convex polyhedron. For what n is there a fair
die with n faces? By fair, we mean that, given any two faces, there exists a

symmetry of the polyhedron which takes the first face to the second.
(p- 366)
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207. Prove that

1 4 9 n2

TL2 1 4 (n _ 1)2
det .

4 9 16 1

_ (apt M D@ D (02 )
(p. 368)

208. Let a, = 0 and let a be equal to the smallest positive integer that
cannot be written as a sum of n numbers (with repetitions allowed) from
among a,a,,...,a . The sequence (an) starts off with

aon, alzl, a2=3, a3=8, a, =21.
Find a formula for a_. (p. 371)
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Problem 1

Find all solutions in integers of z3 + 2y3 = 423.
Answer. The only solution is (z,y, z) = (0,0,0).

Solution 1. First note that if (x, y, 2) is a solution in integers, then x must
be even, say x = 2w. Substituting this, dividing by 2, and subtracting y3,
we see that (—y)3 + 223 = 4w3, so (—y, z,w) = (—y, z,x/2) is another solu-
tion. Now repeat this process to get (z,y, 2), (—y, z,2/2), (—z,2/2, —y/2),
(—x/2,—y/2,—2/2) as successive integer solutions. Conclusion: If (x,y, 2) is
a solution, then so is (—x/2, —y/2, —z/2), and in particular, x, y, and z are
all even. But if z, y, and 2z were not all zero, we could keep replacing (x, y, z)
by (—x/2,—y/2,—2/2) and eventually arrive at a solution containing an odd
integer, a contradiction.

Solution 2. Suppose (x,y, 2) is a nonzero solution for which |z|3 4 2|y|® +
4|z|? is minimized. Clearly z is even, say = = 2w. We have 8w? + 2y® = 423
or (—y)? + 223 = 4w3. Then (—y, z,w) is a nonzero solution and
Jol? 2yl + 412

2 3

a contradiction. Therefore (0,0, 0) is the only solution.

| = y® + 2|2 + 4wl

45
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Comment. This solution method, in which it is shown that any solution
gives rise to a “smaller” solution, is known as the method of infinite descent.
It was introduced by Pierre de Fermat (1601-1665), who used intricate cases
of the method to solve diophantine equations that were beyond the reach of
any of his contemporaries.

Problem 2

Each of twenty commissioners ranked three candidates (A, B, and C) in
order of preference, with no abstentions. It was found that 11 commissioners
preferred A to B, 12 preferred C to A, but 14 preferred B to C. Given that
every possible order of A, B, and C appeared on at least one ballot, how
many commissioners voted for B as their first choice?

Solution. Eight commissioners voted for B. To see this, we will use the

given information to study how many voters chose each order of A, B, C.
The six orders of preference are ABC, ACB, BAC, BCA, CAB, CBA,;

assume they receive a, b, ¢, d, e, f votes respectively. We know that

a+b+e=11 (A over B) (1)
d+e+ f=12 (C over A) (2)
at+ct+d=14 (B over (). (3)

Because 20 votes were cast, we also know that

ct+d+f=9 (B over A) (4)
a+b+c=38 (A over C) (5)
b+e+f=6 (C over B). (6)

There are many ways one might proceed. For example, equations (3) and
(4) imply that a = 5+ f, and equations (1) and (5) imply that e = ¢ + 3.
Substituting these into (1) yields f +b+ ¢ = 3, and therefore b=c= f = 1.
It follows that a =6, e =4, and d = 7.

The number of commissioners voting for B as their first choice is therefore
c+d=1+7=28 (A has 7 first place votes, and C has 5).

Comments. The answer to this question would have been the same had we
known only that at least 14 commissioners preferred B over C.
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The seemingly paradoxical nature of the commissioners’ preferences
(A preferred to B, B preferred to C, C preferred to A), an example of
“Condorcet’s paradox,” is not uncommon when individual choices are pooled.

Problem 3

If A= (0,-10) and B = (2,0), find the point(s) C' on the parabola y = x>
which minimizes the area of triangle ABC.

Answer. The area of triangle ABC' is minimized when C' = (5/2,25/4).

Solution 1. The area of triangle ABC' is half the product of the length
of AB, which is fixed, and the length of the altitude from C to AB, which
varies with C'. The length of this altitude is the distance between C' and the
line AB. Note that the line AB, given by y = 5z — 10, does not intersect
the parabola y = x2. Thus, for C = (x,22) on the parabola to minimize
the area, the tangent line at C' must be parallel to AB. This occurs when
2z =5,0r C = (5/2,25/4).

Solution 2. (Gerald A. Heuer, Concordia College)  For a straightforward
solution based on the properties of the cross product, recall that

Area ABC = %‘E X E‘

Now
i j k
ABxAC =det[2 10 0| =2*-5z+10k.
z x2+10 0

Thus, Area ABC = 2% — 52+ 10 = (z — 5/2)? + 15/4, and this is minimized
when © = 5/2.

Solution 3. (Les Nelson, St. Olaf College) The transformation (a shear
followed by a vertical translation)

)= (D6 ()

is area-preserving because
1 0
det =1
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and it takes A = (0,—10) to A’ = (0,0), B = (2,0) to B’ = (2,0), and
C = (z,2%) to C' = (z,2? — 5z + 10). Therefore,

Area ABC = Area A'B'C’ = 2® — 52+ 10 = (z — 5/2)* + 15/4,

which is minimized when z = 5/2.

Problem 4

Does there exist a continuous function y = f(z), defined for all real , whose
graph intersects every non-vertical line in infinitely many points?

2sin .

Solution. Yes, there is such a function; an example is f(z) = =
The graph of this function oscillates between the graph of y = 22 (which it
intersects when sinaz = 1, that is, when & = 7/2 4+ 2kn) and the graph of

y = —2? (which it intersects at x = 37/2 + 2kn).

\ Y /
y=a*,
\\ / y =a?sinx
N /
A /\
N
A
ST
~N
Ve
\// AN
\
/ \
/

Suppose y = max + b is the equation of a non-vertical line. Because

mx +b
2 p—

lim
xr—0o0 €T

0,

we know that for x large enough

mx +b
22

<
or equivalently —z? < max + b < x2. Therefore, the line y = mz + b will
intersect the graph y = z?sinx in each interval (7/2 + 2km, 37/2 + 2k) for
sufficiently large integers k.
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Problem 5

A child on a pogo stick jumps 1 foot on the first jump, 2 feet on the second
jump, 4 feet on the third jump, ..., 2"~ ! feet on the nth jump. Can the
child get back to the starting point by a judicious choice of directions?

Solution. No. The child will always “overshoot” the starting point, be-
cause after n jumps the distance from the starting point to the child’s loca-
tion is at most 1 +2+4+...+2" "1 = 2" —1 feet. Since the (n+ 1)st jump
is 2" feet, it can never return the child exactly to the starting point.

Problem 6

Let S, = {1,n,n?% n3 ...}, where n is an integer greater than 1. Find
the smallest number k& = k(n) such that there is a number which may be
expressed as a sum of k (possibly repeated) elements of S, in more than one
way (rearrangements are considered the same).

Answer. We will show that k(n) =n + 1.

Solution 1. Suppose we have ai1,as,...,axr and by, bs,...,bx in S, such
that

ay +az+---+ap =by +bay+ -+ by,

where a; < a;4+1, b; < bjy1, and, for some i, a; # b;. If k is the smallest
integer for which such a sum exists, then clearly a; # b; for all 4, j, since
otherwise we could just drop the equal terms from the sums. By symmetry,
we may now assume a1 < b;. Upon dividing both sides of the equation
by a1, we may assume a; = 1. Since, at this point, every b; is divisible by
n, there must be at least n 1’s on the left side of the equation. If we had
k = n, then the right side would be strictly greater than the left. Therefore,
k > n+ 1. The expression

I1+14--F14n*=n+n+---+n
—— —_—

n times n+1 times

shows that £k =n + 1.
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Solution 2. First, k(n) < n+ 1 because

1+1+---+14n°=n+n+---+n.
| —_——
n times n—+1 times
Next, k(n) > n. To see this, recall that every positive integer N has a

unique base n representation; that is, there are unique “digits” do, dq, ..., ds,
0 < d; < n, such that

N =dy+din+dymn?+---+dn°

= 1+~~~+1+n+~~~+n+n2+~~~+n2+~~~+ns+~~~+ns.

dO d1 d2 ds

This means that if N has a second representation as a sum of elements from
Sn, at least one of the elements of S,, must occur at least n times. Thus
k(n) > n.

Finally, k(n) # n. For suppose k(n) = n and that M is an integer with
two different representations,

M=s1+ 45, =t +- +tn, Siyti € Sp.

By the uniqueness of base n representation, at least one of these repre-
sentations, say the left side, is not the base n representation. As argued
in the preceding paragraph, all of the s; must be equal, say to n®. Thus,
M = n*tl. But this means that the right side is not the base n representa-
tion of M either, so again, all of the ¢; are equal, say to n’. It follows that
M = nst! = pt*tl and therefore s=t, s; =+ =8, =t; = --- = t,,. This
contradicts our assumption that the representations are different.
Thus, n < k(n) <n+1,s0 k(n) =n+1.

Problem 7

Find all integers a for which 23 — 2 + a has three integer roots.

Answer. The only integer a for which 23 — = + a has three integer roots
is a = 0. The roots are then —1, 0, 1.

Solution 1. The factorization z°

— 2 = (x — Dz(z + 1) clearly implies
23 — z is strictly increasing for z > 1 and also for z < —1. (One could

prove this using calculus, as well.) Thus, the polynomial 2° —x +a can have
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at most one positive integral root and one negative integral root. A third
integral root must then be 0, hence a = 0.

Solution 2. (Suggested by students at the 1990 United States Mathemat-
ical Olympiad training program) Let 71, ro, 73 be the integral roots of
2% —x +a. Writing the coefficients of the polynomial as symmetric functions

of its roots, we have

r1+r2+r3=0 and 1Ty + 1173 + rory = —1.

Combining these yields

r? 4 r2 4 7‘32, = (ry 4+ 1o+ 13)% =2 (riry + rirs +ror3) = 2.

We conclude that one of the roots is 0, forcing a = 0, and the other two
roots are —1 and 1.

Solution 3. Let 71,72, 73 be the roots of 2 — x + a. The discriminant of
this cubic is

((m — o) (r1 — 73)(r2 — rg))z — —4(=1)® = 27a® = 4 — 274>

If all three roots are integral, then the above discriminant is a perfect square,
say s2. Then 4 = 27a% + s%, which implies a = 0.

Problem 8

Three loudspeakers are placed so as to form an equilateral triangle. One
of the speakers plays four times as loudly as the other two. Assuming that
the sound level from a speaker is inversely proportional to the square of
the distance to that speaker (and that the sound levels depend only on the
distance to the speakers), where should one sit so that each speaker will be
heard at the same sound level?

Solution 1. The listener should sit at the reflection of the center of the
triangle in the side opposite the louder speaker.

Because the sound level for a speaker is inversely proportional to the
square of the distance from that speaker, we seek a point twice as far from the
louder speaker as from the other two speakers. Recall that the intersection
of the medians of a triangle occurs at the point two-thirds of the way from
a vertex of the triangle to the midpoint of the opposite side. Furthermore,
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in an equilateral triangle, each median is perpendicular to its corresponding
side. Thus, the reflection of the center of the triangle in the side opposite
the louder speaker is twice as far from that speaker as is the center of the
triangle. On the other hand, noting that the reflection of a given point in a
line has the same distance to any point on the line as the given point, we see
that the reflected point and the center of the triangle are equidistant from
the two other speakers. We have found a point where the sound levels from
the three speakers are equal.

Solution 2. Let the louder speaker be at point A, and the other two
speakers be at B and C'. Then the desired point is the intersection of the
perpendicular to AB at B and the perpendicular bisector of BC'

We again begin with the observation that we want a point P for which
PB = PC = %PA. The set of points equidistant from B and C is the
perpendicular bisector of the line segment BC', which passes through A since
AB = AC'. If P is the intersection of the perpendicular to AB at B and the
perpendicular bisector of BC, clearly PB = PC. In addition, the triangle
APB is a 30°-60°-90° triangle, hence PB = %PA, as required.

It is now easy to go on to show that P is the only such point. Suppose
Q@ is on the line PA. If A is between P and @, then QA < @B = QC. If Q
is on the same side of A as P, then QB > QA sin30° = %QA, with equality
if and only if the lines QB and AB are perpendicular.

Solution 3. If the identical speakers are at the points (—1,0) and (1,0)
in the plane, and the louder speaker is at (0, /3), then the unique point we
seek is at (0, —1/v/3).

Since the points (—1,0), (1,0), and (0,+/3) form the vertices of an equi-
lateral triangle, there is no loss of generality in choosing coordinates so that
the speakers are at these points. By looking at the squares of the distances
from a point (x,y) to these points, we arrive at the condition

(212432 = (= 12+ 57 = (a2 + (y = V3)?).

The first equality implies x = 0, which we substitute into the second equality,
obtaining

1+y* =1y —2V3y +3).

After combining terms, we find that y = —1/1/3 is the only solution to this
last equation. Thus, the only point where the sound levels from the three
speakers are equal is (0, —1/v/3).
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Problem 9

Ten (not necessarily all different) integers have the property that if all but
one of them are added, the possible results (depending on which one is
omitted) are: 82, 83, 84, 85, 87, 89, 90, 91, 92. What are the ten integers?

Solution. The integers are 5, 6, 7, 7, 8, 10, 12, 13, 14, 15.

Let ny < ng <--- < nyg be the ten integers and S =ny +ng + -+ -+ nyp
be their sum. If all but n; are added, the result is S — ny; similarly, if all
but ny are added, the result is S — no; and so forth. If the ten results are
added, we get (S —n1)+(S—n2)+---+(S—n19) =105 -5 =9S. Now we
are given that there are only nine possible different results: 82, 83, 84, 85,
87, 89, 90, 91, 92. Let x denote the sum that occurs twice. Then the sum of
the ten results is 82483 + 84 + 85+ 87 + 89 4+ 90 + 91 + 92 + x; by the above,
this sum is also 95. Therefore, 783 + x = 95; equivalently, x = 9(S — 87).
This shows that  must be divisible by 9. However, of the given results 82,
83, ..., 92, only 90 is divisible by 9, so z = 90, and S = 97. Subtracting 82,
83, ..., 92, with 90 occurring twice, from 97, we find the ten integers listed
above.

Problem 10

o]
For what positive values of o does the infinite series > 2!°82012™ converge?
n=1

1
Answer. For 0 <z < 2013 *

Solution. Note that

$10g2012n — xlnn/ In2012 _ e(ln z)(Inn)/In2012 _ nln z/1n 2012
(e ]
Therefore, the series is a “p-series” > % with p = —Inz/In2012, so it
n=1
converges if and only if —Inz/In2012 > 1. This condition is equivalent to

Iz < —n2012 =1In i, or 0< < 5.

Problem 11

Let A bea 4x4 matrix such that each entry of A iseither 2 or —1. Let
d = det(A); clearly, d is an integer. Show that d is divisible by 27.
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Solution. Let B be the matrix obtained from A by subtracting row one of
A from each of the other three rows. Then det A = det B. Each entry in the
last three rows of B is —3, 0, or 3, and therefore is divisible by 3. Now let
C' be the matrix obtained from B by dividing all these entries (in the last
three rows) by 3. Then all entries of C' are integers, so det C' is an integer;
moreover, det A = det B = 3% det C, so det A is divisible by 27.

Problem 12

Consider the n x n array whose entry in the ¢th row, jth columnisi+j — 1.
What is the smallest product of n numbers from this array, with one coming
from each row and one from each column?

Solution. The smallest product is 1-3-5---(2n — 1). This value of the
product occurs when the n numbers are on the main diagonal of the array
(positions (1, 1), (2,2),...,(n,n)).

Because there are only finitely many possible products, there is a smallest
product. We show this could not occur for any other choice of numbers.

Assume n > 2, and suppose we choose the n numbers from row ¢, column
i, i=1,2,...,n. Unless ¢/ =i for all 4, there will be some i and j, i < 7,
for which ¢’ > j'. If we choose entries (i,5’) and (j,¢') instead of (i,7) and
(7, 4), keeping the other n — 2 entries the same, the product of the two
entries will be (i + 3" —1)(j +4' — 1) instead of (i +4' —1)(j + 5’ —1). Since

i+ =D+ =)=+ =D+ -1) =0 -0 i) <0,

the new product will be smaller, so we are done.

Problem 13

Let A and B be sets with the property that there are exactly 144 sets which
are subsets of at least one of A or B. How many elements does the union of
A and B have?

Answer. There are exactly 8 elements in the union of A and B.
Solution 1. Let a denote the number of elements in A but not in B, b the

number of elements in B but not in A, and ¢ the number of elements in both
A and B.
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A B

The number of subsets of A is 2¢¢, of B is 2°*¢, and of both A and B
is 2¢. The collection of all subsets of A together with the collection of all
subsets of B will contain duplications, namely, those subsets that are subsets
of both A and B. Taking this into account, we have

gate 4 obte _9c — 144
2(:(2(1 + 2b) — 2(1 + 2432
20 4 20 =1 4 24732, (%)

If a = 0 then 2° = 24732, or equivalently, 2°7¢~% = 32 which is impos-
sible, regardless of the value of b or c¢. Similarly, we get a contradiction if
b = 0. Therefore, a > 0 and b > 0, so the left side of (x) is even. Hence ¢ = 4
and 2% +2% = 10. The only solutions to thisare a =1, b=3ora =3, b= 1.
In either case the number of elements in the union is a+b+c=1+3+4 = 8.

Solution 2. We may assume that |A| > |B|. The number of subsets of a
set with ¢ elements is 2¢. Thus,

214l < 144 < 214 L 2IBI < ol AlF+L,

Hence, |A| = 7. The 16 missing subsets must be subsets of B but not of A.
Thus,

The only possibility is |AN B| =4 and |B| —|AN B| =1, so

|[AUB| =|A|+|B|-|ANB|=7+1=38.

Problem 14
Find /(:cG + 23) V23 4+ 2de.



56 PROBLEM 14

Answer.

/(x6—|—x3)\3/x3+2d:c: 6 por¥yi8 0= 8 (7 + 22 Va3 +24C.

Solution 1. We start by bringing a factor x inside the cube root:
/(zG + 23 Va3 +2dr = /(:c5 + 2?) /26 + 223 dx.
The substitution u = 2% 4+ 223 now yields the answer.

Solution 2. Setting u = 23 + 2, we find

du

— 2 —

Thus,

ui

/< ~ 2~ 1) du

- <%>+C

= - (% + 22343 + C.

_ — Dul/3
/(x6—|—x3)\3/x3+2dx :/ Y 2/)3 du
1
3

Ol = O =

Solution 3. (Eugene Luks, University of Oregon) Starting with the term
of highest degree and integrating by parts, we get

/xG Va3 42 dx:/x4 (xzxs/x3+2> dx
1 o, )
= Z:c4 (:c3+2)4/3 — /:cd(:c‘5+2)4/‘5 dx
1
= Zx4(x3+2)4/3 - /(xG +22°%) ¥/ 23 + 2 du.

Combining the integrals then yields

1
/(x6 + a3/ a3+ 2dx = §x4(x3 +2)43 4 C.
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Solution 4. (George Andrews, Pennsylvania State University) Given
that we can find an antiderivative, we expect it to have the form p(x)v/z3 + 2
for some polynomial p(x). Thus we look for a polynomial

p(z) = ag + a1 + azx® + azx® + - -

for which

i (p(x) v 3+ 2) = (25 +23) Va3 +2.

dx
This leads to the differential equation

(2° +2)p () + 2%p(z) = (2% + 2°) (2 + 2),
that is,
(23 +2)(a1+2a22+3azz?+- - - )+(a()x2+a1x3+a2x4+~ ) = 2243204223,

Comparing coefficients of ™, n > 0, and using the convention that a; = 0
for 7 < 0, we find that

2 ifn =23,

2n+2)an41 + (n—Dap—o = 3 Tf n =6,

1 ifn=29,

0 otherwise.
This is equivalent to

2 ifn=1,
an+3:fn+1an On where 94, = 3 ifn=4
2n + 6 2n + 6’ " 1 ifn=7,

0 otherwise.
In particular, for p(z) to be a polynomial, we must have ap = a3z = ag =
-+-=0and az = a5 = ag = -+ = 0, while from a; = 0 we get aq = 1/4,
a7 = 1/8, a0 = a13 — Q16 = = 0. Thus,

- 1 1
/(m6+x3)\3/x3+2d:c: <§x7+1x4> Va3 +2 +C.

Comment. Solution 4 illustrates the Risch algorithm, which finds, when
possible, antiderivatives of elementary functions.

Problem 15

Two microfilms are hidden in two dark squares of a chessboard; the squares
are adjacent to opposite corners and symmetric to each other about the
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center of the board. The chessboard is a collapsible variety which folds
along both center lines. Suppose the four quarters of the chessboard come
apart and then are reassembled in a random manner (but so as to maintain
the checkerboard pattern of light and dark squares). What is the probability
that the two squares which hide the microfilms are again adjacent to opposite
corners?

Solution. The probability is 1/24.

When the board is reassembled so there is a light square in the lower
right-hand corner, there are eight possible positions that can have a film
(indicated by black dots in the figure). Of these eight positions, two are
adjacent to a corner, so there is a probability of 2/8 = 1/4 that a given film
will end up adjacent to a corner. If this happens, there are six possibilities
remaining for the second film since the two films cannot end up in the same
“quadrant” of the board. Of these six possibilities, only one is adjacent to a
corner. Thus the probability of both films ending up in acceptable positions
is (1/4)(1/6) = 1/24.

Problem 16
For what values of n is it possible to split up the (entire) set {1,2, ...,n}

into three (disjoint) subsets so that the sum of the integers in each of the
subsets is the same?

Answer. It can be done if and only if n > 5 and n = 0 or 2 modulo 3.
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Solution 1. A necessary condition is that the sum of the elements in
{1,2,...,n} be divisible by 3. In other words, n(n 4+ 1)/2 must be divis-
ible by 3, which is true if and only if n = 0 or 2 modulo 3. Thus, the set
cannot be split up as desired if n = 1 modulo 3. Also, it’s easy to see that
the sets {1,2} and {1, 2,3} cannot be split up as desired.

To see that it can be done for n > 5 if n = 0 or 2 modulo 3, check the
first few cases:

n="5: {1,2,3,4,5}={1,4}U{2,3}U {5};

n=6: {1,2,3,4,5,6}={1,6}U{2,5}U{3,4};

n=8: {1,2,3,4,5,6,7,8} = {1,2,3,6}U{4,8}U {5,7};
n=9: {1,2,3,4,5,6,7,8,9}={1,2,3,4,5} U {6,9} U {7,8}.

Now we can use an inductive argument. Suppose we can do it for n. Then
to do it for n+6, just add n+1,n+6 to the first subset for n, add n+2, n+5
to the second subset for n, and add n+3,n+4 to the third subset for n.
Since to each subset we're adding numbers that sum to (n+1) 4+ (n+6) =
(n4+2) + (n+5) = (n+3) + (n+4) = 2n+7, the three new subsets will all add
to the same number, and between them they will account for all integers in
the new set {1,2,... ,n,n+1,n+2,n+3,n+4,n+5,n+6}. Because it can
be done for n = 5,6,8 and 9, it can also be done for n = 11,17,23,... , for
n=12,18,24,... , for n =14,20,26,... , and for n = 15,21,27,..., and
our proof is complete.

Solution 2. As we’ve seen in the first solution, we may assume that n > 5
and that n = 0 or 2 modulo 3. We will partition S = {1,2,...,n} by
applying a “greedy” strategy, as illustrated here for n = 21. In this case,

2
largest possible numbers from S: start with 21, then adjoin 20, then 19

(our total is now 60) and the largest number we can choose is 17, so let
A = {21,20,19,17}. Now construct B by, once again, choosing the largest
possible among the remaining elements; this yields B = {18, 16, 15,14,13,1}.
The remaining elements, which will automatically add to 77, compose the
third set: C = {12,11,10,9,8,7,6,5,4,3,2}.

For a general n, let s = n(n+1)/6 denote the common sum of the three
subsets. The choices for the first set begin with n, then n—1, then n—2, and
so forth, until we get to m, where a = m+(m+1)+- - -+ (n—1)+n is such that
a < s <a+(m-1). Ifa =s, then our first set is A = {n,n—1,...,m};ifa < s,
then A = {n,n—1,...,m,r}, where r = s—a. Continue with the construction

1 1
each subset must sum to 3 (— (21~ 22)) = 77. Begin by choosing the
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for B : {m—1,...,# ... ,k}, where we use the notation # to mean that r
is not chosen if it is between k and m—1 (it has already been put into set
A), and where k is such that b=k + (k+1)+---+ 7+ -+ (m—1) satisfies
b<s<b+4 (k—1). If b = s then our second set is B={m —1,...,7, ..., k}.
If s > b then set t = s — b; note that ¢t < (b + (k—l)) — b= k—1. There are
two cases.

Case 1. t # r: In this case, t has not yet been chosen as an element of either
Aor B, so we can take B={m —1,...,7,... k,t}.

Case 2. t =r: Since r =t < k—1, we know that t—1 has not yet been chosen
for A or B, so if r > 3 we can take B = {m—1,...k,t—1,1}. If r = 2, then in
A, replace m with m—1 and 2 with 3, so that A = {n,n—1,..., m+1, m—1, 3},
and in B (from Case 1), replace m—1 with m and 2 with 1, so that
B ={m,m—2,...,k,1}. Subsets A and B are disjoint and both sum to s.
Finally, if » = 1, do a similar thing: change A to {n,n—1,...,m+1,m—1,2},
and B to {m,m—2,...,k}. Once again, A and B are disjoint and both sum
to s.

Finally, we take C' to consist of the remaining elements in S, and we are
done.

Problem 17

Let f(x) be a positive, continuously differentiable function, defined for all
real numbers, whose derivative is always negative. For any real number
xg, will the sequence (z,) obtained by Newton’s method (z,+1 = x, —
fzn)/f(x,)) always have limit co?

Solution. Yes. To see why, note that since f’(x) is always negative while
f(z) is always positive, the sequence (z,) is increasing. Therefore, if the
sequence did not have limit oo, it would be bounded and have a finite limit
L. But then taking the limit of both sides of the equation

ot = f'(xn)
(and using the fact that f is continuously differentiable) would yield
f(L)
f1(L)
and thus f(L) = 0. This is a contradiction, because f is supposed to be a
positive function.

L=L-
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Problem 18

Find all solutions in nonnegative integers to the system of equations

322 — 2% — 422 + 54 =0, 5% — 3y® — 72 +74=0.

Solution. The two solutions are (z,y,z) = (4,7,1) and (16, 13,11).
We eliminate z by subtracting 3 times the second equation from 5 times
the first, obtaining —y? + 22 +48 =0, or

=y’ 2= (y+2)(y—2).

Since (y+ 2) — (y — z) = 2z is even, both y+ z and y — z must be even. The
possibilities are (y+ z,y — 2) = (24,2), (12,4), and (8, 6). Solving for y and
z yields (y, z) = (13,11), (8,4), and (7, 1). From either original equation, we
find the corresponding x values to be 16, v/46, and 4, respectively. Thus, the
only nonnegative integral solutions to the system of equations are (16,13, 11)
and (4,7,1).

Comment. If we eliminate y instead, we get £2 — 222 = 14, a Pellian equa-

tion with infinitely many solutions, which is more difficult to solve than
2 _ 2

y° — 2% =48.

Problem 19

If n is a positive integer, how many real solutions are there, as a function of
n, to e* = a2"?

Solution. Forn = 1, there are no solutions; for n = 2, there is one solution;
for odd n > 3, there are two solutions; for even n > 4, there are three
solutions.

Let us first consider negative solutions. For odd n, there are none, since
2" < 0 when x < 0. So suppose n is even. Then x™ decreases for x < 0.
Because e increases, ™ — e* decreases for x < 0. (This can also be seen
by examining the derivative.) Since 2" — e* approaches co as = approaches
—o0 and since 0" — e? = —1 < 0, there must be exactly one negative x for
which z" —e” = 0.

Clearly, z = 0 is never a solution, so we have only positive solutions left
to consider. For these there is no need to distinguish between even and odd
n; in fact, we will prove the following claim:
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If @ > 0 is any real number, then e = x® has no positive solutions if a < e,
one positive solution (z = e) if a = e, and two positive solutions if a > e.

Because 1 and 2 are the only positive integers less than e, we will be done
once we prove this.
To prove the claim, consider the ratio

We are interested in the number of solutions of f(x) = 1. Note that f(0) =0
and lim,_, f(z) = 0. Since

e (R
fay="020)
e
f is increasing for 0 < x < a and decreasing for > a. Therefore, f(z) =1
has two solutions if f(a) > 1, one if f(a) = 1, and none if f(a) < 1. The
claim now easily follows from f(a) = (a/€)®.

Problem 20

Three final participants for a swimming championship are to be chosen from
an initial set of contestants by having all contestants swim in an equal num-
ber of preliminary races. The race director wants exactly three swimmers in
each preliminary race with no two particular swimmers competing against
each other in more than one of them. Can such a schedule of preliminary
races be arranged

a. if there are five participants;

b. if there are ten participants?

Answer. It cannot be done with five participants, but it can be done for
ten.

Solution. a. Suppose such a schedule could be arranged for five partici-
pants A, B, C, D, E. The first race must feature three swimmers, say A, B, C.
One of these, say A, must be in the second race. Since A has already com-
peted with B and C, the second race must be between A, D, E. Then B
must be in another race (because A has now competed in two races and
all contestants participate in an equal number of races), and since B has
already competed with A and C, the other entrants in this race must be D
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and F. But this means that D and E will compete against each other a
second time, contradiction.

b. If it can be done, each participant must swim in r preliminary races,
for some r > 1. This makes for 10r “participant entries” (counting one
entry for each time a participant is in a race). On the other hand, each race
involves exactly 3 participants, so if there are k races in all, there are 3k
participant entries. We now see that 10r = 3k, so r must be divisible by 3,
and thus r > 3. But r < 6 because a participant has two different opponents
each time and this takes at least 2r different opponents. The only possibility
is therefore r = 3, k = 10.

(Alternatively, and more generally, suppose there are n participants, each
competing in r races. Then the number of races is rn/3, so either n or r
is divisible by 3. In order to avoid competing against the same opponent
twice, a participant’s number of opponents must satisfy 2r < n — 1, which
means that r < (n — 1)/2. When n = 5, we must have r divisible by 3 and
7 < 2, which can’t happen. When n = 10, we must have r divisible by 3 and
r < 9/2, which means that r = 3.)

To find such a schedule we apply a “greedy” strategy. Arrange the swim-
mers in order from 1 to 10, and construct a 10 x 10 matrix of Os and 1s,
where a 1 in row ¢ and column j means that swimmer j participates in the
1th race. Starting in the upper left corner of the matrix, assign swimmers to
races 1,2, ..., in order, at each step taking the next available swimmer (in
cyclic order 1,2,...) who meets the conditions of the problem. This leads
to the following schedule, which satisfies the conditions of the problem. [For
each race, the first swimmer chosen is indicated by a boldface 1 and the
other two are indicated by 1.]

Participants
12345678910
1t 110000000
2looo1110000
sloooooo01110
41001000001
s5loooo101001

Races 19 000100100
7lo1o0o0000011
sloo11001000
9lo 100010100
wloo1 0010010
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Another approach is to construct a connected configuration of 10 points
and 10 “lines”, where each line contains 3 points, for example, as shown in
the following figure (the circle in the center represents the line containing the
points labeled 3,6, and 7). Note that any two lines in this figure intersect
in at most one point, and any two points are contained in at most one line,
and, as such, the configuration is an example of a finite geometry.

Once the points are labeled from 1 to 10, for example as shown, the
points of the lines will identify the participants in the preliminary races.
This labeling results in the following schedule.

Participants
12345678 910
1t 100000100
21 010100000
31 001000001
4o 11100000 0

o s5lortoo0010010
Races el 001001100 0
710001001010
sloooo110100
9lo o oo 101001
1looooo0oo001 11
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Problem 21

Does there exist a positive integer whose prime factors include at most the
primes 2, 3, 5, and 7 and which ends in the digits 117 If so, find the smallest
such positive integer; if not, show why none exists.

Solution. There is no such positive integer.

The last digit of a multiple of 2 is even; the last digit of a multiple of 5 is
0 or 5. Therefore, 2 and 5 cannot divide a number ending in the digits 11.
Thus, we consider numbers of the form 3™7™.

A check on small numbers of this form having 1 in the units position
shows that 3% = 81, 3.7 = 21, and 7* = 2401. Each of these numbers has
the correct units digit, but in each case, the tens digit is even instead of 1.

Now note that integers r and r(20k 4+ 1) have the same remainder upon
division by 20. Since 3%, 3 -7, and 7% have the form 20k + 1, we conclude
that if 3™7™ has the form 20k + 11 (that is, has odd tens digit and final digit
1), then so do 3m~47", 3m=17n=1 and 3™m7"~* provided the respective
exponents are nonnegative.

By repeated application of this observation, we can say that if any integer
37" has the form 20k+11, then so will one of 1, 3, 32, 32, 7, 72, 73. However,
among these, only 1 has the correct last digit. Thus, 37" can never have
remainder 11 upon division by 20, hence cannot end in the digits 11.

Comment. This proof can be streamlined by using congruences, as follows.
If 3m7™ = 100k + 11 for some nonnegative integers m, n, k, then, in par-
ticular, 3m7" = 11 (mod 20). On the other hand, since 3*=3.7=7*=
1 (mod 20), we have 3m7" = 3m~47" = 3m-1lrn=1 = 3m7=1 (mod 20),
provided the respective exponents are nonnegative. By repeated application
of these identities we find that 3™7™ is congruent modulo 20 to one of the
numbers 1, 3, 32, 33, 7, 72, 73. Since none of these is 11 modulo 20, neither
is 3™,

Problem 22

The Wohascum County Fish and Game Department issues four types of
licenses, for deer, grouse, fish, and wild turkey; anyone can purchase any
combination of licenses. In a recent year, (exactly) half the people who
bought a grouse license also bought a turkey license. Half the people who
bought a turkey license also bought a deer license. Half the people who
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bought a fish license also bought a grouse license, and one more than half
the people who bought a fish license also bought a deer license. One third
of the people who bought a deer license also bought both grouse and fish
licenses. Of the people who bought deer licenses, the same number bought
a grouse license as bought a fish license; a similar statement was true of
buyers of turkey licenses. Anyone who bought both a grouse and a fish
license also bought either a deer or a turkey license, and of these people the
same number bought a deer license as bought a turkey license. Anyone who
bought both a deer and a turkey license either bought both a grouse and a
fish license or neither. The number of people buying a turkey license was
equal to the number of people who bought some license but not a fish license.
The number of people buying a grouse license was equal to the number of
people buying some license but not a turkey license. The number of deer
licenses sold was one more than the number of grouse licenses sold. Twelve
people bought either a grouse or a deer license (or both). How many people
in all bought licenses? How many licenses in all were sold?

Solution. Fourteen people bought a total of thirty-one licenses.

We let n stand for the number of people buying licenses. We let d, f,
g, and t stand for the number of deer, fish, grouse, and wild turkey licenses
sold, respectively. Since we will never multiply two variables, we can let dg
be the number of people buying both deer and grouse licenses, dfgt be the
number of people buying all four licenses, etc. If we then translate the given
information into equations, we get

39 = gt, (1)

it =dt, (2)
5f=Jo, (3)
1f+1=df, (4)
3d = dfg, (5)

dg = df, (6)

gt = ft, (7)

fg = dfg + fgt — dfgt, (8)

dfg = fgt, (9)

)

dgt = dft = dfgt, (10
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t=n—f, (11)
g=n-—t, (12)
d=g+1, (13)
12=g+d—dg. (14)

We can also express n in terms of the other variables using the inclusion-
exclusion principle. This yields

n=(d+g+ f+t)—(dg+df +dt+ fg+ gt + ft)
+ (dfg + dgt + dft + fgt) — dfgt.

Equations (13), (12), and (11) imply that d, ¢, and f can be expressed in
terms of n and g. Doing so and substituting the results into equations (4)
and (14), we find

(15)

df =1g+1 (16)
and
dg =2g —11. (17)

Equations (6), (16), and (17) combine to yield g = 8. Substituting this into
our expressions for d, ¢, and f gives

d=9, t=n-8, f=8

Equations (4), (6), (2), (3), (1), and (7) yield

df =5, dg=5, dt=3in—4, fg=4, gt=4, f[ft=4.
Equations (5), (9), (8), and (10) then yield

dfg =3, fot=3, dfgt=2, dgt=2, dft=2.
Finally, substitution into equation (15) implies
n=(17+n)— (184 in)+10-2="7+ in.

We conclude that 14 people bought a total of 17 + 14 = 31 licenses.

Problem 23

Given three lines in the plane which form a triangle, what is the set of points
for which the sum of the distances to the three lines is as small as possible?
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Solution. The set consists of the vertex opposite the longest side of the
triangle, assuming that side is uniquely determined. If there are exactly two
such sides (of equal length), the set is the remaining (shortest) side of the
triangle (including endpoints); if the triangle is equilateral, the set consists
of the entire triangle and its interior.

Let P be a point for which the sum of the three distances is minimized.
If A, B, and C are the points of intersection of the three lines, then it is easy
to see that P cannot be outside the triangle ABC. For if P were outside the
triangle, say between the lines AB and AC, inclusive, then we could reduce
the sum of the distances by moving P toward A.

Let a, b, and ¢ be the lengths of BC, AC, and AB, respectively. There is
no loss of generality in assuming a < b < ¢. If K is twice the area of triangle
ABC, and z, y, z are the distances from a point P to BC, AC, and AB,
respectively, then we wish to minimize = + y + 2z subject to the constraint
ax + by + ¢z = K, and conceivably to other geometric constraints.

Now (z,y, z) is a nonnegative triple satisfying the constraint if and only
if (0,0, (a/c)x + (b/c)y + z) is such a triple. But

T4y +2 = (af)a+ (b/e)y + 2,
with necessary and sufficient conditions for equality given by
a=c or x =0,

and

b=c or y=0.

We conclude that the set P consists of C if a < b < ¢, the line segment BC'
if a < b = ¢, and the triangle ABC' and its interior if a = b = c.

Comment. As we saw, this problem translates to a linear programming
problem for which the geometry of the situation makes the solution fairly
apparent. The triangle and its interior correspond to the part of the plane
ax +by+ cz = K with x,y, 2 > 0. The minimum of x + y + z can occur at a
point, on a side of the triangle, or on the entire triangle, depending on the
relative orientations of the planes ax + by +cz =K and z +y+ 2z = K/c.

Problem 24

Define two positive integers a and b to be “one step apart” if and only if
ab+ 1 is a perfect square.
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a. Show that any two (distinct) positive integers are separated by a finite
number of steps.

b. How many steps separate two consecutive positive integers m and m+17

c. How many steps separate 1 and 47

Solution. a. First of all, for any positive integer n, (n+1)? = n(n+2) +1
is a perfect square, so n and n+2 are always one step apart. So if the distinct
integers a, b have the same parity, we can get from a to b in |a—b|/2 steps
(by repeatedly adding or subtracting 2). If a and b have opposite parity, say
a is even and b is odd, then we can get from a to 8 in this way, from 8 to
3 in one step, and then from 3 to b in the same way. So we can always get
from a to b in a finite number of steps.

b. If m and m+1 were one step apart, m(m+1) +1 = m?+m+1
would be a perfect square. However, this number is strictly between the
consecutive perfect squares m? and (m+1)? = m2+2m+1, so m2+m+1
cannot be a perfect square. On the other hand, m(16m+8) + 1 = (4m+1)?
and (m+1)(16m+8) + 1 = 16m2+24m+9 = (4m+3)2, so we can get from
m to m+1 in two steps, so m to m—+1 are separated by exactly two steps.

c. Because 1 and 2 are two steps apart and 2 and 4 are one step apart, 1
and 4 are at most three steps apart. They’re not just one step apart because
1-4+4+ 1 = 5 is not a perfect square, so the only question is whether they
could be two steps apart. If that were the case, there would be a positive
integer ¢ so that 1-c4 1 and 4-c+ 1 are both perfect squares, say c+1 = k?
and 4c¢+1 = ¢2. Then ¢ = k*~1 and 4(k*>-1) = £>—1, or 4k? —(? = 3. But the
only two squares that differ by 3 are 1 and 4, so we would have £k = /¢ =1
and ¢ = 0, contradiction. So no such positive integer ¢ exists, and 1 and 4
are exactly three steps apart.

Problem 25

Suppose the plane x + 2y + 3z = 0 is a perfectly reflecting mirror. Suppose a
ray of light shines down the positive x-axis and reflects off the mirror. Find
the direction of the reflected ray.

Answer. The ray has the direction of the unit vector 2 (-6, 2, 3).
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Solution 1. Let u be the unit vector in the direction of the reflected ray.
The vector (1,2,3) is normal to the plane, so by vector addition and geom-
etry, (1,0,0) 4 u is twice the projection of the vector (1,0, 0) onto (1,2, 3).
Using the dot product formula for projection, we obtain

1
T2 ey b29=5023)

oru=1(—6,2,3).

Solution 2. (The late Murray Klamkin, University of Alberta)
Let (u,v,w) denote the reflection (mirror image) of the point (1,0,0) in the
plane x + 2y + 3z = 0. Because the incoming ray is directed from (1,0, 0) to
(0,0,0), the reflected ray is in the direction from (u,v,w) to (0,0,0), that
is, in the direction of the vector (—u, —v, —w).

To find (u, v, w), note that the vector from (1,0,0) to (u,v,w) is normal
to the plane, hence

(u—1,v,w) = A(1,2,3) for some \.

This yields u = A1, v = 2\, w = 3. Also, (u, v, w) has the same distance to
the origin as (1,0, 0), so u?+v? +w? = 1. Substituting for u, v, w and solving
for A, we find A = —% (since A # 0). Therefore, (u,v,w) = (%, f%, f%),
and the reflected ray has the direction of 1 (—6,2, 3).

Problem 26

Starting at (a, 0), Jessie runs along the z-axis toward the origin at a constant
speed s. Starting at (0,1) at the same time Jessie starts, Riley runs at a
constant speed 1 counterclockwise around the unit circle until Jessie is far
down the negative z-axis. For what integers a > 1 is there a speed s so that
Jessie and Riley reach (1,0) at the same time and (—1,0) at the same time?

Answer. There is such a speed s if and only if a is even.

Solution. For Jessie and Riley to meet at (1,0), their speeds must be in
the same ratio as the distances they traveled to get to the meeting. That
distance is a—1 for Jessie and (3/2 + 2m)w for Riley, where m > 0 is the
number of times Riley runs around the unit circle after arriving at (1, 0) the
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first time. Thus we must have

a—1
S=-"==——
1 (3/2+2m)rm

V)

for some integer m > 0.

For Jessie and Riley to meet again at (—1,0), the additional distances
they travel between their meetings must also be in the ratio above, so we
must have

2
2n+ D)

for some integer n > 0.
Thus the condition for a speed s to exist is that there are nonnegative
integers m and n with

a—1 2

(3/2+2m)r  (2n+ L7’

that is,

im + 3

-1 .
a=l+o

Because a > 1 is an integer, must be a positive integer. Clearly, that

m +
) ) 2n+1 . )
integer is odd, so a must be even. Conversely, if a is even, we can always

4
m *f’ . Specifically, if @ is divisible by 4,

write a in the desired form 1 +

n
say a = 4k, we can take m = k — 1,n = 0, whereas if a has the form 4k + 2,
we can take m = 3k,n = 1; we are done.

Problem 27

Find the set of all solutions to z¥/% = y*/* = 2*/¥  with x, y, and z positive
real numbers.

Solution. The only solutions are x = y = 2, with z equal to an arbitrary
positive number. These are obviously solutions; we show there are no others.

For positive numbers a and b, a® < 1 if and only if a < 1. Thus, if one
of x, y, z is less than 1, all three are. If (z,y, z) is a solution to the system
of equations, then it is easy to verify that (1/x,1/z,1/y) is also a solution.
Therefore, we may assume z, y, z > 1. The symmetry of the equations allows
us to assume x < z and y < z (but then we may not assume any relationship
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between z and y). We then have
x>V =y >y,
This in turn implies
T > /7 = 7/ > 2,
hence = = z. This makes the original equations
2Y/* =y = 2™/,

If x =1, then y =1. If x > 1, then y/x = x/y, hence x = y. In either case,
T =1y = z, as asserted.

Problem 28

Find all perfect squares whose base 9 representation consists only of ones.

Solution. The only such square is 1.
We are asked to find nonnegative integers  and n such that

P =1+9+9%+ - 49"

Summing the finite geometric series on the right and multiplying by 8, we
arrive at the equation

8u? = 9" —1= (3" + 13"t —1).

Because the greatest common divisor of 3"*! + 1 and 37" — 1 is 2, there
must exist positive integers ¢ and d such that either

() 3"l 41 =4¢>  and  3"T —1=24% or

(ii) 3"l 4 1=2¢  and 3"t -1 =44%

In case (i), 3" =4¢? —1 = (2c¢+1)(2¢c—1). Since 2c+ 1 and 2¢ — 1 are
relatively prime, we must have 2c +1 = 3, 2¢c — 1 = 1, and it follows that
n=0and x = 1.

In case (ii), n must be odd, since 3"*1 — 1 is divisible by 4. But then

1= 3n+! _4q? = (3<”+1>/2 n 2d) (3<”+1>/2 _ 2d) ,

which is impossible for d > 0.
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Problem 29

Show that any polygon can be tiled by convex pentagons.

Solution 1. Because any polygon can be tiled by triangles, it’s enough
to show that any triangle can be tiled by convex pentagons. Now, given
any two triangles in the plane, we can convert one into the other by an
affine transformation, that is, a linear transformation followed by a shift
(translation). Such a transformation sends convex pentagons into convex
pentagons, so it’s enough to show that there is one triangle that can be
subdivided into convex pentagons. The figure shows one way to do this.

Solution 2. (Haggai Nuchi ’08, Carleton College) As in the first solution,
it’s enough to prove that every triangle can be tiled by convex pentagons.
So consider triangle ABC'. Trisect AB, BC, CA at D,D’, E, E', F, F’; then
DE',EF' FD’ are concurrent at G. Bisect DG at H, D'G at H', EG at
I, E'G at I, FG at J and F'G at J’, and let K, L, M be the centroids
of triangles HH'G, II'G, JJ'G, respectively. Using these points, we get the
convex pentagonal tiling shown in the figure.

Solution 3. In fact, any polygon can be tiled with convex pentagons which
have two right angles, by using the following construction for a triangle. In

triangle ABC, let m 4 Mgy M, denote the median lines from vertices A, B, C

B)
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with feet at D, E, F respectively. Let G (the centroid) be their common
intersection and construct lines ¢ " éB, 12 c perpendicular to m 4 Mg My, at
the midpoints of AG, BG, CG, respectively (see figure (i)).

C C
Lo A
mp ~ D_ ma mp “\ ma
A
AN B A B
AN N

(i) (i)

Now choose P on C'F so that the line through P parallel to m , intersects £,
at B, within triangle BGF and the line through P parallel to m , intersects
EA at A1 within triangle AGF. (This is possible by placing P appropriately
close to G.) Similarly, choose point @ on AD so that the lines through Q
parallel to m, and m o intersect EB and / o at B, and C L within triangles
BGD and CGD respectively, and point R on BE so the lines through R
parallel to m - and m , intersect / c and £ , at C’2 and A2 within triangles
CGE and AGE respectively (see figure (ii)).

Finally, drop perpendiculars from A1 and B, to AB, from B, and C’1 to
BC, and from C, and A, to AC'. The tiling obtained in this way will consist
of convex pentagons that each have two right angles (see figure (iii)).

(iii)
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Problem 30

In a recent snowmobile race, conditions were such that no more than two
competitors could be abreast of each other anywhere along the trail. Nev-
ertheless, there was frequent passing. The following is an excerpt from an
article about the race. “After a few miles A pulled ahead of the pack, closely
followed by B and C in that order, and thereafter these three did not relin-
quish the top three positions in the field. However, the lead subsequently
changed hands nine times among these three; meanwhile, on eight differ-
ent occasions the vehicles that were running second and third at the time
changed places. ... At the end of the race, C' complained that B had driven
recklessly just before the finish line to keep C', who was immediately behind
B at the finish, from passing. ...” Can this article be accurate? If so, can
you deduce who won the race? If the article cannot be accurate, why not?

Solution. The article cannot be accurate.

At the point where A, B, and C pulled ahead of the pack, the order of
the three was (A, B, C): A first, B second, and C third. At the end of the
race, if the article is correct, the order must have been (A, B, C) or (B, C, A).
Once the three pulled ahead of the pack, there were 9+8 = 17 place changes
among A, B, and C. If we let the set S consist of the three orders (A, B, C),
(B,C,A), and (C, A, B), and T counsist of the other three possible orders,
(A,C,B), (B,A,C), and (C, B, A), then a single interchange of two of the
snowmobiles will take an order in S to an order in 7', and vice versa. Thus,
to get from (A, B, C) to either itself or to (B, C, A) requires an even number
of interchanges, rather than 17.

Comment. This solution proves a specific case of the following well-known
theorem on permutations: A given permutation can never be obtained both
by an even number of transpositions (interchanges of two elements) and by
an odd number of transpositions.

Problem 31

Show how to construct the midpoint of any given segment using only a

)

straightedge (but no compasses) and a “trisector,” a device with which any

straight line segment can be divided into three equal parts.
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Solution 1. (See figure below.) Let AB denote the line segment we wish to
bisect and let C' be an arbitrary point off the line AB. Trisect AC at D and
E, D being the closer point to C. Then E is the midpoint of AD, and BFE is
the median of the triangle ABD. Trisect the segment BE, letting F' be the
point two-thirds of the way to E. It is well known that F' is the intersection
of the medians of ABD. Hence, DF intersects AB at its midpoint.

C

A B

\

Solution 2. (See figure below.) Let AB be the line segment whose mid-
point is to be constructed. Choose an arbitrary point C off the line AB;
draw the line segments AC and BC'. Trisect AC and BC; let P and @ be
the trisection points closest to C' on AC and BC, respectively. Now draw
the line segments AQ and BP; let R be their point of intersection. The line
CR will then intersect the segment AB at the desired midpoint M. This
follows immediately from Ceva’s theorem.

C

Comment. To prove the validity of the second construction without re-
course to Ceva’s theorem, one can use the following general result: Let A,
B, and C be noncollinear. Let P lie on the line segment AC' and @ lie on the
line segment BC' such that PQ is parallel to AB. Let R be the intersection
of AQ) and BP. Then R lies on the median from C to AB. To prove this, let
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X on AC and Y on BC be on the line parallel to AB through R. Then the
triangles PXR and PAB are similar, as are the triangles QRY and QAB.
The ratios XR/AB and RY/AB are both equal to the ratio of the distance
between the lines PQ and XY to the distance between the lines PQ and
AB, hence are equal. Thus, XR = RY. If M is the intersection of AB
and CR, the similarity of triangles CX R and CAM and of CRY and CM B
imply that M is the midpoint of AB, proving the result.

Problem 32

Find a positive integer n such that 2011n + 1 and 2012n + 1 are both perfect
squares, or show that no such positive integer n exists.

Answer. 2011n+ 1 and 2012n + 1 are both squares for n = 32184.

Solution. Because we want kn+1 and (k+1)n+1 both to be perfect squares
for £ = 2010, we might start by trying to solve the analogous problem for
smaller values of k. A little experimentation shows that:

n+1 and 2n+1 are both squares for n = 24 (the squares are 52 and 72);

2n+1 and 3n+1 are both squares for n = 40 (the squares are 9% and
112);

3n+1 and 4n+1 are both squares for n = 56 (the squares are 132 and
15%);

4n+1 and 5n+1 are both squares for n = 72 (the squares are 172 and
192).
By now the pattern is clear: kn 4+ 1 and (k+1)n + 1 are both squares for
n = 16k + 8; specifically, the squares are

k(16k+8) + 1 = 16k* + 8k + 1 = (4k+1)?,
(k+1)(16k+8) 4+ 1 = 16k + 24k + 9 = (4k+3)%

In particular, for n = 16(2011) 4+ 8 = 32184, 2011n + 1 and 2012n + 1 are
both perfect squares.

Comment. After we posed this problem we found that a stronger (and
more difficult) version of this problem had been posed by Mihdly Bencze as
Problem 11508 in The American Mathematical Monthly, Vol. 117, No. 5,
May 2010, p. 459. It states that for all positive integers k, there are infinitely
many positive integers n such that kn + 1 and (k + 1)n + 1 are both perfect
squares.
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Problem 33

Consider a 12 x 12 chessboard (consisting of 144 1 x 1 squares). If one
removes 3 corners, can the remainder be covered by 47 1 x 3 tiles?

Idea. This is reminiscent of the old “chessnut”: If opposite corners of an
ordinary 8 x 8 chessboard are removed, the modified board cannot be covered
with 31 1 x 2 tiles. The reason is that if the chessboard is colored in the
usual alternating manner, opposite corners will have the same color. Thus,
the modified board will consist of 30 squares of one color and 32 of the other.
Since any tile in a tiling will cover one white square and one black square,
no tiling is possible. We look for a similar coloring idea: What about three
colors?

Solution. No. To see why, rotate the 12 x 12 chessboard so the non-
deleted corner square is in the upper right corner, and color the board as
shown below.

The board has 48 squares of each color, labeled here as 1, 2, and 3. We
have deleted one square of color 1 and two of color 3, so 47 of the remaining
squares are labeled 1, 48 are labeled 2, and 46 are labeled 3. Thus the board
cannot be covered by 1 x 3 tiles, because for any such tiling there would be
an equal number of squares of each color.

Comment. Our coloring scheme would not work if the only remaining cor-
ner were the lower right corner.

- R BRPBERBRERE
2323123 1]2]3]1
23123 1]2]3]1]2]3
{2323 1]2]3]1]2
23 il2]3]1]2]3]1]2]3]1
23123 1]2]3]1]2]3
23123 1]2]3]1]2
2 slil2]3]1]2]3]1]2]3]1
23]l 2]31]2]3]1]2]3
23123 12]3]1]2
2323 1]2]3]1]2]3]1
-  HERPBBRRBABERBR
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Problem 34

Is there a function f, differentiable for all real z, such that

[f(@)] <2 and  f(z)f'(z) >sinz?

Idea. Observe that 2f(x)f (x) is the derivative of (f(z))? so we should
perhaps be thinking about integration.

Solution. There is no such function. To see this, note that for = > 0, the
second condition implies

(F@)® - (£(0)) :/0 2(t)f (t)dtz/o 2sintdl = 2 — 2cosa.
Thus, for z > 0,
(f(a:))222—2cosa:+(f(0))222—20033@.

Therefore, in particular, (f(7))° > 4, so |f(r)| > 2, contradicting the first
condition.

Comment. If the condition | f(z)| < 2 were replaced with |f(z)| < 2, then
f(z) = 2sin(x/2) would satisfy both conditions.

Problem 35

Let N be the largest possible number that can be obtained by combining
the digits 1, 2, 3 and 4 using the operations addition, multiplication, and
exponentiation, if the digits can be used only once. Operations can be used
repeatedly, parentheses can be used, and digits can be juxtaposed (put next
to each other). For instance, 1234, 1+ (2x3x4), and 231** are all candidates,
but none of these numbers is actually as large as possible. Find N.

Solution. N = 2(341); by a standard convention, the parentheses are ac-
tually unnecessary. We find that N ~ 1012%10"° which means that N has
between 10'? and 102° digits!

We first show that although addition and multiplication are allowed, these
operations are not needed in forming N. In fact, for all a,b > 2, we have
a+b < ab < a®, so any addition or multiplication involving only (integer)
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terms or factors greater than 1 can be replaced by an exponentiation. Mean-
while, multiplication by 1 is useless, and the result of an addition of the form
a + 1 will certainly be less than the result of juxtaposing 1 with one of the
digits within the expression for a.

It follows that N can be formed by juxtaposition and exponentiation only.
Clearly at least one exponentiation is needed (else N < 4321), and so N must
be of the form a®. Suppose the base, a, is formed by exponentiation, say
a = ¢®. Note that b,d > 2. Then ab = < c4) | Thus we may assume that
a is not formed by exponentiation, but consists of one or more juxtaposed
digits. If @ has three digits, then b can only have one, and a® < 1000* = 10'2;
if a has two digits, then b is formed from the other two, so b < 3* = 81, and
ab < 10081 = 1062, In both these cases, a® is much less than 23", Therefore,
a must consist of one digit, and so a = 2, 3, or 4.

Similar arguments to those above show that in forming b from the three
remaining digits, 1 will be juxtaposed with one of the other two digits and
the result will be used in an exponentiation. It is also clear that 1 will be the
second digit in the juxtaposition. We now have the following possibilities: If
a = 2, then b = 3%, 431, 413, or 31%; if @ = 3, then b = 24!, 42!, 214, or 412,
if a = 4, then b = 321, 231, 213, or 312. Using the inequality 3° < 4% = 22°,
it is easy to shorten this list to a = 2 and b either 3%! or 43!, We now use
the inequality

431 = 424 .47 = 816.16394 < 9'6. 19683 = 34!,

and we are done.

Problem 36

A filing system for newspapers has 366 slots, each corresponding to one day
of the year. At some point in a non-leap year, the slot for February 29 is
vacant, as it should be; all the other slots are filled, but the papers in them
are scrambled.

a. Can the papers always be unscrambled by a series of moves, where in each
move one paper is transferred to the current vacant slot? If so, what is
the maximum number of moves that might be needed?

b. How would the answer from part (a) change if 366 were replaced by n?
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Solution. a. Yes, it is possible to unscramble the papers using this method,
but it may take as many as 547 moves. To see why, let’s number the slots
with papers in them 1,2,...,365, and let 366 denote the empty slot. Also,
let’s write m — n if the paper in slot m actually belongs in slot n. Note
that for a given n there is one and only one slot, m, such that m—n (which
is to say, n is a one-to-one function of m). Therefore, if we start with m
and “follow the arrows” (apply the function repeatedly) we must eventually
get back to m. If this happens in k steps, we’ll say that the & numbers we
encounter along the way form a k-cycle. For example, 3—5—182—95—3
denotes a 4-cycle involving the papers in slots 3,5,182,95, each of which
belongs in the next slot in the cycle. (Note that 3—3 indicates a 1-cycle,
corresponding to a paper that is already in the correct slot.)

If we have a k-cycle with k > 2, the papers involved can be put in order
in k41 moves: Move one of the papers to the vacant slot, then move up the
other papers one at a time as their slots become vacant, and finally, move
the first paper back from the vacant slot to its proper slot. For example, for
the previous 4-cycle, move 95 to 366, then 182 to 95, 5 to 182, 3 to 5, and
finally, the paper from slot 366 (namely, 95) to slot 3.

On the other hand, for any k-cycle with k > 2, getting all k of the papers
in order will involve at least k+1 moves of those papers, because each of
them has to move at least once, but none of them can move immediately to
its proper location because that slot is occupied (by a paper in the k-cycle).

Now every paper is part of some cycle, and in fact, is part of only one
cycle. Of course, 1-cycles don’t require any moves. So suppose that the
cycles with at least two numbers in them consist of a k 1—<:ycle7 a k2—<:ycle7 cee
and a kr—cycle. Then the number of moves required is

(k1) + (e, 1) o (k1) = (b +- -+ k) 7

Fach of the r cycles considered here has at least two numbers in it and
all those numbers are distinct, so 2r < 365, or, because r is an integer,
r < 182. Also, k1 4+ kr is the total number of numbers in these cycles,
SO k1 + kr < 365. This shows that the total number of moves is at most
365 + 182 = 547.

On the other hand, we can force 547 moves by dividing {1,2,...,365}
into 181 2-cycles and one 3-cycle, so that every number is in a k-cycle with
k > 2 and there are 182 cycles in all. This completes the argument that 547
is the answer.

b. By essentially the same argument, whenever n is even, so that n — 1

is odd, the worst-case scenario has %(nfél) 2-cycles and one 3-cycle, and
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requires (n—1) + %(n72) = %n — 2 moves. If n is odd, the worst case occurs

1 1

for £(n—1) 2-cycles and requires (n—1) + 3(n—1) = 2(n—1) moves.

Problem 37

Babe Ruth’s batting performance in the 1921 baseball season is often consid-
ered the best in the history of the game. In home games, his batting average
was .404; in away games it was .354. Furthermore, his slugging percentage
at home was a whopping .929, while in away games it was .772. This was
based on a season total of 44 doubles, 16 triples, and 59 home runs. He had
30 more at bats in away games than in home games. What were his overall
batting average and his slugging percentage for the year?

Solution. Babe Ruth’s batting average was .378; his slugging percentage
was .846. To find these powerful numbers, let ay, hi, and t; be the number
of at bats, hits, and total bases (hits + doubles+ 2 X triples + 3 x home runs),
respectively, in home games, and let ag, he and t2 be the corresponding
numbers for away games.

We first observe that

azg=a1+30 and (t; +t2)— (h1 +h2) =44+2-16+ 3-59 = 253.
The given batting averages tell us that
A4035a; < hy < .4045a; and  .3535 (a1 +30) < hy < .3545 (a1 + 30).
Adding these inequalities, we get
757 a1 +10.605 < hy + hy <.759a; + 10.635. (%)
Similarly, from the given slugging percentages we find
9285a; <t; <.9295a; and .7715(a; + 30) <ty <.7725(ay + 30),
hence
1.7a; +23.145 < t; +t2 <1.702a; + 23.175.
Substituting hy + he + 253 for ¢t + t2, we obtain
1.7a; —229.855 < hy + hy < 1.702a; — 229.825. (%)
Now we can combine (x) and (**) to get, on the one hand,

1.7a1 — 229.855 < .759a; 4 10.635,
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which yields .941a; < 240.49, or a; < 255.56.... Since a; is an integer,
a1 < 255. On the other hand,

757 a1 +10.605 < 1.702 a1 — 229.825,

from which we conclude 254.42... < ay, hence 255 < a;. Therefore, a; =
255. With this, () easily yields hy + he = 204, and there is no further
difficulty in computing the overall batting average (h1 + hz2)/(a1 + a2) and
slugging percentage (hy+h2+253)/(a14a2) to be .378 and .846, respectively.

Comment. From a numerical point of view, Babe Ruth’s statistics as given
are not very delicate. If we set hy = .404 a1, ho = .354 (a1 +30), t1 = .929 a4,
to =.772 (a1 +30), and t1 +t2 — hy — he = 253, and solve this linear system,
we obtain h; = 103.02, he =~ 100.89, t; ~ 236.89, to ~ 220.02, a; ~ 254.99.
It is then easy to guess the correct answer. However, to justify this, analysis
of the round-off error is required. To give a simple example, the system
r+y =2, 2+ 1.00ly = 2 has z = 2, y = 0 as its solution, whereas the
system z +y = 2, x + 1.001y = 2.001 has solution z =y = 1. In our case,
the coefficients have been rounded, as well. For more information, see a text
on numerical analysis.

Problem 38

Let C be a circle with center O, and @) a point inside C' different from O.
Where should a point P be located on the circumference of C to maximize
ZOPQ?

Answer. The angle ZOPQ is a maximum when ZOQP is a right angle.

P

Solution 1. (Jason Colwell, age 13, Edmonton, Canada.)  Think of P
as fixed, while ) varies along the circle about O with radius OQ. It is then
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clear that ZOPQ is a maximum when PQ is tangent to the small circle,
that is, when ZOQP = 90°.

Solution 2. Let § = ZOPQ and ¢ = ZOQP, as shown below.

By the law of sines applied to AOQP,

or _ 0@ or sinQ*% sinp < %
sinp  sinf - OP Y=0p

(0]
with equality if and only if ¢ = 90°. Since 0Q is constant, sinf, and hence
also 6, is maximized when ZOQP is a right angle.

Solution 3. Extend PO and P(Q to intersect the circle C' at P’ and R,
respectively. For any point P, PP’ is a diameter of C, and therefore /P RP’
is a right angle. Now 6 will be maximized when cos 6 is minimized; cos 8 is
minimized when chord PR is minimized. Finally, PR is minimized when it
is perpendicular to OQ, since any other chord through @ passes closer to O,
and this completes the proof.

Problem 39
Vot 4222 42
Using technology you can find that / % dr =~ 1.27798, while
0 T
1 Vot 4222 +2 1
TV16+ 77 & 1.27155. Cleatly, then,/ %dm > 2V16+ 72,
O :1:

Prove that this is indeed correct, without using any technology.
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Solution. Rewrite the integral as
/ Vat 4222 + / Vi(x?+1)2 /
o241 T 1 x2 +1)2

1
and observe that it is of the form / V1+(f'(z))?dx for f(xz) = arctanz,

0
which gives the arc length along the graph of y = arctanx from x = 0 to
xr = 1. Because this arc length is greater than the straight-line distance
between the endpoints (0,0) and (1,7/4), we have

\/ﬁ
/ vt > V2 (/A2 \/16+7T?.

2241

Problem 40

Let f1 (r) = 2 + 42 + 2, and for n > 2, let fn () be the n-fold composition
of the polynomial f L () with itself. Let s be the sum of the coefficients of

the terms of even degree in f (z). Find s, ..

1

s 22012
Answer. We'll show that 5,010 = 3 (3 — 3).

Solution. First note that for any polynomial

P(J;)=a0+a1x+a2x2+---+adxd=Za,xi,

we have

P(—l):ao—a1+a2—---iad:Z(—l)”a,,

so adding these we get P(1) + P(—1) = 2a,+2a, + - - - . Therefore, the sum
of the coefficients of the terms of even degree in P(z) is %(P(l) + P(—l)).
Now we have f (z) = 2® +4zx+2 = (x+2)* =2, 50 f () +2 = (z +2)*.

Therefore, f, (z) = (fl(x)+2)2 —2=(z+2)'-2,s0 fy(@)+2= (z+2)%;
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the pattern continues, because f3(x) = fl(fz(x)) _ (fz(x) n 2)2 _9 —

((x+2)4)2 —2= (24252, 50 f () +2 = (z +2)%

In general, we have f (z) = (z+2)%" —2. To prove this works for all n, use
2
induction: If it’s true for n, then f . (x) = f,(f () = (fn(x) +2) —-2=

(z+2)2""" =2 and it’s true for n + 1.
Therefore,

"2012 = %(f2012(1) + f2012(71)) = %(322012 -2+1- 2) = %(322012 — 3)_

Problem 41

Find all real solutions of the equation sin(cos x) = cos(sin z).

Solution. There are no real solutions.
Note that each side of the equation has period 27w. Therefore, we can
assume —7 < x < 7. If x is a solution, then

sin(cos(—x)) = sin(cos &) = cos(sinx) = cos(—sinz) = cos(sin(—x)),

hence —x is also a solution. Thus, it suffices to show there are no solutions
with 0 < z < . On this interval, 0 < sinz < 1 < 7/2, so we see that
cos(sinz) > 0. In order to have sin(cosz) > 0, we must have 0 < x < 7/2.
Because the function z — sinx is increasing and is 0 when = = 0, we have
sinz < x for x > 0; in particular, sin(cosz) < cosz. On the other hand,
since the cosine function decreases on [0, 7/2), we have cos z < cos(sinz), so
sin(cos x) < cos(sinx), and we are done.

Problem 42
For what real numbers a does the series
C— - ! -
200 (24 L) ( 1 1 )“
2+ 3=) 2+ 35 + rae

converge?
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Solution. We'll show that the series does not converge for any value of «.
Suppose that it did, for some a. Then so would the series

oy L4 1 + L +
2a 2+L&o¢ ( 1 1 )a
2+ ) 2+ 5 + Gre
The partial sums
1 1 1
2, 24 —, 24 —+-—
20 2% (24 55)

of the new series have the form

1
where f(z) = o+ — . If the series converges, this increasing sequence of par-
T

tial sums has a limit L > 2. But because f is continuous on (0, 00), this im-
plies that the sequence f(2), f(f(2)), f(f(f(2))),-.. would have limit f(L).

Since £(2), £(f(2), F(f(£(2))), ..is the same sequence as 2, £(2), f(f(2)),
F(f(f(2))), ... except for a shift, these sequences would have the same limit.

1
That is, f(L) = L. But this yields L + — = L,

o Ta = 0, contradiction.

Problem 43

For a natural number n > 2, let 0 < z1 < x5 < ... < z,, be real numbers
whose sum is 1. If z,, < 2/3, prove that there is some k, 1 < k < n, for
which 1/3 < Y% a; < 2/3.

Solution. (Allen Schwenk, Western Michigan University) We distin-
guish two cases.

Case 1. x, >1/3. Then 1/3<1—z, < 2/3, and since 1 —x,, = Z?;ll xj,
we can take k =n — 1.

Case 2. 1w, < 1/3. Define s = Z?Zl zj. It 1/3 < s, < 2/3 for any k, we
are done. If not, since sp = 0 and s,, = 1, we may select the smallest k with
sk > 2/3. Then presumably si_1 < 1/3. But this forces

T = Sk — Sk—1 > 1/3 > xp,

a contradiction.
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Problem 44

Is there a cubic curve y = ax® + bx? + cx + d, a # 0, for which the tangent
lines at two distinct points coincide?

Answer. No. For each of the solutions below, we assume (x1,y;) and
(z2,92), 1 < X2, are two such points on the cubic curve.

Solution 1. By the Mean Value Theorem, there exists a number z3, with
21 < w3 < X, such that (y2 — y1)/(x2 — 1) = y/(x3). Since the tangent
lines coincide, we have ¢/ (x1) = ' (x2) = ¢/'(xz3) = M, say. But then the
quadratic polynomial 3az? + 2bx + ¢ — M has three distinct roots, 1, s,
and z3, and this is impossible.

Solution 2. If the tangent line through (x1,y1) and (z2,y2) isy = Mx+ B,
then z; and xo are multiple roots of the equation

az® +bx? + (c — M)z + (d — B) = 0.

This follows from the fact that r is a multiple root of a polynomial p(x)
if and only if p(r) = p/'(r) = 0. However, a cubic polynomial cannot be
divisible by the fourth degree polynomial (z — x1)%(z — z2)?, so we have a
contradiction.

(Recall that r is a multiple root of a polynomial p(z) if p(x) is divisible
by (& — )%

Problem 45

Show that for any positive integer n,

’famm ( i(i +1) +n? ) _(Cn-br

ViZ+n2 /(i +1)2+n2 4
Solution 1. For i =0,1,...,n, define vectors v, = (i,n).

(0,m) (1,n) (2,n) (3,n) (n—1,n) (n,n)
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Then, letting ;41 denote the angle between v, and Vi We have

(i+1)+n?= v v,  =ViZ+n2/(i+1)?+n? cosbi1,
SO

. . 1 2
0;+1 = arccos < itD+n ) .

V2 ¥ 02 /(i +1)2 +n2

Also, the sum 6 + 605 + - - - + 0,, of all these angles is the angle between the
n—1

y-axis and the line y = x, so Z 0ir1 = T Finally,
i=0 4

. ( i(i+ 1) +n? ) 7 ( i(i + 1) +n? >
arcsin = ——arccos .

\/i2+n2 \/(Z+1)2+TL2 2 \/i2—|—n2 \/(Z+1)2+7’l2
Therefore,
= i(i+1) +n2 7
Z arcsin - - = Z (— — 9i+1)
‘o Vi2 +n2 \/(z+ 1)2 4+ n? par 2
_nm om_ (2n—1)7
2 4 4
Solution 2. We have
7 i+ 1
cos | arccos ———— — arccos ————
ViZ 4+ n? V(@ +1)2 4+ n?
7 i+ 1 n n

= . + . ,
ViZ+n? J(i+1)24+n2  ViZ+n? /(i+1)?+n?
SO

( i(i + 1) + n?
arccos

i i+1
= arcCcos ———
\/i2+n2\/(i+1)2+n2> Vi2 + n?

—arccos

1+ 1 )

2
_— ] —
ViZ +n? (i+1)2+n?

( note that

Hence,
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- i(i + 1) + n?
Z arcsin
; ViZ+n2/(i+1)2 + n?

7n71 T i(i+1) +n?
;(2 accos(\/i2+n2\/(i+1)2+n2))

nro w= ( i(i+1)+n? )
=— — ) arccos

ViZ+n2/(i +1)2 +n?

telescopes to

nmw 1 (2n—D)m
5 arccos 0 + arccos — = ————

NG 1

Problem 46

A group of friends had n (n > 3) digital watches between them, each per-
fectly accurate in the sense that a second was the same according to each
watch. The time indicated shifted from one watch to the next, but in such a
way that any two watches showed the same time in minutes for part of each
minute. Find the largest number x such that at least one pair of watches
necessarily showed the same time in minutes for more than the fraction = of
each minute. (This is part (b) of the original problem; part (a) will follow
by taking n = 3.)

n
Solution. The largest number with the stated property is x =
n—

particular, for n = 3 we have x = 1/2.

Order the watches so that the first watch is running ahead of (or possibly
with) all of the others, the second ahead is of all but the first, ..., and the
nth is behind all the rest. Let ¢; denote the time in minutes that watch j
runs behind watch 1. Our ordering and the fact that all pairs of watches
show the same time for some part of every minute implies

0=t <t <<t < 1.

Because
n—1

th =Y (tjs1—1;) <1,
j=1
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we must have

1
OStj+1—tj<m

for some j. For that j, watches j and j + 1 agree for more than the fraction

1 n—2

n—1 n—1

of each minute.
Conversely, if

tj = tna

n—1

then no pair of watches agree for more than

-2
t,. Since ¢, can be
n—1
n—

2
arbitrarily close to 1, is the best possible result.
n

Problem 47

Let C be a circle with center O, and @ a point inside C' different from O.
Show that the area enclosed by the locus of the centroid of triangle OPQ as
P moves about the circumference of C' is independent of Q.

Solution. We will show that the locus of the centroid of triangle OQP is a
circle whose radius is one-third that of the circle C, as shown in the following
figure. Thus, regardless of the location of @) inside C, the area enclosed by
the locus of the centroid is one-ninth that of C.

Introduce rectangular coordinates so that O is the origin, C' has equation
22 +y? =72 and Q = (q,0),0 < ¢ < r. Let P = (x,y) be an arbitrary point
on C. The midpoint D of PQ has coordinates D = ((z+q)/2,y/2), and the
centroid, G, lies two-thirds of the distance along the median line OD, so its
coordinates are G = ((z + ¢)/3,y/3). We have

S 6 -6+ 6) -6)

( 3 3) Y\3) =\3) T3) =3/~

and we see that the locus of the centroid is the circle with center (¢/3,0)
and radius r/3.
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Comment. We can streamline this solution by using complex numbers, as
follows. Let O be the origin in the complex plane, let r be the radius of the
circle, and let ) correspond to the complex number a.

Any point P on the circle corresponds to re'? for some ; the centroid of
triangle OPQ@ is then given by the complex number

7O+rei0+a
= 3 .

z

Thus, |z—«/3| = r/3. This is the equation of a circle of radius r/3, centered
at a/3.

Problem 48

Suppose you have an unlimited supply of identical barrels. To begin with,
one of the barrels contains n ounces of liquid, where n is a positive integer,
and all the others are empty. You are allowed to redistribute the liquid
between the barrels in a series of steps, as follows. If a barrel contains
k ounces of liquid and k is even, you may pour exactly half that amount
into an empty barrel. If k is odd, you may pour the largest integer that is
less than half that amount into an empty barrel. No other operations are
allowed. Your object is to “isolate” a total of m ounces of liquid, where m
is a positive integer less than n.

a. What is the least number of steps (as a function of n) in which this can
be done for m =n — 17

b. What is the smallest number of steps in which it can be done regardless
of m, as long as m is known in advance?
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Answer. The least number of steps in which this can be done for m = n—1
is UO% n] (that is, the unique nonnegative integer s with 2° < n < 25+1),
The answer for (b) is the same as for (a).

Solution. a. Let s be the unique nonnegative integer with 2° < n < 25+,
Note that isolating n—1 ounces of liquid is equivalent to isolating just 1 ounce
of liquid. To isolate 1 ounce of liquid, proceed at each step by continuing
with the barrel that you just poured liquid into. We’ll show, by induction,
that at the end of the kth step (with & < s) that barrel will contain n,
ounces, with 257% < n, < 25=k+1  It’s true for k = 0 by the definition of
s. Suppose it’s true for k = j, so that after j steps we have an amount n;

ounces with 2577 < n, < 2573+ If n_is even, then N = %nj, so because
12879 < %nj < 1257741 we have 2570+ < ng < 2s=U+D+L If n is

odd, then at the next step the amount in the new barrel is %(nj—l). If zilso
j < s, 2°77 is even and n; is odd, so we actually have 2577 < n_ < 2577+1,
Therefore, 2577 < njfl < 2577 g0 25-0HD) < nig < 2s—U+D+1 go
either way, if the statement is true for kK = j < s it’s also true for k = j+1,
and the induction is complete.

In particular, for k = s, we have 1 < n, < 2, so n, = 1, and we’ve shown
we can isolate 1 ounce (and hence n—1 ounces) in s steps. On the other
hand, it’s not hard to see by induction that regardless of which barrel is
chosen at each step, after k steps each barrel that isn’t empty will contain
at least n, ounces. But since for k£ < s, n, = 25~k > 2 it cannot be done in
fewer than s steps, which justifies our claim.

b. We’ll show, by induction on n, that for any positive integer m < n, we
can isolate m ounces of liquid in at most s = Uo% n| steps. Because we’ve
already seen that s steps are needed for m = n—1, we’ll be done.

It’s easy to check that our statement is true for n = 1,2, or 3; suppose
it is true for all positive integers less than n. Because isolating m ounces is
equivalent to isolating n — m ounces, it’s enough to show that for m < n/2,
at most UO% n| steps are needed. But if m < n/2, then after one step there
will be at least m ounces in the new barrel. By the induction hypothesis,
we can then isolate m ounces in at most a further Llogz (n/2)] steps if n is
even, and a further Llogz ((n—1)/2)] steps if n is odd. Thus in both cases,
it will take at most 1 + Llo% (n/2)] =1+ Lloan —-1] = Llo% n| steps, and
we are done.
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Problem 49

Describe the set of points (x,y) in the plane for which

sin(z +y) =sinz + siny.

Answer. The set of solutions consists of three infinite families of parallel
lines: © = 2k7, y = 2k7, v + y = 2kn, with k an integer.

Solution 1. The relation is certainly true if x = 2kn (with & an integer)
or if y = 2km, so the graph contains the infinitely many horizontal lines
y = 2km and vertical lines x = 2km.

Now assume that = and y are not (integer) multiples of 2. We can
rewrite the relation as

sinz cosy + cosxsiny = sinx + siny
or
sinz(cosy — 1) = siny(1 — cos ).

Since z and y are not multiples of 27, 1 —cosx # 0 and cosy — 1 # 0, so we
can divide by these factors, obtaining

sine  siny  —sin(—y)  sin(—y)

l—cosz cosy—1 cos(—y)—1 1—cos(—y)’

Let f(xz) = sinz/(1 — cosz). We have seen that (except for the special
cases © = 2kw, y = 2kn) the relation is true if and only if f(x) = f(—y).

Now
sinz  2sin(z/2) cos(x/2)
B 2sin’(x/2)
and cot(xz/2) has period 27 and decreases from oo to —oo on each interval
between successive integer multiples of 2. So on each such interval, f(x)

f(z) = cot(z/2),

1—cosx

takes on each value only once. Hence, f(z) = f(—y) if and only if x =
—y + 2k7 for some integer k; that is, when x + y = 2kn for some integer k.
This completes the proof.

Solution 2. (The late William Firey, Oregon State University) Use
trigonometric identities to rewrite the equation as

L (xtY r+y\ o . (T+Y Ty
251n<—2 )cos( 5 >—251n< 5 >cos< 5 )
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This implies that either

. [ty
“ 7)) =o,
an(22)
resulting in x 4+ y = 2k, k an integer, or
T4y r—=y
cos =cos | —= |,
() = ()
cos(z/2) cos(y/2) —sin(x/2) sin(y/2) = cos(z/2) cos(y/2)+sin(x/2) sin(y/2),
sin(x/2)sin(y/2) = 0,

which implies that x = 2k7 or y = 2kw, k an integer.

Problem 50

For n a positive integer, find the smallest positive integer d = d(n) for which
there exists a polynomial of degree d whose graph passes through the points
(1,2), (2,3), ...,(n,n+1), and (n + 1, 1) in the plane.

Idea. Use the fact that all but one of the points lie on a straight line.
Answer. d(n)=n.

Solution. Because (1,2) and (2, 1) do not lie on a horizontal line, d(1) = 1.
From now on, assume n > 2. Let p(z) be a polynomial whose graph passes
through the given points, so p(1) = 2, p(2) =3, ..., p(n) = ntl, p(ntl) = 1.
Let g(z) = p(xz) — (x+1). Then ¢(z) has roots 1,2,...,n, so ¢(z) must be
divisible by (x—1)(z—2)---(z—n). Also, g(x) is not the zero polynomial,
because ¢(n+1) # 0. Thus ¢(z), and hence p(z), must have degree at least
n.

To achieve degree n, try p(z) = z+14+a(z—1)(xz—2) - - - (x—n) and adjust
the constant « so that p(n+1) = 1. This leads to

plx)=ax+1- n; l(x—l)(x—Z) < (x—n),

a polynomial of degree n whose graph passes through the given points.

Comment. Given any n—+1 points with distinct z-coordinates, there is a
unique polynomial of degree at most n whose graph passes through those
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points. This interpolation polynomial can be written in various forms, per-
haps the best known of which is named after Lagrange (although it appears
to have been discovered by Waring first).

Problem 51

Show that every 2 x 2 matrix of determinant 1 is the product of three ele-
mentary matrices.

Idea. The product of upper triangular matrices is upper triangular; also,
the product of lower triangular matrices is lower triangular. Thus, a factor-

ization into a product of elementary matrices must generally involve matrices

of type (é 915) and of type (; ?) On the other hand, if a factorization only

had one matrix of type (g (1)) or ((1J 2), the determinant would be y, so it is

probably not worth including any such matrices.

Solution. Let (Z s) be a matrix of determinant 1. We first try to write

(=66 D6

By straightforward computation, this is equivalent to

a=14zy, b=z_1+zy)+z, c=y, d=yz+1. (%)

If ¢ # 0, then we can solve (x) for y, x, z in that order using all but the
second equation; the result is y = ¢, z = (a — 1)/¢, z = (d — 1)/c. For these
choices of z, y, z the second equation in (x) is satisfied as well, since

A4+ ay)+r=cd-1)1+a—-1)+ca—1)=c(ad—1)=0b,

where we have used det (‘; s) = 1. So we are done unless ¢ = 0. If ¢ = 0, the
matrix will be of the form

(626G )65
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Problem 52

Let ABCD be a convex quadrilateral. Find a necessary and sufficient condi-
tion for a point P to exist inside ABC D such that the four triangles ABP,
BCP, CDP, DAP all have the same area.

Answer. A necessary and sufficient condition is for one of the diagonals
AC and BD to bisect the other.

Solution 1. To prove sufficiency, let @ be the intersection of AC' and BD.
Without loss of generality, we may assume that AQ = CQ. Let P be the
midpoint of BD. Furthermore, let R be the foot of the perpendicular from
A to BD and let S be the foot of the perpendicular from C to BD.

D

B

Since BP = DP and since AR is the altitude for triangles ABP and DAP,
these triangles have equal area. Similarly, the areas of triangles BC'P and
CDP are equal. Triangles ARQ and CSQ are congruent; therefore, AR =
C'S and, hence, the areas of triangles ABP and BCP are equal. We conclude
that the four triangles ABP, BCP, CDP, and DAP all have the same area.

To prove the necessity, assume that P is a point in the interior of ABC D
for which triangles ABP, BCP, CDP, and DAP have the same area (see
next figure). Since triangles ABP and BCP have the same area, vertices
A and C are equidistant from line BP. Because the quadrilateral ABC' D
is convex, A and C lie on opposite sides of the line BP. An argument
using congruent triangles (similar to the one in the sufficiency proof above)
shows that the line BP must actually pass through the midpoint of the line
segment AC. Similarly, the line DP must also pass through the midpoint
of AC. If B, P, and D are not collinear, then P must be the midpoint of
AC'. But then, since BCP and CDP have the same area, B and D are
equidistant from the line AC' and thus AC bisects the segment BD. If B,
P, and D are collinear, then P must be the midpoint of BD. In this case,
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A and C are equidistant from the line BD, hence BD bisects the segment
AC, completing the proof.

D

Solution 2. We prove the sufficiency as above. To prove the necessity, let
01, 02, O3, and 64 be the measures of the angles APB, BPC, CPD, and
DPA, respectively.

B

The area of an arbitrary triangle is half the product of two sides and the
sine of their included angle. The product of the areas of triangles APB and
CPD equals the product of the areas of BPC and DPA. Thus,

sin 67 sin 3 = sin 05 sin 0,

or, from the formula for the cosine of a sum,

cos(0y — 03) — cos(01 + 03) = cos(02 — 04) — cos(f2 + 04).
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Since 0y + 0 + 03 + 0, = 27, this implies

cos(f1 — 63) = cos(62 — 6y).

There is no loss of generality in assuming

93§91<7T and 04 <O <m
(if necessary, rename the vertices and/or reflect the quadrilateral). Under
these conditions, 8y — 03 = 0y — 04, hence 61 + 04 = 05 + 03, from which

we conclude that B, P, and D are collinear. As in the first solution, this
implies that BD bisects AC.

Problem 53

Let k be a positive integer. Find the largest power of 3 which divides 10* —1.

Solution. If k = 3™n, where n is not divisible by 3, we prove that 10% — 1
is divisible by 3™*2, but not by 3™*3.

The proof is by induction on m, and uses the fact that an integer is
divisible by 3 or 9 if and only if the sum of its digits is divisible by 3 or 9,
respectively. For m = 0, k is not divisible by 3. We have

10F—1=9-111---1,
—
k digits
and the sum of the digits of 111---1is k, so 10*¥ — 1 is divisible by 32, but
not by 3%. We now assume the claim holds for m. Let k = 3™*1n where n
is not divisible by 3. Then

10F —1=(10"")3 =1 = (10>"" — 1)(10*>*"" +10*"" 4 1).

By the inductive hypothesis, the largest power of 3 dividing the first factor
is 3™*2, The sum of the digits of the second factor is 3, which is divisible
by 3, but not by 32. Therefore, the highest power of 3 dividing 10* — 1 is
3™+3 and the proof is complete.

Problem 54

a. Show that there is always at least one normal line, and that there are at
most three normal lines, to y = 22 that pass through any given point P.
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b. Show that there are exactly two normal lines to y = 22 that pass through
Q = (4,7/2), and find and sketch the set of all points @) with this property.

c¢. Are there any such points @ for which both coordinates of ) are integers?

Solution. Let P be the point (p,q) in the plane, and let X be the point
(a,a?) on the parabola. The equation of the normal line at X is
1
— 2 —_ — —
y—a 5 (& = a),
2a® + (1 — 2y)a —z = 0.

(The latter form includes the case a = 0, where the normal line is vertical.)
Thus, point P will be on this line if and only if

2a® + (1 — 2¢)a — p = 0. (%)

a. Because a cubic equation has at least one real root and at most three
real roots, (%) has at least one and at most three solutions for a, so there
are at least one and at most three points X on the parabola such that the
normal line at X passes through P.

b. For p = 4,q = 7/2, equation () becomes 2a3—6a—4 = 0, which can be
written as (a+1)%(a—2) = 0. This has exactly two solutions a = —1,a = 2,
and so there are exactly two normal lines through Q.

To find the set of all points Q with this property, we need to find all
values of the coordinates (p, ¢) for which (%) has exactly two (real) solutions
for a. Now the polynomial f(a) = 2a® + (1 — 2¢)a — p will always factor
completely over the complex numbers, say as

fla)=2(a—a)(a—a,)(a—ay,).

Comparing coefficients of a2, we see that 0 = 72(a1 +a,+ aB). In particular,

because two of the roots must be real, all three must be real, so to have

exactly two distinct roots there must be a double root but no triple root.
If a; is the double root, then f(a,) = f'(a;) =0, so

2af+(1 —2¢)a, —p=0 and 6af+(172q) =0.

Multiplying the second of these by a /3 and subtracting, we get

2
5(1 —2q)a, —p=0.
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Now if 1—2¢g = 0, then p = 0 and a = 0 is a triple root of f(a), contradiction.

3
So1-2¢#0anda = —2 . Substituting this into 62 + (1 — 2q) = 0,
T 1
we find

6(4(197]322(1)2>+(12q)_0

27p* +2(1 — 2¢)® = 0, 1—2q #0.

So the desired set is the curve 2722 + 2(1 — 2y)® = 0, ezcept for the single
point (0,1/2).

Points above the curve will have three normal lines whereas points below
the graph will have only one normal line, as illustrated in the following
figures.

c. No, p and ¢ can’t both be integers, for suppose they are. Then from
27p? + 2(1 — 2¢)® = 0 we see that 27p? is even, so p is even. But then 27p?
is divisible by 4, so 2(1 — 2¢)? is divisible by 4, and thus 1 — 2q is even,
contradiction.
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Problem 55

Suppose that n dancers, n even, are arranged in a circle so that partners
are directly opposite each other. During the dance, two dancers who are
next to each other change places while all others stay in the same place;
this is repeated with different pairs of adjacent dancers until, in the ending
position, the two dancers in each couple are once again opposite each other,
but in the opposite of the starting position (that is, every dancer is halfway
around the circle from her/his original position). What is the least number
of interchanges (of two adjacent dancers) necessary to do this?

Solution. The least number of interchanges required is n?/4.

If the dancers are numbered 1,2,...,n as we move clockwise around the
circle, first begin by interchanging dancer number n/2 with dancer n/2+ 1,
then with dancer n/242, ..., and finally with dancer n. We have made n/2
interchanges and dancer n/2 is in the correct position. Next, interchange
dancer n/2 — 1 with dancers n/2+1,n/2+2,...,n. Continuing this process
until dancer 1 has switched with dancers n/2+ 1,n/2+42,...,n, we arrive
at the desired position, having made (n/2)? = n?/4 interchanges. On the
other hand, each dancer starts n/2 places away from his or her final position,
and thus must participate in at least n/2 interchanges. Each interchange is
between two dancers; therefore, at least (n-n/2)/2 = n?/4 interchanges are
required, completing the proof.

Comments. Another systematic way to move each dancer halfway around
the circle using n?/4 interchanges is as follows. As a first step, interchange
the dancers in positions 1 and 2, those in positions 3 and 4, etc., for n/2
interchanges in all. In the second step, interchange the dancers now in posi-
tions 2 and 3, those in positions 4 and 5, etc. The third step is like the first,
the fourth is like the second, etc. After n/2 steps, or n?/4 interchanges, all
dancers will have shifted either n/2 places forward, or n/2 places backward,
so they are halfway around the circle from their original positions.

To the best of our knowledge, n?/4 is the largest number of interchanges
required to arrive at an arrangement of dancers from any other arrangement.

Problem 56

Suppose that n points in the plane are such that there are just two different
distances between them. What is the largest possible value of n?
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Answer. The largest possible value of n is 5.

Solution. To see that n = 5 is possible, take the five vertices of a regular
pentagon; the distance between any two such vertices is either the length of
a side or the length of a diagonal, so because all sides have the same length
and all diagonals do also, there are just two different distances between the
five points.

To show that no larger value of n is possible, it’s enough to show that
n = 6 is impossible. Suppose we did have six points with just two distances
a, b between them. Pick any of the six points and connect it to the five others.
Of these five line segments, at least three must have the same length, say
x. Consider the three “other” endpoints of those three line segments. If
any two of these are at distance x, we have an equilateral triangle (of side
length z) formed by those points and the original chosen point. If not, all
three of the “other” endpoints have the “other” distance to each other, and
so they form an equilateral triangle. (Note: This is the standard argument
that shows that the Ramsey number R(3,3) is at most 6.)

In either case, three of the six points must form an equilateral triangle,
and let’s assume that this triangle, call it ABC, is normalized so that it has
side length a = 1. We have three other points, D, E, F'. For each of these,
say D, there are several cases: (i) D has distance 1 to two of A, B, C, say B
and C; (ii) D has distance b to exactly two of A, B,C, say B and C; (iii) D
has distance b to all three of A, B, C.

The following figures show the possibilities in each case. In case (ii), there
are two possibilities for the configuration: D must be on the perpendicular
bisector of BC, but there are two ways its distance to A can equal 1.

C C C C
A<DD A<DD D»—A<I A%
B B B B

(i) (id)a (ii)b (iii)
In case (i), AD is twice the altitude of the equilateral triangle ABC', so
AD =2. \/; ~ V3.

In case (ii)a, ZDAB = 30°, so by the law of cosines,

BD=+12+12-2-1-1-c0s30° =1/2 — /3.
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In case (ii)b, again by the law of cosines,

BD=+/124+12—-2-1-1cos150° = \/2 + V3.

In case (iii), AD is two-thirds of the altitude of triangle ABC, so

Ap_2.Y3_ 1
3 2 V3

All four of these distances are distinct (look at their squares), so F and
F must fall into exactly the same case as D. Case (iii) is immediately ruled
out because there is only one possible location for D. In cases (i), (ii)a, and
(ii)b, by the rotational symmetry of AABC about its center, ADEF must
be equilateral.

Then in cases (i) and (ii)b, the distance from D to FE is clearly greater
than the two distances we have already, a contradiction. In case (ii)a, say
E is on the perpendicular bisector of AC and F' is on the perpendicular
bisector of AB, as shown.

F
B

For there to be just two distances between points, FD must equal AC, so
AECD and ANAEC are congruent. Then by symmetry, all the angles of
hexagon AECDBF' are equal. However, Z/BDC' actually equals 150°, not
120°, and we have a contradiction.

Problem 57

Let L be a line in the plane; let A and B be points on L which are a distance
2 apart. If C'is any point in the plane, there may or may not (depending on
C) be a point X on the line L for which the distance from X to C' is equal to
the average of the distances from X to A and B. Give a precise description
of the set of all points C' in the plane for which there is no such point X on
the line.
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Answer. The set of all points C' in the plane for which there is no such
point X consists of those points on the perpendicular bisector of AB whose
distance from AB is greater than 1 (see the first figure below).

Solution 1. Let M denote the midpoint of AB. First note that if X is a
point on the line L, the average of the distances from X to A and B is the
distance from X to M if X is outside the line segment AB, and 1 if X is on
the line segment AB. Therefore, for the distance from X to C to equal this
average, we must have X at the same distance to M and C if X is outside
AB, while we must have X at distance 1 to C if X is on AB.

It is easy to show that the set of points C' for which there is a point X
on AB with distance 1 to C' is the closed set I" shown in the second figure.
(The boundary of T' consists of two line segments parallel to AB on either

side of AB

The set consists of these
1 two open half-lines

|

with distance 1 to AB and the same length as AB, and two semicircles. The
semicircles are centered at A and at B; they have radius 1, and the diameter
connecting the end points of each semicircle is perpendicular to AB.) Thus,
for any point C in I, there is a point X on AB whose distance to C' is equal
to the average of the distances from X to A and B.

Vo
N

[ ]
[ ]
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Suppose that C' is not in I' and that MC' is not perpendicular to AB.
Then the perpendicular bisector of M C' is not parallel to AB; let X be the
intersection point of this perpendicular bisector with L.

A M B L

If X were in the line segment AB, we would have CX = M X < 1 and
thus C would be in I'. Therefore, X is outside the line segment AB, and since
the distance from X to C' equals the distance from X to M, this distance
equals the average of the distances from X to A and B.

Thus, the only points C in the plane for which there might not be a
suitable point X on the line are the points C' on the two rays consisting
of those points on the perpendicular bisector of AB which are not in I'. If
C' is on one of these two open rays, there is no point X: X cannot be on
AB because then C' would have to be in I', and X cannot be outside AB
because then X would have to be on the perpendicular bisector of MC,
which is parallel to L and thus does not intersect L.

Solution 2. (Bruce Reznick, University of Illinois) We can assume that
L is the z-axis, A = (—1,0) and B = (1,0). Let C = (a,b), and by symmetry,
suppose a > 0 and b > 0. The average of the distances of a point X = (u, 0)
on the z-axis to A and B is max{1, |u|}; this equals the distance from X to
C if and only if (a — u)? + b* = max{1, |u|?}.

There are two cases. First, consider the equation (a — u)? + b = u?. If
a # 0, it has the unique solution u = (a? + b?)/2a. This gives a valid X if
|u| > 1; that is, if a® + b% > 2a, or (a — 1)2 +b* > 1. If a = 0, the equation
has a solution with |u| > 1 if and only if b = 0. Thus, we can find X for C
unless C' is on the positive y-axis or inside the circle with center (1,0) and
radius 1.

Next, consider the equation (a — u)? + b% = 1. It has a solution if and
only if b < 1, in which case its solutions are u = a + /1 — b2. The solution
with the smaller absolute value is @ — v/1 — b2. This leads to an X for C
provided a — /1 —b2 < 1. If @ < 1, this holds for all b < 1; in particular,
it holds if C is on the positive y-axis with b < 1. If @ > 1, this holds if and
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only if (a — 1)2 + b? < 1; that is, if C is inside the circle with center (1,0)
and radius 1.

We conclude that the only points C' for which no X exists are the points
(0,b), |b] > 1.

Problem 58

Show that there exists a positive number A such that

U
/ 2 sinx dz = 3.
0

Solution 1. We first observe that
/ sinzdr=2 (A=0) and / zsinzdr=m (A=1),
0 0

the latter integral computed using integration by parts. Because 2 < 3 < m,
the Intermediate Value Theorem will imply the existence of a A between 0

and 1 for which
/ z sinz dr = 3,
0

provided we prove that
U
fl@) :/ x%sinz dx
0

defines a continuous function on [0, 1].
Suppose 3 > a > 0. Note that sinz > 0 on [0, 7]. Further noting that
P < x® for < 1, while 2® > 2 for x > 1, we have

[F(B) = fla)] =

/ (2P — %) sinz dx
0

s
< / |2P — x| sinz dx
0

1 T
:/ (xa—xﬁ)sinxdx—k/ (2" — 2%) sinz de.
0 1
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Because |sinz| < 1, we obtain

uww&mn;ﬁwww%m+zﬂﬂ_wmx

Pt 9 gotl_9

B+1 a+1

This shows that, whether or not 5 > «a, we have

1£(B) = fla)] <

b+l _ 9 goatl_9
B+1 a+1

Because the right-hand side of the above tends to 0 as § — «, we have

lim £(5) = f(a)
hence f is continuous on [0, 1], as claimed. The desired A must therefore
exist.

Solution 2. This and the next solution provide two alternative proofs that
the function f defined above is continuous on [0, 1].

Note that sinz < x for z > 0 (this can be shown by looking at the
derivative of x — sinz). Therefore,

|£(8) — fa)l =

/ (2P — 2 sinx dz
0

s
< / |2# — 2%|sinz dx
0

T
< / |Bt — 2o da,
0

For any = with 0 < x < 7, the Mean Value Theorem applied to the function
g(y) = z¥T1 implies that there exists a v (which depends on x) between «
and 3 for which

|xﬁ+1 — 2T =27 Inx| |8 - al.

It is well known that lim,_,o+ lnz = 0 (one can use I’Hopital’s rule). This
is enough to imply that 771|In x| is bounded for 0 < x <, 0 <~ < 1, and
hence, for some constant C,

2P+ — gt < OB - al.
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Therefore,
1)~ Sl < [ €18 alds=Cals—al.
This clearly implies limg_. f(5) = f(«), hence the continuity of f.
Solution 3. For a third proof of the continuity of f, again begin with
1) = flal < [ 11 v

Because z¥t! is continuous on the closed, bounded rectangle 0 <z < T,
0 <y < 1, it is uniformly continuous on this rectangle. Given € > 0, there
exists a & > 0 such that for points (z1, ) and (2, @) in the rectangle with
distance between them less than 4, |z — 25+ < ¢/x. In particular, for
the case 1 = x9 = x, we see that if |3 — «| < §, then

1£8) — F(o)| </0”£dx—5,

s

proving the continuity of f.

Problem 59

The equation z°® —5z* +8z3 —622+3x+3 =0 has two solutions that sum
to 2. Using this information, find all solutions.

Answer. The roots of the quintic polynomial are 1 + v/2, 1+ /2, and

L+ (—=1+iVv3)/V4.

Solution. Let T and T, be roots of the quintic polynomial for which
T+, = 2. Then
_ 2
(x—r)z—r,)=2"—2z+p,

where p = r_ r_, must be a factor of the quintic. On the other hand, long

12’
division yields

2 — 52t + 8% — 622+ 32+ 3
= (J:?’ — 322+ (2—p)x + (p—2)) (332 — 2z —|—p)

+® -1z + (—p* +2p+3).
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It follows that the remainder, (p? — 1)z + (—p? + 2p + 3), must be zero, so

p>—1=0  and —p?+2p+3=0.

Adding these, we get 2p+2 =0, p = —1. So r, and r, must be the roots of
22 — 22 — 1 =0, namely 1+ /2.
The other factor of the quintic is

23 =322 +3x-3= (2 —1)3 -2,

so the remaining roots will satisfy (r — 1)3 = 2. This yields the final real
root = 14 /2 along with two complex roots = 1+ V2w, = 1+ ¢2w?,
where

e 1 1
w = e*™/3 = cos(2m/3) + isin(27/3) = —3 + §zx/§

is a primitive cube root of unity.

Problem 60

One regular n-gon is inscribed in another regular n-gon and the area of the
large n-gon is twice the area of the small one.
a. What are the possibilities for n?

b. What are the possibilities for the angles that the sides of the large n-gon
make with the sides of the small one?

Solution. a. We may suppose the larger n-gon is inscribed in a circle of
radius 1. Let O denote the center of this circle, let A and B be adjacent
vertices of the larger n-gon and let A’ and B’ be adjacent vertices of the
smaller n-gon, with A" on AB. Take x to be the distance from A to A’ along
AB.

0

B/

A B

Because AAOB and AA’OB’ are similar we will have the desired pro-
portion, Area AAOB = 2-Area AA'’OB’, if and only if 0A% = 2(0A’)2.
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Applying the law of cosines in AOAA" we have

OA = \/1+ 22 —2xcos(n/2 — w/n) = \/1+ 22 — 2zsin(r/n).
Therefore, we want

1= 2(1 + 22— stin(w/n)),
x? — 2z sin(n/n) +1/2 =0,

_ 2sin(m/n) + 1/ 4sin’(7/n) — 2

2

xT

For z to be real, we need sin®(7/n) > 1/2. This means that n < 4.
For n = 4, we get

o 2(v/2/2) + /4(1/2) — 2 o
5 )

while for n = 3,

o 2(v3/2) £ /4(33/4) -2  V/3=£1
N 2 2

Note that in each case, 0 < x < AB (for n = 4, AB = /2, and for n = 3,
AB = /3), so the construction is really possible.

b. As we've seen, for n = 4, AB = /2 and x = \/2/2, so that the corners
of the inscribed square are at the midpoints of the outer square, and the
angle between the sides of the squares is 7/4.

Forn =3, AB = V3 and z = (v/3+1)/2. Let § = /B'A’B. For the
smaller z, BB’ = AA’ = (v/3—1)/2and A'B = v/3—(v/3-1)/2 = (v/3+1)/2,

as shown.

B/
V31
T 9 2
A A \/5)2+1 B
Because A'B’ = 1/3/2, by the law of sines
BB’ —1)/2 —1
sinf = sin/B = (\/57)/ sin(m/3) = V3 .

A V32
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By the double angle formula

V3

c0s20 =1 — 2sin® 0 = 5

so 20 = /6, or § = 7/12. Because the equilateral triangles have angles 7/3,
the sides of the large triangle make angles /12, 77/12 with the sides of the
small one.

The case where = = (v/3+41)/2 is reflected from the previous case, so the
angles between the sides are again /12, 77/12.

Problem 61

Consider a rectangular array of numbers, extending infinitely to the left and
right, top and bottom. Start with all the numbers equal to 0 except for a
single 1. Then, expanding outward from this nonzero entry, go through a
series of steps, where at each step each number gets replaced by the sum of
its four neighbors.

a. After n steps, what will be the sum of all the numbers in the array, and
why?

b. After n steps, what will be the number in the center of the array (at the
position of the original 1)?

c. Can you describe the various nonzero numbers that will occur in the array
after n steps?

Solution. a. Each number, say k, that is in the array at one step, con-
tributes k to each of its neighbors for the next step, for a total contribution
of 4k. As a result, the sum of all the numbers is multiplied by 4 at each step.
Because the sum is 1 after 0 steps (and therefore 4 after 1 step, 16 after 2
steps, and so forth), it will be 4™ after n steps.

b. If you “color” the array in a checkerboard pattern with a white square
at the center, then since every white square is surrounded by black squares
and vice versa, after any odd number of steps all the numbers on the white
squares will be zero, and after any even number of steps all the numbers on
the black squares will be zero. In particular, if n is odd there will be a 0 at
the center of the array after n steps. If n is even, after n steps the number

n
n/2

we describe all the nonzero numbers in the array.

2
at the center of the array will be ( ) , which we’ll show in part (¢) when
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c. As we've seen, the nonzero numbers will always be interspersed with
zeros in a checkerboard pattern. Also, it’s easy to see that they will keep
forming a “diamond” shape. If we omit the zeros and turn the pattern
through 45°, then for the first few values of n, we see (for reference, the
center of the array is circled):

1 4 6 41
1 3 31
L1 1 21 3 9.0 3 4 16 24 16 4
6 24 24 6
® O @ s O 3
n=>0 4 16 24 16 4
n=1 1 3 31
n=2 1 4 6 4 1
n=23
n=4

It looks like the numbers along the outside of each square are the numbers
in the n-th row of Pascal’s triangle, and once you notice this it’s easy to see
why, because the outside of each square is formed from the outside of the
previous square by adding adjacent (nonzero) numbers, which is exactly
how each row of Pascal’s triangle is formed from the previous row. Also, the
number in the k-th row and the /-th column in each of the squares above
seems to be the product of the number at the beginning of that row and the
number at the beginning of that column. That is, if we number the rows
and columns of the square starting from 0 then it seems like the number in
the k-th row and /-th column is always (Z)(?) If this is true, then for

even n the number at the center, which is row n/2 and column n/2, will be
2
(;}2) , as claimed in part (b).
To see that this pattern persists, suppose it works for n, and look at the

(k—1)-st and k-th rows and the (¢—1)-st and ¢-th columns of the square for
n. Where they intersect, the entries are

(As usual, a binomial coefficient (/) with ¢ < 0 or ¢ > n should be interpreted
as 0.) In the actual array, these numbers are interspersed with zeros and
turned 45°, so the corresponding part of the actual array looks like
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At the next step, the zero that is now surrounded by the four nonzero num-
bers will be replaced by their sum, which is

This shows that the pattern persists at the next step, and our proof by
induction is complete.

Problem 62

What is the fifth digit from the end (the ten thousands digit) of the number
55

5 7

Idea. Remainder problems generally exhibit some sort of periodic behav-
ior.

Answer. The fifth digit from the end is O.

55
Solution 1. We are interested in the remainder when 5°5° is divided by

100,000 = 2°5°. Clearly 5" is divisible by 5% for r > 5. We determine those r
for which 5" — 5° is divisible by 2° as well, implying that 5" and 5° have the
same last five digits. This will be the case if and only if 575 — 1 is divisible
by 32. The binomial expansion of (1 + 4)"~5 starts out

1+ (r—5)4+

(r=5(—=6) ;o
5 424 ...
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and all further terms are divisible by 32. Thus, 5"~® — 1 is divisible by 32 if
and only if

(r—>5)(r—06)

4
2

(r—>5)+
is divisible by 8. This certainly occurs for r of the form 8k + 5. Since, for
any m, (2m+1)2 = 4m(m + 1)+ 1, 5 to any even power is of the form

5
8k + 1 and 5 to any odd power is of the form 8k 4 5. In particular, 5555 is
of the form 8k + 5, so it has the same last five digits as 5° = 3125. Thus,
the fifth digit from the end is 0.

Solution 2. We make repeated use of Euler’s theorem, which states that
if a is an integer relatively prime to n > 1, then a?) =1 (mod n), where
@(n) is the number of positive integers which are less than or equal to n and

relatively prime to n.
5

5
As in Solution 1, we are interested in the remainder when 557 is divided
by 100, 000 = 2°55. Because it is divisible by 5°, we need only determine the
remainder upon division by 2°. Since ¢(2°) = 16, we want the remainder

when 5555 is divided by 16. Since ¢(16) = 8, we want the remainder when
5°” is divided by 8. We now note that every odd square is congruent to
1 (mod 8), hence every odd power of 5 is congruent to 5 modulo 8. In
particular,

5 =5 (mod 8).

Working backward, we see that
5
5° =5°=3125=5 (mod 16).
Finally, we conclude
55°

5 =5% (mod 32).

Rather than computing the remainder upon dividing 5° by 32, we observe
that

5
5
55

=5 (mod 2°) and (mod 5°),

5
hence (mod 10°). Because 5° = 3125, the fifth digit from the end of 5"
isa0.
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Problem 63

On a particular bridge deal, West had to play the very first card (on the
first trick). One of her options was to play the king of hearts, and it turned
out that if West did so, the East-West partnership would take all thirteen
tricks, no matter what. On the other hand, if West started the play with
any of her other twelve cards, the North-South partnership would take all
thirteen tricks, mo matter what! Given that North had the two of spades
and the jack of clubs, who had the five of diamonds?

Answer. South had the five of diamonds.

Solution. First, consider the heart suit. Who had the ace? West can’t
have had it, because then she could have led it and taken the first trick.
North and South can’t have had it, because if either of them did they could
have won the first trick with it if West led the king of hearts. So East had
the ace of hearts. However, East cannot have had any other hearts, because
if East had a second heart, it could be played “under” the king of hearts on
the first trick. That would keep West “on lead” (first to play) for the second
trick, and West could now play another card which North or South could
win (since they would have won any original lead except the king of hearts).
So of the hearts, East had only the ace. Similarly, West had only the king.
(If West had another heart to lead, it could have been led to East’s ace at
the first trick.) Therefore, North/South had all the other 11 hearts.

Now suppose West led something other than the king of hearts and (as
given) either North or South won the trick. If that player (North or South)
had any heart, (s)he could legally lead it at trick 2, and East would win
with the ace (for East cannot have had to play that ace on the first trick),
contradicting the given. Conclusion: One of North/South must have had all
eleven hearts except the ace and king, and that player must never have been
able to win a trick. Suppose that player were South. Then North would
have to win every trick after West led any of her cards other than the king
of hearts. But North had the two of spades and could legally play it at the
second trick; North could not possibly win that trick unless (s)he had all the
remaining spades, but it is not hard to see that in that case North couldn’t
have been obliged to win the first trick and/or other players couldn’t have
been obliged to discard spades. So the player with eleven hearts must have
been North, and we now know North’s entire hand: Spades: 2; Hearts: Q,
J,10,9,8,7,6, 5,4, 3,2; Clubs: J.
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Now, who had the missing aces? West can’t have had any, because other-
wise West could have led an ace to start play and win the trick. South must
have had at least one, because otherwise East would have all four and could
win the first trick. In fact, if South had only one ace (s)he could lose a trick
after taking one by leading a suit in which (s)he didn’t have the ace (South
must have had at least two suits for otherwise (s)he could never take the
first trick, because no one else could lead a card (s)he could take). On the
other hand, East cannot have had a card in a suit in which South had the
ace, because then East could lose a trick to South after taking the first trick
with the ace of hearts. So all twelve of East’s cards except the ace of hearts
must have been in the same suit (since (s)he had no other hearts and South
had aces in the other two suits). Also, they all had to be winners no matter
what, so the twelve cards must be the top twelve of the suit (else they would
have included the 2 and East could lead the 2 and lose the trick to the thir-
teenth card of the suit). In particular, the suit can’t have been clubs since
North had the jack of clubs. Suppose the suit were diamonds. Who had the
2 of diamonds? North didn’t, and West didn’t (else West could lead it and
East would win). But if South had it, (s)he could have led it after winning
the first trick, and East would then get all the other tricks, contradiction.
So East’s long suit can’t have been diamonds; it must have been spades.
Now we know East’s entire hand: Spades: A, K, Q, J, 10,9, 8, 7,6, 5, 4, 3;
Hearts: A.

So what’s left for West and South? West had the king of hearts, but
otherwise they had only clubs and diamonds. Every diamond West had was
lower than every diamond South had, else there would be a legal way for
West to win the first trick with a diamond. Since North must never have
been able to win a trick, either West or South must have had no clubs lower
than the jack. But if West had no clubs lower than the jack, West could
have led a club higher than the jack and won the trick when South played a
lower one — unless West had no clubs at all. But if West had no clubs at all,
she would have had 12 diamonds, leaving South with only the ace and with
12 clubs; after winning the ace of diamonds, South could play a low club
to North’s jack. So it must have been South who had no clubs below the
jack; in other words, South had at most three clubs (A, K, Q) and thus at
least ten diamonds. South’s diamonds were all higher than the only others,
because West had the only others, and so South had at least the top ten
diamonds. But the tenth diamond from the top is the 5, so South had the
five of diamonds, as claimed. One possibility for the actual hand is:
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Y
0:QJ1098765432
ot —
& J
North
M AKQJ 109876543
Q: A
West East O
765432 p—
South
. —
Q:r —
$rAKQJ1098765
&: AKQ

[For bridge players: The bidding, with a few comments:

North:
(dealer)

East:

South:

West:
North:
East:

4 Hearts (A bit conservative, perhaps. About half the time,
youwll make this without any help from partner.)

7 Spades (Not subtle, but surely you’ll make.)

7 No Trump (East is known as a solid bidder, so if I trust my
partner, it sounds like East has 13 spades, in
which case I’ll make 7 No Trump, assuming my
partner has the ace of hearts.)

Pass

Pass

Double (More than flesh and blood can bear . . . )

All Pass

Did West find the killing lead of the king of hearts despite North’s bid?
Or did West opt for the “safe” ten of clubs? You can choose your own ending

to the story . . . ]

Problem 64

Describe the set of all points P in the plane such that exactly two tangent

lines to the curve y = z3 pass through P.
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Solution. We will show that all points P on exactly two tangent lines are
of the form (a,0) or (a,a®), where a # 0.

Let P = (a,b). If a tangent to the curve y = x> passes through P, then
the point of tangency (z,x3) satisfies

3 —b=32%x — a),
or
22% — 3ax® +b=0.

If the tangent lines through distinct points (z1, z3) and (22, x3) have the
same slope, then we must have 1 = —z2. However, the tangent line through
(w1, 23) is

y = 3z3x — 23,
while the one through (—z1, —3) is

y = 3z3x + 2.

Thus, no line is tangent to y = 2> at two points. We conclude that there
are exactly two tangents to the curve which pass through P if and only if

p(z) = 22% — 3az?® + b

has exactly two real roots.

Since a cubic polynomial with two real roots must have three, not neces-
sarily distinct, real roots, p(x) must have a multiple root. This occurs if and
only if p(z) and p’(x) have a common root. Since p/(z) = 6x? — 6ax, this
common root must be either 0 or a. If p(0) = 0, then b = 0. The third root
of p(z) is then 3a/2, which is a distinct real root provided a # 0. On the
other hand, if p(a) = 0, then b = a®. The third root of p(z) is now —a/2,
hence again a # 0. Thus, the only points on exactly two tangent lines to

y = 22 are of the form (a,0) or (a, a®), where a # 0.

Problem 65

Show that for any n > 3, there exist two disjoint sets of size n, whose
elements are positive integers, such that the two sets have the same sum and
the same product.
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Solution 1. The case n = 3 is given in the statement of the problem.
For n = 4 we can take A = {1,8,12,24} and B = {3,4, 6, 32}, where the
common sum is 45 and the common product is 2832. For n = 5 an example
is A={1,8,12,24,36} and B = {2,6,9, 16,48}, where the common sum is
81 and the common product is 21034

Now suppose the result is true for all k¥ < n, and choose disjoint sets A
and B of n — 3 distinct integers which have the same sum, say S, and the
same product, say P. Pick an integer m larger than any number in A or B
(or a prime number that doesn’t occur as a factor in any element of A or B)
and define sets

A" = AU {m,8m,12m} and  B* = BU{2m,3m,16m}

Then A* and B* are disjoint and their elements are distinct. The elements
of A* add to S + 21m, as do the elements of B*. The respective products
are 96Pm?3. Therefore A* and B* are sets with n elements that satisfy the
desired conditions, so the result follows by induction.

Solution 2. Such a pair of sets with four elements is A = {1,8,12,24}, B =
{3,4,6,32}. We will proceed by induction. Suppose that A = {a1,as2,...,an}
and B = {b1,ba,...,by,} are disjoint sets of n distinct elements with the same
sum and the same product. Let

A* = {2m, 202 2% 2% 4.4 2% 2(2% .4 20n) ) and
B* = {20 2b2  obn 9br gy obn 9(0m1 4y 90n) Y
Using the fact that every positive integer has a unique binary representation,
we see that A* and B* are disjoint sets of n+ 2 elements; it is then straight-
forward to check that they have the same sum and the same product. The
result follows by induction.

Observe that this solution doesn’t use the part of the induction hypothesis
that says the products are equal. So the solution could be tweaked to give
an explicit, noninductive solution; for example, for n > 3,

A= {21 23 2277,—5 2371—5 21 _"_23_"_ ___+22n—5+23n—5

2(22 + 24 + . + 22"—4 + 22”—3)}
B — {22 24 2277,—4 2277,—3 22+24+ _”_,’_2271—4_’_2271—3

2(21 + 23 et 2271—5 + 2371—5)}.
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Problem 66

Let f and g be odd functions that are infinitely differentiable at x = 0, and
assume that f/(0) =¢'(0)=1. Let F = fogand G=go f.

a. Show that F’(0) = G’(0), F®)(0) = G®)(0), and F©®)(0) = GO)(0).
b. Show that for all even n, F(™(0) = G(™(0).

c. Is it always true that for all odd n, F(™(0) = G(™)(0)? If so, prove it; if
not, give a counterexample.

Solution. a. Because F(x) = f(g(x)), we have F'(z) = f'(g(x))g’(x), so
F’(0) = f'(g(0))g’(0). But g is an odd function, so g(0) = 0, so F'(0) =
f'(0)g'(0) = 1 by the givens. Interchanging the roles of f and g, we also
have G'(0) = 1, so F'(0) = G'(0).
From F'(z) = f'(9(x))g'(x) we get
F'(x) = f"(9(2))[g'(@))]* + ['(9(x))g" (),
FO(z) = O (g(@)lg' (@) + 3" (9(x))g (x)g" (x) + ['(9(2))g™ (), so
F®(0) = f(0) + 3/"(0)g"(0) + ¢ (0).
But this expression is symmetric in f and g, so if we interchange f and g
(which will change F' to G) we’ll get the same answer (since the givens we
used were also symmetric in f and g). Thus, F®)(0) = G®)(0).
In the same way we find the fourth and fifth derivatives (you might prefer

using a computer algebra system, such as Mathematica or MAPLE, to do
this for you):

F®(z) = fD(g(2)[g' (@)]* + 6 (g(@)]g' ()% () + 3" (9(x))[g" ()]
+4f"(g(x))g (x)g® () + 1 (9(x))g™ ()
FO(z) = fO(g(x))[g ()] + 10f D (g(2)]g ()]*9" ()
+15fF) (g(2))g (2)[g" (@)]” + 10f P (g(x))[g' ()9 (z)
+10f"(g(x))g" (2)9® () + 5" (9(x))g' ()™ () + f'(9(x))g"™ ().
Substituting = 0 and using ¢(0) = 0 and f'(0) = ¢'(0) = 1, we get
FO(0) = f©(0) +10£(0)g” (0) + 15 (0)[g" (0)]* + 10 (0)g™) (0)
+10£(0)g" (0)9™ (0) + 55" (0)g™ (0) + ¢ (0).

Now, because f(—z) = —f(x) for all z, —f'(—x) = —f'(x) and f"(—x)
—f"(x) for all z. Thus, f”(x) is an odd function. In particular, f”(0) =

)
)

0;
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similarly, g’ (0) = 0, so the expression for F(3)(0) simplifies to

FO(0) = f2(0) +1012(0)g™ (0) + ¢ (0).
This is symmetric in f and g, so F®)(0) = G®)(0).
Comment. There is a simpler solution in the case that f and g are analytic

functions (functions that can be represented by their Maclaurin series). For
suppose that

—_— 2 3 ..
fl@) =a,+ax+ax” +az"+

where a, = f#)(0)/k! for k= 0,1,.... As previously pointed out, f” is an
odd function, so f”(0) = 0. Similarly, f®* is an odd function, so f*)(0) = 0,
and by induction f(™ (0) = 0 for all even n. Also a, =1 because f'(0) = 1.
Therefore f has the form

f(x) =x+a3x3—|—a5x5—|—---.
In the same manner
g(@) =z + b’ + b’ + -
where b, = g™®)(0)/k!. Tt follows that
F(z) = f(g(x)) = (x + b,a® + ba” + ) + a,(w + bya® + - )°
—|—a5(x—|—b3x3—|—---)5—|—--.
=z+ (b, + a3)x3 + (b, + 3a,b, + a5)x5 4.
and
G(z) = g(f(x)) = x + (a, +b,)2* + (a, +3ba, +b)a’ +--- .

From these Maclaurin series we read off that F’(0) = G’(0) = 1, F®)(0) =
G®(0) = (a, +b,)-3! and F°(0) = G*(0) = (a_ + 3a,b, +b,) - 5.

One can adapt this argument to our problem by writing f and g as Taylor
polynomials of degree 6 with remainder; that is, write

fl@)=o+ a3x3 + a5x5 + R, ()

T (. 1\6
where R _(x) = M f (D (t)dt, and similarly for g. Proceed to write

F(x) = f(g(x)) = = + (b3 + 03)173 + (b5 + 3a3b3 + a5)a:5 + terms involving

the remainder terms and/or 7 and higher powers of x
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and similarly for G(x). Then take five derivatives of these compositions
making use of the fact (explained in the note below) that

T 6(x — )3
Ré(x):/o Sle—t)" o ) FO@) at

SO Ré(O) = 0. Similarly, R(Gk)(O) =0 for k =2,3,4,5. The same holds for g
and its remainder term.

. =%
Note. Write R (u,v) :/ Tf (t) dt. Then
O .
OR_(u,v) OR_(u,v)
/ _ 6 6
x—x)° T 6(x—1t)°
= %f(ﬂ(x) n /0 %fm(t) dt .

b. The composition of the odd functions f and g is odd because

F(—z) = f(g(—x)) = f(=9(z)) = —f(9(z)) = —F(z);
as previously shown, the second derivative of an odd function is odd. So
F"(0)=0=G"(0), F(0) = 0 = GY(0),

and for all even n, F("(0) = 0 = G(™)(0).
c. Tt is not necessarily true that F)(0) = G (0) for all n. As a coun-
terexample, take f(x) =z + 2 and g(x) = z + 223. Then f and g are odd
functions, f/(0) = ¢’(0) = 1, and

fl9(z)) = (x4 22°) + (z +22°)3 = 2 + 32 + 62° + 1227 + 82,

g(f(@)) = (z +2%) + 2(x + 2%)® =z + 32 + 62° + 627 + 22°.
Therefore, F(T(0) = 12-7! whereas G((0) = 6-7!.

Problem 67

In how many ways can the integers 1,2,...,n, n > 2, be listed (once each)
so that as you go through the list, there is exactly one integer which is
immediately followed by a smaller integer?

Answer. The number of ways of listing the integers 1,2, ..., n so that only
one integer is immediately followed by a smaller integer is 2" — (n+1).
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Solution 1. Suppose the answer is f(n). For instance, f(2) = 1 since the
only possibility is 2 1, while f(3) = 4, with the possibilities 132, 213, 231,
312

Suppose we have listed the numbers 1,2,...,n,n+1 so there is exactly
one decrease. If the number n+1 is at the end of the list, then if we leave it
off we’ll have a listing of 1,2,...,n with exactly one decrease. Conversely,
for any listing of 1,2,... n with exactly one decrease we can get a listing
of 1,2,...,n,n+1 with exactly one decrease by putting n+1 at the end of
the list. Now suppose n+1 is not at the end of the list. Then since n+1 is
the largest number on the list, the one decrease must be immediately after
n+1. Then if we leave n+1 out, we’ll get a list of the numbers 1,2,...,n
which may or may not still have one decrease. Specifically, if the number
before n+1 is  and the number after n+1 is y and x > y, then there will
still be a decrease when we omit n+1. On the other hand, if z < y or if
there is no x (because n+1 is at the beginning of the list), then the new list
of numbers 1,2, ...,n will have no decrease. Now the only way to list the
numbers 1,2, ..., n with no decrease is to list them in order. Conversely, if
we have these numbers in order we can insert n+1 immediately before any of
1,2,...,n and get a list of 1,2,..., n,n+1 with exactly one decrease. Also,
if we have a listing of 1,2,..., n with exactly one decrease, say from x to y,
then we can get a listing of 1,2,...,n,n+1 with one decrease by inserting
n+1 between = and y. The upshot of all this is that

fn+1) =f(n)+ f(n)+n=2f(n) +n

where the first f(n) on the right is the number of ways to list 1,2,...,n
with one decrease, then add n+1 to the end of the list, the second f(n) is
the number of ways to list 1,2,...,n with one decrease, then insert n+1
where the decrease occurs, and the final term, n, is the number of ways to
insert n+1 before one of 1,2, ...,n (in order). That is, f(n+1) = 2 f(n) +n.
So, from f(2) =1, we get f(3) =2f(2)+2 =4, f(4) =2f(3)+3 =11,
f(5) =2 f(4) + 4 = 26, and so forth.

If we just had f(n+1) = 2 f(n), the values of f would be powers of 2
(given that f(2) = 1), so perhaps we should look at how close we are to
powers of 2. So let g(n) = 2" — f(n), and we get g(2) =4 —1=3, ¢g(3) =
8—4 =4, g(4) =16 —-11 =5, g(6) = 32 — 26 = 6, which certainly
suggests g(n) = n+1, that is f(n) = 2" — (n+1). This is now easily
shown by induction on n: It works for n = 2, and if it works for n, then
fin+1l) =2f(n)+n=2(2" —n—1)+n=2"" — (n+2), as desired.
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Solution 2. Let f(n) denote the number of ways of listing 1,2,...,n so
that only one number in the list is followed by a smaller number. In partic-
ular, f(2) =1, since 2, 1 is the only way to do it when n = 2. Now suppose
that n > 2. There are f(n—1) ways to make such a list of 1,2, ..., n where
the first element of the list is 1, because the second element of such a list
is necessarily larger than 1 so the decrease will be in the list of numbers
2,3,...,n. If Aisany non-empty subset of {2,3,...,n} we can get a listing
of 1,2,...,n with one decrease, by listing the numbers in A in increasing
order, then 1 (a decrease), followed by the list of numbers in the comple-
ment of A (which may be empty) in increasing order. Conversely, any listing
of 1,2,...,n with one decrease where 1 is not the first number in the list
will correspond to a non-empty subset of {2,3,...,n}, namely, the subset
of numbers in the list that precede 1. We conclude that the number of lists
of 1,2,...,n with a single decrease, where 1 is not the first number in the
list, is the same as the number of non-empty subsets of {2,3,...,n}, namely,
27=1 — 1. Therefore, f(n) = f(n—1) + 2"~ — 1. Using this recurrence we
find

= (£) = F=1)) + (fln=1) = F(1=2)) + -+ (F(2) = £(1))
=@ D)+ (22— (28 1)
2" —1
2—-1

=24 on 2442l bl = —n=2"—(n+1).

Solution 3. Let S denote the set of all subsets of {1,2,...,n} except for
the subsets 0, {1}, {1,2},...,{1,2,...,n}. There are 2" — (n+1) subsets in S.
We will show that there is a one-to-one correspondence between the subsets
of S and the listings of 1,2, ..., n which have exactly one decrease.

Suppose A is a subset in S (note that A is non-empty). We get a listing
of 1,2,...,n with one decrease by listing the elements of A (in increasing
order) followed by the numbers in the complement of A (in increasing order).
There will be a number in the complement that is smaller than the largest
number in A, so there will be exactly one decrease.

Conversely, suppose we have a listing of 1,2, ..., n with one decrease. Let
A be the set of numbers that occur before the decrease. Then A is one of
the subsets in S.

Clearly, the correspondence is one-to-one so the number of listings of
1,2,...,n with one decrease is 2" — (n+1).
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Solution 4. As in the previous solution, suppose the drop is after k, for
k = 2,...,n. Then the list is completely determined by which nonempty
subset of {1,...,k—1} follows k. Thus, the number of such lists is

i(zk—l —1)=(2" -2) — (n—1) = 2" — (n+1).
k=2

Problem 68

A two-player game is played as follows. The players take turns changing
a positive integer to a smaller one and then passing that smaller integer
back to their opponent. If the integer is even, the two legal moves are (4)
subtracting 1 from the integer and (i¢) halving the integer. If the integer
is odd, the two legal moves are (i) subtracting 1 from the integer and (i)
subtracting 1 and then halving the result. The game ends when the integer
reaches 0, and the player making the last move wins.

a. Given best play, if the starting integer is 1000, should the first or second
player win? How about if the starting integer is N7

b. If we take a starting integer at random from all integers from 1 to n
inclusive, what will be the limit of the probability that the second player
should win, as n — co?

Idea. Analyze systematically what happens for small values of V.

Answer. If the starting integer is 1000 = 23 - 125 the second player should
win. If the starting integer N has an even number of factors 2 (in particular,
if N is odd) the first player should win; if N has an odd number of factors
2 the second player should win.

As n — oo, the probability that the second player should win approaches
1/3.

Solution. a. We use strong induction on N. For N = 1 the claim is
correct because the first player wins by moving from 1 to 0. Suppose the
claim is correct for all positive integers N < k, and consider N =k + 1.

Case 1. k+ 1 odd. In this case the legal moves are from k + 1 to the even
number k£ and to k/2. Because k has one more factor 2 than k/2 (note
that k > 0) either k or k/2 will have an odd number of factors 2, so the
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first player can move to that integer. Then by the induction hypothesis the
second player (who is now the first to play) should lose. That is, the first
player should win.

Case 2a. k + 1 is even with an even number of factors 2. In this case the
first player will win by moving to (k + 1)/2, which has an odd number of
factors 2. By the induction hypothesis the second player is now in a losing
position, so the first player will win.

Case 2b. k+ 1 is even with an odd number of factors 2. If the first player
moves to k, the induction hypothesis says that the second player (now the
first to play) should win. If the first player moves to (k + 1)/2 (which has
an even number of factors 2), the induction hypothesis again says that the
second player is in a winning position. So no matter what the first player
does, the second player should win. This completes the induction step and
the proof of the claim.

b. Using the result of part (a), the second player should win if and only if
the starting integer N has an odd number of factors 2. The probability of
this occurring is the sum of the probability that N has exactly one factor 2,
the probability that N has exactly three factors 2, the probability that N
has exactly five factors 2, and so forth. For a given n, when N is chosen at
random between 1 and n, only finitely many of these probabilities will be
nonzero; however, in the limit they will all contribute. As n goes to infinity
the probability that N has exactly one factor 2 will be 1/4 (half of the even
numbers qualify: 2,6,10,14, ... ), the probability that N has exactly three
factors 2 will be 1/16 (the possibilities are 8,24, 40, 56, ... ), the probabilty
that N has exactly five factors 2 will be 1/64 (N = 32,96, ... ), and so forth.
So the probability that the second player should win as n — co will be

1 1 1 1 1 1
ittt z(m>§-
Problem 69

Find a solution to the system of simultaneous equations
t — 62y +yt =1
4z3y — day? =1,

where x and y are real numbers.
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Idea. The coefficients and the powers of x and y in the equations are
reminiscent of the binomial expansion

(z +y)* = 2t + 423y + 62%% + day® + o2

Solution. One solution is

V2 +V2+V2 2-vV2+V2

LAY S 97/8

If we put z = x + iy, where 32 = —1, we have
2 = 2t 423 (iy) + 622 (iy)? + da(iy)® + (iy)?
= (2% — 62%y* + y*) + (423y — day?) i

Hence, the two given equations are equivalent to the one equation z* = 1+
in the complex unknown z. Now write z and 1 + ¢ in polar form:

z=r(cosf +isinb), 14+i=+2 (cos(m/4) + isin(m/4)).

Using the formula (cos+isin §)™ = cosnf+i sinnf (de Moivre’s theorem),
our equation becomes

74 (cos 40 + isin460) = V2 (cos(m/4) + isin(n/4)).

We get a solution by taking 7 = v/v/2, 40 = /4, or equivalently, r = /2,
0 = /16, and therefore x = /2 cos(r/16), y = /2 sin(7/16). Using half-
angle formulas, this solution can be written as shown above.

Comments. There are exactly three other solutions, obtained by taking

40 = /4 + 2, 40 = w/4 + 4, 40 = /4 + 67.

For a more elementary (but laborious) approach, rewrite the equations
as
(22— 2)? —dat? =1,
dry(x® —y*) = 1.
Then let zy = u, 22 —y? = v, so the system becomes v? —4u? = 1, duv = 1.

Although this reduces to a quadratic equation in u?, considerable computa-
tion is needed to eventually recover x and y.
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Problem 70

Show that if p(x) is a polynomial of odd degree greater than 1, then through
any point P in the plane, there will be at least one tangent line to the curve
y = p(x). Is this still true if p(x) is of even degree?

Solution. If y = p(x), where p(x) is a polynomial of odd degree d > 1,
then P = (a,b) is on some tangent to the curve if and only if the equation

p(x) = b=p'(z)(z - a)

has a real solution. Thus, we are looking for a real root of

zp'(z) — p(x) — ap'(z) + b,

which has degree d (with leading coefficient (d — 1) times the leading coeffi-
cient of p(x)). Since, by the Intermediate Value Theorem, any real polyno-
mial of odd degree has a real root, there is a real zy for which the tangent
to y = p(z) at (xo, p(x0)) passes through P = (a,b).

The result does not hold for polynomials of even degree. For instance,
since y = 2 is concave up, no tangent line can pass through any point above
this parabola.

Comment. For any polynomial p(z) of even degree, one can find points in
the plane through which no tangent line to y = p(x) passes. In fact, any
point “inside” the curve which is sufficiently far from the z-axis will do. To
show this, use the concavity of the curve for |z| large and the boundedness
of p'(x) on a finite interval.

Problem 71

For each positive integer n, let N(n) = {g-‘ + {%-‘ + {g-‘ +- 4 {2%-‘,
where k is the unique integer such that 2¥=! < n < 2% and [z] denotes
the smallest integer greater than or equal to xz. For which numbers n is

N(n)=n?

Answer. N(n) = n if and only if the binary expansion of n consists of a
string of 1’s followed by a string of 0’s (the string of 0’s might be empty), or
equivalently, if and only if n = 2% — 2¢ for some k, ¢, k > £.
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Solution. Note that N(2n) = n + N(n), so N(2n) = 2n if and only if
N(n) =n. Thus it’s enough to consider the case of odd n.
If n =2% — 1, then

n n n
v = 5|+ 3] -+ | ]
ntl ntl L 1 s divisible by 2,4, ..., 2F)
= n 1 1V1S1
2 4 2k y Yy =y )
Iy (n+1)@2F-1) (n+1l)n
= n(1-5) = 2F T a1 "

On the other hand, if 2°=! < n < 2¥ — 1 and n is odd, then

N(n)[gh[gh...ﬁﬁ

>n+1+n+1+ +n+1+n+3
- 2 4 2k—1 2k

:(n+1)(1 1)+£

S 2k) T ok
n+1 2
=n—+1-— oF +2_k
2
>n+2—k because n + 1 < 2F
> n.

Problem 72

Call a convex pentagon “parallel” if each diagonal is parallel to the side with
which it does not have a vertex in common. That is, ABCDFE is parallel
if the diagonal AC is parallel to the side DE and similarly for the other
four diagonals. It is easy to see that a regular pentagon is parallel, but is a
parallel pentagon necessarily regular?

Answer. No, a parallel pentagon need not be a regular pentagon.

Solution 1. A one-to-one linear transformation of the plane onto itself
takes parallel lines to parallel lines. So, start with a regular pentagon, say

with vertices
cos (2km/5)
Vi (sin(2k7r/5) ’ k=0,1,2,3,4,
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and now simply change the scale on the x- and y-axes. For example, take
the specific linear transformation A = (g (1)) This stretches the x-coordinate
by a factor of 2 and leaves the y-coordinate unchanged. The resulting figure

is a non-regular parallel pentagon.

Solution 2. Another way to construct a non-regular parallel pentagon is
as follows: Start with a square ABXF, say of side 1. Extend EX by x units
to C' and BX by z units to D, where z > 0 will be determined later. We
will choose x so that ABC'DFE is a parallel pentagon; obviously it will be
non-regular.

Regardless of the value of z > 0, EC || AB and BD | AE. Also,
since DX = (CX =z, DXC and BXE are both isosceles right triangles, so
BE || CD. This leaves us to choose z (if possible) so that AC' || DE and
AD || BE. By symmetry about AX, it is enough to find x so that AC' || DE.
For this, it is sufficient to choose x so that triangles DEX and ACE are
similar, or equivalently, so that the ratios of corresponding legs of the right
triangles are equal to each other. Thus, we want

¢ DX AE 1

1 EX CE 1+
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This holds, for # > 0, when z = (—1++/5)/2, and thus our construction can
be carried out.

Problem 73

Given a permutation of the integers 1,2, ..., n, define the total fluctuation
of that permutation to be the sum of all the differences between successive
numbers along the permutation, where all differences are counted positively.
What is the greatest possible total fluctuation, as a function of n, for per-
mutations of 1,2,...,n?

Answer. The maximum total fluctuation is %nz — 1 if n is even and
2(n? — 3) if n is odd (except 0 if n = 1).

Solution 1. Let’s experiment with trying to construct a permutation with
maximal total fluctuation. One idea is to work from the middle outward,
making adjacent differences as large as possible. Here are some possibilities
for the first few cases.

2 1 2 3
~— ~—
1 1 2
3 1 2 3 5 2
~— =~~~ ~ M~ =~
2 3 2 1 3 4
3 ) 6 2 ) 2 7 6 3
N N N N R e N N
2 4 5 4 2 1 3 5 6 5 3
4 6 2 8 5
~ T T = =
2 4 6 7 6 4 2

5 6 3 8 1 9 2 7 4
N e e N N N N
1 3 5 7 8 7 5 3
Now these may not have maximal fluctation; for example, in the last instance

if we exchange 6 and 9, or 1 and 3, we obtain

5) 9 3 8 1 6 2 7 4
R N R N N N N
4 6 5 7 5 4 5 3

5 6 1 8 3 9 2 7 4
S I e T S
1 5 7 5 6 7 5 3

which have the same fluctuation (= 39) but don’t have the unimodal pattern
of differences (with the greater differences in the middle). This suggests that
some other arrangement might have greater total fluctuation.
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One feature common to these examples is that the sequence of “rises” and
“falls” alternates. It seems reasonable to expect that this will be the case for
a mazximal permutation (that is, one with maximal total fluctuation). So,
let’s assume that a0y, .0 is a maximal permutation with two rises or
two falls in a row, and suppose this happens for the first time (counting from
the left) at Q5O We may suppose that a, <a. . <a,, because
if they were falls we could replace our permutation with its complement,
bl,bQ, .. .,bn where bl, =n+l-a, which has the same total fluctuation
but where falls are replaced with rises and vice versa. If i + 2 = n then
switching a and @y definitely increases the total fluctuation, contrary
to our assumption about having a maximal permutation. So ¢ +2 < n. We
want to keep track of what happens to the total fluctuation when we switch

a. . and o and for this we have to consider o There are three cases.

1+1
Case 1. a, < a, 41 <, <a . Switching a, " and a, 4o clearly increases

the fluctuation, contradicting that we had a maximal permutation.

Case 2. a. <a. . <a . <a. .. The contribution to the total fluctuation
1 i+1 i+3 i+2

from Gy @00, G 8OES from

(a¢+1 o ai) + (a¢+2 o ai+1) + (a¢+2 - a¢+3)
to

(ai+2 B ai) + (ai+2 h ai—i—l) + (ai+3 h ai—i—l)’
an increase of 2(ai+3 - aH_l) > 0, contradiction.

Case 3. a, < a, a1 <a ,- Here the contribution changes from

i+2’ CLi+3 < ai+
(ai+1 - ai) + (ai+2 - ai+1) + (ai+2 - ai+3)

to

(a7:+2 - ai) + (a7:+2 - ai-{—l) + (a7:+1 - ai+3)’

which is in fact no change, meaning that after the switch we will still have a
maximal permutation and this new permutation will not have two rises (or
falls) in a row until later (if at all). So whereas there might be a maximal
permutation with two consecutive rises or falls, by repeating this process we
will eventually find a maximal permutation whose rises and falls alternate.
Moreover, by replacing a permutation with its complement if necessary, we
may assume that our maximal permutation begins with a rise.

Looking at our examples that begin with a rise, we notice that for even

1

n, the odd-numbered terms are the numbers 1,2,3,...,5n in some order,
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and that for odd n, they are the numbers 1,2, ..., %(n + 1) in some order.
We claim that this will always be the case for a maximal permutation of

,a is a maximal

the kind we’re considering. Specifically, suppose Qs
> ay,a, < a,a, > a, etc., and suppose

permutation and that a, < aya, 400y

that a, > a; for some ¢ odd and j even. Then, if we interchanged a, and
a ., the total fluctuation would increase (because a, is less than its neighbors
and its replacement a; is even less, and at the same time, a; is more than its
neighbors and its replacement a, would be even more), contradiction. This
establishes the claim.

We are now ready to calculate the total fluctuation of a maximal permuta-
tion a, Gy, .0 . As we’ve seen we may assume that the permutation starts
with a rise, that the rises and falls alternate, and that the odd-numbered
terms are 1,2, ..., %n in some order for even n and 1,2, ..., %(n+ 1) for odd
n.

Case 1. n even. The total fluctuation 7' is

T=(a,—a)+(a,—a)+(a,—a)+(a,—a)+ +(a —a

—2a, —2a,—---—2a

=2ay+2a,+--+2a, _,+a —a 5 n—1

1
=2(a,+ta,++a)—a —2(a ta,+-+a |)+a

= 2((%n+1) +(En+2) 4+ (Gn+ n)) —a —2(1+42+-- -+ 3n)+a

1
2
:2(%n+%n+~~~+%n)—an+al:%nQ—anJral.

To get a maximal permutation we should take a = %n + 1 and a, = %n,
and this yields

T=1in"—(3n+1)+4in=1n? -1

Case 2. n odd. In this case
T=(ay,~a)+(a,=a)+-+(a,_ ~a)

=2ay+a,+-t+a, ) —a —2Aa;tag+ota, o) an

=2(a,+a,+--+a )—2(a t+a,+--+a)+a +a
:2(%(n+3)+---+n> —2<1+2+~--+%(n+1)>+a1+an
:2(1+2+---+n)—4<1+2+---+%(n+1)>+a1+an

=n(n+1)—3(n+ D(n+3)+a, +a.
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For a maximal permutation we must make a, +a as large as possible, so

a, and a  should be 2(n—1), 1(n+ 1) in some order. This yields

T=n+n—3n2-2n—-3+in—-1)+in+1)=1i(n?-3).

Solution 2. (Robert Boucher, Mathcamp student, 2006) Let M = "TH
be the average of the integers 1,2,...,n, and let a0y, ..., 0, be any per-
mutation of those integers. Then the total fluctuation of that permutation

1S

n—1 n—1
Z |ai+1 7ai| - Z |ai+1 7M+M7ai|
i=1 i=1
n—1
> (Ja,, = M|+ M —a)
i=1
n—1

S (1M = a,,|+]M-a)

=1

IN

= ’Mfaly +2’M7a2| +~~~+2|Mfan71| + |Mfan|

:f’Mfalyf’Mfan’+2Z’Mfai’

=1

n
=—|M—a|-|M—a|+2> |M—i,
i=1
because the ’M fai’ are just the ’M fi’ in some other order. The inequality

above is strict if the integers a,,a,  are ever on the same side of M (both

larger than M or both smaller than+J1\4 ); if this never happens, the inequality
is an equality. Note that 2y 7" | ‘M — z‘ is independent of the permutation.
Thus to make the total fluctuation as large as possible, if we can we should
both choose the a, on alternating sides of M (to get equality; this can be
done since there is an equal number of the integers 1,2, ..., n to either side
of M) and choose ’M — a1’ + ’M — an’ to be as small as possible.

If nis odd, M is an integer, and ’Mfa1 ’ + ’Mfan’ is as small as possible
Mfal‘Jr‘Mfan‘
a =M+ 1 (or vice versa). In either

fora = M,a = M+1 (and similar cases). If n is even,

1
-1

case, the minimal value of |M — a1| + |M — an| is 1 and can be achieved with
the a, on alternating sides of M, so the greatest possible total fluctuation is

n
142> M —i|.
i=1

is as small as possible for a =M
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If n is odd,

(n—1)/2

—1+2Z\M—z\:—1+4 Z ("“ >

whereas if n is even,

n/2

—1+2Z|M—Z| _—1+4Z<”+1 >

Problem 74

Find the sum of the infinite series
f: LI S S
— on2—n 6 15 28

Answer. The series sums to 2 In 2.

Solution 1. We begin with the partial fraction decomposition
1 2 1 2 2

m2—-n 2n—1 n 2n—1 2n

Thus,

o0

1 1 1 1
22n2—n Z(?nl 2n> 2<1_ §Z+>

n=1 =1

The last step is legitimate because the alternating series on the right is
convergent. We now recall the well-known Taylor series expansion

o0

(1 +2) = (-1 L

n=1
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which is valid for —1 < < 1. In particular, setting x = 1 yields

oo

1
Y g =22

n=1

Solution 2. We express the series as a definite integral we can evaluate.
Observing that
1 1 1
mZ—n 2n—1 n’

we have

— 1 N
221271271215/0:6 dx.

At this point we would like to switch summation and integration. However,
we cannot be too cavalier, because >, #2" 72 /n diverges for z = 1, making
the resulting integral improper. To avoid this difficulty, we can argue as
follows.

By the continuity of a power series on its interval of convergence (Abel’s
Limit Theorem),

> p2n—1 & 1

bliqlle2n2—n:zl2n2—n’

and therefore

_ 2n—2 I I
ZZnQ—n _bl—lf{l—z / dx_bl_lgl—

n=1

Now, from the Taylor series for In (1 4 x), we see that

x  2n—2

Zx :%i%:—%ﬂ), 0<z<l,

n=1

and so we have

o) b 2 1 2
Z 1 lim CIn(l—= )d:c:/ ~In(l-= )d:c.
0

2 —n  bv—1-J x? x?

n=1

An integration by parts followed by a partial fraction decomposition yields

/7111(133721)456:w—ln(l—mﬁrln(“ﬂ)*C

_ (I1-2)In(1 —x) +(1+x)ln(l+:c) L
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The well-known limits

lim clnec=0 and lim In(l+¢) =1
c—0t c—0 C
(provable using ’Hopital’s rule) imply
oo 1 _ _
Z — lim (1-0)In(1-10) n (I14+0)In(1+d)
2n%2 —n  b—1- b b

n=1

- i [Amelbto0), (raingse)

= (0+2In2) — (-1+1)=21n2.

Comment. The second solution is more difficult, but it illustrates a useful
method.

Problem 75

Can one get any integer that is not itself a cube by adding and/or subtracting
distinct cubes of integers?

Solution 1. Yes. To see why, consider four successive cubes n?, (n + 1)3,

(n+2)3, (n+ 3)3 and the differences
(n+3)°—(n+2°>=3n+2)2+3n+2)+1,

(n+1)%—n3=3n%+3n+1.

Subtract the second from the first to get
(n+3)°—(n+2)3—(n+1)>+n*=12n+18.

We can replace n by n + 3 to get

(n+6)>—n+5°-n+4>+n+3)>=12(n+3)+18
and then subtract the previous equation from this one to get
n+6)>—n+5°-m+4>*+n+2>+n+1)7°-n*>=36. (¥

This is true for any n. Now suppose we can write every positive integer up
to and including 18 as a sum/difference of distinct cubes, and consider an
arbitrary integer. Write this integer in the form 36q 4 r with —18 < r < 18,
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write 36 as 36 + 36 + - - - + 36 (¢ times), and then apply (x) repeatedly (g
times), with a different n for each term 36 and with each n larger than the
ones used for r and at least 6 greater than the previous one so no repetition
of cubes occurs. Then we will have 36g + r in terms of distinct cubes and
we will be done.

It remains to show that every positive integer through 18 can be written
as a sum/difference of distinct cubes. We start with

1=1%
2="7%-6%-5%
7=2%-13

8 =23,
9=2%+15,

18 =33 — 23 — 13,

Adding, subtracting, and multiplying these expressions yields

3=2+4+1=7%—-6%—-5%4+13,
4=28-24=33+13-23.3

=33 4+ 1% — 143 4123 + 103 — 25,
5=23-3=23—-7346%4+5%— 13,
6=2%—-2=2%_-7346%+5%
10=2%3+2=2347—63 - 53,
11=234+3=2347-63-53+13,
12 =28 —23.2=23% 413 — 143 4123 + 103,
13=2-7—13=14% — 123 —10% — 7> 4+ 63 + 53 — 13,
14=2-7=14%—12% — 10 — 7 + 6% + 55,
15=2-74+13=143 —123 —10%> — 73 + 6% + 53 + 13,
16 =23 -2 =143 — 123 — 102,
17=3%—-10=3% — 23 — 7% 4+ 63 4 55,

Eugene Luks, University of Oregon, used a similar approach, considering
polynomials of the form

for any k, with distinct integers a ;.. S The idea is to find two such
polynomials f g f2 that differ by a constant c¢, for then we can express any
multiple of ¢ as a sum/difference of arbitrarily large cubes (as above). It is

not hard to show that ¢ must be divisible by 6; with the help of Mathematica,
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¢ = 6 is attainable, for example with
fi(@) =2+ (2 +6)° + (¢ +12)° + (z + 16)° + (z +20)°
= 5% + 16222 + 25082 + 14040,

f@) = (@ +1)°+ (z+4)° + (& +13)° + (z + 17)° + (¢ + 19)
= 52° + 16222 + 2508z + 14034.

Hence, following the idea above, it suffices to find specific expressions for
just 1,2, 3.

Solution 2. Suppose we are able to represent each of the numbers —3, —2,
—1,1,2,3,4 as a sum/difference of cubes of distinct odd integers. Then we
can use those numbers as “octal digits”, as follows. For any integer n, write
n as

n= Skak + sk—lak + -+ 8a, +a, a, € {0,+1,+2,+3,4}.

-1

Substituting the representation for each a, and distributing the 8 = (2')?,
we get an expression for n as a sum/difference of distinct cubes.

It’s enough to find representations for 2,3, and 4. To do this, calculate
the cubes of the first 25 or so odd integers, 1,3,5,...,51, and look for pairs
of disjoint subsets of these cubes whose elements add to approximately the
same number, and take their difference. By combining numbers obtained in
this way, we are able to find the desired representations. Specifically,

2 =172 +15% + 9% 4 73) — 21%] — [(5%) — (3% + 1)] = 99 — 97,
3 =7 — (5% +13)] — [(473 4 43% 4 413) — (513 + 453 4 25° 4 213 + 15%))

=217 — 214,
4 =[7% = 5% — [(47% +43% +-41%) — (51° +45° 4+-25° + 217 + 15%)]
=218 — 214.
Problem 76
For any vector v = (z1,...,%,) in R™ and any permutation o of 1,2,...,n,

define o(v) = (z5(1), ..., To(n)). Now fix v andlet V be the span of
{o(v) | o is a permutation of 1,2,...,n}. What are the possibilities for the
dimension of V7
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Solution. The possibilities for dimV are 0, 1, n — 1, and n.
To see this, first consider the case when all coordinates of v are equal:
v =1(z,2,...,2). Then o(v) = v for every permutation o, so V is just the
span of v, which has dimension 0 or 1 according to whether v is O or not.
Now suppose not all coordinates of v are equal; let x and y, with « # v,
be among the coordinates of v. Then we can find permutations o; and o9
such that o1(v) = (z,y,as,...,a,) and o2(v) = (y,z,as, ..., a,) for some
as, . ..,an, € R. Therefore,
1
y—x
isin V. That is, e —e; € V, where e4, es, ..., e, is the standard basis for
R™. Similarly, es —ey,...,e, —ej are all in V. It is easy to see that the
vectors e;—eq,e3—erq, ..., e,—e; are linearly independent, so dimV > n—1.
Finally, we can write

(o1(v) = 02(v)) = (-1,1,0,...,0)

V ==I1€e] + x2€2 + -+ Tp€en
=(x14+z2+ -+ zp)er +x2(ex—e1)+ -+ (e, —e1). (%)

This shows that if 1 +22+---+x, = 0, then v isin the span of
e —eq,...,e, —er; similarly, each o(v) will be in this span, so V' will equal
this span and dimV = n — 1. On the other hand, if 1 + x5 + - -+ + z,, # 0,
then (x) shows that e; € V and thus also es,...,e, € V, so V = R" and
dimV = n.

Problem 77

Say a positive integer n is suitable if there is a way to write the set {1,2,...,n}
as the union of sets S and T which have no elements in common and such
that the average of all the elements of S is an element of T and vice versa.
Show that, with one exception, composite numbers are suitable and prime
numbers are not suitable.

Solution. We’ll make repeated use of the fact that the sum of a finite
arithmetic series is equal to the product of the number of terms in the series
and the average of the first and last terms.

First we’ll show that all positive even integers are suitable except for
n =2 and n = 6. It is obvious that 2 is not suitable. Suppose that n = 6 is
suitable and let S and T" be two disjoint sets each of whose averages belongs
to the other. Clearly the sets S and T have at least two elements each, so
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suppose that one of the sets, say S, has exactly two elements. Those two
elements would have to have the same parity, else their average would not
be an integer. If both elements are even, then T consists of one even and
three odd numbers; if both elements are odd, then T consists of one odd and
three even numbers. Either way, the sum of the four elements of T" is odd, so
the average of the numbers in T is not an integer, contradiction. Therefore
S and T each have exactly three elements. Consider the set which contains
the number 3, say 3 € S. Then 6 ¢ S, because otherwise the sum of the
three numbers in S would not be divisible by 3. For the same reason, S must
consist of one of 1,2,3; 1,3,5; 2,3,4; 3,4,5 (for all other combinations, the
average is not an integer). But in each of these cases, the average of the three
integers in S is itself in S, contradiction. Therefore n = 6 is not suitable.
Now suppose that n is divisible by 4, say n = 4k. Then take

S={1,3,5 ..., 4k—1} and T =1{2, 4,6, ... 4k}.

The average of the elements of S is (% 2k - 4k)/(2k) = 2k, which is in T,

while the average of the elements of T"is 2k +1 (each element of T'is 1 larger
than the corresponding element of S), which is in S.

Now suppose that n is even but not divisible by 4, say n = 4k + 2, with
k > 2. Then take

S={k, k+1, ... ,2k—2, 2k, 2k +1, 2k+5, 2k +6, ... ,3k+ 4}

k—1 integers k integers

and let T be the complementary set. The sum of the integers in S (broken
into three subsets as shown in the display) is

1k —1)(3k —2) + (4k + 1) + k(5k + 9)
= 3 (3k* — 5k + 2 + 8k + 2 + 5k* + 9k)
= 4k* + 6k + 2 = (2k + 1)(2k + 2),

so the average is 2k + 2, which is in 7. The sum of the elements of T is the
sum of 1,2,...,4k 4+ 2 minus the sum of the elements of S, which gives

2(4k+2)(4k+3) — (2k +1)(2k +2) = (2k+ 1)(4k + 3 — 2k —2) = (2k +1)2,
so the average of the elements of T is 2k + 1, which is in S.

Next we will show that odd composite numbers are suitable (solution
by Christie Chiu, Mathcamp student, 2007). Let n be an odd compos-
ite integer, and let p be the smallest prime factor of n. Let S be the set
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{1,2,...,p—1, %ﬂ}, and let T be the complementary set. The average of
the integers in S is

1 n+ 1 -1 n
—1+24+--+(p-—-1)+ Py _ 2 ZM+_+£
p 2 p 2 2

p—1
2

SNL
2p

which is an integer because p and n/p are odd integers. Also,

1 Jrn >1(+)7 and 1 Jrn <1( )=
21’ » _2p p)=p p » 21’ = )

SO %(p + %) cannot be in S. Therefore, the average of the integers in .S
must be in T'.

On the other hand, the average of the integers in 7" is

n—+
(p+(p+1)+m+n 2p)

n—p

n+p> _n+p

1 /1
= Z(n— 1 _
np<2(n p+1)(n+p) 5 5

which is in S, and we are done.

Alternatively, consider a number of the form n = km where k and m are
odd, 3 < k < m. Let Sy consist of the middle k¥ numbers of {1,2, ..., km};
that is,

So={M—d,...,M,....,M+d},

where M = (km+1)/2 and d = (k—1)/2.
By symmetry, both Sy and the k(m—1) numbers in its complement average
to M. We adjust Sy slightly to achieve our goal. Let s = (m—1)/2 and define

S = (So —{M, M + 1}) U{M + sk, M + sk + 1}, (see figure)

and take T' to be the complement of S. (Note that sk +1 = (251 )k+1 =
mk+1 _ k-1 _ M*d)
2 2 '
So

4 1 e gc e ( o
0 k AN Qs-&jl)k (m—\1V\n{k

M M+1 M+ks M+ks+1
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We have replaced two numbers in Sy with numbers from its complement,
increasing each by ks, so the average of the numbers in S is

M +2ks/k = M + (m—1),

which lies in T because
-1 k —1
= <M+(mfl)<M+%

Also, the average of the elements of T is M — 2ks/(km — k) = M — 1, which
isin S.

= M +ks.

—1
M+d:M+kT < M+

Finally, we show that prime numbers are not suitable. Suppose an odd
prime p is suitable. Let a and b denote the averages of the elements of S
and T, respectively. Because S and T are disjoint sets, a # b, so suppose,
say, that a < b, and set ¢ = b — a. Then if we add all the elements of S
and all the elements of T together, we get |S|a + |T]b (where | 5] den(()tes t};e

plp+1

number of elements of S, etc.) and we also get 1 +2+ ...+ p = —

In particular,

@AY _ (ot 21b = |Sla -+ [TI(a-+ &) = (1] + |T1)a + [Tle = pa + Tle

is divisible by p. But then |T]c is divisible by the prime p. Because both |T]
and c are positive integers less than p, this is impossible.

Problem 78

Suppose three circles, each of radius 1, go through the same point in the
plane. Let A be the set of points which lie inside at least two of the circles.
What is the smallest area A can have?

Solution. The smallest area is m — %\/5

Let C1, Cy, Cs be the circles, let O1, O2, O3 be their centers, and let P be
their common point. Let A;, A, Az be the sets of points inside both Cs and
C3, inside both C; and (s, and inside both C7 and Cs, respectively, so that A
is the (not necessarily disjoint) union of A;, As and As. Note that the three
centers of the circles all have distance 1 to P and therefore lie on a fourth
circle with center at P. We may assume that Os follows O; as one moves
counterclockwise around this circle. Let «, 3, 7 be the counterclockwise
angles O3 POs, O3P0;, O1 PO, respectively. Then o+ 8+ v = 27, and we
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may assume « > 3, a > . There are then two cases, as illustrated in the
following pair of figures.

Case 1. a <.

Case 2. o > .

In Case 1, there is no overlap between the regions Ay, Az, As, so the
area of A is the sum of the areas of A1, Az, and As. In Case 2, on the other
hand, A; is the intersection of As and As, so the area of A equals the sum
of the areas of As and A3 minus the area of A;.

To find the areas of the individual A;, it is enough to find how the area
of Ay depends on (. By symmetry, the result of this computation will
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immediately give us all the other areas, since the region A; in Case 2 (for
the angle o > ) is congruent to the region A; in Case 1 for the angle 27 — .

N
v
B3

B<m/3 pzn/3

The area of A is twice the area of the shaded region shown in the preced-
ing figure. That region is obtained by removing triangle O; PQ from circular
sector O1PQ, where @ is the second intersection point of Cy and C3. Now
the area of the circular sector O1PQ is (w — (3)/2 and the area of triangle
01 PQ is

1. 1 .
53111(#75) = 581116'

Thus, the area of the shaded region is (m — 3 — sin 3)/2 and the area of As
isT— [0 —sing.

Combining the areas as indicated above, we find that in both cases, the
area we wish to minimize is

T —sina —sin  — sin~y, a,B,v>0, a+p+y=2m.

Suppose the angles are not all equal. Then « > 27/3 and at least one of
0 and ~ is less than 27/3. Suppose 8 < 27/3. Now fix v and note that

sina + sin 8 = 2 sin (a—;,@) cos <a2ﬂ>

= 2 sin <7rf %) cos <a2;6> .

Since 0 < v < 27, sin(m — 3) > 0. Now steadily decrease o and increase
0, in such a way that their sum remains constant, until one or the other is
equal to 27w/3. As the difference o — (8 decreases, the value of sin o + sin 8
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increases, so the area decreases. Thus we can assume that one of the angles
is equal to 27/3. Suppose 5 = 27 /3 (the other case is similar). Then

sina +siny = 2 sin (7r - g) cos (%) = /3 cos (0[2;7> .

This sum is maximized when cos(“5%) = 1, or equivalently, when

a=~vy=27/3,

as well. Thus, under the given constraints, sin o+ sin 4 sin « is maximized,
and the area of A is minimized, when «, 3, v all equal 27/3, and the minimal
area is m — 3sin(27/3) = 7 — 3V/3.

Comments. As we have seen, the problem reduces to that of finding the
maximum value of

sin o + sin 3 + sin 7y, a,B,v>0, a+ F+~y=2m.

The following figure shows how this can be reformulated geometrically as:
Given a circle of radius 1, find the maximum area of an inscribed triangle.
It is known that the area of such a triangle is maximized when the triangle
is equilateral, that is, when a = 8 = v = 27/3. On the other hand, the
problem can also be solved using Lagrange multipliers.

Problem 79

Do there exist two different positive integers (written as usual in base 10)
with an equal number of digits so that the square of each of the integers
starts with the other? If two such integers exist, give an example; if not,
show why not.
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Answer. Yes, two such integers exist; one is the pair 2154435, 4641590, for
which 21544352 = 4641590169225 and 46415902 = 21544357728100.

Solution. Even using technology, a search by trial and error alone would
be quite laborious; here is a good way to get started. Suppose the integers
are a and b with a < b. If a and b have n + 1 digits, then

10" <a<b< 10"t
and consequently,
10°" < a® < b® < 10*"+2,

Thus a? and b? have either 2n + 1 or 2n + 2 digits.
Because a? < b- 10" yet a? starts with b, a® has only 2n + 1 digits.
Also, using again that a? starts with b,

(a4+1)-10" <b-10" < a® < b?,
yet b? starts with a, so b? has 2n + 2 digits. It follows that
b-10" <a?> < (b4+1)-10"  and  a 10" <b? < (a+1)- 10"

One way to think about this is that we have reasonable approximations
a® =~ b-10" and b? ~ a-10"*!. Combining these approximations, we have
at = (a?)? = (b10™)? = b>10*" ~ ¢10" 110", so that a® ~ 103" and a ~
10™-+/10. So good candidates for the number a are integer approximations
to 10™-+/10 (which is indeed between 10" and 10"*!, as required). Now

/10 = 2.15443469. .. and the approximation 2154435 to 106- /10 turns out
to be good enough.

Problem 80
How many real solutions does the equation /= — ¥z = /x — /= have?
Answer. There are three solutions to the given equation.

Solution 1. We wish to find the number of solutions of

VE - 3 Y+ =0
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210

Letting x =y, it is enough to determine the number of nonnegative roots

of

y105 _ y70 _ y42 4 yBO’

which factors as

y?’o(y—l)[y40(y34+y33+--~+y+1)—(y“+y10+~-~+y+1)].

If we let

p) =y (" + v+t y+1) = T Y Y 1),

then p(0) = —1, while p(1) = 23. Thus, by the Intermediate Value Theorem,
there must be a root of p(y) between 0 and 1. On the other hand, the
coefficients of p(y) change sign exactly once, hence, by Descartes’ rule of
signs, p(y) can have at most one positive root. Therefore, there are three
values of x, namely 0, 1, and some number between 0 and 1, which solve the
given equation.

Solution 2. Let

which has domain z > 0. By inspection, f(0) = f(1) = 0. Differentiating f,
we obtain

Fz) = oo —aps 1 o3 . 112

7 5 3 2
In particular, f/(1) = 23/210 > 0, hence f(z) < 0 for z less than 1 and
sufficiently close to 1. Since

: 6/7 ¢/ 1
lim 29Tf (@) = 2,
f'(x) > 0 for sufficiently small positive . For such z, the Mean Value
Theorem implies f(z) = f'(c)x for some ¢, 0 < ¢ < x, hence f(x) > 0. The
continuity of f now implies the existence of a zero of f in the open interval
(0,1).
If we can show that f'(z), or equivalently, 2%/7 f/(2), has at most 2 posi-
tive zeros, then Rolle’s theorem will imply that f(z) has at most 3 nonneg-
ative zeros. We prove the more general result that

n
g(l‘):zajxrj’ L > Ty > e > Ty, aj#O,
j=1



150 PROBLEM 81

can have at most n — 1 positive roots. This is clear for n = 1. Assume the
result for a sum of n — 1 terms. Differentiating =" g(x) yields

n—1

> (rj = ra)aga T

j=1

which has at most n — 2 positive roots by the inductive hypothesis. Rolle’s
theorem implies x7"™ g(z), and therefore also g(x), has at most n—1 positive
roots, proving the generalization.

It follows that f(x) has exactly three zeros.

Problem 81

Suppose you draw n parabolas in the plane. What is the largest number of
regions that the plane may be divided into by those parabolas?

Answer. The maximum number of regions is 2n? — n + 1.

Solution. First of all, for two parabolas we can get 7 regions as shown.

Note that the two parabolas shown intersect in four points. If we started
with the “upward” parabola (which divides the plane into two regions, one
with the numbers 1,6,7 and one with the numbers 2,3,4,5) and we then
draw the second parabola, say counterclockwise so as to go through the
intersection points in order A, B,C, D, then each of the five segments in
which the second parabola is drawn will add one to the original number of
two regions, as follows:

The segment “before” (to the right of A) will divide the “outside” region
2,3,4,5 into 2 and 3,4,5. The segment between A and B will divide the
“inside” region into 1 and 6,7. The segment between B and C' will divide
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the 3,4, 5 region into 5 and 3, 4. The segment between C' and D will separate
6 and 7, and finally, the segment “beyond” D will separate 3 and 4.

Now let F'(n) be the number we are looking for, that is, the largest number
of regions into which the plane can be divided by n parabolas. Suppose we
have already drawn n—1 parabolas and we now draw an nth. Because any
two parabolas can intersect in at most four points, there is a total of at
most 4(n—1) intersection points of the new parabola with the n—1 previous
parabolas. Therefore, when we draw the new parabola it will come in at
most 4(n—1) + 1 = 4n — 3 segments. Because each segment adds 1 to the
count of regions, we end up with at most 4n — 3 + F(n—1) regions. That is,

F(n) <4n—3+ F(n—1).

Thus, from F(1) = 2 we get F(2) < (4-2—-3)+2 = 7, and then
F(3) < (4-3-3)+7 =16, F(4) < (4-4—3)+ 16 = 29, and so forth.
In general,

F(n) < (4n=3) + (4n-1) = 3) + -+ (4:2-3) +2
:4<n—|—(n—1)—|—~~~—|—2>—(3—|—3—|—~~~—|—3)+2

(n—1) terms

n+2

—4.(n1).( )—3(n—1)+2:2n2—n+1.

To show that we can, in fact, get 2n? — n + 1 regions, it will be enough
to show that we can always arrange the n parabolas so any two of them do
in fact intersect in four points and all the intersection points are distinct
from each other, because then tracing the kth parabola will (for £ > 2)
add 4(k—1) + 1 regions, as we've seen. This can be done by arranging
the vertices V1’ V2, V3, ... of the parabolas along a quarter circle, with the
parabolas opening “inward” so that their axes are radii of the circle; the
fact that any two axes meet on the “inside” guarantees four intersection
points for each pair of parabolas, and it’s easy to adjust the “widths” of the
parabolas so no two intersection points coincide.
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Problem 82

A particle starts somewhere in the plane and moves 1 unit in a straight line.
Then it makes a “shallow right turn,’
acute angle o, and moves 1 unit in a straight line in the new direction. Then
it again changes direction by « (to the right) and moves 1 unit, and so forth.
In all, the particle takes 9 steps of 1 unit each, with each direction at an
angle a to the previous direction.

)

abruptly changing direction by an

a. For which value(s) of « does the particle end up exactly at its starting
point?

b. For how many values of the acute angle o does the particle end up at
a point whose (straight-line) distance to the starting point is exactly 1
unit?

Answer. The particle will end up at the starting point after 9 steps if and
only if the acute angle « is either 27/9 or 47/9. The particle will end up
1 unit from the starting point after 9 steps for exactly three different acute
angles a.

Solution 1. (Amy Becker ’11, Carleton College) Let the starting point be
Py, and let Py, P», Ps, ... be the points the particle reaches at the end of the
various steps. Let C be the intersection point of the perpendicular bisectors
of PpP; and PiP,. Then C is an equal distance from Py, P;, and Ps, so
the isosceles triangles PyPyC and P;P>C are congruent, with base angles

+(m — ). But then

/CPyPy = /P, PyPs — /CPyP,
=r—a—-i(r—a)=i(r—0)

also, so triangles P3P,C' and P; P,C are congruent, and therefore Pj5 is the
same distance to C' as Py, P, and P» are.

Py P
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Continuing in this way, we see that all the points Py, Pi, Ps, ... lie on
the same circle centered at C'. Also, the angles ZPyC Py, ZPiCPs, ... at the
center all equal a.

a. To have Py = Py, 9a needs to be a multiple of 27. Given that « is
acute, the possibilities are a« = 27/9 and o = 47/9.

b. Because « is acute, taking four steps is not enough to go around the
circle once, so the circumference of the circle is greater than 4 and hence its
diameter is greater than 4/7, so certainly greater than 1. Therefore, there
are exactly two points on the circle that have distance 1 to Py. For Py to be
one of those points, we must have either Py = Py (and Py = P;) or Pyg = Pp.
Therefore, either 8« or 10ae must be a multiple of 27r. Given that « is acute,
the possibilities are « = 7/4, o = 7/5, and « = 27/5.

Solution 2. We may assume that the starting point is P = (0,0) and
after one step the particle is at P, = (1,0). After two steps (see figure)
the particle is at P, = P+ (cosa, —sin ), and after three steps it is at
P, =P, + (cos 2a, —sin 2a).

Continuing in this way, we see that after 9 steps the particle is at
P = (1+cosa+cos2a+ -+ cos8a, —sina —sin2a —--- —sin8a).

Now, switching to the complex plane and using complex exponentials
(€ = cosf + i sin6),

. 9% si e~ % _1q
_ —ix —2ix . —8iax __
Py=lde e pe®0=——,
where in the last step we have applied the formula for the sum of a finite
geometric series (assuming e~'* # 1; if e7'® = 1, then P, = (n,0) and
moves along the positive z-axis to infinity).
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a. We need to find the acute angles o for which e =1 but e™?* #£ 1,
so €2 =1 but €@ # 1. €% = 1 implies that 9« is a multiple of 27, and so
there are exactly two angles that qualify: « = 27/9, a = 47/9.

e—9ia -1

b. We need to find the acute angles a for which = 1. For

|
this, note that

6—91'04 -1

et — 1

91'04_1 —9i(y_1
=1 (e. > (e > =1 (because |z|* = Zz)

elv —1 emir—1
=l-e—e M l=1—e - 41
< 2—2cos9a =2 —2cos«

1—cos9a 1 —cosa AL . 9
— 5 = 5 < sin 7 :sm(

<= sin (97(1) = +sin (%) .

Now the graph of sin (970‘) has amplitude 1, period 47/9, and goes through
the origin, while the graphs of +sin (%) have amplitude 1, period 47, and
go through the origin. The graphs make it clear that there are exactly three
values of a between 0 and 7/2 for which sin (%) = +sin (%) (that is, for
which the straight-line distance from starting point to end point is exactly

2)

N |

one unit).

o

*)

y:sin(

ol

y:sin( z )

wla +

In fact, those values of o are 7/5, 7/4, and 27 /5. (See Solution 1 for a
systematic way to find them.)
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Problem 83

Let A # 0 and By, B, Bs, By be 2 X 2 matrices (with real entries) such that
det(A + B;) = det A 4 det B; fori=1,2,3,4.
Show that there exist real numbers ki, ko, k3, k4, not all zero, such that

k1By + koBs 4+ k3Bs + k4By = 0.

Solution. Let

A:(a b) and Bl:(““ x) i=1,2,3,4.
c d Yi %

If det(A + B;) = det A + det B;, then

dw; — cx; —by; +az; = 0.

Because A # 0, the solution space to dw —cz —by+az = 0 is a 3-dimensional
vector space. Since any four vectors in a 3-dimensional space are linearly
dependent, there must exist ki, k2, k3, k4, not all 0, for which

k‘lBl + k‘QBQ + k‘ng + k‘4B4 =0.

Comment. The “obvious” analog of this statement for nine 3 x 3 matrices
Bl, ey Bg is false.

Problem 84

Let ¢ be a continuous function defined on the positive real numbers. Define
a sequence (f ) of functions as follows. Let f (z) = 1, and for n > 0 and
x>0, let

an(x) = /11 [ (t)g(t)dt.

Suppose that for all z > 0, Z fn(sc) = z. Find the function g.

n=0

Answer. The function g is defined by g(z) =1, z > 0.
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Solution. By the Fundamental Theorem of Calculus,

£@ =2 [ g a0 =1 [ g i = gta).

1
Also, note that f (1) :/ g(t)dt = 0. Then
1

@ = [ noswa- [ non w3 (n0)

Next,

r 1 2 1 3171 3
fe) = [ fwama= [ 5 (n0) 1w =g (o) | =5 ()"
1 n
and continuing in this way we see that f () = ot (fl (:c)) for all positive
n n!
integers n. This also holds for n = 0, because fo (z) = 1. Therefore,

z= i f ()= i % (f1<x>)” =@,

so we have

Problem 85

Let r and s be specific positive integers. Let F' be a function from the set
of all positive integers to itself with the following properties:
(i) F is one-to-one and onto;
(ii) For every positive integer n, either F'(n) =n+r or F(n) =n — s.
a. Show that there exists a positive integer k such that the k-fold composi-
tion of F' with itself is the identity function.

b. Find the smallest such positive integer k.

Answer. The smallest positive integer k such that F(¥)(n) = F(n) for all
r+s

ositive integers n is k= —————.
positive 11 grbn gcd(’r,s)
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Solution. a. First note that for any integer n with 1 <n < s, n —s is not
positive, so for those integers n, we must have F(n) = n + r. On the other
hand, F is onto, so there is an integer n with F(n) = 1 and for this n we
must have F'(n) =n — s = 1 which means n = s + 1; that is, F(s+ 1) = 1.
Similarly, Fi(s +2) = 2, ..., F(s+r) = r, and we now know exactly what
F(n) is for each integer n in the interval [1,r+s]:

F(n) = n+r forl<n<s,
n = n—s fors+1<n<r+s;

in particular, note that F' actually maps the interval (of integers) [1,r+s]
onto itself.

Once we know this, we can use similar arguments to see that F' must
map each of the intervals [r+s+1, 2(r+s)], [2(r+s) + 1,3(r+s)], ... to itself.
For example, for r+s+1 < n < r+2s, n—s is in the interval [r+1,r+ 3]
which is already “taken”, so F(n) cannot equal n—s and must equal n+r.
Continuing in this way, we see that

F(n) = n+r forr+s+1 <n <r+42s,
T An—s for r+2s+1 < n < 2(r+s),

and, proceeding by induction, that F' acts in the same way on each of the
intervals [1,r+s], [r+s+1,2(r+s)],... , [i(r+s)+1, (i+1)(r+s)],... :

F(n) = {

Because F' maps each of these intervals to itself, the same will be true for
the k-fold composition of F' with itself. Also, because F' gives a permutation
of the finite set {1,2,...,r+s} of integers in the first interval, there is some
finite positive integer k£ such that the k-fold composition of F' with itself
is the identity. And once the k-fold composition of F' with itself is the
identity on {1,2,...,7+s}, the same will be true for all the other intervals
[i(r4s)+1, (i+1)(r+s)], and we're done.

n+r fori(r+s)+1 <n <ir+(i+1)s,
n—s forir+(i+1)s+1 <n < (i+1)(r+s).

b. As we've seen, it is enough to look at what happens to the integers in
the interval [1,r+s]. If we apply F repeatedly to such an integer m, it will
go up a number of times, say u times, and down a number of times, say d
times, before returning to m, so ur = ds. Now there are exactly s integers in
[1, 7+s] that go up when we apply F' and exactly r that go down. Therefore,
u<sandd<r.

Let g = ged(r, s). Then at each step the integer must go up or down
by a multiple of g, so there are at most (r+s)/g integers that can be in
the cycle for m. On the other hand, ur = ds implies that u(r/g) = d(s/g),
and because r/g and s/g are relatively prime, u is divisible by s/g and d is
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divisible by r/g. Since u and d are positive, u+d > (s/g)+(r/g) = (r+s)/g.
But we had seen that we could encounter at most (r + s)/g integers in the
cycle, so there can be at most that many steps, and v +d = (r + s)/g.
Since this applies to any starting integer m, the smallest integer k£ must be
(r + s)/g. This completes the proof.

Problem 86

Two ice fishermen have set up their ice houses on a perfectly circular lake,
in exactly opposite directions from the center, two-thirds of the way from
the center to the lakeshore. Can a third ice house be put on the lake in such
a way that the three regions, each consisting of all points on the lake for
which one of the three ice houses is closest, all have the same area?

Idea. If a third ice house were placed near the edge of the lake, it could
not “control” one-third of the lake; if it were placed in the center of the
lake, it would control more than one-third of the lake. There should be an
intermediate spot somewhere between these extremes where the third ice
house will control exactly one third of the area.

Solution. Yes, it is possible to put a third ice house on the lake in such
a way that the three areas described in the problem are all equal. To see
why, suppose that the center of the lake is at C' and that the diameter on
which the first two ice houses are located is AB; let Hq, Ho be the locations
of these ice houses, so we are given that H,C' = %AC’ and CHy; = %C’B.

If the third ice house is placed at the center of the lake, the three areas
controlled by the three ice houses will be parallel strips of the circle bounded
by the perpendicular bisectors of the line segments H;C' and C'Hs, and it is
easy to see that the third ice house controls more than one-third of the area
of the circle.
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Suppose we place the third ice house at the same distance from C as H;
and Hs, but along a radius at right angles to AB. The shaded sector in the
following figure is the region of points for which the closest ice house is Hs,
and it is easy to see that the sector is one quarter of the circle.

Now imagine moving the third ice house along the radius toward the
center of the lake. The three areas (controlled by each of the ice houses)
will change continuously as we do this. By symmetry, the regions consisting
of points for which H; is closest and of points for which Hs is closest will
always have the same area. If we look at the difference between this area
and the area of points for which Hj is closest, we see that this difference
is originally positive (specifically, 3/8 — 1/4 = 1/8 of the area of the circle)
but eventually becomes negative (by the time Hs reaches the center of the
circle). Therefore, by the Intermediate Value Theorem, the difference must
be zero at some intermediate point. To get all three areas equal, put the
third ice house at that point.

I
|
+
I
I
|
1
I
I
|
1
I

Problem 87

a. Let a be the result of writing down the first n odd integers in order
and bn be the result of writing down the first n even integers in order.

a
Evaluate lim —Z.

n—o0 n

b. Now suppose we do the same thing, but we write all the odd and even
integers in base B (and we interpret the fractions @ /b in base B). Show

that for any base B > 2, lim Z—n exists. For what values of B will the

n—o0

limit be the same as for B = 107
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Answer. lim 2 — 0 if and only if B is even, in particular if B = 10.

n—oo n

Solution. a. The first few terms of the sequence are

1 13 135 1357 13579

27 247 2467 2468 246810

which are increasing until the fifth term. For that term, though, the numera-
tor has one more digit than the denominator, so that fraction is smaller than
%. What’s more, as we now go through the two-digit numbers beyond 10,
successively extending the numerator by 11,13, 15, ... and the denominator
by 12,14, 16,. .., all the fractions we get will still be smaller than % (for the
same reason). At the end of the two-digit numbers, when we extend the nu-
merator by 99 and the denominator by 100, the numerator starts having two
fewer digits than the denominator, so the new fraction will be smaller than
100 At the end of the three-digit numbers the numerator will be extended
by 999 and the denominator by 1000, and the fraction and all subsequent

ones will be smaller than In general, we can make sure that <

b 10+
by taking n large enough so that the first n odd integers include all the

—k =0, it follows that lim Z_" =0.

o 10 =00 by,

1 (] 00"

k-digit odd integers. Because hm

b. For any even base B, the previous argument still works. For example,
the 1-digit numbers in base B are 1,2,..., B—1, so the last 1-digit number
is odd and the corresponding extension of the denominator will be by the
2-digit number 10. After that, the 2-digit numbers alternate between odd
and even:

1(=B+1, odd), 12, ..., (B-1)0, (B-1)1, ..., (B-1)(B-1)

(this last one represents (B — 1)B + (B — 1) = B? — 1, odd). So the last
2-digit number is matched with the even 3-digit number 100 (= B?), and
again the denominator gets further “ahead.” In general, we can make sure
that b has at least k more base B digits than a by taking n large enough so
that the first n odd integers include all the k-digit ones in base B. Therefore,

lim & —
ninéob 0.

For odd bases B, the transition from k-digit to (k + 1)-digit integers
always occurs right after an even number (specifically, after B¥ — 1, which
in base B is written with & digits as (B—1)(B—1) - -(B—1)). So the number
of base B digits in a_ is always the same as in b . Because a _ starts with
1 and b starts with 2 we have a / b <1 for all n. We'll show that the
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sequence (a_/b ) is increasing. Then because it is also bounded above (by
1), it must have a limit, but the limit cannot be 0.

So we need to show that <% < 2%+ fo1 all 5. This will follow in the
n n+1
course of proving that
Qn < 2n+1 (%)
by 2n + 2

for all n. Clearly, () is true for n = 1 because 1/2 < 3/4. So suppose (*)
holds for a fixed n. Note that if the (n + 1)st odd number, which is 2n + 1,
has k digits in base B, then
_ k _ k
anﬂfanB +2n+1 and b’n,+17an +2n 4 2.
It follows that

an, a, BF an B 4+ 2n +1 An+t1 2n+1

b 0D S Btz b mrz Y

a ¢
where we are using the fact that for positive numbers a, b, ¢, d, if 3 < p then
a a-+tc

3 < b d < g, which is easily proved by cross-multiplication. From (k)

n n n 2 1 2 3
we see that dn < Gn+l and also that Gn+l nt < nt ; therefore
bn bn+1 bn+1 2n + 2 2n+4

(x) follows by induction.

Problem 88

Note that the integers 2, —3, and 5 have the property that the difference of

any two of them is an integer times the third. Suppose three distinct integers

a, b, ¢ have this property.

a. Show that a, b, ¢ cannot all be positive.

b. Now suppose that a, b, ¢, in addition to having the above property, have
no common factors (except 1, —1). Is it true that one of the three integers
has to be either 1, 2, —1, or —27

Solution. Without loss of generality, we may assume a < b < c.

a. We prove the stronger result that one of the three, in our case a, must
be negative. Suppose 0 < a. Then 0 < b—a < b < ¢, hence 0 < (b—a)/c < 1,
a contradiction.

b.  One of a,b, c must be +1 or £2.
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Replacing (a, b, ¢) by (—¢, —b, —a) if necessary, we may assume 0 < b.
Since ¢ — a is a nonzero multiple of b, we must actually have a <0 < b < c.
The divisibility condition implies the existence of positive integers m and n
such that

b—c=na,
b—a=mec.

Then ¢ — a = me — na (by subtraction), so (m — 1)c = (n — 1)a. This,
together with ¢ > 0 and a < 0, implies m = 1,n = 1. Thus, b — ¢ = a, or
¢+ a = b. Using this, and the supposition that ¢ — a = kb for some integer
k, we have

2c=(c+a)+(c—a)=b+ kb= (k+1)b.

If b and ¢ are relatively prime, then b divides 2, and we are done. If not,
then the equation a = b — ¢ implies a, b, and ¢ have a nontrivial common
factor, a contradiction.

Problem 89

Start with four numbers arranged in a circle. Form the average of each
pair of adjacent numbers, and put these averages in the circle between the
original numbers; then delete the original numbers so that once again there
are four numbers in the circle. Repeat. Suppose that after twenty steps, you
find the numbers 1,2, 3,4 in some order. What numbers did you have after
one step? Can you recover the original numbers from this information?

Idea. Although the numbers themselves keep changing at every step, is
there anything about them that doesn’t change?

Solution 1. If the original numbers are @y, bo’ c,d_, then after one step

0’0’
we have
70,04’()0 b_b0+Co _Co+do d_do-l-ao
a4 = 9 ’ 1 9 7 G = 9 ’ 1 9
around the circle.
In the next step we replace a, b1’ ¢ dl by
_a1—|—b1 b*b1+61 761+d1 d7d1+a1
ay = 2 ) 2 2 6= 2 ) 2 2
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Note that at each step the average of the four numbers doesn’t change. For
example,

as + by +co+do . al;rbl + b142»c1 + Clgdl + d1J2ra1 a1+ by +c1 +dy
4 B 4 B 4 '

If this average is A and we replace a, b1’ ), d1 by a, —A, b1 —A, c —A, d1 —A
(which will make their average 0), then a,, b, c,, d, will similarly be replaced
by a, — A, b2 — A, ¢, — A, d2 — A. Thus, in studying our process we can first
look at the special case in which the average is 0. Then for the general case,
subtract A from each number to make the average 0, carry out the process,
and then add A back in again.

Note that a, +c¢ =b, +d = (a,+b,+ ¢, + d)/2; suppose our original
numbers are chosen so that their average is 0. Then (a, +¢,) = (b, +d,) =0,

b1 = fdl and a, =—¢. So our numbers after the first step are
a, b17 —a,, fbl.
One step later we have
7a1+b1 7()170,1 77(1171)17 70‘,17()17
L A i T )
and if we take one more step we find
az+by b a1 by ai
a, = ==, b=——, ¢, =——, d,=—.
3 2 2 3 2 3 2 32
Because only the order around the circle is important, we can list these as
ay b1 ay b1
27 27 2’ 2"
That is, in two steps all the numbers have been halved (from a, b17 —a,, _b1)'

But now we know how to reverse the steps after the first: To take two steps
backward, double all the numbers; to take one step back, first take two steps

back and then one forward, going from a,, b27 C,, d2 = a,, b27 —a,, —b2 (say)
to 2a,, 2b2, —2a,, —2b2 to a, + b27 b2 —a,,—a, — b27 a, — b2.
Now for the specific numbers in our problem, where it is given that

b

R . (the numbers after 20 steps) are 1,2, 3,4 in some order. The
average is A = (1 +2+ 3 +4)/4 = 5/2. Subtracting A from a,,b,,, ¢, , d,,
yields —%, f%, %, % But that order is wrong; we saw above that “opposite”
numbers (al_ and ¢, or bZ_ and di) are literally opposite in our case A = 0

once at least one step has been carried out. So we must have

3 1 3 1

2’ 2727 2
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(or the reverse order) in that order around the circle. We want to go back
19 steps; so we will go back 18 steps by doubling the numbers nine times to

3 9 _ 1 9 __ 3 9 __ 1 9 _
52 =768, —5-2°=-256, --2°=768, -2"=256,

and then go back one more step (see above) to

—768—256 = —1024, —256+768 = 512, 7684256 = 1024, 256—728 = —512.

But now we have to add A = 2 back in, so we have
—10213, 5143, 10265, —5093

as the actual numbers after one step.
We cannot recover the original numbers from the knowledge of a, b1’ oy dl;

bo,c d

in fact, if we started with a, +, b0 -, +, dO — x instead of a o s

07

the resulting averages a_,b d1 after one step would be the same.

1’ 1’61’

Solution 2. As in Solution 1, we note that the average of the numbers
around the circle doesn’t change during the process, so it suffices to consider
the case in which the average is 0. Also, as in Solution 1, we may assume
the numbers around the circle have the form

G, bna —Qnp, 7bna

in that order. Because the numbers after 20 steps are 1,2,3,4 in some
order, we may assume, once their average has been subtracted away, that
Oy = 3/2, b20 =1/2.

From the given recurrence

any1) [ 1/2 1/2 an
boyr ) \-1/2 1/2 )\ b, )’
we then have
an\ (12 12\ (a1 =1\ (ann
by )~ \—1/2 1/2 boyr ) \1 1 b )
and consequently
(-G 3 ()
b, 1 1 by,
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To compute this we can diagonalize the matrix by finding the eigenvalues

(-0 )" ()

(GG D) )
GO0 ) G
G ) CE v ()
2 (3 ) () = () - ().

Il
— .

We now get the numbers after one step by adding the average A = %
back in:
2+a, =—10213,  5+b =5143,  2—a =10265,  3—b = —5093.

Problem 90

Suppose all the integers have been colored with the three colors red, green
and blue such that each integer has exactly one of those colors. Also suppose
that the sum of any two green integers is blue, the sum of any two blue
integers is green, the opposite of any green integer is blue, and the opposite
of any blue integer is green. Finally, suppose that 1492 is red and that 2011
is green. Describe precisely which integers are red, which integers are green,
and which integers are blue.

Answer. The green integers are those of the form (3m+1)2011 with integer
m; the blue integers are those of the form (3m 4+ 2)2011 with integer m. All
other integers are red.

Solution. First note that 0 must be red, for if 0 were green (blue) then
04 0 = 0 would be blue (green). Also, if n is red, then —n is also red (for
if —n were green then n = —(—n) would be blue, and conversely). So it is
enough to determine which positive integers are red, green, and blue.
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Let x be the smallest positive integer that is not red, and, for now, let’s
suppose it is green. Then 2x = x + x is blue, 4= = 2z 4 2z is green,
5z = 4x 4 x is blue, Tx = bz + 2x is green, 8¢ = 4x + 4z is blue. In fact,
we can see by induction on k that for any integer k > 0, (3k + 1)x is green
and (3k + 2)x is blue: We’ve checked that this is true for £ = 0, 1,2, and if
it’s true for k, then (3(k+ 1) + 1)z = (3k + 2)x + 2z (the sum of two blue
integers) is green, and (3(k+1)+2)x = (3k+ 1)z +4x (the sum of two green
integers) is blue. (If 2 were blue instead of green, we could switch the colors
“blue” and “green” in this discussion without making any other changes.)

We claim that the remaining positive multiples of x: 3z, 6x,9x,... are
red. For if 3kz is green, then (3k+1)x = 3kz 4+ (sum of two green integers)
is blue, contradiction. If 3kx is blue, then (3k+ 2)x = 3kz + 2z (sum of two
blue integers) is green, contradiction. The only remaining possibility is that
3kx is red.

We now claim that any positive integer that is not a multiple of z must
be red. For suppose y > 0 is not a multiple of z, and consider the sequence

xz, 2z, 4z, bz, Tx, 8x, 10z, 11z, 13x, 14z, ...

which consists of alternating green and blue integers. If y < x then y is red
because x is the smallest non-red positive integer. Suppose y is between two
integers of the sequence that differ by x: 3k + 1)z <y < (3k +2)x. If y
is blue, then because —(3k + 1)x is blue, y — (3k + 1)z is green. But the
previous inequality implies that 0 < y — (3k + 1)z < x, contradicting that
x is the smallest non-red positive integer. If y is green then —y is blue, so
—y + (3k + 2)z is green. But 0 < —y + (3k + 2)z < z, and again we have a
contradiction. So y must be red.

The remaining case is that y is between two integers of the sequence that
differ by 2z: (3k + 2)x < y < (3k + 4)x. In this case, if y is green, then
y — (3k 4+ 2)x is blue, and if y is blue, then (3k + 4)x — y is blue. Now
0<y—(3k+2)x <2z and 0 < (3k +4)xr —y < 2z, so in either case that y
is not red, we have a blue integer between 0 and 2x. However, by the first
case there can be no such blue integer between = and 2z, and since x is the
smallest positive non-red integer, there can be none between 0 and x. Also,
neither y — (3k + 2)x nor (3k +4)x — y can be x because y is not a multiple
of x. This contradiction shows that y must be red.

We now know that the only positive non-red integers are the multiples
of x of the form (3k + 1)z and (3k + 2)x. We are given that 2011 is green,
so 2011 must be such a multiple. But 2011 is prime, so the only possi-
bilities for x are x = 1 and x = 2011. We are also given that 1492 is
red; note that 1492 = 3 - 497 4+ 1. Therefore, x = 1 is impossible, leaving
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x = 2011 as the only possibility. Thus, the green positive integers are of the
form (3k + 1)2011, k > 0, while the blue positive integers are of the form
(3k + 2)2011, k > 0. The green negative integers are therefore of the form
—(3k +2)2011 = (3(—k — 1) +1)2011, k > 0, and the blue negative integers
are —(3k +1)2011 = (3(—k — 1) +2)2011, k > 0. Because any integer m can
be written as either k or —k — 1 with & > 0, our answer is justified.

Problem 91

Let A be an m X n matrix with every entry either 0 or 1. How many such
matrices A are there for which the number of 1’s in each row and each column
is even?

(m=1)(n=1) guch matrices.

Solution. There are 2

To see this, we consider only “0-1” matrices (matrices whose entries are
either 0 or 1), and call a row or column of such a matrix odd or even according
to whether it contains an odd or even number of 1’s. We then want to find
the number of m x n matrices for which all rows and columns are even.

Let A be such a matrix. The (m — 1) X (n — 1) submatrix in the upper
left corner of A is also a 0-1 matrix. We shall show that any (m—1) x (n—1)
0-1 matrix B uniquely determines an m x n 0-1 matrix A whose rows and
columns are all even.

So let B be an (m — 1) x (n — 1) matrix; we will construct a matrix of
the form

A1n

Am—1,n

am1 oo mn—1 Amn

To make the first row of A even, ai, must be 0 or 1 depending on
whether the first row of B is even or odd. A similar argument for the other
rows and columns of B shows that ain,...am—1n and ami,...,@mn—1 are
all determined by the entries of B. Now A will have the desired property
provided that the last row and column of A come out to be even. This
can be arranged by making the right choice (0 or 1) for a,,,, provided the
parity (even or odd) of the “partial row” (am1,...,amn—1) is the same as
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«.

the parity of the “partial column”

A1n
Um—1,n

Given how we got the entries in this partial row and in this partial column,
this means that the parity of the number of odd rows of B must be the same
as the parity of the number of odd columns of B. However, this is always
true, because each of these parities is odd or even according to whether the
whole matrix B contains an odd or even number of 1’s. Thus there is exactly
one way to complete an (m — 1) X (n — 1) matrix B to a matrix A with the
desired property.

Clearly, different (m—1) X (n—1) matrices B lead to different matrices A
of the desired type. Thus, we see that there is a 1-1 correspondence between
m X n matrices A for which all rows and columns are even and arbitrary
(m—1) x (n—1) matrices B. Since we can choose each of the (m —1)(n—1)
entries of B independently, there are 2(m=1("=1) choices for B, and we are
done.

Comments. In terms of modular arithmetic, the construction of A from B
can be phrased as follows. Given B = (b;;), set

anj = Z bi; (mod 2) and Aim = Z bi; (mod 2).

As for ay,y,, the row condition requires

m—1n—1

Upm = Z anj = Z Z bi; (mod 2),

j=1 i=1

whereas the column condition requires

n—1lm—1

Apm = Za”” = Z Z bi; (mod 2).

=1 j=1

Since these sums are identical, a,., is well defined.
More generally, a similar argument shows that there are N(m—1(n—1)
mxn matrices, with entries from {0, 1,2, ..., N—1}, whose rows and columns

each add to a multiple of N.
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Problem 92
z iz <1/2
<zx< = - _ ny.
For0 <z <1,let T(x) {120 i3> 12 , and define f(x) nE:1T(ac )

1
a. Evaluate — .
(3)
b. Find all  for which f(z) = 2012.

Solution. a. For z = 1/¥/2, T(z) = 1—x because = > 1/2, T(z?) = 1 — >
because 22 = 1//4 > 1/2; on the other hand, for n > 3, T(2™) = 2™ because
" <23 =1/2. So

oo

fl@)=(1—2) + (1-a®) + ) "
n=3
o a2 3 _ 2 -2z —x+2?—2?+23 423
N l—z 1—2
= 3113; (because x = 1/2)
= 3.

b. Because f(0) = iT(O) = 0 and f(1) = iT(l) =0, we may
n=1 n=1

assume that 0 < z < 1. Then there is a positive integer k such that z* < 1/2
but 7 > 1/2 for j < k. For this choice of k, T(z?) = 1 — 27 for j < k and
T(z7) = a7 for j >k, so

k—1 o)
fla)=> (1—a’) + > &
j=1 j=k
k—1 k
=k—1-— ij + L
- 1—x
Jj=1
—k—1— z—a i
1—x 11—z
2k —
k1422
1—x
k _
Now zF < 1/2 implies 2z —z < 1—2, and 1—2 > 0 so a: :c <1. On
-

2k —

the other hand, z*~! > 1/2, so ¥ > /2, and > 0. So we have
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k

2
f(z) = k—1+ ¢, where ¢ = T~ % satisfies 0 < ¢ < 1. Because k—1 is

—x

an integer, the only way that k—1 + € can equal the integer 2012 is to have
1

k—1=2011,¢ = 1. That is, k = 2012, 22* =1, so © = ——=. This is the

2012/5 '
unique z for which f(z) = 2012.

Problem 93

Suppose A and B are convex subsets of R3. Let C be the set of all points
R for which there are points P in A and @ in B such that R lies between P
and Q. Does C have to be convex?

Solution. The set C' is convex.

We identify points in R? with vectors in order to be able to add points
and to multiply points by scalars. Let R; and Ry be points of C. We show
that every point between R; and R is in C by showing that for every t,
0<t<1,

R=tRi+(1—-1t)Rs
isin C.
Let R;, i = 1,2, be between P; in A and @); in B. Then there must be
u;, 0 < u; <1, for which

R1:U2P1+(17U1)Q1

If up =uy =0, then R =tQ1 + (1 —t)Q2 is in B, hence in C. Similarly,
if u; =wug = 1, then R is in A, hence in C. We now assume neither holds.
Combining the previous equations, we have

R = (tu1 P1 -+ (]. — t)UQPQ) -+ (t(]. — ul)Ql + (]. — t)(]. — ’lLQ) Qg)
To use the convexity of A, the coefficients of P; and P, must be nonnegative
(which they are) and sum to 1; therefore, we will factor d = tuq + (1 — t)us
from the first bracketed term above. Now 1 —d = ¢(1 —uq) 4+ (1 —¢)(1 —u2),
so we factor this from the second term, and we have
tuy (1 —t)us t(1—uq) (1—t)(1 —wu2)
=d|—P +——P 1— .
R <d 1+t 2>+( d)( - Q1+ T—d Q2
(We will see below that 0 < d < 1, s0 d # 0 and (1 —d) # 0.) Now since
tu; . (1 —t)ug
a4

=1,
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the convexity of A allows us to conclude that

tul (1 — t)UQ P2 _p

—P
4 T4
for some P in A. Similarly,
t(1—uq) 1—-t)(1 —u2)
1—d Q1+ 1—d Q=@

for some @ in B. Since 0 < d = tus + (1 —tug < t+ (1 —1t) = 1,
R=dP+ (1-d)Q is in C, and we are done.

Problem 94

Start with a circle and inscribe a regular n-gon in it, then inscribe a circle
in that regular n-gon, then inscribe a regular n-gon in the new circle, then
a third circle in the second n-gon, and so forth. Continuing in this way, the
disk inside the original circle will be divided into infinitely many regions,
some of which are bounded by a circle on the outside and one side of a
regular n-gon on the inside (call these “type I” regions) while others are
bounded by two sides of a regular n-gon on the outside and a circle on the
inside (“type II” regions).

Let f(n) be the fraction of the area of the original disk that is occupied
by type I regions. What is the limit of f(n) as n tends to infinity?

Answer. The limit is 2/3.

Solution. Suppose we have a circle of radius r and we inscribe a regular
n-gon in it. Then we can divide the region inside the n-gon into n congruent
triangles with a vertex at the center, such as AOAB in the diagram. If OC
is the bisector of ZAOB,

B

B
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then the area of this triangle is

oOC’oAB:lwcos%o?rsin— %TQSmQ—’“

[V

1
2

so the area inside the n-gon is n - ;7"2 sin 2—”. Because the area inside the

circle is 772, the n type I regions between the circle on the outside and our
inscribed n-gon have a total area of 712 —n 3 r?sin 2= = r? (7r — 2 sin 2—")

The next step is to inscribe a circle in our regular n-gon. The radius
of that circle is OC' = r cos -, so the area inside that circle is cos? - times
the area of the original circle. The whole figure then “scales down” by that
factor, so the type I regions between the new circle and its inscribed n-gon

will have a total area of (r2 cos? ”) (7r — 5 sin 2—“) The next round of

n type I regions will have a total area of r?(cos? Z)? (7T — 2 sin %’T), and

so forth, so the total area of all the type I regions will be the sum of the
geometric series

rz(w—%sm )—FT(COSQ%)(TF——SIH >+r(cos2%)2(7r—%sin27ﬂ>+~-

27‘2(7'(—%8111—) (1 + cos? Z+cos4%+cos6% + o)

_ D ogip 2™ ,2 i Q_ﬂ
:T27r 5 sin =7 :7"27T sin
1 —cos? & meE

Because the area of the original disk is 772, the fraction of this area occupied
by type I regions is

n 21

f(n)=272ﬂ",

so to finish the problem we have to find the limit of this as n — oco. To do
so, let’s make the substitution § = =. Because ¢ — 0 as n — oo, we get

. W—gsln%ﬂ . T — 55 8in20 . 9—%sin29
n—oo g sin“ X 6—0 7 sin“ 60 6—0 @ sin“ 6

This limit can be found in a variety of ways, for instance by using the Taylor
expansion for the sine. A more elementary method starts with ’'Hopital’s

rule:
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. 9—%sin20 . 1 — cos 26 . 2sin? 0
lim .5, = l1m — : = = B
6—0 @ sin” 6 6—0 sin“ @ + 60 -2sinfcosf  6—0 sin“f + 20sin b cosd
I 2 2 2
= lim = _z
-0 14+2(6/sinf)cos® 1+2 3’
in 6@
where we have used lim Y 1.
0—0 @

Problem 95

Suppose we have a configuration (set) of finitely many points in the plane
which are not all on the same line. We call a point in the plane a center
for the configuration if for every line through that point, there is an equal
number of points of the configuration on either side of the line.

a. Give a necessary and sufficient condition for a configuration of four points
to have a center.

b. Is it possible for a finite configuration of points (not all on the same line)
to have more than one center?

Solution. a. For a configuration of four noncollinear points to have a
center, it is necessary and sufficient for the four points to be the vertices
of a convex quadrilateral (by which we mean a quadrilateral whose interior
angles all measure less than 180°).

Given a convex quadrilateral, it is clear that the intersection of the two
diagonals is a center for the configuration of the four vertices. Conversely,
let A, B, C, and D be four noncollinear points with center O. The line
AO must contain a second point, say C. The points B and D must be on
opposite sides of the line AO. We claim ABCD is a convex quadrilateral.
The interior angle at B is an angle of the triangle ABC, hence measures less
than 180°. Similarly, the interior angle at D measures less than 180°. Since
no line contains A, B, C', and D, the line BO must also contain D. Arguing
as above, the interior angles of ABC'D at A and C' must measure less than
180°. We have proved the quadrilateral is convex.

b. No configuration of noncollinear points can have more than one
center. Suppose a configuration has center O. Let O’ be a second point in
the plane. Choose a point A of the configuration not on the line OO’. Since
O is a center for the configuration, the line AO must have an equal number
of points (of the configuration) on either side of it. Now consider the line L
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through O’ parallel to AO. The side of L containing A has at least one more
point (in fact, at least two more points) than the side of AO not containing
O’. The other side of L has at most the same number of points as the side
of AO containing O’. Thus, the side of L containing A has more points of
the configuration than the other side of L, and O’ cannot be a center for the
configuration.

Comment. For O to be a center for a configuration of 2n points, no three
on a line, it is still necessary and sufficient that every line through O and
one point contain a second point, with n — 1 points on either side of the line.
Even with six points, the configuration may not form a convex hexagon, as
shown below.

Problem 96

1/2 —2
Define a sequence of matrices by A1 = (_3/2 { >, A2 = (i) 0 >7 and

_ _1 . . . .
forn > 1, An+2 = An+1AnAn+1' Find approximations to the matrices A
and A

2010

so11» With each entry correct to within 10739
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2 -1 0.5 0
Answer. A2010% (0 1 ) and A2011%< 0 05).
H — -1 < —
Solution. From An+2 = An+1AnAn+l , we see that An+2An+1 = An+1An

and so the product An+2An+ . does not depend on n. In other words, if we

_ _ ; _ —1
set B = A2A1, then An+2An+1 = B, or equivalently, An_’_2 = BAn+1 , for all
n. Hence, A = BA;L: B(BA;l)‘1 = BAnB‘l. Using this repeatedly,
we can rewrite each of the matrices A in terms of B and either A (for n
odd) or A, (for n even). Specifically, for n = 2k + 1,

_ _ -1_ p. -1\ p-1_ . _ pk —k
A = A%+1 =BA, B =B (BAQk_gB )-B~'=---=B A B,
and for n = 2k + 2,
_ _ -1 _ . _ pk —k
An_A2k+2_BA2kB =..-=B"A B".
. _ ploo4 —~1004 _ 11005 —~1005
In particular, A2010 =B A2B ,A2011 =B AlB .

Now
p () (e ) (b )
/ /
r (2 )-()

An easy induction shows that

1 2k—1 1 [2k 12k 1 27F-1
-k _ ok L _
B _<0 ok )’503 _2k<0 1 > <o 9k >

Alternatively, we can use the eigenvalues and eigenvectors of B: We find

1 1
( O> as an eigenvector for A = 1 and ( 1) as an eigenvector for A = 1/2,
1 1\ /1 o\ /1 1\!
B = .
(o 1)) (o 1)

(6 %) (1)
(o) (0 3)=0 "),

SO

Thus
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1 2k—1
0 ok

4 —pglooay gotooa _ (1270 =1 /3 =27 /1 210011
2010 2 —\o 9—1004 1 0 0 91004
9 491004 _q _ 9-1004
= ( 2—1004 1— 2—1004 ) ’
A — ploos 4 g-1005 _ (1 271005 1 0 1/2) /1 21005 _1
2011 1 0  9-1005 Sz 1 0 91005

(1/2 _ 2—1006 2—1006 )

_2—1006 1/2 + 2—1006

and B~% = ( > Therefore, from earlier work,

Note that 210 > 103, so 21004 = 16 . (210)190 > 16. (10%)190 = 16 - 103°°, s0

2 -1 05 0
A2010 ~ (0 1 ) and A2011 ~ ( 0 0_5)’

with each entry accurate to within 1073%.

Problem 97

Find all real solutions = of the equation

210 — 28 4+ 820 — 244* + 3222 — 48 = 0.

Answer. The only real solutions are V2 and —/2.

Solution 1. Since the powers of = in z'0 — 28 + 825 — 242* + 3222 — 48
are all even, it is sufficient to find all nonnegative solutions of

y° — oyt 4 8y° — 24y + 32y — 48 = 0.

We make use of the rational root theorem to search for roots. This theorem
states that the only possible rational roots of a polynomial with integer
coefficients are quotients of a factor of the constant term (possibly negative)
by a factor of the leading coefficient. In our case, it implies any rational root
must be an integral factor of 48. The moderate size of the coefficients (as
well as ease of computation) leads us to begin with the small factors. We
soon see that y = 2 is a solution. Long division yields

y? —yt +8y° — 2492 4+ 32y — 48 = (y — 2) (vt + 3 + 1047 — 4y + 24).
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The small size of the lone negative coefficient of the quartic factor above
leads us to suspect there are no further nonnegative roots of the polynomial.
One of many ways to show this is to rewrite the quartic as

vt P+ 997 + (y — 2)% 4 20.

This latter expression is clearly at least 20 for y > 0. We conclude that the
only real solutions to the original tenth-degree equation are v/2 and —v/2.

Solution 2. As in the first solution, we are led to consider the polynomial
y° — y* + 8y — 24y 4 32y — 48.
It may be rewritten as
-yt 423 —6-2%7 +4-2%y -2 —32, or o° — (y—2)*-32.

We find the root y = 2 by inspection. The derivative of the above polynomial
is 5y* —4(y — 2)3. Tt is then easy to see that y® — y* + 8y3 — 2452 + 32y — 48
is strictly increasing for all real y (consider the cases y < 2 and y > 2
separately), hence there are no other real zeros. Again, this shows the only
real solutions to the original tenth-degree equation are v/2 and —v/2.

Problem 98

An ordinary die is cubical, with each face showing one of the numbers 1, 2, 3,
4,5, 6. Each face borders on four other faces; each number is “surrounded”
by four of the other numbers. Is it possible to make a die in the shape of a
regular dodecahedron, where each of the numbers 1, 2, 3, 4, 5, 6 occurs on
two different faces and is “surrounded” both times by all five other numbers?
If so, in how many essentially different ways can it be done?

Solution. Yes, it is possible to have each of the numbers 1, 2, 3, 4, 5, 6
occurring on two of the faces of the dodecahedron, surrounded each time
by the other five numbers. The figure shows one way to do this; there are
twelve essentially different ways in which it can be done.
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For the conditions to be satisfied, opposite faces must always have the
same number. Thus, a solution is completely determined by the numbers
placed on one face and its five neighbors. To count the number of essen-
tially different solutions, we can assume (by rotating the dodecahedron) that
the “central” face has a 1; by rotating the dodecahedron around this “cen-
tral” face, we can further assume that the face represented by the pentagon
“northwest” of the central pentagon has a 2 (as shown below). At first sight,
every placement of the numbers 3, 4, 5, 6 in the other four faces adjacent to
the central one will give rise to an essentially different solution. There are
4! = 24 such placements. But wait! Turning the dodecahedron around so
that the front face is turned to the back will replace the front face, labeled 1,
and the clockwise pattern surrounding it, labeled (2, a, b, ¢, d), by the back
face, labeled 1, and the mirror image surrounding it, namely (2,d, ¢, b, a).
Thus, each labeled dodecahedron yields two placements of 3, 4, 5, 6 as de-
scribed above, and therefore the number of essentially different labelings is
24/2 = 12.

[\
—~
w
~—
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Problem 99

Arrange the positive integers in an array with three columns, as follows. The
first row is [1, 2, 3]; for n > 1, row n is [a, b, a+b], where a and b, with
a < b, are the two smallest positive integers that have not yet appeared as

entries in rows 1,2,...,n—1. For each non-zero digit d and each positive
integer m, in which column will the m-digit number ddd . ..d end up, and
why?

. m

Answer. ddd...d will be in column 1 ifd =1,4,6, or 8, or if d =9 and m
——

is even; in cohTmn 2ifd=2,5,0r 7;in column 3 if d=3 or if d =9 and m
is odd.

Solution. To get an idea, here are the first twenty rows of the array:

Column 1 Column 2 Column 3

Row 1 1 2 3
Row 2 4 ) 9
Row 3 6 7 13
Row 4 8 10 18
Row 5 11 12 23
Row 6 14 15 29
Row 7 16 17 33
Row 8 19 20 39
Row 9 21 22 43
Row 10 24 25 49
Row 11 26 27 593
Row 12 28 30 o8
Row 13 31 32 63
Row 14 34 35 69
Row 15 36 37 73
Row 16 38 40 78
Row 17 41 42 83
Row 18 44 45 89
Row 19 46 47 93
Row 20 48 50 98

From this beginning we can make the following conjecture: for each integer
k > 0, we have
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Column 1 Column 2 Column 3

Row 4k+1  10k+1  10k+2 10(2k)+3

Row 4k+2  10k+4 10k+5  10(2k)+9

Row 4k+3  10k+6 10k+7  10(2k+1)+3
Exactly one of 10k+8, 10k+9 has already been placed in column 3.
If 10k+9 has already been placed in column 3, then

Row 4k+4  10k+8  10k+10 10(2k+1)+8
If 10k+8 has already been placed in column 3, then

Row 4k+4  10k+9  10k+10 10(2k+1)+9

We'll use induction to prove that these patterns persist for all k. They
hold for £ = 0,1,2,3,4 as we've seen, so suppose they hold for all non-
negative integers smaller than n, where n > 5. The induction hypothesis
implies that the first 4n rows contain all numbers less than or equal to 10n,
as well as, in column 3, 107 + 3 and exactly one of 10¢+8, 10i+9, for each 4
(0 < i < 2n—1). The two smallest positive integers that have not been placed
yet are 10n+1, 10n+2, so they must go into columns 1 and 2 of row 4n—+1,
and their sum, 10(2n) 4 3, is in column 3. The next four smallest positive
integers that have not yet been placed are 10n+4, 10n+5, 10n+6, 10n+7 and
these will go in the next two rows as prescribed. Finally, since exactly one
of 10n+8 or 10n+9 is already in column 3 (because n < 2n—1), the next two
smallest numbers are either 10n+8 and 10n+10 (if 10n+9 has already been
placed) or 10n+9 and 10n+10 (if 10n+8 has already been placed). So the
next four rows of the array are

Column 1  Column 2  Column 3
Row 4n+1 10n+1 10n+2 10(2n)+3
Row 4n+2 10n+4 10n+5 10(2n)+9
Row 4n+3 10n+6 10n+7  10(2n+1)+3
Exactly one of 10n+8, 10n+9 has already been placed in column 3.
If 10n+9 has already been placed in column 3, then
Row 4n—+4 10n+8 10n+10  10(2n+1)+8
If 10n+8 has already been placed in column 3, then
Row 4n+4 10n+9 10n+10  10(2n+1)+9

This has the desired form, so by induction, the proof is complete.

From what we’ve shown, ddd...d is in column 1 if d = 1,4, or 6; in
——

column 2 if d = 2,5, or 7; in cglLumn 3 if d = 3. Because the number

888...89 = 10(2-444...4) + 9 has the form 10n + 9 with n even, it is in

m—1 m—1
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column 3 (and row 4 -444...4+2). Thus, 888...8 = 10-888...8+8 is in
—— —_—— —_——

m—1 m m—1

column 1 (and row 4 - 888...8 +4).
—

m—1
Now suppose that 10n+9 is in column 3. Then 10148 is in column 1 and

10(2n+1)+8 is in column 3, which in turn implies that 10(2n+1) 4+ 9 is in
column 1. On the other hand, if 10n+9 is in column 1, then 10(2n+1) + 9
is in column 3. That is, of the two numbers 10n+9, 10(2n+1)+9, one is in
column 1 and the other is in column 3.
As an application, suppose that n, in binary notation, has exactly m
(m > 0) trailing 1’s, that is, it has the form abc...d0111...1. Then n is odd,
——

so it has the form 2k+1 for some integer k, so exactly one of 10n+9,10k+9
is in column 3. Also, note that in binary, k£ has the form abc...d0111...1
—_———
m—1
(compare with n). By repeating this argument, we generate a sequence of
numbers of the form

10n+9=10N, +9, 10N, +9, ... , 10N, +9, 10N, +9, 10N, +9,

-1
where the binary expansion of N; is abc...d0111...1. The terms of this
—

sequence alternate between columns 1 and 3 (or 3 and 1). But 10N +9 is in
column 3 because it has the form 10(2k)+9, and therefore, 10n+9 = 10N +9
is in column 3 if m is even and in column 1 if m is odd.

Thus, to find the column that lists 999 ...9 = 10(999...9)+9 it is enough
— —

m m—1
to know the number of trailing 1’s in the binary representation of 999...9.
—

m—1
Now 999...9 = 10™~! — 1, and for some integer C' we have
—_—

m—1
(10m—1 _ 1) _ (2m—1 _ 1) — 10m—1 _ 2m—1 — 2m—1(5m—1 _ 1) — QmC’

. _ . om m—1 _ — .om m—2 . 2
so 999...9=C 2™+ (2 H=C-2m+ (2 +-42°4241).
m—1
This shows that 999 ...9 has exactly m—1 trailing 1’s in its binary represen-
—_—

m—1
tation. Therefore, from the previous paragraph, 999...9 = 10(999...9) +9

m m—1
is in column 3 if m is odd (m—1 is even) and in column 1 if m is even. This

completes the analysis for d = 9.
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Problem 100

For what positive integers n is 17 — 1 divisible by 2™ ?

Answer. The only positive values of n for which 17" — 1 is divisible by 2"
aren =1,2,3,4.

Solution. First note that for any positive integer n,

17" —1=(17-1D)AT 417" 2 4+ 1),

so 17" — 1 is always divisible by 17 — 1 = 16 = 2%; in particular, for n =
1,2,3,4, 17" — 1 is divisible by 2", as claimed.

Now let n be any positive integer for which 17" — 1 is divisible by 27",
and write n in the form n = gm, ¢ = 2% (k > 0), m odd. We then have

17" —1 =179 — 1 = (179 — 1)(1790"=1) 4 179(m=2) 4 ... 4 1),

The second factor on the right is the sum of m odd numbers, so it is odd.
Thus, because 17" — 1 is divisible by 2", the first factor 17¢ — 1 must be
divisible by 2™. In particular, 179 — 1 must be divisible by 29, and we now
investigate for what powers ¢ of 2 this could occur. We already know it
happens for ¢ =1,2,4.

Note that 1729 — 1 = (179 — 1)(17¢ + 1). Since 17 is 1 plus a multiple of
4, s01is 179, so 172 4+ 1 is 2 plus a multiple of 4, and therefore 177 + 1 has
exactly one factor 2, so 1727 — 1 has exactly one more factor 2 than 177 — 1.
Starting with 17 — 1 = 2% for ¢ = 1, this shows that 172 — 1 has 5 factors
of 2 (exactly), 17* — 1 has 6 factors 2, 17® — 1 has 7 factors 2, and so on,
and we see that for ¢ > 8 a power of 2, 179 — 1 can never have as many as ¢
factors 2.

So, for 17" — 1 to be divisible by 2", we must have n = gm with m odd
and ¢ = 1,2, or 4. Also, as we saw earlier, 17¢ — 1 must be divisible by 2".
If ¢ = 1 this means n < 4, and we’re done. If ¢ = 2 it means n < 5 (because
172 — 1 has 5 factors 2), but then n = gm = 2m implies n < 4. And if ¢ = 4
it means n < 6, but then n = gm = 4m, so again n < 4, and we’re done.
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Problem 101

Let f be a continuous function on the real numbers. Define a sequence of
functions fo = f, f1, fo, ... as follows:

fo(z) = f(z) and  fina(z / fit)ydt,  fori=0,1,2,...
Show that for any continuous function f and any real number x
lim f,(z)=0

Solution. Because f is continuous on the interval between 0 and z, there
is a constant M such that |f(¢)] < M for all ¢ in that interval.
It I”

Claim: For any integer n > 0, |f, ()] < M —— for all ¢ between 0 and =.

Once we show this we’ll be done, because we can apply the result to ¢t = z and
||™ . ||
we know that — —0asn — oo (for instance, because Z — - converges
n! n!
by the ratio test), so lim f,(z) = 0 by the squeeze principle.
n—oo

Proof of claim: We’ll prove the claim by induction on n. The case n = 0 is
immediate from the definition of M. Suppose the claim is true for n, and
first suppose that > 0. Then for ¢ € [0, z],

/fn ) du </|fn )| du
< f s [y

untl

(n+1)!

|fn+1

tn+1 |t|n+1

m+1)! O 1)

The proof for z < 0 is similar: This time, for ¢ € [z, 0],

/tfn(u /fn ) du </ | fro(w)] du
/M /M = du

( 1)n+1tn+1 |t|n+1

(n+1)! t* n+1)! T (n+D)

‘fn-&-l(t)‘ =

1)71 n+1
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Problem 102

Consider an arbitrary circle of radius 2 in the coordinate plane. Let n be
the number of lattice points inside, but not on, the circle.

a. What is the smallest possible value for n?

b. What is the largest possible value for n?

Answer. The smallest possible value of n is 9; the largest is 14.

Solution. We begin by making several reductions, in order to simplify the
calculations. First, by shifting the origin if necessary, we may assume that
no lattice point is closer to the center of the circle than (0,0). By rotating
the plane through a multiple of 90°, we may assume the center lies in the
first quadrant or on its boundary. Finally, by reflecting the plane in the line
y = x if necessary, we may assume the center of the circle lies in the region
R (shaded in the figure) defined by 0 <2 <1/2,0<y < z.

B
O S G 4
| / |
Ty booooos 4
b SR DO I’

Any lattice point outside the square —1 < z < 2, —1 < y < 2 has
distance at least two from the unit square (0 < z < 1, 0 < y < 1), hence
cannot be inside the circle. Simple calculations show that the eight lattice
points indicated in the figure by “e” have distance less than 2 from every
point in R. Further computation shows that only the six lattice points
indicated in the figure by “o” have distance less than 2 to some, but not all,
of R. We see that (—1,—1) is the only such point whose distance from the
origin is less than 2. On the other hand, each point of R except the origin
has distance less than 2 to (2,0). Therefore, the smallest possible n is 9,
obtained, for instance, when the circle has center at (0, 0).
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The largest n is clearly no more than 14, the number of lattice points
under consideration. If there is a point in R whose distance from all 14 of
the lattice points is less than 2, the symmetry of the problem implies that
there is such a point on the line z = 1/2. Any point (1/2,y),0 <y <1/2,
has distance less than 2 to (2,0) and to (2,1). The distance to the other
four questionable lattice points will be less than 2 if and only if

(g>2+(y+1)2<4 and <%>2+(2y)2<4-

These inequalities simplify to

y<ﬁ—1 and 2—ﬁ<y.
2 2
Since
V15 7 1
0cg Y VT 1

2 2 2’

there is a y for which the circle of radius 2 and center (1/2,y) encloses 14
lattice points. As one might suspect, one such circle is centered at (1/2,1/4).

Problem 103

Let a and b be nonzero real numbers and (x,,) and (y,) be sequences of real
numbers. Given that

lim A + OYn byn _
nee \an +yn
and that x,, is never 0, show that

lim Yn

n—oo Ty,

exists and find its value.

Idea. Let z, = yn/x,. Note that
azx, + byn 4 a—+ bz,
If we assume for the moment that L = lim,, ., z, exists, then we have

. a+bz, a-+0bL
0= lim = ,
n—oo /1422 1+ L2

and so L = —a/b.
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Solution 1. To show that L exists, we first show that the sequence (z,)
is bounded. We know that

lim 2
n—oo , /1 4 2721
on the other hand,

b b
lim atoz -} and : atoz —
z—00 /1 4 22 z——00 /1 4 22

—b.

Now, if (z,) were unbounded, it would have some subsequence with limit
either oo or —oo, contradicting the assumption that b # 0.
Now that we know (z,) is bounded, say |z,| < M for all n, we have

a+ bz,
V1+22

and hence by the squeeze principle,

a+ bz,
V14 M2

. a+ bz,
lim ——— =

n—oo /1 + M2 ’

which implies lim,, . (a + bz,) = 0, and finally lim, o 2, = —a/b.

Solution 2. (The late Meyer Jerison, Purdue University) With no loss
of generality, assume 22 + y2 = 1. This amounts to a change of notation:

L Yn

Ty 0 —F/—m—m—, Yp 10 —F——.
T Va2t /]

Now, ax,, + by, is the dot product of the unit vector (z, yn) with (a,b). The
hypothesis is that the dot product tends to 0, so that y,/x, should tend to
the slope orthogonal to (a, b), namely, —a/b. Note that the sequence of unit
vectors (z,,,yn) need not converge; they may flip back and forth.

For an algebraic version of this argument, express the points (z,,, y,) and
(b, a) in polar coordinates: (1,6,,) and (A, «). Then

axy, + by, = A sina cos6,, + A cosa sinf,, = A sin (0,, + «).

The hypothesis becomes lim sin(,, + «) = 0; hence, lim tan(6, + «) = 0.

n—0o0 n—o0o

This implies

lim tanf, = lim tan(f, + a) — tan

= —tana.
n— 00 n—oo 1 + tan(@n + Oé) tan «

But tan, = y,/z, and tana = a/b.
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Problem 104

a. Show that there is a color pattern of black and white “grid” cubes in
3-space for which every cube has exactly 13 neighbors of each color.

b. For n > 3, is it still always possible to find a color pattern for a regular
grid of “hypercubes” so that every hypercube, whether black or white,
has an equal number of black and white neighbors? If so, show why; if
not, give an example of a specific n for which it is impossible.

Answer. Yes, for all n there is a coloring of the n-dimensional grid in
which each hypercube has an equal number of white and black neighbors.

Solution 1. a. One way the grid cubes can be colored so that every cube
has exactly 13 neighbors of each color is to partition the cubes into 2x2x2
subsets and use alternating coloring (in each direction) for these subsets,
giving each 2x2x2 cube a solid color. In such a coloring all 1x1x1 grid cubes
occupy symmetrical positions, since each of them is at a corner of a unique
solid-colored 2x2x2 cube. For example, if we look at a white 1x1x1 cube
(denoted in the figure by a dot) at the top left front corner of its 2x2x2
cube, the colors of its neighbors are:

Layer above Layer containing the Layer below
1 X 1 X 1cube

As shown by the heavy lines, our 1x1x1 cube with a dot has 4 white and 5
black neighbors in the layer above, 4 white and 4 black neighbors in its own
layer, and 5 white and 4 black neighbors in the layer below, for a total of 13
neighbors of each color.

b. We’ll use induction on the dimension to show that such a coloring is
possible. The construction is similar to that of part (a), if you think of the
latter construction as starting from the coloring of the plane with solid 2x2
squares in a checkerboard pattern:
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To show the inductive step, suppose we have a coloring pattern for a
regular grid of hypercubes in k-dimensional space in which each hypercube
has an equal number (which must be (3% — 1)/2) of black and of white
neighbors. Consider a regular grid of hypercubes in (k+1)-dimensional space,
and divide it into k-dimensional layers. Color two successive layers using the
k-dimensional coloring pattern that exists (by the induction hypothesis),
then the next two layers using the opposite of that pattern (interchanging
black and white), then the next two layers using the pattern itself, then two
layers using the opposite pattern, and so forth. Then any of the hypercubes
in (k41)-dimensional space will have an equal number of black and of white
neighbors in its own layer. Because the layers “above” and “below” it have
opposite patterns, in those two layers taken together the hypercube will
also have an equal number of black and of white neighbors. So we have
constructed a coloring of the desired type in (k4 1)-dimensional space, and
our proof by induction is complete.

Solution 2. We can orient the tiling so that the centers of the hypercubes
are the lattice points (kl, ceey kn) with integer coordina