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Introduction

Topics in algebra and analysis have become fundamental for the mathematical
olympiad. Today, the problems in these topics that appear in the contests are
frequent, and the problems from other areas that use algebra and analysis in
their solutions are also frequent. In this book, we want to point out the principal
algebra and analysis tools that a student must assimilate and learn to use gradually
in training for mathematical contests and olympiads. Some of the topics that we
study in the book are also part of the mathematical syllabus in high school courses,
but there are other topics that are presented at the college level. That is, the book
can be used as a reference text for undergraduates in the first year of college who
will be facing algebra and analysis problems and will be interested in learning
techniques to solve them.

The book is divided in ten chapters. The first four correspond to topics from
high school and they are basic for the students that are training for the math-
ematical olympiad contest, at a local and national level. The next four chapters
are usually studied in the first year of college, but they have become fundamental
tools, for the students competing in an international level. The last two chapters
contain the problems and solutions of the theory studied in the book.

The first chapter covers the basic algebra, as are the numerical systems, abso-
lute value, notable products, and factorization, among others. We expect that the
reader gain some skills for the manipulation of equations and algebraic formulae
to carry them in equivalent forms, which are easier to understand and work with
them.

In Chapter 2 the study of the finite sums of numbers is presented, for in-
stance, the sum of the squares of the first n natural numbers. The telescopic sums,
arithmetic and geometric progressions are analyzed, as well as some of its proper-
ties.

Chapter 3 talks about the mathematical technique to prove mathematical
statements that involve natural numbers, known as the principle of mathematical
induction. Its use is exemplified with several problems. Many equivalent statements
of the principle of mathematical induction are presented.

To complete the first part of the book, in Chapter 4 the quadratic and cu-
bic polynomials are studied, with emphasis in the study of the discriminant of a
quadratic polynomial and Vieta’s formulas for these two classes of polynomials.
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The second part of the text begins with Chapter 5, where the complex num-
bers are studied, as well as its properties and some applications are given. All
these with examples related to mathematical olympiad problems. In addition, a
proof of the fundamental theorem of algebra is included.

In Chapter 6, the principal properties of functions are studied. Also, there is
an introduction to the functional equations theory, its properties and a series of
recommendations are given to solve the problems where appear functional equa-
tions.

Chapter 7 talks about the notion of sequence and series. Special sequences
are studied as bounded, periodic, monotone, recursive, among others. In addition,
the concept of convergence for sequences and series is introduced.

In Chapter 8, the study of polynomials from the first part of the book is
generalized. The theory of polynomials of arbitrary degree is presented, as well
as several techniques to analyze properties of the polynomials. At the end of the
chapter, the polynomials of several variables are studied. Most of the sections of
these first eight chapters have at the end a list of exercises for the reader, selected
and suitable to practice the topics in the corresponding sections. The difficulty of
the exercises vary from being a direct application of a result seen in the section to
being a contest problem that with the technique studied is possible to solve.

Chapter 9 is a collection of problems, each one of them close to one or more of
the topics seen in the book. These problems have a degree of difficulty greater than
the exercises. Most of the problems have appeared in some mathematical contests
around the world or olympiads. In the solution of each problem is implicit the
knowledge and skills that are need to manipulate algebraic expressions.

Finally, Chapter 10 contains the solutions to all exercises and problems pre-
sented in the book. The reader can notice that at the end of some sections there is
a x symbol, this means that the level of the section is harder than others sections.
In a first lecture, the reader can skip these sections; however, it is recommended
that the reader have them in mind for the techniques used in them.

We thank Leonardo Ignacio Martinez Sandoval and Rafael Martinez Enriquez
for his always-helpful comments and suggestions, which contribute to the improve-
ment of the material presented in this book.
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Chapter 1

Preliminaries

1.1 Numbers

We will assume that the reader is familiar with the notion of the set of numbers
that we usually use to count. This set is called the set of natural numbers and it
is usually denoted by N, that is,

N={1,2,3,...}.

In this set we have two operations, the sum and the product, that is, if we add or
multiply two numbers in the set we obtain a natural number. In some books 0 is
considered a natural number, however, in this book it is not, but we will suppose
that 0 is such that n 4+ 0 = n, for every natural number n.

Now, suppose that we want to solve the equation z +a = 0, with a € N, that
is, we want to find an x such that the equality is true. This equation does not have
a solution in the set of natural numbers N, therefore we need to define another set
which includes the set of numbers N but also the negative numbers. In other words,
we need to extend the set of numbers N in order that such equation can be solved
in the new set. This new set is called the set of integers and is denoted by Z, that is,

Z={.,-3,-2,-1,0,1,2,3,...}.

In this set we also have two operations, the sum and the product, which satisfy
the following properties.

Properties 1.1.1.

(a) The sum and the product of integers are commutative. That is, if a, b € 7Z,
then
a+b=b+a and ab=ba.

(b) The sum and the product of integers are associative. That is, if a, band ¢ € Z,
then
(a+b)+c=a+(b+c) and (ab)c= a(be).

© Springer Internationl Publishing Switzerland 2015 1
R.B. Manfrino et al, Topics in Algebra and Analysis,
DOI 10.1007/978-3-319-11946-5 1
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(c) There exists in Z a neutral element for the sum, the number 0. That is, if
a € Z, then
a+0=04a=a.

(d) There exists in Z a neutral element for the multiplication, the number 1. That
is, if a € Z, then
al =1la =a.

(e) For each a € Z there exists an inverse element under the sum which is
denoted by —a. That is,

a+(—a)=(—-a)+a=0.

(f) In Z a distributive law holds, in which addition and multiplication are in-
volved. That is, if a, b andc € Z, then

a(b+ c¢) = ab+ ac.

Note that the existence of the additive inverse allows us to solve equations of
the type mentioned above, that is, z +a = b, where a and b are integers. However,
there is not necessarily an integer number x that solves the equation gz = p,
with p and ¢ integers. Therefore the necessity arises to extend the set of integers.
Consider the set of rational numbers, which is denoted by Q, defined as

Q:{z |p€Zandq€Z\{0}}.

In general, when working with the rational number ? we ask that p and ¢ do not
have common prime factors, that is, the numbers are relative primes, which is
denoted by (p, q) = 1. In the set of rational numbers we also have two operations,
the sum and the product, which satisfy all the properties valid in the set of integers,
but in the case of the product we have an extra property, the multiplicative inverse
element.

Property 1.1.2. Iff; € Q, with p # 0 and (p,q) = 1, then there exists a unique
number, g € Q, which is called the multiplicative inverse of Z, such that
pq_
q p
Using this property we can solve equations of the form gx = p, however, there
are numbers that we cannot write as the quotient of two integers. For example, if
we want to solve the equation 22 — 2 = 0, this equation does not have a solution

in the set Q. We write the solutions of the equation as z = ++v/2 and proceed to
prove that /2 is not in Q.

1.

Proposition 1.1.3. The number V2 is not a rational number.

Proof. Suppose the contrary, that is, /2 is a rational number. Therefore, it can
be written as V2 = Z , where p and ¢ do not have common factors. Squaring

both sides of the equation we get 2 = Zz’ that is, 2¢> = p%. This means that
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p? is an even number, but then p is also even. But if p is even, p is of the form

p = 2m, then 2¢® = (2m)? = 4m?. Dividing by 2 both sides of the equation, give
us ¢° = 2m?, that is, ¢2 is even and therefore ¢ is also even. Hence, p and ¢ are
even numbers, which contradicts the fact that p and ¢ were assumed as not having
common factors. Thus, v/2 is not a rational number. O

We can give a geometric representation of the rational numbers as points on
a straight line, which in this case is called the number line. A straight line can
be travelled in two directions, one which we call the positive direction and the
other the negative direction. Once we have agreed about which of the directions
is to be taken as positive we talk of an oriented straight line. For example, we can
decide that the positive direction goes from left to right. If we consider two points
O and U on the straight line, we will give the same orientation to a line segment
contained on the straight line. That is, if we let the point O be 0 and U be on
the right of it, we will say that the line segment OU is traversed in the positive
direction. If U represents the point 1, we will call OU an unitary oriented straight
line segment. In this way, we place, to the right of 0, what we take to be all the
positive integers equally spaced along the line, that is, two consecutive integers
are spaced a distance equal to the length of the segment OU. To represent the
negative numbers it is sufficient to do the same, starting at O and traversing the
straight line in the opposite direction.

The rational number ? is defined as the oriented segment ? OU. This segment
is obtained when we sum p times the gth part of the segment OU. More precisely,
we do the following;:

(a) Divide the segment OU into ¢ equal parts. To do this, we make use of an
extra straight line passing through O and not perpendicular to OU, and in this
line we take ¢ points Wh, ..., Wy, where two consecutive points are separated a
distance OW;. Now, we draw the line segment from W, to U and for each W; we
draw a parallel straight line to UW,, the intersection points of the parallels with
OU will divide OU in q equal parts. If V is the intersection point of the parallel to
UW, through Wi, we have that V is the point that represents the number ; (note
that OV has the same orientation as OU). We also consider V' the symmetric
point to V', with respect to O. In the following figure, we took ¢ = 4.
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(b) If p is a non-negative integer, take

OP:\OV+OV+---+OY£:p~OV.

p times

The segment OP is, by definition, 1;’ OU. In the next figure we have marked the
point P, with p =6 and g = 4.
0 1 2

U’ 0 U P

(c) If p is negative, let p’ be the positive integer such that p = —p’. Then

~
p’ times

The segment OP is, by definition, ’(; OU. Since OU is the unitary segment, this
point is simply denoted by Z .

With this representation of the rational numbers, we have that every rational
number defines a point on the number line, but there are points on the number line
that are not represented by a rational number. For example, we want to determine,
on the number line, which point represents the number v/2, which we proved above
is not a rational number. To do this, take the right triangle whose legs are each
equal to 1. Then, by the Pythagorean theorem, the hypotenuse of the triangle
is equal to V2. If we take a compass and draw a circle of radius V2 and center
at 0, the point where the circle intersects the positive part of the number line
corresponds to v/2.

V2 '

0 ! voooV2

A point on the number line that does not correspond to a rational number repre-

sents an irrational number, and the set of irrational numbers is denoted by 1.
The union of these two sets is called the set of real numbers and is denoted

by R, that is, R = QUL

The set of real numbers R contains the set of natural numbers, the set of integers

and the set of rational numbers. In fact, we have the following chain of inclusions
NCczZcQcR.
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Given two points on the number line that we know represent two real num-
bers, we can find the point which represents the sum of these two numbers in the
following way: if P and @) are two points on the straight line and O is the origin,
the sum will be the addition of the oriented segments OP and OQ), as we can see
in the following figure.

OP 4+ 0Q
7\
Y N
OP 00 o
— P
y, 7\ /\
0
@) P Q P+Q

We can also find the point that represents the product of two points P and
(@ which are on the number line. In order to do that we consider an extra straight
line passing through the origin O and not perpendicular to the line OP. We mark
on the extra straight line the unity U and the point (). Through @ we draw a
parallel line to U P which will intersect the real line at a point R.

Since the triangles ORQ and OPU are similar it follows that 8113 = 83,
therefore OR - OU = OP - OQ, hence OR represents the product of P and Q.

Q

With this geometric representation of the numbers it is easy to find, in the
real line, the sum and the product of any two real numbers, no matter whether
they are rational or irrational numbers.

Similarly, as it happens in the set of integers, the operations in the set of real
numbers have the same properties.

Properties 1.1.4.

(a) The sum of two real numbers is a real number.
) The sum of two real numbers is commutative.
(¢) The sum is associative.
) The number 0 is called the additive neutral element. That is, x +0 = x for
all z € R.
(e) FEwvery real number x has an additive inverse. That is, there is a real number,
which we denote by —x, such that x + (—z) = 0.
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) The product of two real numbers is a real number.
(g) The product of two real numbers is commutative.
) The product is associative.

) The number 1 is the multiplicative neutral element. That is, v -1 = x for all
r €R.
(j) Every real number x different from 0, has a multiplicative inverse. That is,

there exists a real number, which we denote by x~ 1, such that x -z~ ' = 1.

(k) For any three real numbers x, y, z it follows that

zy+z)=z-y+z-=
This property is called the distributive law.

In the set of integers there is an order. With this we want to point out that
given two integers a and b we can say which one is greater. We say that a is greater
than b if @ — b is a natural number. In symbols we have that

a > b if and only if a —b € N.

This is equivalent to saying that a — b > 0.
In general, the notation a > b is equivalent to b < a. The expression a > b means
that a > b or a = b. Similarly, a < b means that a < b or a = b.

Properties 1.1.5. If a is an integer number, one and only one of the following
relations holds:

(a) a >0, (b) a =0, (¢) a<O.

In the set of rational numbers and in the set of real numbers, we also have
the order properties. The order of the real numbers enables us to compare two
numbers and to decide which one of them is greater or whether they are equal.
Let us assume that the real number system contains a set P, which we will call the
set of positive numbers, and we will express in symbols a > 0 if a belongs to P.

In the geometric representation of the real numbers, the set P in the number
line is, of the two pieces in which O has divided the straight line, the piece which
contains U (the number 1). The following properties are satisfied.

Properties 1.1.6. FEvery real number x has one and only one of the following prop-
erties:

(a) 2 =0. (b) x € P, that is, x > 0. (¢) —x € P, that is, —x > 0.
Properties 1.1.7.
(a) If z, y € P, then x +y € P (in symbols x > 0, y > 0, then z +y > 0).
(b) Ifx, y € P, then xzy € P (in symbols x > 0, y > 0, then xy > 0).
We will denote by R the set P of positive real numbers.

Now we can define the relation x is greater than y, by saying that it holds
x —y € P (in symbols & > y). Similarly, = is smaller than y, if y — 2 € P (in
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symbols z < y). Observe that © < y is equivalent to y > z. We can also define
that x is smaller than or equal to y, if z < y or = y, (using symbols z < y).

Example 1.1.8.

(a) If <y and z is any number, then T+ z < y + z.
(b) If x <y and z > 0, then zz < yz.

In fact, to prove (a) we see that x +z < y+ z if and only if (y +2) — (z+2) >0
if and only if y — z > 0 if and only if < y. To prove (b), we proceed as follows:
x < y implies that y — x > 0, and since z > 0, then (y — z)z > 0, therefore
yz —xz > 0, hence zz < yz.

Exercise 1.1. Prove the following statements:

(i) Ifa <0, b <0, then ab > 0.
(ii)) Ifa <0, b >0, then ab < 0.
(iii) Ifa < b, b <e¢, then a < c.

iv) Ifa<b,c<d, thena+c<b+d.
v)

)

—~
—~

Ifa >0, then a=! > 0.

(vi) Ifa <0, then a=! < 0.

Exercise 1.2. Let a, b be real numbers. Prove that, if a4+ b, a®> +b and a + b® are
rational numbers, and a +b # 1, then a and b are rational numbers.

Exercise 1.3. Let a, b be real numbers such that a®> + b%, a® + b3 and a* + b* are
rational numbers. Prove that a + b, ab are also rational numbers.

Exercise 1.4.

(i) Prove that if p is a prime number, then \/P 18 an irrational number.
(ii) Prove that if m is a positive integer which is not a perfect square, then \/m
s an irrational number.

Exercise 1.5. Prove that there are an infinite number of pairs of irrational numbers
a, b such that a + b = ab is an integer number.

Exercise 1.6. If the coefficients of
ar? +bxr+c=0
are odd integers, then the roots of the equation cannot be rational numbers.

Exercise 1.7. Prove that for real numbers a and b, it follows that

2 _ _ 2 _
\/a+\/b:\/a+\/2a b+ a \/2a b-
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Exercise 1.8. For positive numbers a and b, find the value of:

) \/a\/a\/a\/a.... (i) \/a\/b\/a\/b....

Exercise 1.9 (Romania, 2001). Let x, y and z be non-zero real numbers such that
xy, yz and zx are rational numbers. Prove that:

(i) 22 + y? + 22 is a rational number.
(i) If 2% + y> + 23 is a rational number different from zero, then x, y and z are
rational numbers.

Exercise 1.10 (Romania, 2011). Let a, b be different real positive numbers, such
that a—v/ab and b—+/ab are both rational numbers. Prove that a and b are rational
numbers.

The decimal system is a positional system in which every digit takes a value based
on its position with respect to the decimal point. That is, the digit is multiplied
by a power of 10 according to the position it occupies. For the units digit, that is,
the digit which is just to the left-hand side of the decimal point, it is multiplied
by 10", with n = 0. Accordingly, the digit in the tens position must be multiplied
by 10! = 10. The exponent increases one by one when we move from right to left
and decreases one by one when we move in the other direction. For example,

87325.31 =8-10* +7-10°+3-102+2-10' +5-10°+3-10"* +1-1072.

In general, every real number can be written as an infinite decimal expansion
in the following way
b,n ce blbo.a1a2a3 ey

where b; and a; belong to {0,1,...,9}, for every i. The symbol ... means that on
the right-hand side of the number we can have an infinite number of digits, in this
way the number b, ...b1bg.a1az2a3 ..., represents the real number

by - 10™ 4+ -4 b1 - 10+ D - 10° 4 a3 - 107 4 ap - 1072 4 - -

For example,
3 =03333..., 2 =0.428571428571...,

1 =10.50000..., V2=14142135....

With this notation we can distinguish between rational and irrational numbers.
The rational numbers are those in which the decimal expansion is finite or infinite,
but there is, always, a certain number of digits which, after a certain point, repeat
periodically, for example the number 23745 = 0.123636. .. is periodic of period 2
after the third digit. Meanwhile, for the irrational numbers, the decimal expansion

is infinite and never becomes periodic.
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This manner of representing numbers is essential to solve some of the problems
that appear in the mathematical olympiad.

In the same way, as in the decimal representation of the numbers in base 10, we
can represent the integers in any base.

If m is a positive integer, we can find its representation in base b if we write
the number as a sum of powers of b, that is, m = a,b" + --- + a1b + ag. The
integers which appear as coefficients of the powers of b in the representation must
be smaller than b.

Observation 1.1.9. To identify a number which is not written in base 10, we will
use a subindex indicating the base, for example, 12047 means that the number 1204
18 a number expressed using base 7.

Let us analyze the following example.
Example 1.1.10. In which base is the number 221 a factor of 12159

The number 1215 in base a is written as a® + 242+ a+ 5 and the number 221
in base a is 2a? + 2a + 1. Therefore, if we divide a® + 2a? + a + 5 by 2a% + 2a + 1
we obtain that

1 1 1 9
a*+2a* +a+5=02a*+2a+1)( a+_ |+ (—_a+_).
2 2 2 2
Therefore, since 1215, has to be a multiple of 221,, the remainder (f ;a + g) has
to be 0 and %a + % has to be an integer number. Both conditions are satisfied if
a=29.

Exercise 1.11. Write the following numbers as "", where m and n are positive
integers:
(i) 0.11111... (i) 1.14141414. ...

Exercise 1.12.

(i) Prove that 121y is a perfect square in any base b > 2.
(ii) Determine the smallest value of b such that 232y is a perfect square.

Exercise 1.13 (IMO, 1970). Let a, b and n be positive integers greater than 1. Let
An—1 and A, be numbers expressed in the numerical system in base a and Byp_1
and By be two numbers in the numerical system in base b. These numbers are
related in the following way,

An = TnTn—-1---20, Anfl = Tp—-1Tn-2--.-20,

B, = xnTp_1... Zo, By 1 =2p_1%n_2... Zo,
with x,, # 0 and x,—1 # 0. Prove that a > b if and only if

An— 1 Bn— 1
< .
A, B,
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1.2 Absolute value

We define the absolute value of a real number x as

2] = z, if >0 (1.1)
T -, i z<o. '
For a real non-negative number k, the identity |z| = k is satisfied only by

rz=~Fkand z = —k.

The inequality |z| < k is equivalent to —k < z < k. This can be seen as
follows: If > 0, then 0 < 2 = |z| < k. On the other hand, if z < 0, then
—z = |z| < k, therefore, x > —k. As a consequence of the previous discussion, we
observe that x < |z|. In the next figure we show the values of x which satisfy the
inequality. These being the values lying between —k and k, and including the two
numbers. The set [—k, k] = {z € R| —k <z < k} is called a closed interval, since
it contains the numbers k and —k. The numbers —k, k are called the endpoints of
the interval.

L | ]
L | ]

-k O k

Similarly, the inequality |z| > k is equivalent to © > k or —x > k. In the next
figure, the values of = that satisfy the inequalities are the values falling before —k
and —k itself, or k& and those values to the right of k. The set (—k, k) = {x €
R| — k <z < k} is called an open interval, since it does not contain either k or
—Fk, that is, an open interval is an interval that does not contain its endpoints.
With this definition, we see that the set of values = that satisty |z| > k are the
values = ¢ (—k, k).

Example 1.2.1. Find in the Cartesian plane' the area enclosed by the graph of the
relation |z| + |y| = 1.

For |z| + |y| = 1 we have to consider four cases:

a) x > 0 and y > 0; this implies x +y =1, that is, y =1 — z.

(a)

(b) > 0 and y < 0; this implies x —y = 1, that is, y = = — 1.
(¢) z <0 and y > 0; this implies —x +y = 1, that is, y =  + 1.
)

(d) = <0 and y < 0; this implies —x —y = 1, that is, y = —x — 1.

IThe Cartesian plane is defined as R2 =R x R = {(z,y) |z € R, y € R}.
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We can now draw the graph of the four straight lines.
(0,1)

(=1,0) (1,0)

(O) _1)

The area enclosed by the four straight lines is formed by four isosceles right tri-
angles, each of which has two sides of length equal to 1. Since the area of each of
1x1

these triangles is "5 " = é, the area of the square is 4 (é) =2.

Example 1.2.2. Solve the equation |2z — 4| = |x + 5].

We have that

2x — 4, if z>2
|22 — 4] = .
—2x+4, if <2

We also have that

45| T+ 5, if x>-5
xT =
—x —5, if < -=5.

If x > 2, then 2x—4 = 45, that is, z = 9. If x < —5, then —2zx+4 = —z—5, hence
x =9, but this is impossible since x < —5. The last case that we have to consider
is =5 < z < 2. Then, the equation that we have to solve is —2x +4 = z + 5.
Solving for z we get x = fé. Therefore, the numbers which satisfy the equation

areszandx:—é.
Sometimes it is easier to solve these equations without using the explicit form of
the absolute value, just by observing that |a| = [b| if and only if @ = +b and

making use of the absolute value properties.

Observation 1.2.3. If x is any real number then the relation between the square root
and the absolute value is given by Va2 = |z|. The identity follows from |z|? = >
and |z| > 0.

Properties 1.2.4. If x and y are real numbers the following relations hold:

o=l dy A0
(b) |z +y| < |z| + |yl, where the equality holds if and only if xy > 0.

(a) |zy| = |z||ly|. This implies also that

Proof. (a) The proof follows directly from |zy|? = (zy)? = 2%y? = |2|*|y|?, and
taking the square root on both sides gives the result.
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(b) Since both sides of the inequality are positive numbers, it is enough to
verify that |z + y|> < (|z| + |y|)*.

o+ yl” = (2 +y)* =" + 20y + ¢ = |of* + 2wy + [y
2 2 2 2 2
< o” 4+ 2|zy| + [yl” = 21" + 2|2l [y + [yI” = (lz| + |y])”.
In the previous chain of relations there is only one inequality, it follows trivially

from the fact that xy < |zy|. Moreover, the equality holds if and only if zy = |xy],
which is true only when zy > 0. O

Inequality (b) in Properties 1.2.4 can be extended in a general form as
|21 oL x| < | + |22+ + |24,

for real numbers 1, zo, ..., x,. The equality holds when all the +xz;’s have the
same sign.
This last inequality can be proved in a similar way, and also using induction?.

Exercise 1.14. If a and b are any real numbers, prove that ||a] — |b]| < |a —b|.

Exercise 1.15. Find, in each case, the numbers x that satisfy the following:
(i) | =1 =]z + 1] =0.

(ii) |z —1||lz + 1] =1.

(iii) | =1+ ]z + 1] =2.

Exercise 1.16. Find all the triplets (x,y,z) of real numbers satisfying

|z +yl > 1,
2ry — 22 > 1,
z— |z +yl>-1.
Exercise 1.17 (OMM, 2004). Find the largest number of positive integers that can

be found in such a way that any two of them, a and b (with a # b), satisfy the next
inequality

ab
> Y
la=b1= 10

1.3 Integer part and fractional part of a number

Given any number x € R, sometimes it is useful to consider the integer number
max{k € Z | k < x}, that is, the greatest integer less than or equal to z. This
number is denoted by |x| and it is known as the integer part of x.

From this definition, the following properties hold.

2See Section 3.1.
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Properties 1.3.1. Let x,y € R and n € N, then it follows that:
(a) z—1<|z|<z<|z]+1
(b) z is an integer if and only if x| = x.

Proof. The proof of the first three properties follows immediately from the defini-
tion.

(d) If we divide |z] by n, we have that |x] = an + b, for an integer number
a and for an integer number b such that 0 < b < n.

On the one hand, we have that V?J = L“”bej =a+ U;J = a. On the other
hand, since = |z| + ¢, with 0 < c¢c < l,and b+c < n—14+1=n, we get
|#] = |®th¥e| = a4 || = a. Then the equality holds.

(e) Since © = |z] +a and y = |y] + b with 0 < a,b < 1, then |z +y]| =
|z] + |y] + |a + b] by property (c). The inequalities follow if we observe that if
0<a,b<1,then0<|a+b] <1 O

Example 1.3.2. For any real number x, it follows that
1
lz] + \‘x—i— QJ —[2z] =0.

If we let n = |z, then = can be expressed as = n+a with 0 < a < 1,
hence

lz| + {er;J —[2z] =n+ {n+a+1J —12(n+a)|

2

1
=n+n+ {a—i—QJ —2n — | 2a]

1
— 12
oo 2]
where the second equality follows by property (c). Now, if 0 < a < é, then
la+ 3| = [2a] = 0, meanwhile, if j; <a < 1, it follows that |a+ ;| = |2a] = 1.
Example 1.3.3. If n and m are positive integers without common factors, then

VH%FW*W(mD”J _(m=1)m-1),

m m m 2

Consider, in the Cartesian plane, the straight line passing through the origin
and the point (m,n). Since m and n are relative primes, then on the segment
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where points (0,0) and (m,n) lie, there is no other point with integer coordinates.

B = (m,n)
C=(0,n) $
n—1+ /
T A= (m,0)
O i é \...\ I \m\_l’»

The equation of the straight line is y = " 2 and passes over the points (7, ” j),
with j =1,...,(m —1), and such that " j is not an integer. The number | " j| is
equal to the number of points with integer coordinates lying on the straight line
x = j and between the straight lines y = "z and y = 1 included. It follows that
the sum is equal to the number of points with integer coordinates that lie in the
interior of the triangle OAB, and by symmetry it is equal to half of the points
with integer coordinates inside the rectangle OABC. The number of points with
integer coordinates in the rectangle is (n — 1)(m — 1), therefore

n 2n 3n (m—1)n (m—1)(n—-1)
L J - - ot = .
m m m m 2
Observation 1.3.4. Since the right-hand side of the last inequality is symmetric in
m and n, then

n 2n (m—1)n m 2m (n—1)m
{ J+ 4+t :{ J+ 4+t .
m m m n n n
For a number x € R we can also consider the number {z} = z — |z], which
we call the fractional part of x, and for which the following properties are fulfilled.

Properties 1.3.5. Let x,y € R and n € Z, then it follows that:
(a) 0 <{z} <L
(b) © =[]+ {«}.
(© {z+y} <{z}+{y} <{z+y}+1
(d) {z +n}={z}.

Exercise 1.18. For any real numbers a, b > 0, prove that
[2a] + [2b] = [a] + [b] + |a +b].
Exercise 1.19. Find the values of x that satisfy the following equation:

(i) [zlz]) =1
(ii) [fe| = [2]| = |2 = =]].
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Exercise 1.20. Find the solutions of the system of equations

z+ |yl +{z} =11,
lz] +{y} +2 =22,
{z} +y+ (2] =33

Exercise 1.21 (Canada, 1987). For any natural number n, prove that

[Vn4+vVn+1]=|Van+ 1] = [Vin + 2| = [V4n + 3.

1.4 Notable products

The area of a square is the square of the length of its side. If the length of the
sides is a + b then the area is (a + b)2. However, the area of the square can be
divided in four rectangles as shown in the figure.

a a? ab
b ab b?
H—H—/
a b

Hence, the sum of the areas of the four rectangles will be equal to the area
of the square, that is,

(a+b)*> =a* +ab+ ab+ b* = a® + 2ab + b*. (1.2)

Now we give a geometric representation of the square of the difference of two
numbers a, b, where b < a. The problem now is to find the area of the square of
side a — b.

(a—0)*

=)
—
=
|
S
~—

(a—0)p | 12 }b

In the figure we observe that the area of the square of side a is equal to the sum of
the areas of the square of sides (a—b) and b, respectively, plus the area of two equal
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rectangles with sides of length b and (a —b). That is, a® = (a —b)? 4+ b+ 2b(a — b),
hence
(a —b)* = a® — 2ab + b°. (1.3)

Now, in order to find the area of the shaded region of the following figure,

/

(a=b2 | 7
s

a< ~—

a—>

(@=0b)p | v? |pb

ﬁ_/w_/
a—>b b

observe that the sum of the areas of the rectangles covering the regions is a(a —
b) + b(a — b), and factorizing this sum we get

a(a — b) + b(a — b) = (a + b)(a — b), (1.4)

which is equivalent to the area of the large square minus the area of the small
square, that is,
(a+b)(a—0b) =a® - b2 (1.5)

Another notable product, but now dealing with three variables, is given by
(a+b+c)? =a*+b*+c + 2ab + 2ac + 2be. (1.6)

The geometric representation of this product is given by the equality between the
area of the square with side length a + b + ¢ and the sum of the areas of the nine
rectangles in which the square is partitioned, that is,

(a+b+c)? = a®+b*+ 2 +ab+ac+batbetcatchb = a® +b* 4+ 2ab+2ac+ 2bc.

a? ba ca a
ab b2 cbh b
ac be c? c

N—_—A— —— A ——
a b c

Next, we provide a series of identities, some of them very well known and some
others less known, but all of them very helpful for solving many problems.
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Exercise 1.22. For every x andy € R, verify the following second-degree identities:
(i) 2* +y* = (v +y)* — 22y = (v — y)* + 2ay.
(i) (z+y)°+ (@ -y)*=2(2*+y?).
(iii) (z+y)*— (z—y)* = day.
) w4yt + (e 4yt
2
a2 +y? + (z —y)?
2
(vi) Prove that 2% +y?>+xy >0 and 2% +y?> — a2y > 0.

(iv) 22 +y? + oy =

(v) 2* +y* —ay =

Exercise 1.23. For any real numbers x, y, z, verify that

(@+y)°+ Y +2)?+(z+a)?

5 .
(z—y)?+(y—2)* + (2 —2)?

9 .
(iii) Prove that z?+y?+2°+zy+yz+z22 >0 and 2> +y* + 2% —xy—yz—zx > 0.

() 2?2 +y*+22+ay+yz+z2z=

(i) 22+ 9>+ 22 —ay —yz — 20 =

Exercise 1.24. For all real numbers x, y, z, verify the following identities:

(i) (zy +yz +zz)(x +y+ 2) = (@%y + vz + 222) + (2y? + y2° + 22?) + 32yz.
(i) (x +y)(y+2)(z +2) = (2%y + y?2z + 2%0) + (2y® + y22 + 22?) + 22y2.
(il) (zy +yz+22)(x+y+2)=(x+y)(y+2)(z+ ) +ayz

)
)
(iv) (x—y)(y —2)(z — x) = (ay® + y2* + z2?) — (®y + y?z + 2%2).
)
)

—_ = ~—

(v (w+y(y+2)(z+w) Bryz = 22(x —y)* + (x +y)(z — 2)(y — 2).
(vi) @y +y2% + 22% — 3ayz = z(x — y)? +y(z — 2)(y — 2).

Exercise 1.25. For any real numbers x, y, z, verify that:

(i) 2®+y°+22+3(xy+yz+22) = (2+y)(y+2)+ (Y +2)(z+2)+ (z+z)(x+y).
(i) wy+yz+ze— (22 + 12 +2%) = (2—y)(y—2)+ [y —2)(z—)+ (z —z)(z—y).

Exercise 1.26. For any real numbers x, y, z, verify that:

(@=y)’+@y—2)+(z—2)* =2[(r —y)(z —2) + (y — =)y —2) + (z —2)(z —y)].

1.5 Matrices and determinants

A 2 X 2 matrix is an array
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where a1, a12, az1 and ass are real or complex numbers®. The determinant of the
above matrix, which is denoted by

ailr a2

az1 a2

is the real number defined by a11a20 — a12a921.

A 3 x 3 matrix is an array

ail a2 ais

az1 asz ass

where, again, every a;; is a number. The subindex indicates the position of the
number in the array. Then, a;; is the number located in the ith row and in the
jth column. We define the determinant of a 3 x 3 matrix by the rule

a1l a2 ais

a2 A23 a1 a3 az1 a2

ag1 G2 Q23 | = a1l — a2 + ais

az2 ass asz1 ass a1 as2

az1 asz ass

That is, we move along the first row, multiplying a;; by the determinant of a 2 x 2
matrix obtained by eliminating the first row and the jth column, and then adding
all this together, and keeping in mind to place the minus sign before ai2. The
result of the determinant is not modified if instead of choosing the first row as the
first step we chose the second or third row. In case we choose the second row, we
begin with a negative sign and if we choose the third row the first sign is positive,
that is,

ai11r a2 ais

al2 ais ail a3 ail a2

a21 Q22 G23 | = —a2i1 + a2

’—a23

az2 ass asz1 ass asz1 as2

az1 asz ass

The signs alternate according to the following diagram:

There are many properties of the determinants which follow immediately from the
definitions. These properties become rules of a sort and the following are the most
frequently used.

3Complex numbers will be treated in Chapter 5.
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Properties 1.5.1.

(a) If we interchange two consecutive rows or two consecutive columns, the sign
of the determinant does change, for example,

ail a2 ais az1 Aa22 a3
az1 azz2 az3 | = —| Gi1 Gai2 a3
az1 asz ass az1 asz ass

(b) We can factorize the common factor of any row or column of a matriz and
the corresponding determinants are related in the following way, for example,

Qall Qa2 a3 ailr a2 ais
a1 @22 a23 =0 a21 a2 a23
a31 a32 az3 az1 asz2 ass

(c) If to a row (or column) we add another row (or column), the value of the
determinant does not change, as in the following example:

ail a2 ais a1l +ag1  ai2 + a2 a3+ a3
az1 Aa22 a3 | = a21 a2 a23
a3l az2 433 asi asz ass

a11 +ai2 ai2 ais
= | or a1 +ag2 ag2 as |,

a31 +agz asz ass

(d) If a matriz has two equal rows (or two equal columns) the determinant is
zero.

Example 1.5.2. Using determinants we can establish the identity

a® +b* 4+ ¢ — 3abc = (a + b+ c)(a* + b* + ¢ — ab — be — ca). (1.7)

Note that
a b c
a b c b c a
D=|¢c a b|=a —b +c
c a b a b ¢
b ¢ a
=a® — abc — abc + b* + ¢* — abc = a® + b + ¢* — 3abe. (1.8)

On the other hand, adding to the first column the other two, we have
a+b+c b c
a+b+c a b|=(a+b+c)
a+b+c c a

D

e

b ¢
a b
c a

(a+b+c)(a® +b* 4 ¢* — ab — be — ca).
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By properties (b) and (c), the determinants are equal.

Observe that the expression a? 4+ b? 4 ¢ — ab — bc — ca can be written as?

1

5 [(a—b)2+(b—c)2+(c—a)2].

From this we obtain another version of identity (1.7), that is,
1
a® +b% 4+ ¢ — 3abe = 2(a—|—b—|—c) [(a=b)?+0b—c)?+(c—a)?]. (1.9)
Observe that if the above identity satisfies the condition a + b 4+ ¢ = 0 or the
condition a = b = ¢, then the following identity holds:
a® + b + ¢ = 3abe. (1.10)

Reciprocally, if identity (1.10) is satisfied, then it follows that either a +b+c¢ =0
ora=b=c.

Exercise 1.27. Prove that {‘/2 +5+ 3/2 — /5 is a rational number.
Exercise 1.28. Find the factors of the expression (x —y)3 + (y — 2)3 + (z — x)3.

Exercise 1.29. Find the factors of the expression (x + 2y —32)3+ (y+2z — 3z)3 +
(z + 22 — 3y)3.

Exercise 1.30. Prove that if x, y, z are different real numbers, then
Y-yt Py—z 4 Vzma A0

Exercise 1.31. Let r be a real number such that </r — {‘}7- = 1. Find the values of

r—1Yand - 1.
T T

Exercise 1.32. Let a, b, ¢ be digits different from zero. Prove that if the integers
(written in decimal notation) abc, bca and cab are divisible by n then also a® +
b3 + ¢ — 3abc is divisible by n.

Exercise 1.33. How many ordered pairs of integers (m,n) are there such that the
following conditions are satisfied: mn > 0 and m> 4+ 99mn + n3 = 3337

Exercise 1.34. Find the locus of points (x,y) such that 23 + y3 + 3zy = 1.

Exercise 1.35. Find the real solutions x, y, z of the equation,

B+ 22 = (v +y+2)>

4See Exercise 1.23.
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1.6 Inequalities

We begin this section with one of the most important inequalities. For any real
number x, we have that
z? > 0. (1.11)

This follows from the equality z? = |z|? > 0.
From this result, we can deduce that the sum of n squares is non-negative,

> ap>0 (1.12)
i=1

and it will be zero, if and only if all the x;’s are zero.
If we make the substitution = a—b, where a and b are non-negative real numbers,
in equation (1.11), we get

(a—b)?>0.

Simplifying, the previous inequality leads to
a® +b* > 2ab. (1.13)
Since
a® +b? > 2ab if and only if 2a* + 2b* > a® + 2ab + b* = (a + b)?,

we also have the inequality

\/‘ﬂ;bQ > (a;rb). (1.14)
In case both a and b are positive numbers, the inequality (1.13) guarantees that
+ 050 (1.15)
b a

If we take b = 1 in the previous inequality, then we have that a + i > 2, that is,
the sum of a > 0 and its reciprocal is greater than or equal to 2, and it will be 2
if and only if a = 1.

Replacing a, b by v/a, Vb in (1.13), we obtain that
b
a+b>2vVab if and only if a—2|— > Vab. (1.16)

Multiplying the last inequality by v/ab and reordering, we obtain

2ab

\/ab2 .
a+b

(1.17)
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Summarizing, the inequalities (1.14), (1.16) and (1.17), which we have just proved,

imply that
2ab a+b \/a2 + b2
< b< < . 1.1

app SVIHS T, S 2 (1.18)

The first expression is known as the harmonic mean (H M), the second is the
geometric mean (GM), the third is the arithmetic mean (AM) and the last one
is known as the quadratic mean (QM).

Now, we will present a geometric and a visual proof of the previous inequal-

ities. Consider a semicircle with center in O, radius “'{b and right triangles ABC,
DBA and DAC, as shown in the following figure:

A
Yy
h
E
€ z
-
B D O C
\
a b

These triangles are similar triangles and therefore the following equality holds:

AD  DC
DB DA
h b
a h
h? = ab,

hence, the height h of the triangles is given by h = v/ab, which according to the
diagram is clearly smaller than the radius. Therefore, vab < “'2"17.

To prove the first inequality in (1.18), observe that the triangles DAE and OAD
are similar, hence

AD  AO
AE  AD’
h? =y(y + 2),
2ab

atb =Y

that is, y represents the harmonic mean. Clearly we have that y < h, therefore

2ab
ath < Vab.
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To prove, geometrically, the last inequality in (1.18), consider the next figure.

L
A
D 0
We have that OD = a;“b —a = bga and using the Pythagorean theorem, we obtain

a+b)2_a2—|—b2

DL2:OD2+OL2:<b;a>2+( A ,

that is, DL = \/“2'2"172 which is clearly greater than *3°.

Using Example 1.5.2, we can provide a proof of the arithmetic mean and the
geometric mean inequality for three non-negative real numbers. In fact, using the
next identity

1
a® + 0% + & — 3abe = 2(a+b+c) [(a=b)*+(b—c)?+(c—a)?],

it is clear that if a, b and c are non-negative numbers, then a®+ b + ¢ — 3abc > 0,
that is, a3+b>+c® > 3abc. Moreover, if a+b+c = 0 or (a—b)?+(b—c)*+(c—a)? =0
the equality holds, and this happens only when a = b = c¢. Now, if z, y and z are
non-negative numbers, define a = /z, b= ¥y and ¢ = {/z, then

x+§+z > ryz (1.19)

with equality if and only if z = y = 2.

Example 1.6.1. For every real number x, it follows that fjjfl > 2.
In fact,

2 +2 2 +1 1

= + = Va2 +1+
Vrz+1  Va2+1 Va2 +1 \/

>2
V2 +1~
The inequality now follows if we apply inequality (1.15).

Example 1.6.2. If a, b, ¢ are non-negative numbers, then

(a+b)(b+c)(a+ c) > 8abe.
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As we have seen, (a;b) > ab, (b;C) > v/be and (a;c) > \/ac, then

a+b b+c a+c
> 242,.2 _ )
<2>(2)<2)_\/abc abe

Example 1.6.3. If x1 > xo > x3 and y1 > y2 > y3, which sum is greater?

S = 21y1 + T2y2 + T3Y3,
S" = z1y2 + x2y1 + T3Ys3.

Consider the difference,

S — S = x1ys — T1Y1 + T2y — Toyo
=1(y2 — ¥1) + 22(y1 — y2)
= —x1(y1 — y2) + 22(y1 — y2)
= (v —x1)(y1 —y2) <0,

then, S’ < S.
In general, for any permutation {y}, y5,v5} of {y1,y2,y3}, we have that

S > my) + T2ys + T3Y5, (1.20)

which is known as the rearrangement inequality®.

Exercise 1.36. Let a, b be real numbers with 0 < a < b <1, prove that:
b—a
i) 0< < 1.
() 0= 1—ab ™
a b

<
_1+b+1+a_

(i) 0
Exercise 1.37 (Nesbitt Inequality). If a, b, ¢ > 0, prove that
a n b + c o 3
b+c a+c a+b 2

Exercise 1.38. If a, b, ¢ are the lengths of the sides of a triangle, prove that

3 b3 3 b
i’/a tte +?)aCZmaX{a,b,c}.

2

Exercise 1.39. Let p and q be positive real numbers with 117 + 1 = 1. Prove that:

q
1 1 1 1 1 1
i) < + < . ii + > 1.
® 37 plp+1) qlg+1) 2 ( )p(

p—1)  ql¢g—1)~
5To see a general version, consult Example 7.3.6.
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Exercise 1.40. Find the smallest positive number k such that, for any 0 < a, b < 1,
with ab = k, it follows that

Exercise 1.41. Let a, b, ¢ be non-negative real numbers, prove that
8
(a+b)(b+c)(c+a)> g(a + b+ c)(ab+ be+ ca).

Exercise 1.42. Let a, b, ¢ be positive real numbers that satisfy the equality (a +
b)(b+ ¢)(c+ a) = 1. Prove that

3
ab+bc+ ca < 4

Exercise 1.43. Let a, b, ¢ be positive real numbers that satisfy abc = 1. Prove that
(a+b)(b+c)(c+a)>4(a+b+c—1).

Exercise 1.44 (APMO, 2011). Let a, b, ¢ be positive integers. Prove that it is
impossible for all three numbers a®> +b+c, b> +c+a and 2+ a + b to be perfect
squares.

1.7 Factorization

One of the most important forms of algebraic manipulation is known as factor-
ization. In this section we study some examples and problems whose solutions
depend on factorization formulas. Many of the problems that involve algebraic
expressions can be easily solved using algebraic transformations in which the fun-
damental strategy is to find appropriate factors.

We start with some elemental formulas of factorization, where x, y are real num-
bers:

(a) 2 —y?* = (z +y)(z — y).

(b) 22+ 22y +y? = (v +y)? and 22 — 22y + ¥ = (v — y)°.

(c) 22 +y? + 22 + 22y + 2yz + 2z = (x +y + 2)%
These algebraic identities are cataloged as second-order identities. In fact, we
studied these four identities in the section of notable products. However, now we

would like, given an algebraic expression, to reduce it to a product of simpler
algebraic expressions.
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Example 1.7.1. For real numbers a, b, x, y, with x and y different from zero, it
follows that

a? n b (a+b)?  (ay —ba)?
z oy wty aylety)

To obtain the equality, we start with the sum on the left side of the identity
and follow the ensuing equalities

a? B (a+d) _ a’yle+y)+ (e +y) - ay(a+b)”

Ty Tty zy(z +y)
_ a’y? + b%z? — 2zyab
zy(z +y)
(ay — bx)?
Caylety)

An application of the previous identity helps us to prove, in a straightforward
manner, the so-called helpful inequality® of degree 2. This inequality assures that
for real numbers a, b and real positive numbers x, y, it follows that

2 32 2
a +b >(a+b) .
y o Tty

The following identities are known as third-degree identities, with z, y, z € R:

(a) 2® —y* = (z —y) (2* + 2y +4?).

(b) 2% —y® = (z —y)* + 3zy(z — y).

(©) (x+y)° - (@ +y°) =3ay(z +y).

(d) 2® — 2y + 2%y —y° = (z +y)(2* — y?).

(e) a® +ay? — 2%y —y° = (v — y)(«® + 7).

To prove the validity of these identities, it is enough to expand one of the sides
of the equalities or use the Newton binomial theorem, which we will study in
Section 3.2.

Another quite important identity of degree 3, previously given as (1.7), is
P4yt 28 -3y = (v y+2) (2% + 4 22— 2y — yz — 22),

for all x, y, z real numbers. A proof of this identity can be obtained directly
expanding the right-hand side of the identity. Different proofs of this equality will
be given throughout this book.

An equivalent form of the above identity is

1
ﬁ+w3+ff&w212@+y+@[@*yf+@*ZV+@*wV~

6See [6] or [7].
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The identities 22 — y* = (z + y)(z — y) and 2% — 3 = (v — y) (2% + 2y + y?) are
particular cases of the nth degree identity,

g =yt =(w—y) @ " Py ay Ty, (1.21)

for any x, y real numbers. If n is odd, we can replace y by —y in the last formula
to obtain the factorization for the sum of two nth odd power numbers,

eyt = ()" =" Py Ty, (1.22)

In general, when n is even, the sum of two nth powers cannot be factored, however
there are some exceptions when it is possible to complete squares. Let us see the
following example.

Example 1.7.2 (Sophie Germain identity). For any x, y real numbers, it follows
that
ot 4yt = (22 + 207 + 229) (2 + 292 — 2xy).

Completing the square, we have
o+ Ayt = ot da?y? + Ayt — da?y? = (2 + 29°)% — (2y)?
= (2% + 29 + 22y) (2* + 2¢* — 22y).
Another example, with even powers is the following.
Example 1.7.3. For any x, y real numbers, it follows that
R G I e I L S S )
To prove this we only have to divide 22" — 2" by  + 5 or do the product on the
right-hand side and simplify.
Example 1.7.4. The number n* —22n2+9 is a composite number for any integer n.

The idea is to try to factorize the expression. We do it by completing squares,
and the common way to do it is as follows:

nt —22n? +9 = (n* — 22n% +121) — 112 = (n? — 11)® — 112.
While doing this a problem arises: 112 is not a perfect square, therefore the factor-

ization is not immediate. However, we can try the following strategy to complete
squares, which is less usual,

nt —22n? +9 = (n* — 6n* + 9) — 16n* = (n? — 3)? — 16n?
=n*-3)*—(4n)*=(n* -3 +4n)(n®* — 3 —4n)
=((n+2)*=7)((n-2)*-7),
and observe that none of the factors is equal to +1.

The following is another example of how to solve problems using basic factoriza-
tions.

Example 1.7.5. Find all the pairs (m,n) of positive integers such that |3™—2"| = 1.
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When m =1 or m = 2, it is easy to find the solutions (m,n) = (1,1), (1,2),
(2,3). Now, we will prove that these are the only solutions of the equation. Suppose
that (m,n) is a solution of |3 — 2"| = 1, with m > 2 and therefore n > 3. We
analyze both cases: 3™ — 2" =1 and 3™ — 2" = —1.

Suppose that 3™ — 2" = —1 with n > 3, then 8 divides 3" + 1. However, if we
divide 3™ by 8 we obtain as a remainder 1 or 3, depending on whether n is odd
or even, therefore in this case we do not have a solution.

Suppose now that 3™ —2" = 1 with m > 3, therefore n > 5, since 241 = 3™ > 27.
Then 3™ — 1 is divisible by 8, hence m is even. Write m = 2k, with £ > 1. Then
2" = 328 — 1 = (3F +1)(3% — 1), therefore 3* + 1 = 2", for some r > 3. But the
previous case tells us we know that this is impossible, therefore in this case there
are no solutions.

The following formulas are also helpful to factorize. For real numbers z, y, z we
have the following equalities:
(z+y)(y+2)(z+2) +oyz = (& +y+ 2)(2y + yz + 22), (1.23)
(x4+y+2° =+ + 22 +3@+y)(y+2)(z+ ). (1.24)
To convince ourselves of the validity of these equalities, just expand both sides in
each equality. From these equalities the following observation arises.

Observation 1.7.6.

(a) If x, y, z are real numbers, with xyz = 1, then
(@+y)y+2)z+a)+1=(@+y+2)(@y+yz+ 22) (1.25)
(b) If z, y, z are real numbers with vy + yz + zx = 1, then

+y)y+2)(z+z)+ayz=x+y+ 2. (1.26)

Exercise 1.45. For all real numbers x, y, z, the following identities hold:
() @+y+2°—(y+z-2)°-(+2-y)°—(x+y-2)°=24zyz.
(i) (z—y)*+(y—2)°+(z—2)° =3(x —y)(y — 2)(z — 2).

(iil) (z—y)y+2)(z+2)+(y—2)z+z)(z+y) +(z-2)(@+y)(y+2)

=—(@-y)y—2)(z—2).

Exercise 1.46. For all real numbers x, y, z, prove that

(1) If f(xayaz) - xS +y3 + 2'3 — 3:ryz, then

1
f(—cz+y+zor—y+z,0+y—2).

1
flxy,2)= _flx+y,y+zz2+z)= 4

2

(i) If f(z,y, 2) = 23+y>+23—=32yz, then f(x,y,2) > 0 if and only if v+y+2z > 0,
and f(xz,y,2) <0 if and only if t +y+ 2z <0.
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Exercise 1.47. Prove that for any real numbers x, y, the following identities are
satisfied:

(i) (x+y)® — (2®+9°) = bay(z +y)(2® + zy + ?).
(i) (x4+y)" = @™ +y") = Tey(z + y)(2® + zy + y*)*.

Exercise 1.48. Let x, y and z be real numbers such that x # y and
2 _ .2 _
(y+z2)=y(xr+2)=2.
Find the value of 2*(x +y).

Exercise 1.49. Find the real solutions x, y, z and w of the system of equations

r+y+z=w,
1 1 1 1
+ 4+ = .
T Yy z w
Exercise 1.50. Let x, y and z be real numbers different from zero such that x +
y+2z#0 and i + 21! + i = g:+gl;+z' Prove that for any odd integer n it follows that
1 1 1 1

+ o+ = :



Chapter 2

Progressions and Finite Sums

2.1 Arithmetic progressions

In antiquity, patterns of points played an important role in the use of numbers and
cosmological conceptions. The Pythagoreans used to represent some integers as a
set of points arranged in polygonal or polyhedral forms. These integers, presented
as spatial arrays, are known as figurate numbers. In this section we will study
some of these numbers.

Suppose that we want to add the natural numbers 1 +2 + 3 + --- + n, where n
is any natural number. Call ¢,, the sum of these numbers, for example, t; = 1,
to=142=3,13=14+24+3=06,1t4 =1+2+3+4 = 10. We will represent them
as patterns of points in the following form:

[ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]
t ts =3 ty =6 ty =10

We can obtain the sum ¢,, from the following figure, where the geometrical ar-
rangement shows that 2t,, = n(n + 1).

n-points

n + 1-points
These numbers are known as triangular numbers.
© Springer Internationl Publishing Switzerland 2015 31
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This sum is also known as the Gauss sum, named after Carl Friedrich Gauss who,
when he was only a child, calculated this sum using the following trick. Let ¢,, be
the sum of the n numbers that we want to add. Since the sum is commutative,
we can arrange the numbers starting from the higher value and ending with the
lower. If now we sum, term by term, both arrangements, we get

t, = 1 + 2 + e+ n
and t, = n + n—-1 + - + 1 (2.1)
2t, = (n+1) 4+ (n+1) + -+ + (n+1),

therefore 2t, = n(n + 1), that is, ¢, = "("2+1).

Remember that even numbers can be represented as 2n, where n = 1,2,... and
odd numbers can be written as 2n — 1, where n =1,2,....

If we want to sum the first n odd numbers, that is, the ones that run from 1 to
2n — 1, and we call ¢, the sum of these numbers, then we have, following Gauss,
that

(v = 1 4+ 3 4+ o 4 2—1
and ¢, = 2n—-1 + 2n-3 + -+ + 1 (2.2)
2c, = 2n + 2n + -+ 2n

therefore, 2c,, = n - 2n = 2n%, where we have multiplied by n because we have
exactly n odd numbers. Therefore, ¢, = n?. We can represent these sums using
patterns of points in the following way:

Coy o dp =

C1 =4 c3=9 cy =16

Then the sum of the first n odd natural numbers corresponds to the representation
of the perfect square n2, that is,

N n-points

n-points

Every corridor represents the corresponding odd number we are adding, therefore,
the sum of the first n odd numbers is the number of points in the square, that is,
n-n = n?. These numbers are known as the square numbers.
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An arithmetic progression is a collection or sequence of numbers such that each
term of the sequence can be obtained from the preceding number adding a fixed
quantity. That is, a collection {ag, as, ...} is an arithmetic progression if, for each
n >0, ap4+1 = a, + d, where d is a constant. This common constant is called the
difference of the progression and the collection or sequence will be represented

by {an}.
Proposition 2.1.1. If {a,} is an arithmetic progression with difference d, it follows
that:

(a) The term a,, is equal to ag + nd, forn =10,1,2,....

(b) ap +ai + -+ a, = ©h (n+1) = 20 " (n + 1), forn=0,1,2,....

(¢) an = a"“;a"“ L forn=1,23,..., that is, each term is the arithmetic mean
of its two neighbours.

Proof. (a) ap—0ag = (an_an—1)+(a7z—1_an—2)+' : '+(a1_a0) =d+d+---+d =nd.
(b) Similarly as we did with the Gauss sum, if S =ag+a1+ -+ an, = an +
an_1+ -+ ag, then

28 =(ao+an) + (a1 + an-1) + -+ + (an + ag) = (ap + an)(n + 1),
a result of the identity
aj +an—j = Gj41+ an—j-1,

since aj+1 — @j = Ap—j — Ap—j—1 = d.
(c) Tt follows from a, — an—1 = api1 — an. O

Example 2.1.2. The following figures are formed with toothpicks and they are com-
posed by equilateral triangles.

JANVAVAVAVA

Figure 1 Figure 2 Figure 3

How many toothpicks are needed to construct the figure with n triangles?

To build the first figures we need 3, 5 and 7 toothpicks, respectively. The fourth
figure will have 4 triangles, that is, one more than the third figure; but we only
need 2 more toothpicks to make an additional triangle. In general, this happens
always as we go from figure j to figure j+ 1, that is, a new triangle is constructed,
but only 2 additional toothpicks are needed. Therefore, the difference of toothpicks
going from one figure to the next is 2, that is, if a; and a;4; are the number of
toothpicks necessary to construct the jth figure and the next one, respectively, we
have that a;11 — a; = 2. Then,

ap, =0p-1+2=ap2+2-2=--=a1+2-(n—-1)=34+2n—-2=2n+1.
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Proposition 2.1.3. The sequence {a,} is an arithmetic progression if and only if
there exist real numbers m and b such that a,, = mn + b, for every n > 0.

Proof. If {a,, } is an arithmetic progression with difference d, part (a) of the previous
proposition, a, = ag + nd, leads to m = d and b = a¢ been the numbers we were
searching for.

Reciprocally, if a, = mn + b, then a,41 — a, = m is constant and therefore {a, }
is an arithmetic progression, with difference m. O

An harmonic progression is a sequence {a,} which satisfies that the sequence

{al } is an arithmetic progression. That is, 1“ — al is constant, for every natural

n n n

number 7.

For example, th 1,01 ! i h i i i
ple, the sequence {1, 5, 3, 4,-++,,,--- f is an harmonic progression since

{1,2,3,4,...} is an arithmetic progression.

Exercise 2.1. Calculate the sum of the first n even numbers. Can you exhibit a
geometric representation of them?

Exercise 2.2.

(i) If {an} and {b,} are arithmetic progressions, then {a, + b,} and {a, — by}
are arithmetic progressions, this can be shortened saying that {a, +b,} are
arithmetic progressions.

(ii) If {an} is an arithmetic progression, then {b, = a2, — a2} is an arithmetic
progression.

Exercise 2.3. If {a,} is an arithmetic progression with a; # 0, for every j =
0,1,2,..., then
1 1 1 n
+ . + ey .
ap a1 ay a2 Ap—10n ag Qn
Exercise 2.4. Prove that a sequence {a,} is an arithmetic progression if and only if
there exist real numbers A and B such that Sp, = ag+a1+---+an_1 = An®+ Bn,
for every n > 0.

Exercise 2.5. A sequence {a,} is an arithmetic progression of order 2 if {a,,+1 —a,}
18 an arithmetic progression.

Prove that {a,} is an arithmetic progression of order 2 if and only if there exists
a degree 2 polynomial P(x) such that P(n) = an,, for every n > 0.

Exercise 2.6. If {a,} C R" is an arithmetic progression, then

ay + Qnp

Vaian, < {aiag - an < 5
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Exercise 2.7. Prove that there are 5 prime numbers which are in arithmetic pro-
gression with difference 6. Is the progression unique?

Exercise 2.8. For any natural number n, let S, be the sum of the integers m, with
2" < m < 2"L. Prove that S, is a multiple of 3, for all n.

Exercise 2.9. If a < b < ¢ are real numbers which are in harmonic progression,

then
1 4 1 1 1
+ +

b—c c¢c—a a-—0»b c a

Exercise 2.10. If a, b, c and d are in harmonic progression, then a +d > b+ c.

Exercise 2.11. If a, b and c are real numbers, prove that b+c, c+a and a+ b are
in harmonic progression if and only if a%, b and ¢ are in arithmetic progression.

Exercise 2.12. An increasing arithmetic progression satisfies that the product of
any two terms of the progression is also an element of the progression. Prove that
each term of the progression is an integer number.

Exercise 2.13. In the following arrangement, all the odd numbers were placed in
such a way that in the jth row there are j consecutive odd numbers,

1
3 5
7T 9 11
13 15 17 19

(i) Which is the first number (on the left) in the 100th row?
(ii) Which is the sum of the numbers in the 100th row?

Exercise 2.14. Consider the following array, in which the numbers from 1 to 9 are
placed as indicated.

1 2 3
4 1516
718 |9

Observe that the sum of the integers in the two main diagonals is 15. If we construct
a similar array with the numbers from 1 to 10000, what is the value of the sum of
the numbers in the two main diagonals?
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Exercise 2.15. Fill the following board in such a way that the numbers in the rows
and columns are in arithmetic progression.

74
186
103

2.2 Geometric progressions

A geometric progression is a sequence of numbers related in such a way that
each number can be obtained by multiplying the previous one by a fixed constant,
different from zero, which we call the common ratio or the ratio of the progression.
That is, the sequence {a,,} is a geometric progression if the ratio “*** is constant.
Let this ratio be denoted by r. Note that ap =0 and r = 0 are not included.

Proposition 2.2.1. If {a,} is a geometric progression with ratio r, then:

(a) The nth term is a, = aor™, forn=0,1,2,....

1—pntl
(b) The sum ag+ a1+ -+ an = agp 1 , forn=0,1,2,....
(c) If an are positive numbers then a, = \/an_1an41, forn=1,2,3,....
Proof. (a) Since . Zz:; we ool =™ we have, after simplifying, that a, = aor™.

(b) Using part (a) we get

S=ap+a1+--+a,=ao+ar+ -+ aor"
ag(l —rmtt)

=ag(l4r+-drm)= "0

The last equality follows from identity (1.21).
(c) Since azzl =, it follows that a, = \/an—1an+1. O

Example 2.2.2. If {a,} and {b,} are geometric progressions, then {a, -b,} is a
geometric progression.

If {a,} and {b,} are geometric progressions, then a, = aor™ and b,, = bys", for
some real numbers r and s. Then, a,b, = (agbg)(rs)™ is a geometric progression
with ratio rs.

Exercise 2.16. If {a,} and {b,} are geometric progressions, with b, # 0 for all n,

prove that Z" 1S a geometric progression.
n
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Exercise 2.17. Find the geometric progressions {a,} satisfying that any2 = any1+
G, for alln > 0.

Exercise 2.18. If {a,} is a geometric progression with ratio r, and if the product
of ag, a1, ..., an_1 is P,, prove that:

(i) P, = agr"(”_l)/2.

(il) (Pn)? = (aoan-1)"

Exercise 2.19. If {a,} C RT is a geometric progression with ratio r, prove that
{b, =logay} is an arithmetic progression with difference logr.

Exercise 2.20. If a, b and c are in geometric progression, then
a®b® + 03¢ + Aa® = abe(a® + b3 + ¢2).

Exercise 2.21. Prove that it is possible to eliminate terms of an arithmetic progres-
ston of positive integers in such a way that the remaining terms form a geometric
Progression.

Exercise 2.22. The lengths of the sides of a right triangle, given by a < b < ¢, are
in geometric progression. Find the ratio of the progression.

Exercise 2.23 (Slovenia, 2009). Let {a,} be a non-constant arithmetic progression
with initial term a1 = 1. The terms as, as, a11 form a geometric progression. Find
the sum of the first 2009 terms.

Exercise 2.24. In the next figure the polygonal line has been constructed between
the sides of the angle ABC' as follows: the first segment AC' of length b is perpen-
dicular to BC, the second segment, of length a, starts where the previous segment
ended and it is perpendicular to AB; proceeding in the same manner, the following
segments start where the previous one ended, and keeping the perpendicularity to
BC and to AB alternately.

B

(i) What is the length of the nth segment?
(ii) What is the length of the polygonal line of n sides?
(iii) What is the length of the polygonal line if it has an infinite number of sides?
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2.3 Other sums

Now, we proceed to study more complicated sums. For example, let us see how to
sum the squares of the first natural numbers,

12422432+ +n”

Consider the following array of numbers:

5 k n
5 k n
5 k n N-TOWS

We will calculate the sum of the numbers on the array in two different ways.
First, add the numbers in each of the rows of the array which, according to the
Gauss sum formula, is a triangular number, that is,

n(n+1).

Ry=1+2+3++n= ",

But since we have n rows, then the sum of all the numbers in the array is

n(n—i—l).

ST:TL 9

On the other hand, if we add each of the corridors marked, we have that the sum
of the first corridor is only 1. The sum of the second corridor is 1 +2-2 = 1 4 22,
The sum of the third corridor is 142+ 3-3 = 14 2+ 32. Continuing in the same
fashion, the sum of the kth corridor is

k(k—1) ., 3., k
K=k
2 2

Co =142+ + (k-1 +k-k= 0

Now, if we sum all the corridors, we get the sum of all the numbers in the array

3 1
ST:C'1+C'2+~'+C’n:2(12+22+~-+n2)72(1+2+~'+n)
3 1 n(n+1)
— (121922 4 ... 2y _ . .
2( +2°4---4n%) 5 5
Equating both sums S, we get
nn+1) 3 ., 5 1 nn+1)
= 7(124+92 ... . i
n, 2( +2° 4 +n%) 5 5
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Then 5 ) ( 0 ( 0
+ n(n +

124924 ... 2y _ -

2( +2° 4. +n7) 5 o tn o

therefore
124924 an?— nn+1)(2n+1)
5 .

Now, we will study the sum of the cubes of the first n natural numbers,
1P 4+2% 4+ 40

To that purpose, consider the following array of numbers:
j 2134 5 6 7

2 4168 10 12 14
3 6 9|12 15 18 21
4 8 12 16 20 24 28
5 10 15 20 25 30 35

If we add the numbers in each of the squares, we obtain

Sp=1
So=14+2+2(1+2)
S3=14+2+3+2(1+2+3)+3(1+2+3)

Sp=0+2+-+n)+2(1+2+--+n)+---+n(l+2+---+n)
~(n(n+1) 2
— ) .
If we now sum all the corridors
Ci=1

Cy=2-2+2-2=22+22=2%(1+1)=2°
C3=2(3+2-3)+32=2-31+2)+32=2-3>+32=32(2+1) =33

Cpn=2n+2n+3n+ -+ (n—1)n) +n?

-1
2n<(n 9 )n) +n2=nd—n?2+n%=ns
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But, since C; + Co +C3 + - -+ C), = S,,, we get

n<n+1)>2_

13+23+33+-~-+n3=< 5

The above sum can also be written as
B+ 4334+ 4P =(14+24+3+--+n)

Exercise 2.25. Using the corridor technique in the following array

52 . k‘2 . n2

52 . k‘2 . n2

52 . kZ . 712 n-rows
12 22 32 42 52 N ]{32 e ’fl2

prove the following equality,

D 2
(n(n; )) 13193 433 1. 1B

2.4 Telescopic sums

When we develop a sum of the form

n

SOk +1) = f(k)],

k=1

we have that

n

DU k+1) = f(R)] = F(2) = FO) + fB3) = f@) + -+ f(n+1) = f(n),

k=1

then the terms f(k), for k between 2 and n, cancel out and we obtain that the
sum is equal to f(n+ 1) — f(1). This type of sums are called telescopic sums. Let
us see some examples.

Example 2.4.1. Fvaluate the sum

- 1
Zk:(k:—i—l)'

k=1



2.4 Telescopic sums
Observe that k(kl-&-l) = i — kil, therefore
~ 1 _Z”:<1 1 )
— k(k+1) — kE k+1
(1 1 1 1 n 1 1 n n 1 1
- 2 2 3 3 4 n n+l
n+l n+1

Example 2.4.2 (Canada, 1969). Calculate the sum Y ,_, k! - k.

Observe that k! -k = kl(k+1—1) = (k + 1)! — k!, then we have that

ik i (k+ 1) -k

k=1 =1

(2'—1') @BI=2+---+((n+ 1! =n!)
(n+1)!=n)+ ' —n-1D)+--+ (2 =1
=Mmn+1)-1

Example 2.4.3. Fvaluate the product

1 1 1 1 1 1
22 32 20112 ) °
We have that

1 1 1
(122> (132)"'(120112>
()0 (o))
2 2 3 3 2011 2011
()00 D))
2 3 2011 2 3 2011
345 2012\ /1 2 3 2010
(2.3.4 ..... 2011) (2.3.4 ..... 2011)
2012 1 1006
( 2 )(2011)2011'
Exercise 2.26. Find the sum

1 1 1 1

14 47770077 2908 3001°

41
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Exercise 2.27. Calculate the following sums:

| y 2%k + 1
(i) ];1 k(k +2) (i) 22k + 1)

n

Exercise 2.28. Calculate the following sums:

W=k e k—+1
() ;(k—i—l)! (i) — (k= 1)+ k! + (k+ 1)

b

Exercise 2.29. Find the sum

\/1+1+1+\/1+1+1+ +\/1+ Lot
12" 22 22 ' 32 20112 " 20122

Exercise 2.30. Find the following product

(1+;) (1+212)...(1+2;).



Chapter 3

Induction Principle

3.1 The principle of mathematical induction

In Chapter 2 we deduced several formulas for finite sums of numbers. Thus we
learned that the sum of the first n natural numbers is given by the identity

1
1+2+~-+n:”(”2+ ). (3.1)

In fact, this formula is a collection of statements, P(n), which we have proved
using algebra, that are valid for every positive integer n.

The validity of these series of statements can be proved using what is known as
the principle of mathematical induction, which will be developed in this chapter.
The principle of mathematical induction claims that a sequence of propositions
P(1), P(2), P(3), ... are valid if:

1. The statement P(1) is true.
2. The statement “P(k) implies P(k +1)” is true.

We can guarantee that this last statement is true assuming that P(k) is true and
proving the validity of P(k + 1)7.

Observation 3.1.1. Statement 1 of the principle of mathematical induction is called
the induction basis and statement 2 is known as the inductive step.

We will prove using this principle the validity of the identity (3.1) for every natural
number.

Example 3.1.2. The identity 1 +2+3+---+n = "("2+1) is valid for every positive
integer n.

"To prove 2. is equivalent to prove that: “not P(k + 1) implies not P(k)”, is true.

© Springer Internationl Publishing Switzerland 2015 43
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If n = 1 the left-hand side of the identity has a unique term, that is, 1. The right-

1(1+1), since this last term is also 1. We have that the formula is valid

hand side is 5

forn=1.
Now, suppose that the statement P (k) is true, that is, the equality
k(k+1)

L4243+ +h="" (3.2)

is valid. We will prove the corresponding identity for k + 1.
According to the formula, the terms on the left-hand side, for k + 1, are 1 + 2 +
3+---+k+ (k+1), and if we use (3.2), we have that

k(k;” +(k+1)(k+1)<’;+1)

(k1) (k+2)
= 5 ,

142434 +k+(k+1)=

which is the same as the right-hand side of the formula for k + 1. This proves the
validity of P(k + 1). Therefore, by the principle of mathematical induction the
identity is valid for every positive integer n

Example 3.1.3. For every natural number n, the number n® —n is a multiple of 6.

If n =1, then n® — n = 0 is a multiple of 6, since 0 = 6 - 0.

Suppose that k% — k is a multiple of 6, that is, k> — k = 6r, for some integer
number r. We will prove that the statement is true for k£ + 1, that is, we will show
that (k +1)3 — (k + 1) is a multiple of 6.

Now, we have that

(k+1?—(k+1)=k>+3k*+3k+1—-k—1
=(k* — k) +3(k* + k) =67+ 3(k* + k).

Here we have used the induction hypothesis that P (k) holds, that is, k3 — k = 6r.
Since k?+k = k(k+1) is the product of consecutive numbers, one of them has to be
even, then k?+k is even. Then, 3(k?+ k) is a multiple of 6. Thus, (k+1)% — (k+1)
is a sum of multiples of 6. Therefore, by the principle of mathematical induction
the result is valid for every positive integer n.

Example 3.1.4 (Hanoi Towers). A beautiful legend of the creation of the world tells
us that Brahma placed on the FEarth three bars of diamond and 64 golden discs.
The discs had all different sizes and at the beginning they were located in the first
diamond bar following a decreasing order of the diameters from bottom to top.
Also Brahma created a monastery where the monks had the fixed task of moving
all the discs from the first bar to the third, following some rules. The allowed rules
were to move one disc from one bar to any other bar but under the condition that
a disc with a greater diameter could never be placed on top of a smaller disc. The
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legend also tells us that when the monks would finish their duty, the world will end.
What is the smallest number of necessary moves that the monks have to make to
accomplish the work?

1° bar 2° bar 3° bar

Let z,, be the minimum number of necessary moves to move n discs. If n = 1,
there is only one disc and therefore just one move is needed, that is, x;1 = 1. With
two discs in the first bar, we move the small disc to the second bar, then the big
one from the first bar to the third one, and finally the small one from the second
bar to the third. Therefore, x5 = 3. With three discs the problem starts to become
interesting.

Expressing as ¢ — j the move of the top disc from bar ¢ to bar j, the discs can
move in the following sequence of moves 1 — 3,1 -+ 2,3 - 2,1 — 3,2 — 1,
2 — 3,1 — 3, that is, x3 = 7. Observing the obtained sequence 1, 3, 7, we can
note that if we sum 1 to each term we obtain consecutive powers of 2. Therefore,
we conjecture that z,, = 2™ — 1. To prove this conjecture by induction, we only
need to prove the inductive step. Suppose that z,, = 2 — 1 moves and let us see
what happens with n + 1 discs. By the inductive hypothesis, the n superior discs
can be moved to the second bar in 2" — 1 moves. After this, the largest disc moves
from the first to the third bar in one move, and finally the n discs in the second
bar can be moved to the third bar in 2™ — 1 moves. Therefore, in total we made
(2" — 1)+ 1+ (2" — 1) = 2" — 1 moves.

Therefore, 2™ — 1 moves are enough, but is this the minimum? We will prove by
induction that in fact this is the minimum. For n = 1, this is obvious. Suppose
that it is true for n. Now, we want to move n + 1 discs from the first to the third
bar, that is, in some moment we have to move the largest disc to the third bar.
At this moment the remaining n discs have to be all together in another bar and,
by the induction hypothesis, they could not have arrived there in less than 2™ — 1
moves. In the same way, when the largest disc moves to its final position in the
third bar, the n remaining discs have to be all in another bar, and to move them
to the third bar we need at least 2" — 1 moves.

Adding, we see that we cannot move n+1 discs in less than (2" —1)4+14(2"—1) =
271 — 1 moves, which completes the proof.

With 64 discs, as in the legend, it is necessary to do 2% — 1 moves, and if we

suppose that the monks can do one move every second, to finish their task they
will need 500 thousand millions of years.
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Observation 3.1.5. In many cases, the basis of induction is not for n = 1 but for
n = k, for some natural number k. Then, if we prove the induction step, we can
conclude that P(n) is true for all natural numbers n > k.

Example 3.1.6. For x, y real numbers and for n > 2, it follows that
xn _ yn — ($ _ y)(l’nil =+ xn72y N wyn72 =+ ynfl).

If n = 2 the result follows because 22 — 3% = (z — y)(x + y).
Suppose that 2* — y* can be written as

:Iikiyk:(x,y)(zkfl +xk*2y+~~+xyk*2+y’“*1),

We will prove the result for k£ + 1. We start from the following identity,

BHL gkl gkl gk gk ke

=a(z® —y") + (@ —y).

T

Using the induction hypothesis, we have that

w@ =y )+ —y) =a@—y) @+ Py ) e — )
(z—y) (@@ + 2" 2y + -y R
—y) @ F Ty eyt ).

(x

E+1 o k+1l _

Therefore, x Yt = (2 —y)(@F + 2Py + -+ ayF T+ yF), as we wanted

to prove.

Example 3.1.7. The sum of the interior angles of an n-sided convexr polygon is
180°(n — 2).

The statement makes sense for n > 3, that is, when we have a triangle. For
n = 3, the statement holds since the sum of the interior angles of a triangle is
180° = 180°(3 — 2).

Suppose the statement is valid for any convex n-gon. Given a convex (n + 1)-gon
with vertices Ay, ..., A,41, the diagonal A, A; divides the polygon in a convex
n-gon A1 Ay ... A, and a triangle A,; A, 11 A;1. The sum of the interior angles of the
(n+1)-gon will be the sum of the angles of the n-gon A; ... A,, plus the sum of the
interior angles of the triangle A, A,,11 41, that is, 180°(n—2)+180° = 180°(n—1).

To verify a series of statements P(n), in some cases it is better to work with
more general propositions P’(n), that is, propositions such that the validity of
P’(n) will guarantee the validity of P(n). Let us see some examples.

Example 3.1.8. For any positive integer n > 2, it follows that

1+1+ Jr1<3
22 32 n? "4
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To use the principle of mathematical induction to prove the inequality can
be complicated, since if we suppose that 212 + 312 + -4+ nlg < i, we would have
to prove that 212 + 312 + e+ n12 + (n_&l)g < Z, but the margin of manoeuvre is
limited. Then we will try to work with the following stronger result

3
S, < 4 — ay,, forall n>2,

where S, is the sum on the left-hand side of the inequality that we want to prove,
and {a,} are positive numbers that we have to discover. In order to produce a
proof by mathematical induction we need to show that the basis of induction is
valid, that is
1
< —ag or ag <
454 2 2 <
The inductive step consists in showing that the condition S,, < i —a,, implies
that Sp,+1 < Z — Qp41. Since Sp41 = Sy + (n_&l)% the above will be true if a,, and
Gn41 satisfy

- Un n <07
(1 TS

which is equivalent to

1
Ap — Gpt1 > (n+1)2° for all n > 2.

Now, the numbers a,, = }L satisfy the above inequality, since

O
n n+l nn+l) = (n+1)2

Also, as = ! satisfies the condition of the basis of induction. Therefore, the num-
bers a, = | are good candidates to make possible the induction. In fact we have
proved that, for every n > 2, it follows that S, < i — 71w thus

1 1 1 3

2t T e Sy

A similar example is the following.

Example 3.1.9. For any positive integer n, it follows that

1 1 1
+ ot <2.

2v1  3v2 (n+1)y/n

As in the previous example, it is sufficient to prove that

1 1 1 2
+ +o <2- .
2V1 32 (n+1)vn Vn+1

_ 1 2
For n = 1, we have a1 <2

T2 which is true, that is, the induction basis holds.
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For the inductive step, it suffices to prove that
1 2 2
(n+2)vVn+1 < Vnd+l n+2’
which can be reduced to prove that

1
Vn+2

but this last inequality is obviously true.

2

<2(¢n+2—\/n+1):¢n+2+m+1,

Another frequently used version of the principle of mathematical induction is the
following.

Strong induction principle. The set of propositions P(1), P(2), P(3), ..., P(n),
. are true if:
1. The statement P(1) is true.
2. The statement “P(1), ..., P(n) implies that P(n + 1)” is true.

Observations 3.1.10. (a) In the strong induction principle, the inductive step is
valid if each time that P (k) is valid for k < n then, starting with this hypothesis,
we prove that P(n+ 1) is valid.

(b) 1t is clear that the strong induction principle implies the simple prin-
ciple of induction. But in fact both are equivalent, since strong induction is a
consequence of simple induction. To see this, it is enough to consider the logical
conjunction® Q(n) of the propositions P(1), ..., P(n). If P(1) is true also Q(1)
is true (since they are exactly the same). If Q(n) is valid so are P(1), P(2), ...,
P(n), and by the strong induction hypothesis also P(n + 1) is valid, this implies
that Q(n + 1) is true. Then, by simple induction Q(n), is true for any natural
number nand the same is true for P(n).

Although strong induction and the simple one are logically equivalent, in some
cases it is easier to use one rather than the other.

The strong induction is implicit in the definition of sequences by recurrence
relations.

Example 3.1.11. If a is a real number such that a + (11 is an integer, then a™ + aln
s an integer for all n > 1.

For n = 1, the statement is true by the hypothesis that a+ (11 is an integer number.
Let us see how to solve for n = 2; sometimes this case gives us ideas about how
to justify the inductive step.

Note that (a + (11)2 =a?+ 5, +2;thena®+ = (a+ (11)2 — 2 is an integer number
and then our statement for n = 2 is true.

8The logical conjunction of P(1), ..., P(n) means that all the propositions are true at the same
time.
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Let us analyze again our formula

1\? 1 1 , 1 11 s 1 1
a+ =\|a+ a+ =a"+ ,+a- + a=a+ ,+a + .,
a a a a? a a a? a®

then we get, a®> + 5 = (a+ }) - (a+}) = (a®+ )), but this gives us another
idea, the statement for n = 2 depends on the statements for n = 1 and for n =0
(which by the way are also valid).

To obtain the statement for n = 3, we will work following the previous idea,

2, 1 1 3, 1 1
a*+ L) |a+ =a"+ ,+tat+ .
a a a a
3, 1 5 1 1 1
a”+ g=\(a"+ ) -|la+ —la+ )
a a a a
1

the right-hand side is an integer number if a + }1 and also a? + ,2 are integers,
but this is already known. It is now clear how we can prove the inductive step.

Suppose that the statement is valid for integers less than or equal to n, then from
the identity

1 1 1 1
n+1 _ n n—1
a” "+ gt = <a + a") . <a+ a) - <a + a"—1> , (3.3)

it follows that the statement for n + 1 is also valid.

It follows that

There are other ways to prove statements inductively.

Cauchy’s induction principle. The set of propositions P(1), P(2), ..., P(n), ...
are all valid if:

1. The statement P(2) is true.
2. The statement “P(n) implies P(n —1)” is true.
3. The statement “P(n) implies P(2n)” is true.

Observation 3.1.12. Let us see why Cauchy’s induction principle implies the prin-
ciple of mathematical induction. First, note that 1 and 2 guarantee that P(1) is
true, that is, the induction basis holds. Since 3 holds, the validity of P(n) implies
that P(2n) is true. Now, applying n—1 times the condition 2, we get that P(2n—1),
P2n—-2), ..., P(n+1) are all true. In particular, P(n+1) is true. Thus, we have
proved the inductive step of the principle of mathematical induction. Therefore all
P(n) are true.

We apply this inductive process to prove the inequality between the geometric
mean and the arithmetic mean.
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Example 3.1.13. For real non-negative numbers x1, ..., x, the following inequality

holds for all n:
T+ X2+ Ty

n
Denote by A = “J””ﬁ”'“c" and G = {/T172 ... Ty, the arithmetic mean and the
geometric mean of the numbers x4, ..., z,, respectively. The proof will be done
by induction over n, using the inductive principle just described.

1. For n = 1 we have the equality, and the case n = 2 was proved in Section 1.6.

2. Let z1, 2, ..., T, be non-negative numbers and let g = »~y/xy - 2,1 If
we add this number to the numbers x4, ..., z,—1, we obtain n numbers to
which we apply P(n) and obtain

T+ T
1+ + "1+92{L/w1x2-~wn71g:(/9”71'919-

Then, z1 + -+ + x,—1 + g > ng, which in turn leads to ‘”1+'7;ff"*1 > ¢, and
therefore P(n — 1) is valid.
3. Let z1, x2, ..., x2, be non-negative numbers, then

Ty + X2+ -+ 22 = (21 +22) + (03 +24) + -0+ (Tan-1 + T2n)
> 2 (\/SC1IE2 +rsza+ -+ \/$2n71$2n)

1 1
> 2n (\/5011'2\/1'31'4 e \/scgn,lscgn) m=2n(r1x2 - Tap) 2 .

In the previous sequence we applied several times the statement P(2), which
we know is true, and after that the same was done with statement P(n) to the

numbers \/T1T2, /T34, - . ., V/ZT2n—1T2n.

Example 3.1.14. Let us see another way to prove the previous inequality, but in this
case using another variant of the induction principle. Observe first that if some
xz; = 0, then the inequality is clear.

Suppose then that every x; > 0, and that 122 ...z, = 1. Prove the statements
Pn):z1+za+- - +xH > 1.

Clearly the basis of induction is true, that is, P(1) : &1 > 1 is true, in fact 23 = 1.
Suppose that P(n) is valid for any n positive numbers whose product is 1,
and let 1, ..., Tp, Tnt1 be positive numbers whose product is 1. Then, there will
be some z; > 1 and some z; < 1. Without loss of generality, we can suppose that
21 > 1 and x2 < 1. Then, by the previous statement, (x; — 1)(z2 — 1) < 0, then
122+ 1 < x1+x9. Therefore, 1 +x2+- - -+ xp+Tpe1 > 1+ z120+ 23+ -+ 201
Now apply the induction hypothesis to the n numbers x;x3, 3, ..., T,+1 to show
that ©1 + 22 + -+ - + & + Tpt1 > 1 4 n, that is, the statement P(n + 1) is true.

For the general case, if a1, ..., a, are positive and letting G = /a1az ... ay, if we
consider the identities z1 = ¢%,..., ¥, = &, we have that z;...2, = 1. Then,
a1 + “e + Qanp

r1 + ---+ x, > n, which is equivalent to > y/ay...an.
n
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Example 3.1.15. Let x1,22,...,T, and y1,Y2, - - -, Yn be natural numbers. Suppose
that x1 +xo+ -+ xp =y1 + Y2 + - + ym < mn. Then it is possible to cancel
out some terms (not all of them) from both sides of the above equality while always
preserving the equality.

We use induction over k = m + n. Since n < x1 + 22 + - - - + x,, < mn, then
m > 1, and similarly n > 1, then m, n > 2 and k£ > 4. For m +n = 4, we have
that m = n = 2, and the only possible casesare 1 + 1 =1+1and 14+2=1+2
(maybe in a different order) and the result is immediate.
Suppose that k = m +n > 4 and consider

s=T1+Tat+ tTn=y1+ Y2+ + Ym < mn.

Without loss of generality, we can suppose that z; is the largest term of the set
of x;’s, with 4 = 1,2,...,n, and ¥, is the largest term of the set of y;’s, with
ji=1,2,...,m. We can also assume that z; > y;, because if z; = y; the problem
is solved. Then we have

(x1—y1)+ @2+ -+ Tn=y2+ "+ Ym.

We need to prove that the sum s’ = yo + - - - + y,,, satisfies the required condition,
that is, s’ < n(m —1). Since y1 > y2 > -+ > Y, it follows that y; > *°, hence
, s m—1 m—1
ss=s—y1<s— =s < mn =n(m—1),
m m m

and now we can apply the principle of mathematical induction to reach the desired
conclusion.

Exercise 3.1.
(i) Prove by induction that for ¢ # 1,

1— g™
l4qt-+q ' = 17qq.

(ii) Prove that 1 +2' +22 ... 420 =2+l 1,

Exercise 3.2. For the Fibonacci sequence, defined by a1 = 1, as = 1 and, for
n >3, Gy = ap_1 + an_2, prove that

any2 =14+a1+as+ -+ an.
Exercise 3.3. Prove that 3"+ divides 23" + 1, for any integer number n > 0.
Exercise 3.4. There are 3" coins with identical aspect, but one of the coins is false

and its weight is less than the weight of the real coins. Prove how, with a plate
weighing scale®, in n weighings we can identify the false coin.

9A plate weighing scale is a balance with two plates that will be at the same level if the weight
of the objects placed in each one of the plates is the same.
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Exercise 3.5.

(i) For which integers n does it follow that 7 divides 2" — 17
(ii) For which positive integers n does it follow that 7 divides 2™ 4+ 17

Exercise 3.6. Find the values of ay, if a1 = 1 and for each n > 2, it follows that
a1+a2+~~+an:n2.

Exercise 3.7. For n > 1, prove that

BRI RN R W NIt

Exercise 3.8. Find the values of an, if a1 = 1 and for each n > 2

n\/a7z+1

var+yartootvan =T

Exercise 3.9. Prove the next inequality relating the geometric mean and the arith-

metic mean,
SC1+SC2++II]”

> Yx1x2 - T,
n

by following the indicated steps:

(i) Use induction to prove that
"+ Drt+n=(z-1)} 2" +22" 2+ 32" P 4+ n).

Therefore, for x > 0, it follows that "t — (n+ 1)z +n > 0.

T1+ o+ Tp41 _
gl and b =

a

(i) Apply the previous inequality to x = §, where a =
x1+'7'1'+x", and conclude that

n+1 n
x1+...+xn+1 x1+...+xn n
( n+1 ) > Tn+1 ( n ) = -/I;n-i-lb .

(ili) Now use induction again in order to finish the proof.

Exercise 3.10. Let 0 < a1 < ap < -+ < a, and ¢; = x1. Prove that >, e;a;
has at least ("‘ZH) different values when the e; vary over the 2™ possible elections
of the signs.

Exercise 3.11. A sequence ai,as,...,az, of numbers 0 or 1 is said to be even-
balanced if a1 +as+- - -+asp_1 = as+aq+- - -+as,. Prove that an arbitrary sequence
of numbers 0 or 1, with 2n + 1 elements, has a subsequence'® even-balanced with
2n elements.

10See Subsection 7.2.7, for the definition of subsequence.
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Exercise 3.12. Prove that the only infinite sequence {an} of positive numbers such
that for each positive integer number n, the equality

atdas 4 +ad=(ar+ay+-+ay)?

holds, is the sequence given by a, =n, forn=1,2,....

Exercise 3.13. If a1 < as < --- < a, are positive integers, then
aj +aj +---+ap > (a1 +az + - +a,)?,

with equality if and only if ar, = k, for each k =1,2,... n.

Exercise 3.14.

(i) Prove that, for n > 1, it follows that

(e2) (o) (- 2) 3

(ii) Prove that, for n > 1, it follows that

(o D) (e ) (10 1) <5

Exercise 3.15. Let ay,a9,...,a, be real numbers greater than or equal to 1. Prove
that
n

! > .
1+a; = 1+ Yar---a,

n
1=

1

3.2 Binomial coefficients

The factorial of an integer number n > 0, denoted by n!, can be defined by
induction as follows:

(a) 0l =1,
(b) n!=n(n—-1)!, for n > 1.

Observation 3.2.1. Ifn > 1, then
nl=nn-1)---2-1.

For all integers n and m, with 0 < m < n, we define the binomial coefficient'!

(m) s |
(:l) - m!(nn; m)!’ (35)

M For a combinatorial meaning of the binomial coefficients and the factorial, see [19].
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Properties 3.2.2. For 0 < m < n, it follows that:

(a) (g) =1 and (Z) =1.
n n
b = .
© ()= (")
(¢) For eachm =1,2,...,n—1, it follows that
n n—1 n—1
= : 3.6
()= (o) = () 5
This identity is known as Pascal’s formula.
(d) <n> is a positive integer.
m

Proof. To prove (a) and (b) we just apply the definition of binomial coefficient.
(c¢) To prove this property, observe that

(:L_D + (n;1> = (m— 1)1((2_11)!m+ y m!(fln_11)!m)!
mn— 1)l +n—m)n—1)  nl <n)

m

ml(n —m)! ml(n —m)!

(d) This statement can be justified by induction over n. Forn =0 and n = 1,
it is clear since (8) =1 and ((1)) = (}) =1.

Suppose that for n — 1 the assumption is true, and let us prove that (:1) is

an integer, for m =0, ..., n. By (a), we have that (g) = (Z) = 1 are integers. By
(¢c), form =1, ..., n—1, we have that (;;) is a sum of two integers and therefore
it is an integer. O

Theorem 3.2.3 (Binomial theorem). Let a and b be real numbers and let n and m
be integers with 0 < m < n. The numbers (::1) are the binomial coefficients in the
binomial development (a + b)™, that is,

(a+b)" = <Z>a” + <711>a”1b+ S <7Z>a”b ot (Z)b” (3.7)

Using the sum notation we can write the previous equality as
" /n
a+b)" = C)a™ e
@i =3 (%)

This identity is known as Newton’s binomial formula.
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Proof. Induction over n yields a prove of this identity.
If n =0, then (a+b)° =1 and (J)a’° = 1.
Suppose that n > 0 and that the identity is valid for n — 1, that is,

n—1 = (n-1 n—1—igi
(a+b) = . Ja b
_ 1

is true, then

n—1 n—1 o
(at+b)" = (a+b)(a+b)""" = (a+b) ) et
% (%)

n—1 -1 n—1 n—1
— n n—ibi - n—ibi - Obn
0 8 1 Gl S o v R AN (e
n—1
n n—1 n—1 o n—1
_ n n—ipi ™
G+ X [(7)+ ()] + (20

n—1 n
n n n n—int n n o__ n n—int
—(O>a —l—;(i)a b +(n>b —Z(i)a b*.

=0

In the last step we have used Pascal’s formula. O
Example 3.2.4. If n is a positive integer, then

i(—l)i(TD —0.

=0

Apply the binomial theorem with ¢ = 1 and b = —1, to obtain

o=a-vr=3 (e = (?)

=0

Exercise 3.16. Prove the following equalities:

0y (?) = 2", (i) Y (?) 2 =3,

j=0 7=0

Exercise 3.17. Prove the following equalities:

0 ())-0)()
0 (3)-2670)
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Exercise 3.18. Prove the following equalities:

0 2() - ()

Exercise 3.19. Calculate the following sums:

"L /n 1 n
J(j)‘ <“>;j+1(j)'

Exercise 3.20. Prove the following equalities:

Dk 1+1+1+ +1
B 2 3 n’

.

m _ <a<'_+li;2 (?) (e

Exercise 3.21. Prove that the following relations hold:

n n

() Zu)jj(’;) S0 () S (’;) 0.

j=1 j=1

<

Exercise 3.22. Prove that the number of odd integers in the following list
n n n
o)1),

is a number which is a power of 2.

Exercise 3.23. For each prime number p > 3, prove that the number (2;’ 11) —11s
divisible by p?.
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3.3 Infinite descent

The method of infinite descent was frequently used by Pierre Fermat (1601-1665),
therefore it is also known as Fermat’s method. In general, it is used to prove that
something does not happen. For instance, Fermat used it to prove that there are
no integer solutions of the equation z* + y* = 22, with zyz # 0.

The theoretical basis of his method rests on the fact that there is no such thing
as an infinite decreasing collection of positive integers. In other words, we cannot
find an infinite collection of positive integers such that n; > ny >ng > ---.
There are two ways to use this idea in order to prove a statement. The first is to
start with a statement P(n1) which we suppose is true. If from this statement, we
can find a positive integer number ny < ny such that P(ng) is valid and if from
this last statement we can find a positive integer number ns < ns such that in
turn P(ns) is valid, and so on and so forth, then an infinite number of positive
integers is generated satisfying n; > ny > ns > ---, but this is not possible, so
P(n1) is not true. Let us see an example in order to illustrate this method.

Example 3.3.1. The number /2 is not a rational number.

ma
ny’

Suppose that V/2 is a rational number, then V2 = with my and n; positive

integers. Since V241 = we have that

1
V2-1’

V2+1= mll - ™M ., therefore V2= " _1:2n1—m1-
n —1 mp — Ny mp — Ny mip — Ny
Since 1 < /2 < 2, substituting the suppose rational value v/2 leads to 1 < 77’:11 < 2,
hence n1 < my < 2ny. From here we have that, 2n; —mq; > 0 and m; — nqy > 0.
Then, if we define mgs = 2n; — my and no = my; — ny, we have that ms < my
and ny < ni, since n; < mp and my; < 2nq, respectively. Then, V2 = ’n”ll = ’n”j,
with mo < my and ng < ny. Continuing this process we can generate an infinite

number of positive integers m; and n; such that

ni n2 n3

with my > mg > mg > --- and ny > ng > ng > ---, but this is not possible.
Therefore, v/2 is not a rational number.

Example 3.3.2. Find all the pairs of positive integers a, b that satisfy the equation
a® —2b* = 0. (3.8)
Suppose that there exist positive integers a;, b; such that

aj —2b3 = 0.
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This implies that a; is an even number, that is, a; = 2as for some positive integer
az. Then, since

(2a2)? — 2b3 =0, it follows that 2a3 — b} = 0.

Therefore by is even, that is, by = 2by with by a positive integer. Substitution in
the last equation leads to

2a3 — (2b2)> =0, or a3 —2b3=0. (3.9)

This implies that as and bs is another pair of positive integers satisfying equation
(3.8). Since a1 = 2as, we have that a; > as. Moreover, the above equations imply
that a1 > by > a2 > by. Equation (3.9) proves that as is even, that is, as = 2ag
for some positive integer as.

Repeating the above arguments we obtain an infinite sequence of natural
numbers in which each term is smaller than the previous one, that is,

a1 > by >as >by >a3 >by>---.

However, this sequence cannot exist. Therefore, there is no pair of natural numbers
that satisfy the equation (3.8). Note that this example proves also that /2 is not
a rational number.

The other way to use the infinite descent method has a more positive character.
It can be used to show that a series of propositions P(a) are valid, where a is an
element of a set A C N. To do this we use the following argument: suppose that
P(a) is not valid for some a € A and define the set B = {a € A|P(a)is not true}.
Since B # (), in B there is a first element, say b. Now, using the hypothesis of the
problem, we can find a positive integer number ¢ < b such that P(c) is not valid.
This leads to a contradiction since b was the minimum element of B. Then, P(a)
has to be true for all a € A.

Example 3.3.3 (Putnam, 1973). Let a1, ag, ..., aant+1 be integers such that if we
take one out, then the remaining numbers can be divided in two sets of n integers
which have the same sum. Prove that all numbers are equal.

We can suppose that a; < as < --- < agp41. If we subtract the smallest num-
ber from all these numbers, the new numbers also satisfy the inequality and the
conditions of the problem. Then, without loss of generality, we can suppose that
a; = 0.

The sum of the 2n remaining numbers different from a; satisfies the condition of
being congruent to 0 modulo 2. Now, let us see that if we choose any two numbers
the pair will have the same parity. Let a; and a; be any two such numbers and
S=a1+ -+ agm41. Since S —a; =5 —a; =0 mod 2, we have that a; = a;
mod 2.
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If we divide by 2 all the numbers, the new collection has the same properties.
Using the same arguments we can conclude that

a1£a2£'~'za2n+150 mod22.

We can continue this argument to conclude that

a1 =ay=---=agp+1 =0 mod 2k,
for each k > 1, but this is possible only in the case in which all the numbers are
equal to zero, and therefore the original numbers are equal.

Example 3.3.4. Let ABC be an acute triangle. Let A1 be the foot of the altitude
from A, Ay the foot of the altitude from A; over C A, As the foot of the altitude
from Ay over AB, Ay the foot of the altitude from As over CB, and so on and so
forth. Prove that all the A;’s are different.

A

As

B Ay Ay C

Observe that each A, is a point in one of the sides of the triangle, that is, it
cannot be in the extension of the side and it cannot be a vertex of the triangle.
This follows from the fact that if A,, is in the extension of one side of the triangle,
then the triangle is obtuse, and if it is a vertex, then the triangle is either obtuse
or a right triangle.

Note also that A,, and A,,11 do not coincide, because they belong to different
sides of the triangle and they are not vertices.

Suppose now that A, coincides with A,,, with n < m, and suppose also
that n is the smallest index with the property that A, coincides with some A,,.
We now see that n = 1, since otherwise we would have that A, _; coincides with
A, —1, and therefore n does not satisfy the property of being the smallest index n
such that A, = A,,, for some m > n.

Now if A1 coincides with A,,, with m > 3, then A,,_1 has to be the vertex A,
but we already saw that no A,, is vertex of a triangle. Then, A; cannot coincide
with any A,,.
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Exercise 3.24 (Hungary, 2000). Find the prime numbers p for which it is impossible
to find integers a, b and n, with n positive, such that p™ = a3 + b3.

Exercise 3.25. The equation x> + y? + 22 = 2zyz has no integer solutions except
when x =y =2z =0.

Exercise 3.26. Find all the pairs of positive integers (a,b) such that ab+a +b
divides a® + b% + 1.

Exercise 3.27. Prove that for n # 4, it does not exist a reqular polygon with n
stdes such that the vertices are points with integer coordinates.

3.4 Erroneous induction proofs

In this section we present some examples showing the necessity of verifying all
the steps required in a proof which uses the induction mathematical principle.
Sometimes, if we miss proving one detail this can lead us to some absurd situations,
as we will see.

Example 3.4.1. All non-negative powers of 2 are equal to 1.

The induction basis is n = 0. The statement is true because 29 = 1.
Suppose this is true for all £ < n, that is, 2° = 2! = ... = 2" = 1. Let us now
verify the statement for 2”1, Follow the identities and see that

22n  gm.n 1.1

2n+1 — — —
2n71 anl 1

1.

Then the proof is complete.

Error. The inductive step is not valid for n = 0, that is, P(0) = P(1) is a false
statement.

Example 3.4.2. All integers greater than or equal to 2 are even.

The induction base for n = 2 is clearly valid, since 2 is even.

Suppose that for each integer number k with 2 < k < n, the statement is true,
that is, such numbers k are even. Let us see now that n+1 is also an even number.
We write n + 1 as n + 1 = k1 + ko, with k1, k2 < n. By the induction hypothesis
k1 and ks are even numbers, then the sum n + 1 is also even. This completes the
proof.

Error. The inductive step is erroneous. Numbers k; and ks have to be greater
than or equal to 2. But this is not always true, for example, for n = 3. Also, we
can justify that in the inductive step we require two previous numbers satisfying
the statement. But it turns out that the statement is not valid for the first two
numbers, 2 and 3, since 3 is not an even number.
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Example 3.4.3. Consider the statement
I, :n(n+1) is odd for all positive integers n.
Where is the mistake in the following proof ?

Suppose that the statement I,, is valid for n and we will show that it is true for
n + 1. We start from the identity

m+1D)(n+2)=nn+1)+2(n+1).

On the right-hand side of the identity we have, by the induction hypothesis, that
n(n + 1) is odd and, if we add to this last number the even number 2(n + 1), we
have that n(n+ 1) +2(n+ 1) is also odd, and therefore the statement I,,11 is also
valid.

Error. We have not verified the induction basis.

Example 3.4.4. Consider the following statement:

R, :if there are n straight lines, not two of them parallel,
then all the lines have a common point.

Where is the error in the following proof?

The statement R; is true. Also Rs is true, since two non-parallel straight lines
meet in one point.

Suppose the statement valid for n — 1 straight lines, and consider now n straight
lines 1,15, . ..,l,, where no two of them are parallel. By the induction hypothesis
the n — 1 straight lines Iy, ...,[l,—1 have a common point, call it P. Now, instead
of taking out the straight line [,,, take out the line [,,_;. Then, by the induction
hypothesis, the n — 1 straight lines 1, ...,l,_2,, have a common point, call it Q.
But /1 and I have just one common point, then P = Q. Then the n straight lines
l1,...,l, have P as a common point.

Error. The induction basis has to be proved for n = 3, but the statement Rj3 is
false. Also note that the proof of the inductive step from Rs to R3 does not hold
since I is eliminated in the second part.

Exercise 3.28. Consider the statement: Every function defined on a finite set is
constant.

Find the error in the following proof.

Let f : A — B be a function defined on a finite set A. We will perform the
proof by induction over n, the number of elements of the set A. If n =1, it is clear
that f is constant. Suppose that the statement is valid for all the functions defined
on sets with n elements and let f be a function defined on a set A = {a1,...,an+1},
with n + 1 elements. Consider C = A~ {an11}, which is a set with n elements,
by the induction hypothesis, the function f restricted to C' is constant. If we now
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consider D = A~ {a,}, which also has n elements, the function f restricted to
D is constant, but these two constants coincide with f(aq). Then the function f
is constant in all the set A and therefore the proof is complete.

Exercise 3.29. Consider the statement: For any n > 2, if there are n coins, one of
which is false and lighter than the other coins, then the false coin can be identified
in at most 4 weighing of the coins in a balance with two plates.

Find the error in the following proof.

Of course, if we just have 2 coins, weighing the coins just once is enough to
identify the false coin, we just put one in each plate of the balance and the plate
that raises up has the false coin.

Suppose that the result is valid for k coins and consider k + 1 coins, where
just one of them is lighter than the others. Now leave one coin out, if in the rest
k coins we cannot identify the false coin weighing 4 times we are done; the false
coin is the one we took out, otherwise weighing 4 times we found the false coin
among the k coins.

Exercise 3.30. Consider the statement: Every non-negative integer is equal to 0.

Find the error in the following proof.

Forn >0, let P(n) be the statement: “n=10".

Of course P(0) is true. Suppose that for k > 0 the statements P(0), P(1), ...,
P(k) are true. The veracity of P(k+1) follows from the fact that (k+1) =k+1,
because if P(k) and P(1) are true, 6 =07, 1 =07, then k+1=040=10
and therefore P(k + 1) is true. By the strong induction principle “n =07 for all
n > 0.



Chapter 4

Quadratic and Cubic Polynomials

4.1 Definition and properties
Consider an expression of the form
P(z) = azx® + ax2® 4+ a1x + ag,

where ag, a1, as and ag are constant numbers. We say that P(x) is a cubic poly-
nomial or a polynomial of degree 3 in the variable z if ag # 0; if a3 = 0 and
as # 0 we say that P(x) is a quadratic polynomial or a polynomial of degree 2;
in case that ag = as = 0 and a; # 0, we say that P(x) is a linear polynomial or a
polynomial of degree 1; finally, if a3 = aa = a; = 0 and ag # 0, we say that P(x)
is a constant polynomial and its degree is 0. The degree of the polynomial P(z) is
denoted by deg(P). The constants as, az, a1 and ag are called the coefficients of
the polynomial. A polynomial with all the coefficients equal to zero is known as
the zero polynomial'?. If in a polynomial, the coefficient of the highest power of
x is 1, we say that the polynomial is a monic polynomial.

We say that asx® + agx? + a1x + ag and b3z + baxz® + by + by, are two equal
polynomials if a;, = b;, for i =0, 1,2, 3.

We can evaluate the polynomials by replacing the variable x by a number ¢, the
value of the polynomial P(z), in = = t, is P(t).

A zero of a polynomial P(x) is a number r such that P(r) = 0. We also say that
r is a root of the polynomial or a solution of the equation P(x) = 0.

If the coefficients of a polynomial P(z) are integers, we say that P(x) is a poly-
nomial over the integers or a polynomial with integer coefficients; similarly, if the
coeflicients are rational numbers, we say that the polynomial is a polynomial over
the rationals, etc.

121n this book, the zero polynomial has no degree.
© Springer Internationl Publishing Switzerland 2015 63
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In many aspects, the polynomials are like the integers, they can be added, sub-
tracted, multiplied and divided. To see how this is done consider the polynomials

P(z) =ag+ a1z + asx® + azx®,
Q(IE) = bo —+ blsc —+ bQSCZ + b3£173.
We define the sum of polynomials as
(P +Q)(z) = P(x) + Q(x) = (ao + bo) + (a1 + b1)z + (az + ba)a® + (a3 + bs)a;
the subtraction as
(P —Q)(x) = P(z) — Q(x) = (ap — bo) + (a1 — b1)z + (az — ba)x? + (az — bsg)x?,
and the product of a polynomial by a constant c as
(cP)(z) = cP(x) = cag + carx + casa® + caza®.
The product of two polynomials is defined as
(PQ)(SC) = (P(SC))(Q(IE)) = aobo + (a0b1 + albo)x + (aobz + a1b1 + a2b0)$2
+ (a0b3 + a1bs + asby + a3b0)x3 + (a1b3 + asby + agbl)lA
+ (a2b3 + a3b2)$5 + a3b3x6.

Finally, we define the polynomial division. Given the above two polynomials, with
the following restrictions
P(z) = azz® + asx® + a1z +ap  with az # 0,

Q(z) = bz + boa® + byx + by, with some coefficient different from zero,
there are always S(z) and R(z) such that
P(z) = S(x)Q(z) + R(z), with deg(R) < deg(Q) or R(z)=0.

We call the polynomial S(z) the quotient and R(x) the remainder of the
division of P(z) by Q(z).
If R(z) = 0, we say that Q(z) divides (exactly) P(x) and we write Q(z)|P(z).
In the next section, we will see that a number a is a zero of a polynomial P(x) if
and only if  — a divides P(x).
A polynomial H(z) is the greatest common divisor of P(x) and Q(x) if and only if
1. H(x) divides both P(z) and Q(z),
2. If K(x) is any other polynomial which divides both P(z) and Q(x) then K (x)
also divides H(x).

It can be proved that H(x) is unique up to a multiplication by a constant number.
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4.1.1 Vieta’s formulas

(a) If a monic polynomial P(z) = x? + px + ¢ has roots a and b, then

2 +pr+q=(xr—a)(x—>b) =2*—(a+b)x+ab,
comparing the coefficients, it follows that

p=—(a+b) and ¢=ab. (4.1)

(b) If a monic polynomial P(x) = 23 + paz? + gz + r has roots a, b and c, then
4 pr?dqrdr = (z—a)(x—b)(x—c) = 2> — (a+b+c)x® + (ab+bc+ca)x — abe
and comparing the coefficients we have that

p=—(a+b+c), g=ab+bc+ca, r=—abe (4.2)

Formulas (4.1) and (4.2) are known as Vieta’s formulas.

Let us see the following examples.

Example 4.1.1 (USSR, 1986). The roots of the polynomial % + ax+b+1 =0 are
natural numbers. Prove that a® + b2 is not a prime number.

If r and s are roots of the polynomial, formula (4.1), assures us that r+s = —a
and 7s = b+ 1. Then, a and b are integers and a? 4+ b> = (r + 5)> + (rs — 1)? =
(r? + 1)(s% + 1) is the product of two numbers greater than 1.

Example 4.1.2 (Germany, 1970). Let p and q be real numbers, with p # 0, and let
a, b, ¢ be roots of the polynomial px3 — px? + qx + q.
Prove that (a+b+c¢) (L +,+ 1) =-1.

Since pr?® — pz? +qr +q = p(2® — 2% + sx+ 1) =pl@—a)(z-b)(x—c), by
formula (4.2), we have that

ab + bc+ ca Z
abe

(a—i—b—l—c)(i—i—ll)-i-i) :(a—i—b—i-c)(

The generalization of Vieta’s formulas for polynomials of degree greater than
3, will be presented in Chapter 8, dedicated to the theory of polynomials.

Exercise 4.1. Find all solutions of m?> —3m +1 =n?4+n —1, where m and n are
positive integers.

Exercise 4.2. Let P(z) = ax? + bx + ¢ be a quadratic polynomial with real coef-
ficients. Suppose that P(—1), P(0) and P(1) are integers. Prove that P(n) is an
integer number for every integer number n.
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Exercise 4.3. Ifa, b, ¢, p and q are integers, with ¢ # 0, (p,q) = 1 and g a root
of the equation ax? + bx + c = 0, prove that p divides ¢ and q divides a.

Exercise 4.4. Let a, b, ¢ be real numbers, with a and ¢ non-zero. Let o and 3 be the
roots of the polynomial ax?+bx+c and let &' and B be the roots of the polynomial
cx?+bx+a. Prove that if o, B, ', ' are positive numbers then (a+5)(o/ +5) > 4.

Exercise 4.5. Find all real numbers a such that the sum of the squares of the roots
of P(x) = 2% — (a — 2)x —a — 1 is a minimum.

Exercise 4.6. If p, ¢ and r are solutions of the equation x® — Tz? + 3z +1 = 0,
find the value of 117 + ; + i

Exercise 4.7. The solutions of the equation x3 + bx? +cx +d =0 are p, q and r.
Find a quadratic equation with roots p?> + ¢> + 12 and p+ ¢+ r, in terms of b, c
and d.

Exercise 4.8. For which positive real numbers m, the roots 1 and xs of the

equation
2m —1 m? —3
2
_ -0
T ( 9 ) T+ 9 ,

satisfy the condition x1 = xo — % ?

Exercise 4.9 (Kangaroo, 2003). Let P(z) be a polynomial such that P(z? 4+ 1) =
2t + 422, Find P(2® —1).

Exercise 4.10. The natural numbers a, b, ¢ and d satisfy that a3 +b> = 3 + d°
and a + b = c+ d. Prove that two of these numbers are equal.

4.2 Roots

If we divide a degree 3 polynomial P(z) by z — a we get
Pz)=(x—a)Q(x)+r, with reR and deg(Q)=2.
Let © = a, then it follows that P(a) = r, therefore
P(z) = (x = a)Q(x) + P(a). (4.3)
It follows, from equation (4.3), that
P(a) =0 if and only if P(z) = (z —a)Q(x), (4.4)

for some polynomial @Q(z). This result is known as the factor theorem.
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If a1 and ay are two different zeros of P(x), then, by equation (4.4), it follows
that P(z) = (z — a1)Q(x). Since, P(az) = (a2 — a1)Q(az2) = 0 and az # ay, then
Q(az) =0, hence Q(z) = (z — a2)Q1(x), for some polynomial Q1 (z). Then,

P(e) = (2 — 0)(x — a2) @ () with deg(Q1) =
If deg(P) = 3 and P(a;) =0, for a1, aa, as, then
P(z) =c(z —a1)(x —az)(x —az) with ceR.
If there exists m € N and a polynomial Q(z) such that
P(z) =(x —a)™Q(z) with Q(a)#0, (4.5)

we say that the multiplicity of the root a is m.

Example 4.2.1. If P(z) = ax?®+ bz +c is a quadratic polynomial, then its roots are
p

_ 2 b b2 4
b++/b 4ac and b—+/ ac. (4.6)
2a 2a

b
P(J;):ax2+bx+c:a<x2+ o+ €
a

)
_ 2_}_2()3(;_}_1)2_b2+40
-\ 2a  4a? 4a?  4a

2

=a (sc+ 22)2 4; (b* — dac)

. <I+ )2<\/b22;4ac>

—a (H ) x/b22a 4ac] l (a;-i‘ Qba> . \/b22; 4ac]

. ( b+\/b2 4ac>] [x_ (—b—¢b2—4ac>]
2 '

—b+ Vb2 — 4ac —b— /b2 — dac ,
and are its roots.
2a 2a

Then,

The number A = b? — 4ac is called the discriminant of the quadratic poly-
nomial P(z) = az? + bz + c.
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Observation 4.2.2. If the discriminant, b*—4ac of the quadratic polynomial P(z) =
ax? + bz + ¢ is zero, the polynomial P(x) can be written as a constant multiplied
by the square of a linear polynomial. In this case the polynomial P(x) has only
one real Toot, which is equal to 72(’(1.

In the case where the discriminant is greater than zero, that is, b> — dac > 0
then the polynomial P(x) has two different real roots.

Finally, when the discriminant is negative, there are two distinct complex
roots. This case will be analyzed in Chapter 5.

Summarizing, if r and s are the roots of P(x), then the discriminant is zero
if and only if r = s. In case the discriminant is different from zero, then r # s,
and P(z) = a(z —r)(x — s).

Now, we shall see what is the geometric meaning of the discriminant of a
quadratic polynomial. Remember that P(z) = ax?® + bx + ¢ can be written as

b\> 1, b\ A
— _ 4 = - .
(ac + 2a) 4a? (b ac)‘| “ (ac + 2a) 4a

To construct the graph of the previous equation, that is, to locate the set
of pairs of points (z,y) = (x, P(z)) in the Cartesian plane, we let y = P(z) and
obtain the equation

Pz)=a

A b\°
= 4.7
vt 4a @ (3(; + Qa) ’ (4.7)
which represents the parabola with vertex at the point (— zbav — ﬁl ), where the sign

of the coefficient a determines if the parabola opens up (a > 0), or down (a < 0).

In fact, the equation (4.7) tells us much more about the quadratic polynomial
P(z). Suppose that a > 0, that is, the parabola opens up. The second coordinate
of the vertex, — fa , is positive if and only if —A > 0, that is, if the discriminant of
P(z) is negative, which means that the graph of the parabola does not intersect
the X-axis. Then P(x) has no real roots.

If — ﬁl is negative, the graph of the parabola intersects the X-axis in two
points 1 and xo, which are the roots of P(x). Observe that in this case, we
have that A is positive, which agrees with the fact that P(x) has two real roots.
Moreover, the polynomial P(z) reaches the minimum value at the point = — zbav
and — ﬁl is the minimum value of P(x).

Making a similar analysis if a < 0, we can conclude that when the parabola
opens down it will intersect the X-axis if and only if A > 0. Here, the polynomial
P(x) reaches its maximum value at the point * = —.> where the maximum value

2a
of P(z)is — 4.
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A>0 A <O
a>0 a<0

When the graph of the parabola is tangent to the X-axis, we are in the case
in which the discriminant is zero, that is, when both roots are equal.

As an application for the quadratic polynomial theory we can prove the following
inequality.

Example 4.2.3 (Cauchy—Schwarz inequality). Ifas, ..., a, and by, ..., b, are real

numbers, it follows that
n /2 , ., 1/2
i=1 i=1

The expression P(z) = Y., (a;z+b;)? is a quadratic polynomial in z. Since
P(z) > 0, we have that P(z) cannot have two different real roots, therefore the
discriminant cannot be positive. Now, in order to calculate the discriminant of
this polynomial, we expand each term of the sum (a;x +b;)? = a§x2 + 2a;b;x + bf,
from where the polynomial takes the form

P(z) = (i af) 2% +2 (i aibi> x+ (i bf) ,

therefore, the discriminant is

4 (Z b) - (Z ) (Z b?) <o

Rewriting the above expression and taking the square root, we obtain the desired

result, that is,
n 12 ., 1/2
i=1 i=1

n

Z aibi

i=1

n

Z aibi

i=1
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Note that the equality holds if the discriminant is zero, that is, when the polyno-
mial has just one real root. Observe that this holds if x = ;b foralli =1,2,...,n,
b;

and this means o is constant.

It is also possible to prove the inequality between the geometric mean and the
arithmetic mean of two numbers, by analyzing the discriminant of a certain quad-
ratic polynomial.

Example 4.2.4. For a, b > 0, it follows that “;b > Vab and the equality holds if
and only if a = b.

Consider the quadratic polynomial P(x) = (z — v/a)(z — v/b), which has
two real roots, so its discriminant is positive or zero. But the discriminant of

P(z) = (x — va) (ac—\/b> =% - (\/a—i-\/b)x—i—\/ab is

(\/a+\/b>274\/ab:a+b72\/ab.

Since the discriminant is positive or zero, then a + b > 2v/ab. Also, the equality
holds if and only if v/a = v/b and then a = b.

Example 4.2.5. The following construction dates from the Greek period and it is the
procedure to find geometrically what in modern terms are the roots of a quadratic
polynomial 2% + bx — 2, with b and ¢ positive numbers.

Construct first an isosceles triangle OPQ with base PQ of length b, and the
altitude from O of length c. We draw a circumference through the vertices P and
Q of the triangle and with center O.

0

|
| c

|
Cp~2b ~Q D

Let AB be the diameter of the circumference parallel to PQ and construct
the rectangle ABCD. The positive root of £? + bz — c? is equal to the length of the
segment C'P and the other root (the negative root) is equal to the negative length
of the segment CQ).

Let us see how to prove this statement. By Vieta’s formulas (4.1) it follows

that if & and B are the roots of the polynomial, @ + 8 = —b and aff = —c?,

then we necessarily have a negative root. Let us consider the right triangles BC' P
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and QCB. Since Z/PBC = /BQC, these triangles are similar. Then we have that
CP-CQ = BC? = ¢, therefore

CP(-CQ) = —c*.

On the other hand, since CQ = CP + b, we have that CP — C@Q = —b. Then, CP
and —CQ fulfill Vieta’s relations, therefore these last numbers are the roots of the
equation.

Example 4.2.6. Factorize a® 4+ b3 + ¢3 — 3abc.
Let us consider the polynomial

P(z) = (x —a)(x —b)(x —c) = 2° — (a + b+ c)z* + (ab + bc + ca)x — abe,
with roots a, b and ¢. That is,

a® — (a+b+c)a* + (ab+ be + ca)a — abe = 0,
b — (a + b+ c)b* + (ab + be + ca)b — abe = 0,
& —(a+b+c)c® + (ab+ be + ca)e — abe = 0.

Adding these three equalities and factoring a + b + ¢, we get
a® 4+ b% 4+ —3abc = (a + b+ c)(a® +b* + ¢ — ab — bc — ca). (4.8)

Remember that the expression a? + b2 + ¢ — ab — be — ca can be written as

1

5 [(a—b)2+(b—c)2+(c—a)2].

From this we get the following factorization,
1
a® + b® + ¢ — 3abc = 2(a+b+c) [(a=b*+b—-c)?+(c—a)]. (4.9)

Example 4.2.7 (Czechoslovakia, 1969). Let a, b and ¢ be real numbers such that
a+b+c>0,ab+bc+ ca >0 and abc > 0. Prove that a, b, ¢ are positive.

Let us consider the cubic and monic polynomial with roots a, b and ¢, that is,
P(z) = (x —a)(x —b)(x —c) = 2* — (a + b+ c)x* + (ab + bc + ca)x — abe.

For < 0, we have that P(z) < 0, then we can guarantee that the roots are
positive.

Exercise 4.11. For what values X the polynomial Az + 2z + 1 — i does have two
equal Toots?
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Exercise 4.12. Let a, b and c be positive real numbers. Is it possible, for each of the
following polynomials P(x) = ax®+bx+c, Q(x) = bx’+cx+a, R(z) = cx®+ax+b,
to have both real roots?

Exercise 4.13. For what integer values of k are the solutions of the equation
kx® —(1—-2k)z +k—2=0

rational numbers?

Exercise 4.14 (Czech-Slovakia, 2006). Find all pairs of integers (a,b) such that
a+ b is a root of the polynomial 2 + ax + b.

Exercise 4.15. Find all integer values of = for which the polynomial x? — 5z — 1
is a perfect square.

Exercise 4.16. Solve, using geometry, the equation z? + bx — ¢?, with b and c
positive numbers, using the following construction due to R. Descartes. Draw a
circumference with center O and radius g. Draw QR, a tangent to the circumfer-
ence through Q, with QR = c. Let S and T be the points where the straight line

through R and O cuts the circumference.

R

T

The quadratic polynomial has one positive root and one negative root. In the
figure, the length of the segment RS is equal to the positive root and the negative
root is equal to the negative length of the segment RT .

Exercise 4.17. Let P(x) = ax®+bx+c be a quadratic polynomial such that P(z) = x
does not have real solutions. Prove that P(P(x)) = x has no real solutions either.

Exercise 4.18 (Poland, 2007). Let P(x) be a polynomial with integer coefficients.
Prove that if P(x) and P(P(P(x))) have a common root, then they have a common
integer root.
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Exercise 4.19 (Russia, 2009). Let a, b and ¢ be non-zero real numbers such that
ax® +bx + c > cx, for all real numbers x. Prove that cx?® —bx +a > cx — b, for all
real numbers x.

Exercise 4.20 (Russia, 2009). Two different real numbers a and b are such that
the equation (x? + 20az + 10b)(x? + 20bz + 10a) = 0 has no real solutions. Prove
that 20(b — a) cannot be an integer number.

Exercise 4.21 (Russia, 2011). Let P(x) be a monic quadratic polynomial such that
P(z) and P(P(P(x))) have a common root. Prove that P(0)P(1) = 0.

Exercise 4.22. Let a, b, ¢, d, e and f be positive integers such that they satisfy the
relation ab+ac+bc=de+df +ef, and let N =a+b+c+d+ e+ f. Prove that
if N divides abc 4 def then N is a composite number.

Exercise 4.23. Let P(z) and Q(x) be two quadratic polynomials with integer co-
efficients. If both polynomials have an irrational number as a common zero, prove
that one of them is a multiple of the other.

Exercise 4.24. Determine if there exist polynomials x? — byx + ¢1 = 0 and x? —
box + co = 0, with by, c1, ba and co different, such that the four roots are by, c1,
by and cs.

Exercise 4.25. Let a, b and c be real numbers. Prove that at least one of the
following equations has a real solution:

2 +(a—bx+(b—c)=0,
22+ (b—c)x+(c—a)=0,
2 +(c—a)r+(a—b) =0
Exercise 4.26. Let a, b and c be real numbers such that a + b+ ¢ = 0. Prove that

a®+ b5+ a4+ 0%+ 2 ad+b3+3
5 N 2 3 '

Exercise 4.27. Let a, b and ¢ be real numbers such that a+b+c = 3, a®>+b>+c* =5,
a’+ b+ =7. Find a* +b* + .

Exercise 4.28 (OMCC, 2001). Let a, b and ¢ be real numbers such that the equation
ax?+bx+c = 0 has two different real solutions p1, pa and the equation cx’+bx+a =
0 has two different real solutions q1, q2. Also the numbers p1, q1, P2, G2, in this
order, form an arithmetic progression. Prove that a + ¢ = 0.
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Exercise 4.29. Let a, b and c be real numbers different from zero, with a+b+c =0
and a® +b> + ¢ = a® + b° + P, Prove that a® +b* + ¢* = §.
Exercise 4.30 (Russia, 2010). Let P(x) be a cubic polynomial with integer coeffi-
cients such that there exist different integers a, b, and ¢ such that P(a) = P(b) =
P(c) = 2. Prove that no integer number d satisfying P(d) = 3 exists.



Chapter 5

Complex Numbers

5.1 Complex numbers and their properties

The roots of a quadratic equation are not always real numbers. For instance, the
roots of the equation x? + 2z + 10 = 0, which can be calculated using directly
equation (4.6) of Section 4.2, are

—2++/-36 —2—+/—36
9 and 9 .

For this reason it is necessary to consider “imaginary” numbers, like v/—36.

A complex number z is an expression of the form = + iy, where x and y are real
numbers, and 32 = —1. At this moment we will not worry about the meaning of 1,
for the time being we will be interested only in the fact that its square is —1. The
real part of z, which will be denoted by Re z, is the number =, and the imaginary
part of z, denoted by Im z, is the number y.

The set C of all complex numbers x + ¢y can be identified with the set of points
(z,y) in the Cartesian plane, and when this is done, due to this representation it
is called the complex plane. The X-axis is called the real axis and the Y-axis is
known as the imaginary axis.

In order to work with complex numbers, we need the following three definitions:
the complex conjugate of z, denoted by Zz, is the complex number x — iy; the
module or norm of z, denoted by |z], is the real number /22 + y2, which is the
distance from the origin to the point (z,y) representing z. Finally, the argument
of z # 0 is the angle between the positive real axis and the line through 0 and
z, taken in the counterclockwise direction. The argument of z is denoted by arg z
and generally it is assigned a value between 0 and 27.

There is another form to write a complex number z, which is known as the polar
form of the complex number z. Let r be the norm of z, r = |z|, and § = argz,
then z = r(cos 6 + isin6).

© Springer Internationl Publishing Switzerland 2015 75
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Y -axis
z=x+ 1y

X-axis

The set of complex numbers is similar to the set of real numbers, in the sense
that there are two operations that can be applied to its elements, the sum and the
product of complex numbers.
Let z = x + iy and w = u + iv be two complex numbers. Then the sum of these
complex numbers is given by

24w = (ztiy) + (utiv) = (@ +u) +ily+0),
and the product by

Z.w:(g[;+iy)(u+iv):J;u+xiv+iyu+i2yv
= (zu — yv) + i(zv + yu).

The set of real numbers can be seen as a subset of the complex numbers, if
we identify each real number x with the complex number (z,0).
Observe that to number ¢ corresponds the number (0, 1) and that

(sc,y) = (‘T7O) + (an) = (SC,O) + (07 ]-) : (y70)7

and this is also represented as = + iy, that is, to (x,y) corresponds the complex
number x + iy.

The operations of sum and product of complex numbers satisfy the same
properties that these operations satisfy in the set of real numbers, as being com-
mutative, associative and share also the existence of neutral elements for both
operations, these being 0 = (0,0) and 1 = (1,0), respectively. The sum of com-
plex numbers is exactly the same operation as the sum of vectors in the Cartesian
plane; the operation that can be a novelty is the product of complex numbers. Let
us see how to find the inverse of a complex number. For that purpose we need an
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important relation that exists between the norm of a complex number z and its
conjugate, that is
2z = |z~ (5.1)

In order to see that, note that if z = x +iy, then 22 = (z +iy)(z —iy) = 22 +y* =

|2|2. From identity (5.1), if z # 0, tells us that its multiplicative inverse, i, is equal
to %y
||

Exercise 5.1. Let z, w be two complex numbers. Prove that:

(i) z4w=z4+w, zw=2zZw, 2= 2.

(i) 121 = J2l, |zl = [l jwl, |1 = . i = £ 0.

(iii) Re z = (z+z) < |z|.

(iv) Im z = (2 —2) < |2|.

(v) [z 4wl < IE |+|’UJ|

(Vi) |2+ wl* + |2 = w* = 2(]z* + [w]*).
Exercise 5.2. Find the complex numbers z such that Im(z + i) =0.
Exercise 5.3. If z and w are complex numbers with |2 + w| = |z — w| and w # 0,

iz .
then is a real number.
w

Exercise 5.4. If z and w are complex numbers, prove that:
() 1= 20f* = |2 —wf® = (1+ [20])? = (2] + [w])*.
(i) |1+ zw” = |z 4w = (1= [2[*)(1 — |w]).

Exercise 5.5. If z and w are complex numbers such that (1 + |w|*)z = (1+ |z[)w,
prove that z = w or Zw = 1.

Exercise 5.6. Let z1, z2, z3 be complex numbers such that
z14+22+23=0 and |z1]|=|z| =]z =1

Prove that 23 + 23 + 23 = 0.

Exercise 5.7. Prove that if z1, z2 are complex numbers with |z1| = |z2| = 1 and
z122 # —1, then 21+Z2 is a real number.

Exercise 5.8. Let a, b, c and d be complex numbers with the same norm, and such
that a + b+ ¢ = d. Prove that d is equal to a, b or c.

Now, we present the geometric meaning of the complex product. Let us see two
examples that will help us to understand such meaning. First, let us consider the
transformation z — iz, that is,  + iy — i(z + iy) = iz — y, which in vectorial
form means that the vector (z,y) becomes the vector (—y, z), and note that both
vectors are perpendicular. Then, the transformation z — iz corresponds to the
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rotation of the complex plane in the counterclockwise direction, around zero, with

angle 7.
gle 4 v

12

If we apply the previous transformation twice, we obtain z — iz — i(iz) = iz =

—z, which is a rotation with angle .

The previous examples show that complex multiplication implicitly carries a rota-
tion of the Cartesian plane. If instead of taking the product of a complex number
z with 4, we take the product with another complex number w, certain rotation
appears in a natural way. We will see this now.

Let z = z+1iy = r(cos 0+isinf) and w = u+iv = t(cos ¢p+isin ¢) be two complex
numbers written in polar form. Taking its product, we obtain
z-w =r(cosf +isinh) - t(cos ¢ + i sinP)
= rt(cosfcos g+ i cosh sing + i sinf cos ¢ + 2 sinf sin p)
=rt(cosfcos¢ — sinf sin¢ + i(cosf sin ¢ + sin b cos ¢))
=rt(cos(f + ¢) + i(sind + ¢)),

(5.2)

where we used the sine and cosine formula for the sum of two angles.
Thus, arg(z - w) = arg z + arg w, modulo 27.

By identity (5.2), we conclude that geometrically the product of two complex
numbers, z and w, is the complex number whose norm is the product of the norms
of z and w, and its argument is the sum of the arguments of the same two numbers.

Y

zZw
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Using formula (5.2) repeatedly, for z = cosf + isinf, we obtain the so-called de
Moivre’s formula, where for every integer n we have

(cos@ +isin @)™ = cosnb + i sinnf. (5.3)

Exercise 5.9. Prove that, for complex numbers a, b and c, the following are equiv-
alent:

(i) The points a, b and c are collinear.
(ii) Z “Yer
—a
iii) cb — ca — ab € R.
(iif)

1
(iv) | 1 =0.
1

QO o Q
QS Ql

Conclude that the equation of the line through b and c is Im(Z~}) = 0.
Exercise 5.10. Find the complex numbers z such that z, i, iz are collinear.

Exercise 5.11. Let z, w be two vertices of a square, find the other two vertices in
terms of z and w.

Exercise 5.12. Prove by induction de Moivre’s formula (5.3).

Exercise 5.13. Prove that if z + i = 2cosf, then z™ + Zln = 2cosnb, for every
teger n > 1.

5.2 Quadratic polynomials with complex coefficients

Now, let us see that it is possible to obtain explicitly the roots of every polynomial
of degree 2 with complex coefficients. In order to do that, first we need to be able
to solve the following type of equations

(z + iy)® = a + ib, (5.4)

where a and b are real numbers. That is, we need to find the values of = and v,
which means to find the square root of a + ib.

First, observe that since (z +iy)? = 22 — y? +i2xy, equation (5.4) is equivalent to

a=a*—y* and b= 2uxy, (5.5)
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the second equation implies that the sign of b determines if the signs of x and y
are equal or different. Now, taking the norm on both sides of equation (5.4), it
follows that

2+ = Va2 + b2. (5.6)

Adding this last equation to the first equality of (5.5), we obtain 222 = a +
Va2 + b2, that is,

1 1
z? = 5 (a+\/a2+b2) or x:i\/

2

(a—i— \/a2+b2).

Similarly, we obtain y = j:\/é (fa ++a? + bZ). Note that x, y are well defined
since a + Va2 +b2 > a+ |a| > 0 and —a + Va2 + b2 > —a + |a| > 0.

Once we know how to calculate the square roots of complex numbers, we can cal-
culate the zeros of every quadratic polynomial. In fact, if we consider the quadratic
polynomial P(z) = az? + bz + ¢, with a, b, ¢ € C, then, by using formula (4.6)
we can always find both zeros of the polynomial. For instance, if the discriminant
b? — 4ac is a complex number, we can obtain its square root and then calculate
the two roots, which are now complex numbers too.

As a consequence, every quadratic polynomial with complex coefficients has at
least one complex root, and therefore can be written as the product of two linear
factors with complex coefficients.

Observe also that if P(z) is a polynomial with real coefficients, then for every com-
plex number w we have that P(w) = P(w), since the conjugate of each coefficient
is the same number, just because it is a real number. Thus, if w is a zero of P(z),
then w is also a zero. Hence, for a polynomial with real coefficients, the complex
roots, if they exist, appear in conjugate pairs.

Example 5.2.1. Solve the equation 28 + 426 —102* + 422+ 1 =0.

Dividing the expression by z*, we obtain that

, 1 , 1 1\*
24 )4+ L) -10= 2+ —-6—-10=0. (5.7)
z z z

Making the change of variable u = z + i we get equation u* = 16, which has

solutions w1 = 2, ue = —2, ug = 24, ug = —2i.
From equation v = z + i we have that z = § & \/u2/4 — 1. By substituting the
four values of u we obtain the eight solutions: z1 0 = 1, 234 = —1, 25 6 = (1 i\/Q),

zrs = —i(1£/2).

Example 5.2.2 (Romania, 1999). Let p and q be complex numbers with q¢ # 0.
Prove that if the roots of the quadratic polynomial x% +px +¢> = 0 have the same
norm, then g is a real number.
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Let 1, z2 be the roots of the given equation and let r = |z1| = |z2|. Then

2 2 - -
p (z1 + x2) Ty | T2 T1X2 i T2

2
e ="+ T 42=""7 ; +2=2+

2 RG(IEL’I_TQ)

T1X9 xTo I r T

2
is a real number. Moreover, Re(z1Z2) > —|71Z2| = —r? and then 1;’2 > 0.

Thus, 1;’ is a real number.

Exercise 5.14. Find all the complex numbers z such that |z| = 1 and |2* + 22| = 1.

Exercise 5.15. Let a, b, ¢ be complex numbers with |a| = |b| = |¢| # 0.
(i) Prove that if a root of the equation az? + bz + ¢ = 0 has norm 1, then
b2 — ac = 0.
(ii) If each of the equations az® + bz +c =0 and bz% + cz +a = 0 have a root of
norm 1, then |a —b| = |b—c| = |c — al.

Exercise 5.16 (Romania, 2003). If the complex numbers z1, za, 23, 24, 25 all have
norm 1 and satisfy 2?21 z; = 2?21 22 = 0, prove that these numbers are the
vertices of a reqular pentagon.

Exercise 5.17 (Romania, 2007). Let a, b, ¢ be complex numbers of norm 1. Prove
that there exist numbers «, 8,v € {—1, 1}, such that |aa + 8b+ vc| < 1.

Exercise 5.18 (Romania, 2008). Let a, b, ¢ be complex numbers that satisfy a |be|+
b|cal + c|ab] = 0. Prove that |(a — b)(b— ¢)(c — a)| > 3v/3 |abc|.

Exercise 5.19 (Romania, 2009). Find the complex numbers a, b, ¢, all with the
same norm, such that a +b+ c = abc = 1.

5.3 The fundamental theorem of algebra

One of the goals of polynomial theory is to find the roots or the factors in which
a polynomial can be decomposed. In this spirit we have the result known as the
fundamental theorem of algebra.

Theorem 5.3.1 (The fundamental theorem of algebra). Every polynomial P(z) =
2™ + ap_ 12" L+ a1z + ag, wheren > 1, a; € C and a, # 0, has at least
one root in C.

For the proof of this theorem, see Section 5.5.

Let us first remember the factor theorem.
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Theorem 5.3.2 (Factor theorem). If a is a zero of a polynomial P(z), then z — a
is a factor of P(z).

This theorem has the following interpretation: to know the zeros of the polynomial
is to know the polynomial. This is made precise in the following result.

Corollary 5.3.3. Every polynomial P(z) of degree n with coefficients in C, can be
written in the form

Pz)=clz—z1)(z—2) - (z—2n), 2z €C, ceC.

That is, the polynomial has exactly n complex roots. The numbers z1, zo, ..., zn
are not necessarily distinct.

If it is difficult to find the roots of the polynomial, then it is a good idea to find
another polynomial for which it could be easier to find the roots. Let us see an
example.

Example 5.3.4 (USA, 1975). Let P(z) be a polynomial of degree n such that P(k) =
k/(k+1), for k=0,1,2,...,n. Find P(n+1).

The condition P(k) = k/(k + 1) does not say anything about the roots of P(x).
Then, we can consider the polynomial of degree n + 1,

Qz) = (z+1)P(x) — z.
Clearly, the roots of Q(x) are 0, 1, 2, ..., n, therefore we can write
(x+1)P(z) —x=Cx(r—1)(x —2)--- (z — n),

where C is a constant that is going to be determined. Evaluating in x = —1, we

obtain that 1 = C(~1)(=2)(~3) - (~n)(~(n + 1)), from where C = (1)}

Finally, if z =n+ 1, we get (n+2)P(n+1) —n—1=(=1)""! hence P(n+1) =
nt+lH(—1)" !
n+2 :

5.4 Roots of unity

Using de Moivre’s formula (5.3) it follows immediately that the polynomial 2" —1 =
0 has roots 1, w, w?, ..., w" !, where w = cos 27? +4sin 27;’. These roots are known
as the nth roots of unity and in the complex plane they can be identified as the
vertices of a regular n-sided polygon inscribed in the unit circle with center at the
origin'3. By the factor Theorem 5.3.2, we have the decomposition

M —1=(z-1D(z-w)(z—w?) - (z—w").

13More generally, the equation z™ — a = 0, for any complex number a # 0, has n different

complex solutions called the nth roots of a. These solutions are 7\l/|ab\wj, forj=0,1,...,n—1
27

and w = cos 2™ + isin 27.
n n
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For instance, for the case n = 3, the roots of 23 —1 = (z = 1)(22+2+1) = 0 are 1,
w = _1"‘“/3 and w? = 1 =w="17 “/3 , and they are known as the cubic roots

of unity. Note that w satisfies w? = 1 and 1+w+w?=0.

We have seen that w = cos Tf +14sin Tf generates all the nth roots of unity, that is,
Up, = {w,w?,...,w" "t w" = 1}. We say that one element u € U, is a primitive
root of unity if u™ # 1 for all positive integers m < n. Now, we can state the
following result.

Theorem 5.4.1.

(a) If n divides q, then any root of 2 — 1 =0 is a root of z9 —1 = 0.

(b) The common roots of 2™ —1 =0 and 2™ — 1 = 0 are the roots of 2 —1 =0,
where d is the greatest common divisor of m and n, which is denoted by
d = (m,n).

(c) The primitive roots of 2™ —1 =0 are w*, where 0 < k <n and (k,n) = 1.

Proof. (a) If ¢ = pn and w is a root of 2™ — 1, it follows that w? — 1 =wP™ — 1 =
(w")? —1= (1) =1 =0, then w is root of z7 — 1.

(b) If w is a root of 2™ — 1 and 2™ — 1, and d = (m,n), we have that
d = am+bn for some integers a and b. Hence, w?—1 = w*m+t" —1 = @ ywb? —1 =
(w™)*(w™)® — 1 = 191> — 1 = 0, therefore, w is a root of 2% — 1.
Conversely, since d divides m and n, by property (a), if w is a root of z¢ — 1 then
it is root of 2™ — 1 and 2" — 1.

(¢) To prove this part, let us see the following lemma.

Lemma 5.4.2. Let w = cos 2; + i sin 2;. The smallest positive integer m such that
(wk)™ =1 is m = (k”n) , where (k,n) is the greatest common divisor of k and n.

As a consequence of this lemma part (c) follows and w* is a primitive root if
and only if (k,n) = 1.

Proof of the lemma. First, note that w® = 1 if and only if s = an. Let m be the
smallest positive integer such that (w*)™ = 1, then km = an. If d = (k,n), then

_ _ : _ _ km _ kidm _ kim :
k = kid and n = nid, with (k1,n1) = 1, hence a = """ = g = s an

integer. Thus nq|m, and since whm = gkrdn = kin = 1 it follows that m = nq.

Finally, we have that n = nid = md, therefore m =", = (k’fn). O
Example 5.4.3. Prove the identity
.omo 27 . (n—=1)m n
sin -sin ----- sin = )
n n n 2n—1

Consider the polynomial P(z) = (1—z)™—1, which can be written as w™—1, where

w = 1—z. The roots of w™ = 1 are the nth roots of unity, wy = cos 2’”“ —+isin 2’”“

for k=0,1,...,n — 1. Then, the roots of P(z) are z;, = 1 — wg.
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Looking at the polynomial P(z), we observe that it can be written as P(z) =
z(—n+Q(z)), where Q(%) is a polynomial of degree n—1. Hence, if we let P(z) =0
we see that the roots should satisfy, by Vieta’s formula (8.4) Section 8.3, that
(=1)"n = [I?Z{ 2k, and from this n = [T}_; |24]-

Now, we need to calculate |z;].

21k 2 21k 2
ud == = (1= cos (7)) (s (77F))
n n
— \/1 — 2cos <27Tk> + cos? <2ﬂk) + sin? <27Tk)
n n n
= \/2 — 2cos (27Tk> = \/4 sin? (ﬂk> = 2 sin (ﬂk),
n n n

where we used that cos?z + sin?z = 1 and 1 — cos(2z) = 2 sin? z. The identity
now follows.

Example 5.4.4 (AMC, 2002). Find the number of ordered pairs of real numbers
(a,b) such that (a + ib)?°°? = a — ib.

Let z = a+1ib, 2 = a — ib, and |z| = Va2 4 b2. The relation given above is
equivalent to 22902 = z. Note that |2]|209%2 = |22002] = |z| = |2|, thus

J2l(1=2°" — 1) = 0.

Hence, |z| = 0 and therefore (a,b) = (0,0) or |z| = 1. In the latter case we have
that 22992 = 2z, which is equivalent to 22903 = z. 2 = |z|2 = 1. Since the equation
22903 = 1 has 2003 different solutions, then there are 1 4+ 2003 = 2004 ordered
pairs that satisfy the equation.

Exercise 5.20. Solve the equation
s+ ¥+ +a+1=0.
Exercise 5.21. Find the solutions of the equation
20+ 225+ 221 + 223 + 22 + 22+ 1 =0.

Exercise 5.22 (Romania, 2007). Let n be a positive integer. Prove that there exists
a complex number with norm 1 that is a solution of the equation z" +z+1 =0 if
and only if n = 3m + 2, for some positive integer m.

Exercise 5.23. If w # 1 is an nth root of unity, prove that:

() 14wt w4t urt =0,
(i) 1+2w+3w?+ - +nw" 1= "

w—1"
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Exercise 5.24. If w # 1 is a nth root of unity:
(i) Prove that (1 —w)(1 —w?)...(1 —w" 1) =n.
(i) Find the value of '+ /' o4+ .}

1—wn—1"

Exercise 5.25.

(i) Prove that if w # 1 is a cubic root of unity (that is, w® = 1), then for a, b,
c € C, it follows that

a’ + b4 % —ab—bec — ca = (a+ bw + cw?)(a + bw? + cw).
(ii) Use (i) and equation (4.8) to obtain the following identity:
a® + 0> + ¢ — 3abe = (a4 b+ c)(a + bw + cw?)(a + bw? + cw). (5.8)

Exercise 5.26. Two regular polygons are inscribed in the same circle. The first
polygon has 1982 sides and the second one has 2973 sides. If the polygons have
some vertices in common, how many vertices in common do they have?

Exercise 5.27. Find the positive integers n for which x> +x+1 divides z*" +2" +1.

Exercise 5.28. Let S be the set of integers x that can be written in the form
x = a3 + b3 + ¢ — 3abe, for some integers a, b, c. Prove that if x, y € S, then
zy € S.

Exercise 5.29 (USA, 1976). If P(z), Q(z), R(x), S(x) are polynomials such that
P(2%) + 2Q(2°) + 2 R(2°) = (2 + 2% + 2% + x + 1)S(x),
prove that x — 1 is a factor of P(x).

Exercise 5.30. Find all the polynomials P(z) of degree at most 2 with coefficients
in C, that satisfy P(z)P(—z) = P(2?).

5.5 Proof of the fundamental theorem of algebra x

As we have seen, the fundamental theorem of algebra states that every non-
constant polynomial with complex coefficients has at least one complex root. This
theorem includes polynomials with real coefficients.

The fundamental theorem of algebra can also be stated saying that every poly-
nomial of degree n, with complex coefficients, has exactly n roots, counting the
multiple roots as many times as they appear. The equivalence of both theorems
can be proved using repeatedly the factor theorem.
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In spite of the name of the theorem, there are no purely algebraic elementary
proofs, since these proofs use the fact that the real numbers are complete and
this is not an algebraic concept. This theorem was considered fundamental for
algebra when the study of this discipline was concentrated in finding the roots of
the polynomial equations with real or complex coefficients.

Some proofs of the theorem only show that every non-constant polynomial, with
real coefficients, has a complex root. This is sufficient to establish the theorem
in the general case, since given a non-constant polynomial P(z) with complex
coefficients, the polynomial Q(z) = P(z)P(Z) has real coefficients and if z is a
root of Q(z), then z or its conjugate Z is also a root of P(z).

The proof that we present here uses a result known as the growth lemma.

Lemma 5.5.1 (Growth lemma). Given a polynomial P(z) = apz™ + ap_12""* +
-o- 4+ a1z + ag of degree n > 1, with complex coefficients, there is a real number
R > 0 such that if |z| > R then

1 n n
olanll2"| = [P(2)] < 2lan||2"]-

Proof. Let r(z) = Z;S lak||z|¥. By the triangle inequality, it follows that for
every complex number z,

lan||2[" —7(2) < [P(2)] < |anl[2]" + r(2).
Now, if |z| > 1 and m < n, it follows that |z|™ < |z|*~!, therefore 7(z) <
M|z|"~, where M = Y3~ |ay|. Taking R =max {1,2M|a,|"'}, for |2| > R, it
follows that
[P(2)] < lan|l2]" +7(2) < lanllz[" + M]z[""
= [2[" " (lanllz| + M) < [2[" 7 (Janl2] + |an]]2])
= 2lan||2]",

2M

lan|

M

‘an‘ !

where the last inequality follows from the fact that |z|] > R > >

Again, for |z| > R, we have that

|P(2)] = lanll2]" = 7(2) 2 |an][2]" — M|2["

1
2 lan|l2|" = lanl|2]"

1
= lanllzI",

where the last inequality holds if and only if }|a,||z[" > M|z|"~!, which is true if
2M " and the proof is complete. O

|an‘ ’

The proof of the fundamental theorem of algebra that we present here is
based only on advanced calculus. Calculus provide a very useful result presented
as the following lemma, which can be consulted in [17].

and only if |z| >
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Lemma 5.5.2. If f: D — R is a continuous function on D, a closed and bounded
subset of R?, then f attains its minimum and mazimum values in points of D.

Theorem 5.5.3 (The fundamental theorem of algebra). Every polynomial
P(2) = ap2™ + an—12""' + - + a1z + ao,
wheren > 1, a; € C and a,, # 0, has at least one root in C.

The proof is based on the following two lemmas.

Lemma 5.5.4. Let P(z) be a polynomial with complex coefficients. Then |P(z)|
attains its minimum value in some point zg € C.

Proof. Let s = |P(0)| = |ag| and Ry = max {R, V25|a,L|_1}, where the number
R is given by the growth lemma. If |z| > Ry, then it follows that
1 1 1 2
PO 2 laall2"] > | lanll B2 L jan] 2 = s

|an|

Thus, for all z such that |z| > Ry, it follows that |P(z)| > |P(0)|. In par-
ticular, if Re > Rj, then for every z such that |z| > Rag, the same inequality
holds.

In this way we have found a closed disk D of radius Re with center at 0 such
that |P(z)| > |P(0)], for all |z| > Ra. Since | P(z)] is a continuous function with real
values, it follows by Lemma 5.5.2 that | P(z)| attains its minimum value in D. [

Lemma 5.5.5. Let P(z) be a non-constant polynomial with complex coefficients. If
P(z) # 0, then |P(z)| is not the minimum value of |P(2)].

Proof. Let P(z) be a non-constant polynomial with complex coeflicients, and let
zo be a point such that P(z9) # 0. Making the change of variable z + zy for z
moves zg to the origin, and then we can assume that P(0) # 0. Now, we multiply
P(2) by P(0)~! so that we may assume that P(0) = 1. Then, we must show that
1 is not the minimum value of |P(z)|.

Let k be the smallest non-zero power of z in P(z). Then we can assume that
P(2) has the form P(z) = 1+az*+ g(z), with g(2) a polynomial of degree greater
than k.

Let o be a kth root of —a~!. Then, making one last change of variable, az
by z, we obtain that P(z) has the form

P(z) =1— 2"+ 2*1g(2), for some polynomial g(z).
For real positive values of z we obtain, using the triangle inequality, that

[P(2)] < 1= 2* + Mg (2)].
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Since z* < 1, for |z| < 1, then
[P(2)] <12+ 2" g(2)| = 1= 2*(1 = 2]g(2)]).

For z small, z|g(z)| is also small, then we can choose z; so that zi|g(z1)] < 1. It
follows that 2(1 — 21|g(21)]) > 0, and then |P(z1)| < 1 = |P(0)|, and this finishes
the proof. O

Using these two lemmas we obtain the proof of the fundamental theorem of
algebra.

Proof. Let P(z) be a non-constant polynomial with complex coefficients. By Lem-
ma 5.5.4, | P(z)| has a minimum value in some point zg € C. Then, by Lemma 5.5.5,
it follows that |P(zp)| = 0. Therefore, P(z) has a complex root. O



Chapter 6

Functions and Functional Equations

6.1 Functions

The concept of function is one of the most important in mathematics. A function is
a relation between elements of two sets X and Y, which we denote by f: X — Y,
that satisfies:

(a) Every element x € X is related to some element y € Y, and we write y =
f(x).

(b) Every element z € X is related to one and only one element of Y, that is, if
f(z) = y1 and f(x) = ya, then necessarily y1 = yo.
The set X is called the domain, the set Y the codomain and the relation

y = f(x) the correspondence rule. We define the image or the range of a function
f: X —>Y as

Img f = {y € Y| there existsz € X with f(z) = y}.

We say that f and g are equal functions if they have the same domain X, the
same correspondence rule (f(x) = g(z), for all z € X) and the same codomain.
We define the graph of a function f: X — Y as

I(f) ={(z,y) e X xY |y = f(a)},

where X x Y ={(z,y) | z € X, y € Y} is the Cartesian product of X and Y.

Two simple but important functions are the constant function and the iden-
tity function, which are defined as follows: if f : X — Y is such that f(z) = b
for all x € X, with b € Y fixed, then f is called the constant function equal to b,
while the image is the set with only one element {b}; the identity function has the
same domain and codomain, that is, Id : X — X, and it is defined as Id(z) = x
for all x € X.

For functions f : R — R, the geometric representation of the graph in the
Cartesian plane is useful. For instance, the geometric representation of the constant
function b and the identity function Idr are the following:

© Springer Internationl Publishing Switzerland 2015 89
R.B. Manfrino et al, Topics in Algebra and Analysis,
DOI 10.1007/978-3-319-11946-5_6
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) Y
b Idr

Some of the problems that appear in the mathematical olympiad contests,
which make reference to functions, ask to find all the functions that satisfy a given
property, or to find a specific value of some function. Often, these are difficult tasks,
therefore it is important to understand the general behavior of the function before,
so as to be able to decide correctly which functions satisfy or not the property. In
this first section we will offer several examples of the kind of problems that can
appear, and we will point out a series of facts that we can ask about a function.

Example 6.1.1. Let f: N — N be given by f(n) =n(n+1). Let us find the values
of m and n such that 4f(n) = f(m), where m and n are natural numbers.

Suppose that 4f(n) = f(m), then 4n? + 4n = m? + m. If we complete the
square on the left side of the equation, we obtain
2 +an+1=m?+m+1,
2n+1)2=m? +m+1,

but m? 4+ m + 1 cannot be the square of an integer because m? < m? +m+1 <
(m+1)2. Therefore, there are no natural numbers m and n satisfying the condition.

Example 6.1.2. Let f : N — N be a function such that f(3n) = n + f(3n — 3),
for every positive integer n greater than 1 and such that f(3) = 1. Find the value

of f(12).

It is natural to use the fact that 12 = 3 -4 in order to find f(12) = f(3-4).
Using the formula or relation of the hypothesis, we have that f(12) = f(3-4) =
4+ f(3-3). We can repeatedly apply these substitutions to get

FO2) =4+ f(3-3)=4+3+ f(3-2)
=4+434+2+f3-1)=4+3+2+1=10.

Observe that we can find f(3n) for all n, in the following way:

fBn)—fB(n—-1))=n
fBn—-1)-fBn-2)=n-1
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. . . _ _ n(n+1)
Adding these equations results in f(3n) =14+2+3+---4n=""".

Functions can be combined to form new functions. For instance, if we have
functions with the same domain and codomain, we can add, subtract or multiply
them to obtain new functions. For two functions f, g: X — Y, with Y C C, we
define the sum and the difference of the functions f and g as

(f+g)(x) = f(z) £ g(zx), for allz € X.

We define the product of the functions f and g as

(f-9)(z) = f(z)-g(x), for allz € X.

Finally, if g(z) # 0 for all 2, we define the quotient of the functions f and g as

(f)(x): T@ foralla € X

g 9(x)
Example 6.1.3. Find all the functions f : R — R that satisfy

fly+x)— fly —x) = dyx, for allz,y € R. (6.1)

If we let y = x, we get that f(2y)— f(0) = 4y? and taking f(0) = ¢, we obtain
f(2y) = 4y? + c. Now, if we let 2y = x, we get that the solution of the functional
equation is of the form f(z) = 22 + c. It is easy to see that these functions satisfy
equation (6.1).

Example 6.1.4. Find all the functions f : RT — Rt satisfying
x
flzy) = f( ) , for allz,y € RT.
Y

In this case, if we let y = = we have that f(2%) = f(1). This makes sense
since the function is defined on the positive real numbers. On the other hand,
if we let y = 22, then f(y) = f(1) for all y € R*. Hence, the functions solving
the functional equation are the constant functions. It is easy to see that these
functions satisfy the functional equation.

In the last two examples we made the substitution y = z, which directly gave
us the solution of the given functional equations. Next we present an example
where, after substituting the variables for numerical values, we get information
about the function.
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Example 6.1.5. Find all the functions f : R — R such that
f@+y)+ [z —y) = f(2) + 62y + 2%, for allw,y €R.

Let y = 0 to see that 2f(z) = f(z) + 2®. Then f(z) = 2® is the function we
are looking for. We can directly check that f(z) = 23 satisfies the equation.

Example 6.1.6. Find all the functions f : N — R such that f(1) =3, f(2) =2 and

1
fn+2)+ =2, forall neN. 6.2
(+2)+ 0 (62)
Observe that the original equation gives us
1 1 5 1 1 3 6
3)=2-— =2—-_= d 4)=2— =2—- _=_= .
1) F(1) g =g and J() £(2) 2727 4

Hence, we can conjecture that f(n) = ":2 is true, for all natural numbers n. It is
true by hypothesis for the cases n = 1 and n = 2, and we already verified the result
for n = 3 and n = 4. We will finish the proof using induction, that is, assuming the

result holds for n, and then proving it for n + 2. Suppose that f(n) = "fLQ, then

1 1 n
2)=2— =2 =2
fnt2)=2= 4 w2 n+2
_2n+4-n n+4
- n+2 T 42

Hence, we have the result for all n € N and, in fact, the function satisfies the
condition.

Example 6.1.7 (India, 2010). Find all functions f : R — R satisfying,

flet+y)+zy=f@)f(y), foral xz,yeR. (6.3)

Let z = y = 0 in equation (6.3), then f(0) = f(0)2, hence f(0) = 0 or
f(0) =1.
If f(0) =0, we let y = 0 in equation (6.3) to get f(x) = 0, for all x € R. But
the function f(z) =0, for all = € R, (the constant function zero) does not satisfy
condition (6.3) when zy # 0.
Suppose that f(0) = 1. If we let = 1, y = —1, we get that f(1)f(-1) =
fl—=1)—1= f(0) —1=0, then f(1)=0or f(—1)=0.
If f(—1) =0, letting y = —1 we get f(z — 1) — 2 = 0, then f(x — 1) = z, and
using y =  — 1 in this last equality, we get f(y) =y + 1.
If f(1) = 0, letting y = 1 we obtain f(z + 1) +z = f(z ) (1) = 0 so that
f(z+1) = —z. Finally, if we take y = x + 1 we obtain f(y) =1—y.
In this way, the only solutions are f(z) = x + 1 and f(x) = 1 — z. It is easy to
check that these functions satisfy the functional equation (6.3) 3
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Another way to create a new function given two functions f : X — Y and
g 1Y — Z is the composition of f and g, which is the function go f : X — Z
defined for all x € X by

(g0 f)(x) = g(f(x))-

Observe that the composition go f is defined only if the codomain of f is contained
in the domain of g.

Example 6.1.8 (IMO, 1977). Consider f : N — N such that f(n+ 1) > f(f(n)),
for every positive integer n. Prove that f(n) = n, for every n € N.

Let A = {f(1), f(2),...} be the image of f. By hypothesis, note that for
every n > 2, it follows that f(n) > f(f(n —1)). Hence for n > 2, f(n) cannot be
the minimum of the image of f. It follows that the minimum of A is f(1) and that
f(n)> f(1) forn > 2.

Observe that if m > p, then f(m) > p. For p = 2, the result follows from
the discussion above. Suppose the result true for p > 2 and let us show it holds
for p+ 1. Let m > p+ 1, then m — 1 > p and f(m — 1) > p; now, by hypothesis,
J(m) > F(f(m — 1)) > p, hence f(m) > p+ 1.

Now, let A, = {f(p), f(p+1), f(p+2),...}. For every n > p+1, it follows
that f(n) > f(f(n—1)). Since the observation guarantees that f(f(n—1)) belongs
to the set A,, then f(n) cannot be the minimum of A, hence the minimum must
be f(p). Therefore, f(n) > f(p) for alln > p+ 1.

Finally, from the last paragraph, it follows that

fO<f@Q)<---<flp<flp+l)<.... (6.4)

Now, let us show that f(n) > n. We have that f(1) > 1 and f(2) > f(1), hence
£(2) > 2. Similarly, from f(2) > 2 and f(3) > f(2), it follows that f(3) > 3, and
using induction we can prove that f(n) > n. Finally, if for some n we have that
f(n) > n, then f(n) >n+1 and, by (6.4), f(f(n)) > f(n+ 1), contradicting the
hypothesis. Thus, f(n) = n, for every n € N.

Exercise 6.1. Find all functions f : R\{0,1} — R satisfying the functional equa-
tion

f(:c)Jrf(lix) =z, for allxz #0,1.

Exercise 6.2 (Canada, 1969). Let f : N — N be a function with the following
properties:

() f2)=2.

(ii)) f(mn) = f(m)f(n), for all m and n.
(iii) f(m) > f(n), for m >n.
Prove that f(n) = n.
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Exercise 6.3. Find all functions f : R\{0} — R such that
xf(x) + 2¢f(—x) = =1, forxz #0.

Exercise 6.4. Find all functions f : R\{0} — R that satisfy the equation
1 1
sy s () =a ora 2o
x x

Exercise 6.5 (Ireland, 1995). Find all functions f : R — R for which

of(x) —yfly) = (@ —y)f(z +y), foralzyecR.

Exercise 6.6 (Ukraine, 1997). Find all functions f : Q* U {0} — Q* U {0}, that
satisfy the following conditions:

(a) flx+1)=f(z)+1, for allz € Q* U {0}.
(b) f(z?) = f(z)?, for all z € QT U{0}.

Exercise 6.7. Find all functions f : R — R such that

of(y) +yf(2) + 2f(x) = yf(x) + 2f(y) + 2f(2), forz,y,z real numbers.

6.2 Properties of functions

In this section, we will study important properties that a function may or may
not have. A good knowledge of these properties can help us to detect what kind
of function we have.

6.2.1 Injective, surjective and bijective functions

We say that a function f : X — Y is injective (also known as one-to-one) if for
any x1, o € X, with 1 # x9, it follows that f(x1) # f(z2). The condition is
equivalent to saying that if f(x1) = f(x2), then 1 = .

We say that a function f : X — Y is surjective (also known as onto) if Img f =Y,
that is, if for every y € Y there exists € X such that f(x) = y.

Finally, we say that a function is bijective if it is injective and surjective.

For functions from the real numbers to the real numbers knowing the graph
of the function can be very useful. The graph can help us to determine if the
function is injective, surjective or both.

More precisely, a function is injective if any parallel line to the z-axis inter-
sects the graph of the function in at most one point. A function is surjective, if
any horizontal line y = yo, with yo in the codomain of the function, intersects
the graph in at least one point. The function shown in the following graph is
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not injective, since any parallel line above the z-axis, intersects the graph in two
points. Moreover, it is not surjective since a horizontal line below the z-axis never
intersects the graph of the function.

Example 6.2.1. A function f : N — N that satisfies f(f(m)+ f(n)) = m+n for
all m, n € N, is injective.

The function is injective, because if f(m) = f(n), then f(m)+ f(n) = f(n)+ f(n),
and from here it follows that m +n = f(f(m)+ f(n)) = f(f(n) + f(n)) =n+n,
thus m = n.

Example 6.2.2. The functions f : Rt — RT that satisfy the condition

fxf) + f(yf(z) = 2y, for allz,y € RT

are injective.

Letting x = y, we have that f(zf(x)) = 22, in particular f(f(1)) = 1. Letting
2 = f(1) in the last equation, we get that

FO? = FFMFFM) = F(FQ) =1,
hence f(1) = 1. If one takes y = 1 in the original equation, we obtain that
f@) + f(f(2)) =2z

With this last equality we can show that f is injective. If f(x) = f(y), then
2¢ = f(z) + f(f(z)) = f(y) + f(f(y)) = 2y, hence z = y.
Example 6.2.3. A function f : R — R that satisfies

f(f(@)+y) =22+ f(f(y) — ), for allz,y €R
18 surjective.

If we take y = — f(x), it follows that f(f(z) — f(z)) =22+ f(f(—f(x)) — z),
that is, f(f(—f(z)) —z) = f(0) — 2z. Now, if y € R we need to find zy such
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that f(0) — 2z9 = y, but g = f(OZ)_y satisfies f(f(—f(zo)) — x0) =y, thus f is
surjective.

Example 6.2.4. A function f: QT — Q7 that satisfies

f(x)

flaf(y) = ; , for allz,y € QF

1s bijective.

If z = 1, then f(f(y)) = fS), this will help us to show that f is injective.
If f(y1) = f(y2), then f(f(y1)) = f(f(y2)), that is, 7V = U Hence g1 = s,

2
and therefore f is injective. It is left to show that f is surjective. Let " € Qt,

we want to show that there is z € Q1 such that f(z) = ™. If this happens, then
f(fx)=f (’:), hence fi,l) =f (’:), and solving for x we get x = f’z(i)), which

is a rational number. That is, f is surjective, and therefore f is bijectivé.

Observation 6.2.5. In the previous examples of this section, we were faced with a
situation where

fg(x)) = h(z).

Notice that if h is injective then g is injective. Also, if h is surjective then f is
surjective.

6.2.2 Even and odd functions

The functions that satisfy f(xz) = f(—z) are called even functions and the func-
tions such that f(x) = —f(—=x) are called odd functions. A function f : R — R
is even if its graph is symmetric with respect the y-axis, whereas the graph of an
odd function is symmetric with respect to the origin.

y=1F) y=f(z)

Graph of an even function. Graph of an odd function.
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Example 6.2.6. Find all the functions f: Q — Q, that satisfy

f@+y) + [z —y) =2f(2) +2f(y), foradlz,ycQ

Letting = y = 0, we have f(0) = 0. If z = y, then f(2z) = 4f(x), and by
induction f(nz) = n?f(x) for every positive integer n. With z = 0, we have that

f) + f(=y) = 2f(y), then f(y) = f(—y), hence f is even and f(nz) = n?f(z)

for every integer number n and every rational number z. If » = ? is a rational

number, with p > 1, then p2f(1) = f(p) = f (qZ) =¢%f (Z), and then f (§> =
2

(”) f(1). Hence f(r) = cr?, for all r € Q with ¢ = f(1). It is easy to check that

q
these functions satisfy the given condition.

6.2.3 Periodic functions

Periodicity plays an important role in mathematics and for this reason we include
some examples about this topic.
We say that a function f: R — R is periodic if there exists a # 0 € R such
that
flx+a)=f(z), forallzeR.

The number a is called a period of f. It is clear that for all n # 0, the number na
is also a period of f.

Example 6.2.7. A function f : R — R is periodic, if for some a € R and every
x € R, it is true that

1+ f(x)

1= f(a)

From the equation f(x + a) = F?Ejg’ evaluating in x — a, we obtain that

flx+a) =

flx) = iﬂfc(f Z) After solving for f(z) from the original equation, we get that

_ f(zt+a)-1 ; 1+f(z—a) _

J;((a;) )—1 (";+Z)+1. Equating the last two equatlons we get that f(; Z) =
rt+a)—

Flota)1 and after simplifying f (gc +a) = Flo a) Evaluating this last equation in

x + a, we get that f(z + 2a) = fa ), and then

-1 -1

Fer 0= povan = 1 =1

that is, f is periodic with period 4a.



98 Chapter 6. Functions and Functional Equations

Example 6.2.8 (Belarus, 2005).
(a) Consider a function f : N — N that satisfies f(n) = f(n+ f(n)) for all
n € N. Prove that, if the image of f is finite, then f is periodic.
(b) Find a non-periodic function f : N — N such that f(n) = f(n + f(n)), for
alln € N.

To prove (a) we do as follows. Since f(n) = f(n + f(n)), then f(n+ f(n) +

f() = f(n+ f(n) + f(n+ f(n)) = f(n+ f(n)) = f(n). Therefore, f(n) =
f(n+2f(n)) and, by induction, f(n) = f(n+ kf(n)) for all k € N.

Let A = f(N) ={a1,...,as} and T =ay - --- . Let us see that T is a
period of f. Since f(n) = f(n+ kf(n)), for all k, it follows that

fny =1 (n+ g £0) = F )

where k = f(q;l). That is, T is a period of f.

(b) We would like to find a non-periodic function f that satisfies the equation.
For n = 28m with kK € NU {0} and m odd, we define f(n) = 2k+1.
Now, let us see that the function satisfies the equation, f(n + f(n)) = f(2¢¥m +
2kH1) = f(2%(m + 2)) = 21 = f(n) and moreover, f is not periodic, otherwise
its range would be finite, however, its image is the set of powers of 2.

6.2.4 Increasing and decreasing functions

We say that a function is increasing if for x < y it follows that f(x) < f(y). We say
that a function is non-decreasing if for « < y it follows that f(x) < f(y). Similarly,
we say that a function is decreasing if for = < y it follows that f(x) > f(y), and
it is non-increasing if for = < y it happens that f(z) > f(y).

Another way to guarantee the injectivity of a real function, whose domain is
the real numbers, is to know if the function is increasing or decreasing.

Example 6.2.9 (IMO, 1992). Find all functions f : R — R that satisfy
f@®+ f(y) =y + f(x)?, forallz,y € R.

Let a = f(0). With # = 0, we have that f(f(y)) = a? +y. With z = y = 0,
then f(a) = a2, hence f(2? + a) + a? = f(z)? + f(a). Applying f to both sides
of the equation it follows that f(f(z%+ a)+a?) = f(f(z)? + f(a)). The left-hand
side of the equality is

F(F@* +a) +a®) =2® +a+ f(a)? 65)
=2 +a+ a4, .

and the right-hand side of the equality is

f(f(@)?+ fla) = a+ f(f(x))?

6.6
=a+(a®>+12)? =a+a* +2d%c + 22 (6.6)
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Comparing both equations (6.5) and (6.6), we need to have that 2a%r = 0, hence
a = 0. From here we conclude that f(f(y)) =y, for all y € R and f(2?) = f(x)?,
for all x € R.

The last equation guarantees that if > 0, then f(x) > 0. Since f(f(y)) =y
we have that f is injective, hence f(z) = 0 if and only if 2 = 0. In this way when
x > 0, then f(z) > 0.

Since f(f(2)? + f(y)) = f(f(2))? +y = 2% + v, it follows that f(z? +y) =
FUU@?+FW) = f(@)? + fy) = f(@°) + fy).

If y <z, then x —y > 0 and © = © — y + y. Applying the last equality to \/z —y
and y, it follows that f(x) = f(zx —y +vy) = f(x —y) + f(y) > f(y), that is, f is
increasing. But f non-decreasing and f(f(z)) = x, guarantee that f(z) = . In fact
if f(z) > =z, then z = f(f(x)) > f(z) and if f(z) < z, then = = f(f(z)) < f(x).

Therefore, the only function that satisfies the functional equation is f(z) = .

6.2.5 Bounded functions

We say that a function f : A C R — R is bounded above in A, if there exists
M € R such that f(a) < M, for all a € A.

We say that a function f: A C R — R is bounded below in A, if there exists
N € R such that f(a) > N, for all a € A.

We say that a function f : A C R — R is bounded in A, if there exists M > 0
such that |f(z)| < M, for all x € A, or equivalently —M < f(z) < M, for all
x € A

Example 6.2.10. Let m > 2 be an integer number. Find all the bounded functions
f:10,1] = R such that, for x € [0, 1], it follows that

f(;y):’ri2 {f(0)+f(:1)+f<2nf>+...+f((m7—nl)x>}.

If | f(x)] < M for z € [0, 1], then, using the triangle inequality, it follows that
1 m—1 ]
@S o 2 | (1<)
J:

Hence |f(z)| < M, for « € [0,1]. With this new bound, we can repeat the last
argument to show that |f(z)| < M, for z € [0,1]. An inductive argument guaran-
tees us that for all n € N, it follows that |f(z)| < M for z € [0,1], and when we
let n go to infinity, we have that f(z) = 0, for all z € [0, 1], and this is the only

function that satisfies the equation.

mM M
< 5= .

m m

6.2.6 Continuity

When the values of a function f(z) get closer to b as = tends to a, we say that b is
the limit of f(z) as x tends to a. In mathematical language this is usually written
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as follows:
Ve>0,30>0suchthat 0<|r—al]<d = |f(zx)—bl<e

and we write lim,_,, f(x) = b.
Also, we can consider lim,_, f(z) = b, which is defined as: for all e > 0
there exists M > 0 such that if x > M then |f(z) — b| <e.

One characterization of the limit concept when dealing with sequences is the
following theorem.

Theorem 6.2.11. Let f be a function, then lim,_,, f(x) = b if and only if for every
sequence {an} with im,_, a, = a, it follows that lim,_,« f(a,) = .

The proof of this theorem will be given in Chapter 7.

Observation 6.2.12. The previous theorem also states that lim,_,, f(x) is not b, if
there exists a sequence {a,} such that im, o a, = a and lim,, .~ f(a,) is not b.

Example 6.2.13 (IMO, 1983). Find all functions f : Rt — R that satisfy:

(a) f(zf(y)) =yf(x), for all positive real numbers x, y.
(b) limy o0 f(x) = 0.

If « = 1, then f(f(y)) = yf(1), hence the function is bijective. In fact, if
f(@) = f(y), then zf(1) = f(f(x)) = f(f(y)) = yf(1), and since f(1) # O we have

that = = y, therefore f is injective; let us see now that f is surjective, let c € R*

and take y = f(cl)’ then it follows that f (f (f(c1)>> = f(f(y)) = yf(1) = ¢, hence

f is surjective. Thus, f is bijective.

In particular, there is a yo such that f(yo) = 1. Since f(zf(y0)) = yof(x) for
all © > 0, taking = = 1, we have that f(1) = yof(1), and then yg = 1, hence z = 1
is a fixed point.
If x =y, then f(zf(x)) = xf(z), and zf(x) is also a fixed point of f. If we show
that the only fixed point of f is 1, we can conclude that f(x) = i
From the equation f (if(a)) =af (i) and the fact that f is injective, we have
that f(a) = a if and only if f ((11) = i If there is a fixed point different from 1,
hence there is a fixed point a greater than 1. But f(a) = a implies, by induction,
that f(a™) = a, (for instance, f(a®) = f(af(a)) = af(a) = a?). Since a™ — oo
and f(a™) = a™ — oo, this contradicts the fact that lim,_, . f(z) = 0. Therefore,
the only fixed point is 1.

The function f(z) = ! satisfies the conditions of the problem.

We say that a function f is continuous at some point a if when we let = tend to a,
f(z) tends to f(a), that is, lim,_, f(z) = f(a). Also, we say that f is continuous
on a set A if f is continuous at every point a € A.

One characterization of the continuity property is given by the following
result.
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Theorem 6.2.14. A function f is continuous at a if and only if for every sequence
{an} with lim,,_, a, = a, it follows that lim,_,~ f(an) = f(a).

A set D C R is dense in the set of real numbers if every open interval in R
has points in D.

Theorem 6.2.15. The set of rational numbers is dense in the set of real numbers.

Theorem 6.2.16. If a function f is continuous on R and f is zero in a dense subset
of the real numbers, then f is identically zero in R.

As a consequence, if the functions f and g are continuous and coincide on a
dense subset of R, then they coincide on all R.

The proofs of these three theorems will be given in Section 7.4.

Example 6.2.17 (Nordic, 1998). Find all the continuous functions f : R — R that
satisfy the equation,

fl@+y)+ flx—y)=2(f(x) + f(y), for allz,y € R.

We have seen in Example 6.2.6 that f(x) = f(1)2?, for x € Q and, by Theorem
6.2.16, f(x) = f(1)2? for all z € R.

Exercise 6.8. Let f, g: R — R be two functions that satisfy f(g(x)) = g(f(z)) =
—x, for any real number x. Prove that f and g are odd functions.

Exercise 6.9. Find all surjective functions f : R — R that satisfy
f(f(@—y)) = f(z) - f(y), for allz,y € R.
Exercise 6.10. Find all continuous functions f : R — R that satisfy
flzf(y)) = zy, for allx,y € R.
Exercise 6.11 (Belarus, 2005). Find all functions f : N — N that satisfy
fm—=n—+ f(n)) = f(m)+ f(n), for all m,n € N.

Exercise 6.12 (IMO, 1990). Find a function f : QT — Q% that satisfies the
equation
f(x)
Y

fxf(y) = , for allz,y € QF.

Exercise 6.13. Find all continuous functions f : R — R that satisfy

zf(y) +yf(x) = (z+y)f(x)f(y), forall z,yeR.
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Exercise 6.14 (IMO, 1968). Let f: R — R be a function with the property

flata)= )+ VF@) - f@),

for all x € R and a a fixed number.
(i) Prove that f is periodic.
(ii) In case that a =1, give an example of a function of this type.

Exercise 6.15. Let a, b > 0, find the values of m such that the equation
[ — al + o — bl + 2+ a| + &+ b| = m(a+1b),

has at least one real solution.

6.3 Functional equations of Cauchy type

The functional equations of Cauchy type are:

(C1) [z +y) = f(2)+ f(y).
(C2) flx-y) = f(x)+ f(y)
(C3) flx+y) = f(x)- f(y)
(Cy) f(@-y) = f(z)- fy)

In order to establish what functions satisfy certain functional equations we should
take into account the domain and the codomain where we want to solve the equa-
tion. For instance, if we take equation (C3), and we want to solve it in all R,
considering y = 0, we obtain that the solution of the equation is f(z) = 0, for
all x, which means the equation sought for was very simple. Therefore, it is more
adequate for this functional equation to consider the set of real positive numbers
as its domain.

6.3.1 The Cauchy equation f(x + vy) = f(x) + f(y)

The first of the equations of Cauchy type is the most important. With this equation
we will illustrate how some functional equations are solved. First, we will see how
to determine some of the values that the functions take, and this will allow us to
find, in a natural way, other values until we learn how the functions behave in the
set of rational numbers.

Letting z = y = 0, we have that f(0) = 2f(0), then f(0) =0. If y = —ux,
we have that 0 = f(0) = f(z + (—x)) = f(x) + f(—xz), and then f(—z) = —f(z),
which tells us that the function f should be odd.
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With 2 = y, we have that f(2x) = 2f(z). Now, using induction, we can
conclude that f(nz) = nf(z), for any positive integer n. In fact, f((n + 1)z) =
[z +x) = f(nx) + f(z) = nf(z) + f(z) = (n + 1) f(2).

Recalling that f(—z) = —f(x), we get f(nz) = nf(z) for all n € Z. Now,
since f(x) = f(x) = f(m ") =mf(2), we have that f(*)= _ f(x), therefore
f(lx)=f(n2)=nf(r)= f(x). Hence, f(rz) = rf(x), for all 7 Q and all
z € R.

Letting ¢ = f(1), we get f(r) = cr for all r € Q.

We conclude that a function f : Q@ — R that satisfies equation (C7) should have the
form f(r) = cr, for all r € Q, with ¢ = f(1) a fixed constant. And a function of this
type f(x) = cx satisfies such a type of Cauchy equation, since ¢(x + y) = cx + cy,
for any z, y € Q.

Additional hypothesis to the Cauchy equation f(x + y) = f(x) + f(v)

We would like to determine functions f : R — R that satisfy the first of the Cauchy
type equations, which are also known as additive functions. We will see that with
an additional hypothesis (we will analyze several of them), the conclusion is that
f should be linear, that is, of the form f(x) = ax, for all z € R and with a = f(1).

(H1) The function is continuous in all R.

We know that f(r) = cr, for all r € Q. Since f(z) and cz are continuous in R and
coincide in Q, we have, by Theorem 6.2.16, that the functions coincide in all R.
Hence f(x) = cx for all z € R.

Example 6.3.1 (Jensen’s equation). Find all continuous functions f : R — R that
satisfy the equation,

; <x+y) _ @)+ 1)

9 9 , forall x,y € R.

Note that by letting z = y = 0, we do not obtain information about what is the
value of f(0). Define g(z) = f(z) — f(0), which is also continuous. A straightfor-
ward calculation shows that

g (w;y) _ 9(x) -2%9(9)7

but now the function g satisfies g(0) = 0. Taking y = 0 in the new equation, we
have that
g (fc) _ g(x)

2 2
and after substituting in this last equation z = u + v, we get

g(u;—v) :g(u;v)_
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Hence, we can affirm that g(u + v) = g(u) + g(v), for all u, v € R, that is, g
is a continuous function that satisfies the first equation of Cauchy. Therefore,
g(z) = ax, with a = ¢g(1), and then f(z) = ax + b, for all z € R and b = f(0).

(H7) The function is continuous only in x = 0.
To reduce this to the previous case, it will be enough to show the following result.

Lemma 6.3.2. If f: R — R is an additive function, that is, if it satisfies equation
(C1) and it is continuous at 0, then it is continuous at every real number a.

Proof. Let {a,} be a sequence with lim,,_,« a, = a, then the sequence {a,, — a}
satisfies lim,,—, o (@, —a) = 0. Since f is continuous in 0, Theorem 6.2.14 guarantees
that lim, . f(an —a) = f(0) = 0. But equation (Cy) implies that f(a,) =
flay, —a)+ f(a), then lim,, f(a,) = lim, e f(a, —a) +lim,~ f(a) = f(a),
which implies f is continuous in a. O

(H2) The function is monotone.

If the function f, besides being additive, is monotone (without loss of generality, we
can assume that it is non-decreasing), then f(z) should have the form f(z) = cz.
To support this claim consider a real number z. Let {r,} and {s,} be sequences
of rational numbers converging to x, with r, < z < s,, for all n.

By the monotonicity of the function f, er, = f(rn) < f(z) < f(sn) = csn.
Taking the limit, we obtain czx = lim,, o cr,, < f(z) < lim, o ¢s,, = cx. Thus,

flx) = ca.

The non-increasing case is similar. Moreover, we can change < to < and reach the
same conclusion, and similarly in the case >.

(H3) The function is positive (for positive numbers).

If f(z) > 0 for > 0 and if in addition it is additive, then it is increasing. In fact,
if x < ythen y —2x > 0, and f(y —x) > 0. Hence, f(z) < f(x)+ fly —x) =
f(z+ (y—x)) = f(y). Similarly, we can consider the decreasing, non-decreasing
and non-increasing cases, and in each one of them we can conclude that f is linear.

(Hy) The function is bounded.

If the additive function f is bounded in an interval of the form [a,b], that is, if
there exists a constant M > 0 such that |f(x)] < M for all « € [a,b], then the
function must have the form f(x) = cz.

First note that z € [0,b — o] if and only if 2 + a € [a,b] and for = € [0,b — qa]
we have |f(2)| = |f(x +a) — f(a)] < |f(z+a)|+ |f(a)] < 2M. This guarantees
that f is bounded by 2M in [0,b—a]. Let « = b—a, ¢ = fgf‘) and g(z) = f(z) —cx.
We then have

(@) glz+y) = flz+y) —cl@+y) = f(z) —cx+ f(y) —cy = g(z) + g(y), that
is, ¢ is additive.
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(b) g(a) = f(a) = car=0.

(¢) glx + a) = g(z) + g(a) = g(x), the function g is periodic with period a.

(d) Forz € [0,a], we have [g(a)| = | £(2) - ca] < |f(2)]+lex| < 2M+| | o] <
3M, that is, g is bounded in the interval [0, ] and then, because it is periodic,
it is bounded in all R.

If g(zo) # 0 for some real number zg, then since g(nzg) = ng(zg) for every integer
number n, we can make |g(nzg)| as large as we wish, then g would not be bounded,
which would be a contradiction to the part (d). Therefore, g(x) = 0 for any real
number = and then f(z) = cz, for all z in R.

(H}) The function is bounded on a neighborhood of 0.

By (H1), it will be enough to show that f is continuous in 0.

Let {ay} be a sequence that converges to 0. We will use Theorem 6.2.14 to show
that f(ay) converges to 0. Let € > 0, we will see that |f(ay)| < € for large n. If
M > 0 is the bound for f in the interval (—a,a), let us choose an integer N such
that % <.

Since lim,, o0 an, = 0, there exists ng such that |a,| < 3, for all n > ng. Since
|Nay| < a, it follows that |f(Nay,)| < M for n > ng. But since f(Nay) = N f(an),
we have that | f(a,)| < N < e, for n > ng, as we wanted.

There are several conditions that can be added to the equation of Cauchy to make
sure that the function that satisfies the equation is a linear function. Many of these
conditions are the source of problems of the kind that appear in the mathematical
olympiad. Let us see an example.

Example 6.3.3. Find all the functions that satisfy the following equations:

(a) flz+y)=flz)+ f(y), for all x, y € R.
(b) flzy) = f(x)f(y), for all z, y € R.

First note that if x > 0, then

f@) = f(Va - Va) = f(Va) f(Va) = (f(Vz))® 2 0.

But then, by (Hs), we have that f is linear, that is, it has the form f(z) = cz
with ¢ = f(1). Taking x = y = 1 in the equation (b), we get that ¢ = ¢2, hence
c=0orc=1.Then, f(x) =0or f(z) = z, are the only solutions to the problem.

6.3.2 The other Cauchy functional equations x

The Cauchy equation f(x -y) = f(x) + f(v)

We will find continuous solutions to this functional equation. If y = 0 belongs
to the domain of f, then f(x) = 0. Now, suppose that the function is defined
for x # 0. If we take x = y = 1 in the equation, we have that f(1) = 0. Also,
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considering = y = —1, we get that f(—1) = 0. Now, taking y = —1, we obtain
f(=z) = f(x), that is, the function must be even and it will be determined by its
behavior when z is positive. But if x, y are positive, there are u, v € R such that
x =e%, y = e’ and with them the equation'* can be expressed as

fle*-e?) = f(e") + f(e").

If we let g(u) = f(e"), then g(u + v) = g(u) + g(v), which is the first Cauchy
equation, and we know that its solution is g(u) = cu, with ¢ = g(1) = f(e), then
f(x) =g(u) = f(e)logx for x > 0, and f(x) = f(e)log|z| for z # 0.

The Cauchy equation f(x + y) = f(z) - f(y)

First note that if for some y, f(y) = 0, then f is constant. This follows from
flx)=fle—y+y) = flea —y)f(y) = 0. If f is never zero, then it is positive
since f(z) = f(5 + %) = (f(%))? > 0. Hence, since f is always positive we can
take logarithms on both sides of the equation in order to satisfy the functional
equation,

log f(x +y) = log f(z) + log f(y),

which is a functional equation of the first type, then log f(z) = cx, with ¢ =
log f(1). Applying the exponential function, we have that f(z) = eloe/(z —
f(1)*, for all z € R. Note that here we have found only the continuous solutions.

The Cauchy equation f(z -y) = f(z) - f(y)

As in the previous equation, if for some y # 0, f(y) = 0, then f is constant. This
follows since f(x) = f(z y) = f(;)f(y) = 0. If f is never zero, then for x positive,
f(x) is positive, since f(z) = f(v/z-v/z) = (f(/z))? > 0. For z = 1, we have that
f(1) = (f(1))?, therefore f(1) = 0 or f(1) = 1. The first option has been studied
before, and therefore f(1) = 1. Since f(2?) = (f(2))?, f(—1) = £1 and taking
y = —1 in the original equation, we have that f(—z) = £f(z). Then it will be
enough to see what happens with x > 0. After that we will have two options to
extend to the negative real numbers, that is, whether making the function even
or odd. Since the function f is positive for £ > 0, we can apply the logarithmic
function on both sides of the equality to get

log f(z - y) = log f(x) + log f(y).

Considering g(z) = log f(x), we have that ¢ satisfies the second equation of
Cauchy, then g(z) = g(e)logz, hence f(z) = x99 = z1°6f(¢) Thus the con-
tinuous solutions are f(z) = 0, f(z) = +x'°8/(€). Observe that the point = 0
remains outside the analysis we have made (when we take a logarithm), but at the
end we include 0 and necessarily it has to happen that f(0) = 0, in order to have

MFor the definition of the exponential function, e*, and the function logarithm, log z, see [21].
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continuity there. However, there exists an exception, if f(e) = 1 there are two
solutions. One of them is f(z) = 1, which is continuous, and the other solution is
f(z) = sign (x), which is not continuous at x = 0.

Exercise 6.16. Find all functions f : R — R that satisfy

f@*) = f(*) = (@ +y)(f(z) = f()), for all z,y € R.

Exercise 6.17. Find all functions f : Rt— RT that satisfy
r .y
F@)fly) = flay) =+ |, Jor allz,y € R*.

Exercise 6.18.
(i) Find all functions f : RT — RT that satisfy the condition

f@f) + fyf(@)) = 2zy, for allz,y € RT.

(ii) (Short list IMO, 2002) Find all functions f : R — R such that

f(f(x) +y) =22+ f(f(y) — ), for allz,y € R.
Exercise 6.19. Let f be a function such that for some number a € R it satisfies

f(x)

i )7;’ for allz € R.
z) —

flo+a) =
Prove that f is periodic.

Exercise 6.20. Let f : R — R be a periodic function such that the set {f(n) | n € N}
has an infinite number of elements. Prove that the period of f is an irrational
number.

Exercise 6.21 (Long list IMO, 1977). Determine all the real continuous functions
f(z) defined on the interval (—1,1), that satisfy the functional equation

f(x)+ f(y)
1= f(@)f(y)’

Exercise 6.22. Find all the continuous functions f : R — R such that

fle+y) = for x4y, z,y € (—1,1). (6.7)

Tty

fa =1 (7)) withay £1

Exercise 6.23. Find all the continuous functions f : R — R that satisfy

fx+y) = f(x)+ fly) + f(@)f(y), for allz,y € R.
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6.4 Recommendations to solve functional equations

Next we will present a series of recommendations of the things we need to do
in order to find solutions of functional equations. Moreover, we will show some
examples where we use these observations.

Substituting the variables for values. One of the first steps that we need
to follow is to see if it is possible to determine some values of the function we
are looking for, for instance f(0), f(1), etc. In some cases, the values can be
found through direct substitution. But sometimes we may need to make a variable
interchange. For instance, if we found something like f(z + y), it is natural to
make y = —z, to obtain f(0).

Mathematical induction. We should have in mind that the principle of math-
ematical induction can help us. In these cases it is important to remember the
induction basis. For instance, to know what is f(1) or f(j), and then later to be
able to conjecture something more specific that could be a relation that allows
us to go from n to n + 1. Also, try to find expressions like f ( 711 ), and afterwards
expressions of the form f(r), with » € Q. These situations, in general, can arise
when dealing with equations with variables in Q or in Z.

Basic properties of functions. It is important to know if the function is in-
jective, surjective, bijective, periodic, even, odd, or with some kind of symmetry.
This can help us to reduce the cases and to concentrate only on the set of numbers
where the equation is valid.

Substitutions. Beside substitutions by specific values, we can try other more
general substitutions, for instance, i, r+1,z+y, x—y.

Symmetry in the variables. If the equation has two (or more) variables, for
instance z, y, we will always try to substitute the y by the z (and vice versa), and
look always for symmetries in the variables.

Compare with the Cauchy equations. If our equation can be reduced or sim-
plified to an equation of Cauchy type, then we have made good progress, since we
already know the solutions to this type of equations.

Continuity, monotonicity. Investigate if the unknown function is monotone
or continuous. This is very useful, since the problem could then be reduced to be
solved on the rational numbers or on some dense subset of the real numbers.

Other numeral systems. In functional equations where the natural numbers
are present, it can help us to work in another numeral system different from the
10-base system, for instance, moving to the binary system or the 3-base system.

Check. It is important to always check that the function we proposed as
solving the equation, really does it. We should never forget this part.

Now, we will exhibit examples where these recommendations are put to use.
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Example 6.4.1. Find all functions f : Q — R that satisfy the following conditions,
flay) = af(y) +yf(z) and flz+y)=f(2*)+ f(y?), forz,yeQ.

If in the first equation we set x = y = 0, we obtain f(0) = 0, and taking
x =y =1, we have that f(1) = 2f(1), that is, (1) = 0.

On the other hand, taking x = 0 in the second equation, we get f(y) = f(y?),
then the second equation becomes f(z +y) = f(z) + f(y) and we know, by the
Cauchy equation, that the function should be such that f(x) = f(1)z, for all
x € Q. Moreover, since f(1) = 0 the only solution is f(z) = 0.

Example 6.4.2 (Short list IMO, 1988). Let f : N = N be a function that satisfies
f(f(m)+ f(n)) =m+mn, for allm,n.

Find all possible values of f(1988).

In Example 6.2.1, we showed that the function is injective. Moreover, for
I < n, we have that

f(fm+D+fn=0)=m+l+n—-1l=m+n=f(f(m)+ f(n)). (6.8)
The injectivity property tells us that
fm+D)+ f(n—10)=f(m)+ f(n), forl,m,neNandl <n. (6.9)

Now, by induction we will see that f(n) = n. First, for n = 1 let us see that
f(1)=1.If b= f(1), then the following two equalities are true:

f20) = f(f()+f(1) =2 and [f(b+2)=f(f(1)+ f(20)) =1+2b.

Then, b = 2 is not possible, since, on the one hand we would have that f(2-2) =2
and on the other hand f(2+2)=1+4+2-2=5.

Neither is b > 2 possible, since using f(2b) = 2, f(1) = b and equation (6.9),
it follows that

b+2=f(1)+ f(2b)
=f14+b-2)+ f(2b— (b—2))
fo=1+ f(b+2)
/

b—1) 41+ 2b,

~—~ Y~ —~

then f(b—1) =1 — b < 0, which is not possible. Therefore, b = f(1) = 1. Sup-
pose now that f(n) = n, then from the original equation and from the induction
hypothesis, it follows that

n+1=f(f(n)+f(Q1) = f(n+1).
Therefore, the only possible value of f(1988) is 1988.
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Example 6.4.3. Find all increasing or decreasing functions f : R — R such that

flz+ f(y) = f(x) +vy, forz,y €R.

Letting © = y = 0, we get f(f(0)) = f(0). Since f is increasing or decreasing,
it follows that f is injective, then f(0) =0

Taking © = 0, we get f(f(y)) =y for all y € R. Letting a = f(y), it follows
that f(f(y)) =y = f(a), then

fle+y) =flx+fa) = f@) +a=fz)+ f(y),

hence, f satisfies the additive Cauchy equation. Moreover, with the condition
f(f(y)) =y, we have that the only solutions are f(z) = = and f(z) = —z, which
verify the functional equation.

Example 6.4.4. Find all continuous functions f : R — R that satisfy the equation

flx+y)+ flx—y) =2f(x), forz,y € R.

Letting « = y, it follows that f(2z) = 2f(x) — f(0). Then, from the original
equation we obtain f(z+y)+ f(z —y) = f(22)+ f(0); subtracting 2f(0) on both
sides, we get f(z +y) — f(0) + f(z —y) — f(0) = f(2z) — f(0).

Hence, f(z) — f(0) is additive, since taking u = z +y, v = x — y in the last
equation, leads to f(u) — f(0) + f(v) — f(0) = f(u+v) — f(0).

Since f(x)— f(0) is continuous, it follows that f(z) = f(0)+ax, for all x € R.
Example 6.4.5. Let f : R — R be a continuous function such that f(x) = x has no
real solutions. Then f™(x) = x has no real solutions, where f™ is the composition
of f with itself, n times, for any n € N.

Since f(x) = x has no real roots, that is, there is no = € R such that
f(z) —x = 0, then it is true that either f(z) > z or f(z) < z, for all z € R. In
fact, since f(x)— z is continuous, and if f were positive on a point d and negative
on another point e, then, by the intermediate value theorem'®, there would be a
point o between d and e such that f(xg) —xo = 0, which is impossible. Therefore,
f(z) >z forallz €e Ror f(z) <z for all z € R.

If f(x) > x for all z € R, then

< flx) <f(f(@) <--- < fUFC-Sfl2)--0)) <o

and therefore f(f(--- f(z)---)) = « has no real solutions.
Similarly, if f(z) < x, we get that f(f(--- f(x)--+)) = = has no real solutions.

Exercise 6.24. Prove that there are no functions f : N — N that satisfy
f(fn))=n+1, for alln € N.

153Gee [21].
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Exercise 6.25 (IMO, 1986). Find functions f : RT U {0} — R*T U {0} such that
satisfy:

(a) f(zf
(b) f(2)
(c) f(z)

W)f(y) = fla+y). forz, y = 0.
=0.
£0,

for all x such that 0 < x < 2.

Exercise 6.26. Find all functions f : R — R such that

flx—y)= flx+y)f(y), for allz,y € R.

6.5 Difference equations. Iterations

In this section we will study two kinds of functional equations: those relating the
values of f(z) and f(x+h) or, more generally, with those of f(z+nh) for some n €
N, which are called difference equations, and the functional equations relating f(x)

with its iterations, that is, with f2(z) = f(f(z)), ..., f"(z) = f(f(... f(z)...)).

For the difference equations, we will use the difference operator, denoted by
A, and which is defined, for a function f: R — R, as

Af(x) = flz+h) - f(z), (6.10)

for x € R, and where h is a fixed real number. Also, we will use the operator F
defined by Ef(z) = f(xz+h), and the identity operator I defined by I f(z) = f(x),
so that A = E — I, that is, Af(x) = Ef(z) — If(z) = f(x + h) — f(z).

The following properties of the operators are seen to hold trivially.

Properties 6.5.1.

(a) A(af(x) 4+ g(z)) = aAf(z) + Ag(z), for a fized real number a.
(b (() 9(z)) = Ef(z)Ag(z) + g(z)Af(2).

)
© 8T - IWAW T o 4
)

(d Amf( = A™"Y(Af(x)), and also ATA" = ATA™ = AR

Lemma 6.5.2. For each integer number n > 1, it follows that A™x™ = h"n! and
A"Mx™ =0 for m > n.

Proof. The proof is by induction on n.

If n = 1, we have that Az = (z +h) —x = h and A%z = Ah = 0, then
Amx =0 for m > 1.
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Suppose that the result is true for all j < n, then
A" = Anfl(Azn) _ Anfl((a7 + h)n _ :17”)

= A"! (f (7;) x"h) — i (’;) hiAP= (g )

i=1 i=1

= (’f) hA" L (z" 1) = (’f) hh"Y(n — 1)l = h™nl,

and since A applied to a constant is zero, we have that A™z™ = 0 for m > n, so
the induction step is true and the result holds. [l

Example 6.5.3. If P(x) = ap + a1z + -+ + a,x™ is a polynomial of degree n, it
follows that A™P(z) = apn!h™ and A™P(x) =0 for m > n.

In fact, by the previous lemma
A"P(z) = A™(ap + a1z + - - - + anz™)
= A"(ag) + A"(a1z) + - - + A" (ana™)
=a, A" (z")
= a,n!h".
It is clear that if m > n,
A™P(z) = A" (A" P(x))
= A"""(a"nlh"™) = 0.
In general, we have the following theorem.

Theorem 6.5.4. For any function f, it follows that

A" f(z) = (F - :i /(") s+ (n = ),

Jj=

Proof. The proof is by induction. The case n = 1 has been already validated.
Suppose now the result holds true for n and let us see what happens for n 4 1.

A" f(z) = A"(f(z + h) = f(@))

—Z () (z+ (n—j+1)h) - z;(—l)j@f(wﬂn—j)h)
—Z () (@ + (n—j+1)h)

+Z a+1< ) (x+Mm+1—(+1)h)
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_gj () x+m+1—ﬁm+§3—u{‘”)ﬂx+m+1—ﬂm

=1 J-1

- (Eesoem S [()-(2)

f@+<n+1ﬁm+<nm4Q)f@>
j(n+1 .
:Z(_n( ) )f(:v-l—(n—i—l j)h). O

When difference equations are applied to functions with variables among the
non-negative integers and with h = 1, we get expressions of the form

Af0) = f(1) = f(0), AF(1) = f(2) = f(1), Af(2) = F(3) = f(2),..-,

which are known as sequences in finite differences or recurrent sequences, notions
that will be studied more carefully in Chapter 7.

Let us see an example dealing with iterations in the functional equation.

Example 6.5.5. Find functions f : N — N that satisfy
f(f(n) + f(n)* =n*+3n+3, forn € N.

It is easy to verify that f(n) = n + 1 satisfies the equation. Let us see that
this function is the only one that satisfies the equation.

If f(n) >n+1,then f(n)? > (n+2)?, hence f(f(n)) =n?+3n+3— f(n)? <
n?+3n+3— (n+2)? = —n — 1 < 0 which is absurd. Therefore f(n) <n + 1.

If f(n) < n+1, we have that f(n)? < (n+1)?, and then f(f(n)) = n*+3n+
3—fm)?>n?+3n+3—(n+1)2=n+2> f(n)+1. Hence, f(f(n)) > f(n)+1
which is impossible as follows from the previous case. Therefore f(n) < n+1
cannot hold and f(n) = n + 1 is the only solution.

Example 6.5.6. Find continuous functions f : R — R that satisfy the following:

For each x € R, there exists an integer n > 1 such that f™(x) = x. (6.11)

First, let us see that the function is bijective. Suppose that for z, y € R, we
have that f(x) = f(y), by property (6.11), there exist n, m € N with f"(z) =«
and f™(y) = y. It is clear that f*™(z) = z and f"(y) = y. But if f(z) = f(y),
then f™™(x) = f™"(y), hence & = y. Therefore, f is injective.

Next, we will prove that the function is surjective. For each x, there exists
n € Nwith z = f*(z) = f(f* (z)), remember that f°(z) = .

Now, we will show that f is increasing or decreasing, which is highlighted in
the following more general lemma, not just for the function in the example.
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Lemma 6.5.7. If f : R — R is continuous and bijective, then f is increasing in all
R or f is decreasing in all R.

Proof. Let us see that in every open interval the function is increasing or decreasing.
Let a, b € R with a < b. Since f is injective, then f(a) < f(b) or f(a) > f(b).

If f(a) < f(b), we will prove that f is increasing in (a,b), consider z, y with
a<zx<y<b.

(a) It must happen that f(a) < f(z) < f(b), otherwise f(z) < f(a) or
f(b) < f(x). In the first case, since f(z) < f(a) < f(b), by the intermediate value
theorem there exists 1 € (x,b) with f(z1) = f(a), which is a contradiction to the
fact that f is injective. Similarly, if f(a) < f(b) < f(x), by the intermediate value
theorem there exists z2 € (a,2) with f(x2) = f(b) which is impossible, since f is

injective. Thus, f(a) < f(z) < f(b).

(b) Similarly, we have that for y with * < y < b, it follows that f(z) <
f(y) < f(b). Therefore, f is increasing in (a,b).

The case when f(a) > f(b) is similar, except that in this situation f will be
decreasing. O

Let us come back to the example. We will show that if f is increasing, then
f(z) = x for all . In fact, if for some z, we have that f(zq) # xg, then f(xg) > xo
or f(xg) < zo. But, since f is increasing we have that
w0 < f(z0) < f*(wo) <o+ < fM(20) < ...
or
xo > f(mo) > f2($0) > > f"(:r:o) >,
in any case, f™(xg) # x¢ for every n > 1, which contradicts (6.11).

But if f is decreasing, then f?(z) = x for all z, in fact, if f is decreasing, we
have that f2 is increasing and then f?(z) = z.

Finally, we point out some properties that the function has: f?(x) = z, for
all z € R, and it can be proved that the number n in (6.11) is 1 or 2.

Exercise 6.27. Find the sum

n

S (-1 <Z>

k=0
Exercise 6.28. Find all functions f : NU {0} — NU {0} that satisfy
)+ F(f(n) + f(n) = 3n, for all n € NU{0}.
Exercise 6.29. Find all the continuous functions f : [0,1] — [0,1] that satisfy
f(0)=0, f(1)=1 and f*(x) =z, for all z € (0,1) with n € N fized.

Exercise 6.30. Find all the continuous functions f : R — R such that there is a
natural number n > 1 with f(z) = —z, for all x € R.



Chapter 7

Sequences and Series

7.1 Definition of sequence

A sequence of numbers {a,} can be thought of as a function f defined on the set
of positive integers and whose images are a set of numbers A. This set can be:
natural, integer, rational, real or complex numbers, that is,

f: N = A

n = f(n)=an.

Sometimes it is useful to start the sequence with ag. We call every element a,, of
the sequence a term of the sequence. We can also think of a sequence as an infinite
collection of ordered numbers.

In the mathematical olympiad, the problems related to sequences are of dif-
ferent kinds. In some of them it is asked to find specific terms of the sequence,
in others to prove that the terms are related in some particular way or that they
satisfy certain identities. Also, there are some problems that require one to find
a closed formula of the nth term or to prove that the mth term satisfies some
property. In the following examples, we present a variety of these situations, and
in the next section we will give some properties and characteristics that will help
us to achieve the goal we have just described.

The set of points a,, with n = 1,2,..., is called the range of the sequence. The
range of the sequence can be finite or infinite.
Example 7.1.1.
(a) For the sequence {an = 711}, the range 1is infinite;
(b) If {an = n2}, then this sequence has infinite range;
(c) If {an =1+ (i)n }, its range is infinite.
)

(d) The sequence {a, = (=1)"} has finite range.

© Springer Internationl Publishing Switzerland 2015 115
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In this first example, the sequences exhibit certain orders or patterns, but not
all sequences are like these. In Chapter 2 we studied the arithmetic and geometric
progressions, which are examples of sequences that have a pattern or a rule that
can be given in an explicit way, but a sequence {a,} such that a,, is the nth digit
in the decimal expression of 7 has no explicit rule.

Let us analyze several examples to get more familiar with sequences.

Example 7.1.2. The sequence ag, a1, as, ..., is defined as ag = 0,a; = 1 and, for
m>n2>0, Gpin + Gm—n = ‘12"7;“2". Find the value of a100-

If n = 0, we have that 2a,, = “2m2+“", then ag,, = 4a,,. f m =1 and n =0,
ar =4a; =4 =22 1fm =2and n =1, then a3 + a; = “4'5“2 = 4“22+4 = 10,
hence asz = 9 = 32.

This suggests that a, = n?. We will use induction to prove this claim. In
fact, it is only left to check the inductive step,

a2n + as _ 4an + as
2 2
i1 =202 +2—(n—1)* = (n+ 1)

Ap+1 +ap—1 =

Thus, ai1000 = 10002.

Example 7.1.3. Define the sequence {a,} as a1 = a2 = 1 and, for n > 1,
Gnt2 = Apy1an + 1. Which elements of the sequence are even and which ones
are multiples of 47

By induction we can prove that a, is a positive integer. If a,_1 and a,_o are
positive integers, then a, = a,_1a,_2 + 1 is also a positive integer. Let us see
which terms are even. We have that as = asa; + 1 = 2 is even, but a4 and a5 are
not even; since by definition each of them is the sum of an even number and 1,
then a4 and a5 are odd. However, ag is even and the formula for ay and ag, tell us
both are odd. Then, the sequence modulo 2 is 1, 1, 0, 1, 1, 0, .... The recursive
relation a, 42 = anp41a, + 1 generates an odd number if one of the factors is even,
and an even number if both factors are odd. Then, the terms of the form agx are
even.

If now we consider the sequence modulo 4, we see that it is given by 1, 1,
2,3, 3, 2,3, 3, ...; after the third term in the sequence, the numbers 2, 3, 3 are
repeated, which shows that there are no multiples of 4.

Example 7.1.4. The sequence {a,} is defined by a1 = as = ag = 1 and, for n > 3,

1 n“%n— . .
by apy1 = +Z:2 '. Then every element of the sequence is an integer.

Observe that for n > 3, the elements of the sequence satisfy anq1a,-2 =
14 apan—1, therefore a,i0a,-1 =14 apyiay.
Subtracting the first equation from the second, we get

An420p—1 — Apn4+1An—2 = Ap4+10n — ApQp—1.
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After factoring and rearranging the terms, we obtain

(an+2 + an)an—l = (an + an—2)an+1
An4-2 + an (7% + Ap—2

Ap+1 Ap—1

If we define b, a"+’i"1 2 it follows that b, 2 = b,. That is, it happens that the

even terms of {b,} are all equal and the odd terms are also equal to each other.
Then, since

1+azaz 1+1
+ + + a9 +1
WBTU _9 and by = “Thz _ o w = 1 =3,

by =
a9 aq aq 1

we have that
3G,_1 — an_3, if n is even
an =

2ay,_1 — Qp_o, if n is odd.
By induction, we can conclude that a,, is an integer number.

Example 7.1.5. The sequence {a,} defined by a1 = 1 and apy1 = a2 + ay, for

n > 1, satisfies that for any n, lfa, T F 1+a < 1.
Since an+1 = a2 + ay, it follows that anlﬂ = an(a1n+1) = aln - an1+1’ which is
equivalent to 1+1 =t - 1+1. Adding, we obtain
= 11 1 1 1
Z — _ 4+t — =1- < 1.
1+ aJ ai ag Gn an41 an+1

Exercise 7.1 (Croatia, 2009). The sequence {a,} is defined by
a1 =1, as =3, an=an_1+ an_o, formn > 3.
Prove that a, < (Z)n, for all n.
Exercise 7.2 (Croatia, 2009). The sequence {a,} is defined by
ar =1, a, =3an,_1+ 2"_1, forn > 2.
Find a formula for the general term a,, in terms of n.
Exercise 7.3. The sequence {a,} is defined by
a1 =1 and apy1 =14ajaz...an,, forn>1.

Prove that for allmn > 1, all +.4+ <2
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Exercise 7.4. The sequence {ay} is defined by

2
a; +1

air=az=1 and apy1= " , for n>2.
Gn—1

Prove that every term of the sequence is a positive integer.

Exercise 7.5 (MEMO, 2008). Let {a,} be a sequence of positive integers such that
ap, < any1 for m > 1. Suppose that for all 4-tuples (i, 7, k,1) of indices, such that
1<i<j<k<landi+!=j+k, it follows that a; + a; > aj + ar. Find the
smallest possible value of aspos-

Exercise 7.6 (China, 2008). A sequence of real numbers {a,} is defined by ag #
0,1, a1 =1—ap and apny1 =1 —a,(1 —ay), forn=1,2,.... Prove that for each
positive integer n,

1 1 1
(apay ...an) + 4+ =1.

ao a1 227
Exercise 7.7. Let {z,} and {y,} be sequences defined by the equations
Tntl = zf’l -3z, and Yp41 = %31 — 3Yn-

If 22 = yo + 2, prove that 2% = y,, + 2, for all n.

Exercise 7.8. The sequence {ay} is defined by
a1 =1, ag =12, a3 =20 and an43 = 2ap42 + 2ap41 — @y, for n>1.

Prove that 1 + 4anan+1 is a perfect square, for n > 1.

7.2 Properties of sequences

In this section we study some properties of the sequences that are useful to find
specific relations among terms of the sequences, find closed formulas, etc.

7.2.1 Bounded sequences

We say that a sequence {a,} is bounded if there exist K > 0 such that |a,| < K,
for all n € N. That is, we say that a sequence is bounded if its range is bounded.

For instance, it is clear that the sequences {a, = !} and {a, = (—1)"} are
bounded by 1. However, there are sequences for which the bound has to be found.

The most important example of a sequence that is not bounded is the fol-
lowing.
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Example 7.2.1. The sequence {a, = n} is not bounded, since the set of natural
numbers is not bounded.

Suppose that N is bounded above. Then, there exists M > 0 such that n < M,
for all n € N. Take | M| the greatest integer less than or equal than M, then the
integer | M | + 1 satisfies that it is a positive integer with M < | M |+ 1, hence M
is not an upper bound for N, which is a contradiction.

Example 7.2.2. The sequence {a,} given by 0 < ap < ag + a1 < 1 and

an —1
an+1 + " :07 fOTnZ 17
a

n—1

18 a bounded sequence.

Let us find a few terms of the sequence:

1—a1 ag+a; —1 1—ag
ag = , as = , Q4 = , a5 = ap, A = ag.
aq apaq aiq
Therefore, we see that the terms of the sequence are repeated every five terms,
then it is bounded.

In the last example, we can observe that the term as is equal to the term
ap, and in general we have that a, 45 = a,, for all n € N. The sequences with this
property have a special name, which will be studied next.

7.2.2 Periodic sequences

A sequence {a,} is periodic, with period p > 1, if it satisfies that a,4p = an, for
alln e N.

If a sequence is periodic with period p, then we can find all the values of the
sequence if we know the values of the first p terms of the sequence. Actually, if
{an} is a sequence with period p and n is a positive integer, by Euclid’s algorithm,
we can express n as n = pq + r, with 0 < r < p. Then a,, = a, if r # 0, and
an = ap if r = 0. Also, observe that every periodic sequence is bounded, moreover,
the sequences with finite rank are clearly bounded.

Example 7.2.3. The sequence {a,} is defined by ani2 = HZ"“. Find the value of
a2013-

We analyze the first terms of the sequence

1
1+a2 1+a3 1+ ::12 1+a1+a2
a3 = ; a4 = = =
a az a2 a1G2
1 1+ 1+ai+az
+ay aras 1+a)(14a2) 14
ar = = = =
5 as 11»042 araz(l+as) as ’
1 al
1+
1+as 14 agl 1+ag 1+ay
a6 = a4  1l4aitax T ai, ar = as = l4ar T a2-

ajaz az
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Then, the sequence is periodic with period 5, that is, a,+5 = a,, for all n. Therefore,

_ _ 1+4a
a2013 = az =~ °

In some of the examples we have seen so far, we can notice that in order to
define the general term of a sequence it is necessary to know some of the previous
terms. We will come to this in the following section.

7.2.3 Recursive or recurrent sequences

Some of the sequences we have thus far studied satisfy the condition that the term
an+1 is a function of some of the previous terms, that is, any1 = f(a1,...,an).
Sequences of this sort are known as recurrent sequences or recursive sequences.
More precisely, we will say that {a, } satisfies the recursive equation

Ap+1 = f(al,...,an), (71)
if for every n, the terms of {a, } satisfy the last identity. Note that the function f
is not the same for each n, for instance, if f(a1,...,a,) = a1 + a2+ - -+ a, we

have that as = f(a1) = a1, a3 = f(a1,a2) = a1 + aa, . ...

The simplest examples of recursive sequences are the arithmetic progressions
an = a1 + (n — 1)d that satisfy the recurrent equation an4+1 = a, + d and the
geometric progressions a, = r" la;, that solve the recurrent equation a, i = ra,,.

Example 7.2.4. A sequence that generalizes the arithmetic and geometric progres-
sions is the sequence that solves the recursive equation, any1 = Tnay + dy,, where
{rn} and {d,} are sequences independent of the terms a,. Let us find a closed
formula for a,,.

It is evident that if for every integer n the equality a, = rp—10n—1 + dp—1
holds, then

Gp = Tp—10n—1 + dn—l
Tn—10p—1 = Tp—1Tn—20n—2 + Tn—ldn—Q

Tn—1"n—20n—2 = "'n—1Tn—2Tn—30n—3 + TnflTn72dn73

Tp—1-" 7202 = Tp_1 - T2T1G1 + Tp_1---T2dy.

After adding and canceling terms, we get that

In particular, for a,41 = ra, +d, it follows that a,, = 7"~ ta; +(1+r-+---+r""2)d.

In Example (3.1.4) of the Hanoi’s towers, we notice that the number of nec-
essary movements h, to move n disks from one stick to another, satisfies the
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recursive formula h, 1 = 2h,, + 1. This formula confirms the value that we found
for h,, because it implies that,

hp=2""1h+ (1 +2+-- 272 1=2""1pon"t 1=92"_1,

We say that {a,} is a recurrent linear sequence of order k > 1, if it satisfies
the recursive equation

An+k = C1An4k—1 + Con+k—2 +---+ ClQnpy,
where ¢y, ..., ¢, are constant numbers.

For instance, the Fibonacci sequence {f,}, defined as the sequence that sat-
isfies the Fibonacci recursion formula f,11 = fhn—1 + fn, with f1 = fo = 1, is
a recurrent linear sequence of order 2. A geometric progression is a recurrent
linear sequence of order 1, since a,4+1 = ra,, and these sequences are the only
ones of order 1, where r can be any number. An arithmetic progression satisfies
Gn+1 = @y + d, which is not a linear recursion because of the constant term d.
However, since an4+2 = ant1 + d, it follows that anio — apy1 = ant1 — ap, so
that ap+2 = 2a,4+1 — ayn. Thus the arithmetic progressions are recurrent linear
sequences of order 2.

Our next objective is to solve the linear recursions of second order, that is,
we want to recognize the sequences that satisfy the recursive equation

Un42 = ban-‘rl + canp, (72)

where b and ¢ are fixed constants.

For instance, the recursive equation a,41 = 5a, — 6a,—1 is solved by the
sequences {2"} and {3"}, which shows that there is not always only one sequence
that solves the equation. Moreover, if {a,} and {b,} are sequences that solve
a recursive linear equation, then also {Aa, + Bb,} solves the equation, for any
numbers A and B. Hence there could be several sequences solving equation (7.2).

However, if we have that the first two terms of each of two sequences that
solve a linear recursion of order 2 are equal, then the two solutions coincide. This
follows because, if the first two terms of each solution coincide, then the third
terms coincide too and, by induction, all the terms of the two sequences coincide.
An application of this remark can be found in the following example.

Example 7.2.5. If {f.} is the Fibonacci sequence, then fmin = fmfon-1+ fm+1fn,
form >0 and n > 1, where fo =0.

Define the sequences a., = fi4n and by, = finfn—1+ fm+1fn, for m > 0 and
with n > 1 fixed. It is easy to show that a,, and b,, satisfy the Fibonacci recursion
formula. For instance, am+y2 = fmt2+n = fmti+n + frmtn = Gmy1 + ap and

bm+2 = fm+2fn71 + fm+3fn = (fm+1 + fm)fnfl + (fm+2 + fm+1)fn
- (f?n-‘rlfn—l + f?n-‘ern) + (f?nfn—l + f?n-‘rlfn) - b?n-‘rl + b?n-
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On the other hand, ag = f,, a1 = fat1, bo = fo frn-1+ fifn = fn and by =
fifno1+ fofn = fue1+ fu = fne1. Since both sequences satisfy the same linear
recurrence of order 2 and coincide in the first two terms, we have that the sequences
are equal. Therefore the identity holds.

Let us go back to see how to solve the linear recursions of order 2. Following
the idea that the linear recursions of order 1 are solved by sequences of the form
an, = AX", let us see what a sequence of the form {a, = A\"} should satisfy in
order to be a solution of (7.2). Substituting in equation (7.2), we get

AN = AN cAN™

If A =0, it is clear that the constant sequence a,, = 0 satisfies (7.2). If A £ 0, we
can cancel A and after factoring we get A" ()\2 — b\ — c) =0.

Now, if for some integer n we have that A" = 0, that is, A = 0 and, therefore
a,, = 0, which we know solves the equation. Now, suppose A # 0, hence

M —b\—c=0, (7.3)

so that \ = biw’; +4b¢ are the only possible values if the solution is of the form
an, = A\".

Equation (7.3) is known as the characteristic equation of the recursion for-
mula (7.2) and the polynomial on the left is known as the characteristic polyno-
mial. To conclude we analyze two cases. The first corresponding to the roots of
the characteristic equation being different and then the case when they are equal.

Case A. \; and Ay are the solutions of equation (7.3), with Ay # Aq.

In this case, we notice that a,, = AA} + BA} solves equation (7.2). Now, let
us see that, if {b,} is a sequence that satisfies the equation, then b, = A\} + BA}
for some numbers A and B.

For this, we know that it is enough to see that ag = by and a; = b;. Then
we have to solve

CLO:A+B
a1:AA1+B)\2.

But this system of two equations with two unknowns can be solved in a unique
way for A and B. In fact,

apA2 — a1 a1 — Aaop
and B =

A:
A2 — A\ Ao — A1

and this is the only solution of the system when Ay — A\; # 0.
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Case B. The roots of the characteristic polynomial A; and A coincide.

In this case a, = AN} + BA% is not a general solution anymore, since a,, =
(A4 B)AT, and it is not always possible to choose A and B such that A+ B = ag
and (A + B))\l = aj.

However, there is another solution of the recursion formula different from A};
this happens to be sequence b, = (n + 1)AT. In order to see that this sequence
satisfies the recursion, first note that if A\; = Ay are the roots of A2 — b\ — ¢ = 0,
by Vieta, b = 2)\; and ¢ = —A?. Then, the recursion is

an2 = 2>\1an+1 - A%an
and we can verify that
(n+ 3N =20 (n + 2N = AT (n + 1)AT,
which proves that b, = (n + 1)A} solves the recursion formula.

Now, the two known solutions b, = A} and ¢,, = (n+ 1)A} generate the gen-
eral solution a,, = AN} 4+ (n+ 1)BAT. In this case the initial conditions determine
A and B, that is, there is only one pair of numbers A and B with

ag =A+B
a; = (A—I—ZB))\l

Actually, A = 2“"’}\11_“1 and B = “1_;1"”\1. Then, in this case, the solution with
initial conditions is unique.
We can summarize both cases in the following result.

Theorem 7.2.6.

(a) If the roots of the equation \*> —bA—c = 0 are different (b*>+4c # 0), then all
the solutions an42 = ban41 + can, of the recursion formula are of the form

an = AN! + BAZ,

where A and B are any real numbers.
(b) If the equation A2 — bA — ¢ = 0 has only one double real root equal to \ = g,
then all solutions of the recursion are of the form

an =(A+ (n+1)B)A",

where A and B are any real numbers.

(¢) If ag and ay are given numbers, then A and B are determined by a9 = A+ B
and a; = AX\1 + BXg in case (a), and by ag = A+ B and a1 = (A+2B)\ in
case (b).

For instance, the recursion x,, 9 = 22,41 — x,, has characteristic polynomial
A2 — 2\ 4+ 1, with A = 1 as the only root. Then, the solutions are of the form
Zn = (c+dn)1™ = ¢+ dn, something we already know as arithmetic progressions.
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Example 7.2.7. Find the solutions of the Fibonacci recursion, fo =0, f1 =1 and
Jn+2 = fot1+ fn, forn > 0.

The characteristic equation is given by A> — A — 1 = 0 and its roots are

A, A = 112\/5’ which are different. Then, the solutions of the recursion are of the
n n

form f, = AN} + BA} = A (1+2‘/5) +B (1_2‘/5) . Because the first terms are

fo=0and f; =1, then A = \}5 = —B. Hence the Fibonacci numbers f,, are

() (7))

Example 7.2.8. Find the solutions of the recursion defined by ap = 0, a1 = sin«
and Gpi9 = 2COSQ -+ Apy1 — Ap, for n >0 and o # nm.

The characteristic polynomial of the given recursion is A2 —2cosaA+1 =0,
which has solutions

2 +vVdcos?a—4
A1, Ay = cosa \/200504 = cosa xisina.

Hence, the solutions of the recursion are of the form a,, = AA} + BA3. From the
initial conditions we obtain that ag = A+B = 0 and a1 = AA1+BAy = sin «. From
the first equation we have that B = —A, so that A(A1 — A2) = A(2i sina) = sina,
and then, using the fact that sina # 0, A = 211 Therefore,

1
an =, {(cosa + isina)™ — (cosa — isina)™}
i

1 .. ..
= 2_(cosnoz + isinna — cosna + isinna)
P
= sinna.
Example 7.2.9. Analyze the non-linear recurrent equation an,4+1 = a% — 2.

. . n _on
It is clear that if ag = a + (1“ then a, = a? + a~2" solves the recurrence,
. n _ony\2 n+1
smcea%—Zz(a2 +a2)—2:a2 +a
- <L0+\/ag—4
2

—2mt Gpt1. If |a0| > 2, then

satisfies ag = a + (11, if Jag| < 2, so that we can take ag = 2cos#,

and therefore a = € = cos0 + i sin 6.

7.2.4 Monotone sequences

A sequence {a,} of real numbers is monotone increasing if
an < apy1, forall neN.

The sequence is increasing if a,, < a,+1, for all n € N.
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Similarly, we say that a sequence {a,} of real numbers is monotone decreasing if
Gp > Qpy1, forall neN.

The sequence is decreasing if a,, > a,,+1, for all n € N.
Example 7.2.10.

(a) Any arithmetic progression with difference d > 0 is an increasing sequence.
(b) Any geometric sequence with ay > 0 is monotone increasing if r > 1.

In (a), if {a, } is the arithmetic progression with difference d, then a,, 41 —a, =
d > 0, where clearly a,, < an41.

In (b), if {a,} is a geometric progression with ratio r > 1, then is clear that
Opt1 = T0n 2 Gn.

Example 7.2.11. The sequence defined by 0 < ay < é and ant1 = 2a,(1 — ay,) is
mcreasing.

In order to see that it is increasing, we will need to show that 0 < a, and
1< “ =2(1 —ay), that is, 0 < a, < j for all n.

Let us proceed by induction. First note that if 0 < a, < %, then an+1 =
2ay,(1 —ay) > 0. Now using the geometric mean and the arithmetic mean inequal-
ity, we have that

an+1_an)2_ 1

n = 2ap(l —ay) <2 .
ant1 = 2an(1 — an) ( 5 5

The inequality is strict since the equality holds when a, = 1 — a,, = é, which is
not the case in the previous expression.

7.2.5 Totally complete sequences

A sequence {a,} of positive integers is called totally complete if every positive
integer can be expressed as a sum of one or more different terms of the sequence.

Clearly the sequence of positive integers {1,2,3,...,n,...} is totally com-
plete.

Example 7.2.12. The sequence of powers of 2, {20,2Y,22 ... 2" ...} is totally
complete.

We will give a proof using strong induction. The basis cases are evident, since
1 =20 and 2 = 2'. Suppose that any integer less than n can be written as a sum
of different powers of 2. Let 2™ be the greatest power of 2 that is less than or equal
to n, then 2™ < n < 2™+!, Set d = n — 2™, which is clearly less than or equal to
n, and also less than 2™ (n < 2™*! implies that n — 2™ < 2™). By the induction
hypothesis, d can be expressed as the sum of different powers of 2 and, since d is
less than 2™, this power is not included in the representation of d. Adding 2™ to
the representation of d we get the representation of n.
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Proposition 7.2.13. A sequence of positive integers {a,} that satisfies a; = 1 and
ny1 <1l4ai+as+---+an, foraln=12,...,

1s totally complete.

Proof. We will show, using induction on n, that every integer k less than or equal
to a1 + as + - -+ + an, is the sum of different terms of {a1, ag, .., an}.
Ifn=1,theonly k<a; =1is k=1 and clearly k = a; = 1.

If n = 2, the numbers k to consider are the ones that satisfy k < as < 1+ay. Since
az < 1+4+a; =2, it follows that ap =1 or 2. Ifas =1,k =1or 2,thenk=1=a;
and k=2=ay14+azs. Ifas =2, k=1,20r 3, then k=1=a1, k =2 = as and
k=3=ai+as.

For the inductive step, suppose the statement true for n and let us prove it for
n + 1. Consider a positive integer k that satisfies k < a1+ -4+ ap +apnt1. £ <
a1+ - -+ay, by the induction hypothesis, such k is the sum of different elements of
{a1,as9,...,a,}. Suppose then that 1+a;+- - -+a, < k < a;+---+ap+a,+1. Then,
since apt1 < 14+aj1+as+---+ay, it follows that a1 <k <ai1+---+ap+any1,
hence 0 < k—apy1 < a3 +---+ay. Now, if k—a,41 = 0 the proof is finished, and
if0<k—ant1 <ai1+---+ay, then, by the induction hypothesis, k — a, 41 is the
sum of different elements of the set {a1,az,...,a,}. Adding a,+1, we have that k
is the sum of different elements of {aq,...,an,ant+1}, as we wanted to prove. O

Example 7.2.14. The Fibonacci sequence 1, 1,2, 3,5, ..., fn, ... is totally com-
plete.

By the last proposition, it is enough to see that f,11 < 14+ f1 + fo+---+ fn, for
every n > 1. For n = 1, it is clear since 1 = fy < 1+ f; = 2. For n = 2, the result
follows because 2 = f3 < 1+ f1 + fo = 3. For n > 3, it is enough to show that
1+ fi+fo+ -+ fn— fny1 = 0. But since fr11 = fn1+ fn, it follows for n > 3
that

I+ fitfot - Hfo—fop=1+fit+fot+ + fo— (fao1+ fn)
=l+fi+fot -+ o220

7.2.6 Convergent sequences

A sequence {a,} converges to or has limit a if for all e > 0 there exists a natural
number N such that, for all n > N, it follows that |a, — a|] < e. This can be
written as,

Ve>0, 3N € Nsuch that, Vn >N, |a, —a| <e.

We say that a is the limit of the sequence and write lim,_,~ a, = a.
A sequence diverges if it does not converge to any point a.
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Example 7.2.15. The sequence {a, = |} converges to 0.

Given € > 0 we would like to show the existence of N € N such that, for
all n > N, it implies that 0 < 711 < e. But if n > N, then 711 < ]{], therefore it is
enough to show the existence of N with J{, < €. If such N does not exist, that is
if [{, > ¢, then N < 1 for all N € N. This is a contradiction, because the natural

numbers are not bounded.
Example 7.2.16. The sequence {a, = a™} converges to 0 if |a| < 1.

If |a] < 1, then |(11| > 1, hence |;| =1+ p with p > 0. Thus, (1 4+ p)* =
< nlp. Choose N € N such that if

_ 1
— (4p) =
< nlp < €. Thus {a™} converges to 0.

L+np+ """ Vp? 4o > np, and |af”
1 1
n> N, then | < pe, so that [a* = !,

7.2.7 Subsequences

Given a sequence {a,}, consider a sequence {ny} of positive integers, such that
ny < ng < ng < ---. The sequence {a,, } is called a subsequence of {a,}. Note
that given a sequence, we can obtain an infinite number of subsequences from it.

Example 7.2.17. The sequence {a,} defined by

711, if nis even,
ap =

n?, if nis odd,
has subsequences that are convergent, not convergent, bounded, not bounded, in-
creasing and decreasing.

First note that the sequence is not convergent, and neither bounded nor monotone,
but we can find the following subsequences:

(a) If we take {az2,}, the sequence is convergent, decreasing and bounded, since
the terms are given by 21n for all n € N.

(b) If we take {a2,—1}, the sequence is not convergent, increasing and not bound-
ed, since the terms are given by (2n — 1), for all n € N.

Exercise 7.9. Prove that the sequence {a,} defined by ag = 0 and for n > 0,
ant1 = V4 + 3a,, is a bounded sequence.

Exercise 7.10. A sequence {a,} is defined by

a1 =1, Gpy1=an+ 9 forn>1.

n

Determine if the sequence is bounded or not and prove that aggop > 30.

Exercise 7.11. The terms of the sequence {a,} are positive and a2, = a, + 1,
for all n. Prove that the sequence contains at least one irrational number.
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Exercise 7.12. Find, in each case, the solutions of the recursive equation of degree
3, apnt3 = 3ant2 — 3apt1 + an, if:

(1) (11:(12:(13:1.

(ii) a1 =1, ag =2, a3 = 3.

(111) a; = 1, ag = 4, az = 9.

Exercise 7.13. The positive integers a1, as, ..., are bounded and form a sequence
that satisfies the following condition: if m and n are positive integers, then a, +an
is divisible by apyn. Prove that the sequence is periodic after some terms.

Exercise 7.14. Prove that a, = n!, the number of permutations of n elements,
and d,,, the number of permutations of n elements without fixed points, satisfy the
recursive equation Tp+1 = n(x, + xp—1). Why is ap, # dy, for all n?

Note: a permutation without fized points is called a derangement.

Exercise 7.15.
(i) Use the recursive formula for the number of derangements of a set of n ele-
ments, given by d,, = (n—1)(dp—1+dn—2), to prove that d,, = ndp,—1+(—1)".
(ii) Use Example 7.2.4 to justify the formula

D ),

—
dn =1 (1 LT 2 n!

Exercise 7.16. Lucas’ numbers are defined by the recurrence L1 =1, Lo = 3 and
Lyt =Ly + Ly_1, for n > 2. Prove that

1+v5)  [1-v5)"
)

Exercise 7.17. Solve the recursive equation b,11 = 15’!;} ,forn=0,1,2,..., where
by is a fized positive number.

1

—an )

Exercise 7.18. Prove that the sequence defined by ag = a # 1 and any1 =
1s periodic.

Exercise 7.19. Solve the recursive equation an4+1 = 4— a4 . Prove that a,, converges
to 2. '

Exercise 7.20. Prove that a sequence {a,} that satisfies a1 = 1 and ap+1 < 2ay,
form > 1, is totally complete.

Exercise 7.21. Prove that the sequence {1,2,3,5,7,11,13,...} of all prime num-
bers and the number 1, is totally complete.
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Exercise 7.22. Two brothers inherit n golden pieces with total weight 2n. Fach
piece has an integer weight and the heaviest of all the pieces does not weigh more
than all the others together. Prove that if n is even, then the brothers can divide
the golden pieces into two parts with equal weight.

Exercise 7.23 (Romania, 2009). A sequence {a,} is defined by

1
a1 =2, Gpy1 = an—i—n, form > 1.

Prove that the limit of the sequence exists and is 1.

7.3 Series

Given a sequence {an}, to denote the sum a, + ap1 + - - + a4 with p < g, we use
the notation
q
o
n=p
To a sequence {a,} we associate the sequence {s,}, called the sequence of partial

sums, given by
n
Snp = E Qag.
k=1

The infinite sum a; + ag + ag + - -+ can be written in short form as

N

oo

E ap, = lim a, = lim sy.
1 N —oc0 1 N—o0

n= —

n=

This last expression is called infinite series or, more simply, series. If {s,, } converges
to s, we say that the series converges to s and we write

oo
S =
n=1
The number s is called the sum of the series.
We say that the series diverges if {s,} diverges.
Example 7.3.1. Find the sum

— 1
Zn(nJrl)'

n=1
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The partial sum is

T !
1.2 23 n-(n+1)

VU A S TR A U D B DU
o 2 2 3 n n+1) = n+1

Since {n-l‘rl} — 0, when n — oo, then {s,} — 1. Thus

Sn

S 1

n; n(n+1) =L

Exercise 7.24. If {a,} is an arithmetic progression with difference d # 0, prove
that:

N 1 1/1 1
N e |
i=0 A5 * Aj41 ap Ap+1

(i) z": 1 1 ( r 1 )

=0 ;" Qiy1 - Giy2  2d \Gp- Q1 Gpylc Gpy2

i > o=t vy !
111 = . v = .
i=0 A4 * Qi1 dag i=0 Qg * A1 * A54-2 2d - ag - aq

Exercise 7.25. Let f, be the Fibonacci sequence (f1 =1, fo =1, fus1 = futfn-1).
Find the sum of the following series:

. X fn .. X 1
<1) n=2 fnflfn+1 (11) n;Q fnflfn+l ’

Exercise 7.26. The Koch snowflake is obtained by means of the following process:

(i) In step 0, the curve is an equilateral triangle of side 1.

(ii) In step n + 1, the curve is obtained from the curve in step n, dividing each
one of the sides in 3 equal parts, and constructing externally in the middle
part of the divided side, an equilateral triangle erasing the side in which it
was constructed. In the following diagram steps 0 and 1 are shown.

If P, and A,, are the perimeter and the area, respectively, of the curve of step n,

find:
() P, (i) 4, (i) im P,  (iv) lim A,.

n—oo n—oo
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o0
Exercise 7.27. Consider the harmonic progression {711} The series > 711 s known

as the harmonic series.

. 1 1 1 1
(i) Prove that for n > 1, 27a+1+2n+2+"'+2n+1 > -
1 1 1
(ii) Prove that for n > 2, n+n+1+'”+n2 > 1.
1 1 3

1
iii) P that >2 > .
(iii) Prove that for n > ’n—1+n+n+1 "

(iv) Use any of the previous inequalities to conclude that the harmonic series is
divergent.

7.3.1 Power series

The following expression is known as formal power series in the variable z with
center at zero,

f(@) =ao+amz+aa®+- +apa” +---, (7.4)

where ag, a1, as, ... is an arbitrary sequence of numbers. The power series can be
written as

f(z) = Z anx™.
n=0

Let us see some examples of how to calculate these series.
Example 7.3.2. The sum of the geometric series is given by
= a
Zaz”: , i |zl < 1.
1—-=z
n=0
Consider the partial sum

$p=a+ax+ar®+ -+ az"

=a(l+z+---+2")

1_$n+1
—a( 1—x )

. . 1—gnt? .
Then, limp—o0 $n = limy_ye 07% ) = @, since'® |z| < 1. Therefore

l1—z 1
S n _ a
Zn:O ar” = 1—x°

16See Example 7.2.16.
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Example 7.3.3. The following series, known as the derivative series of the geomet-
ric series, converges to the given value

1
n—1 __
ng_ln:c = -2 for x| < 1.

Consider the partial sum ZZ:O kx* = 2+ 2224 32 + - - -+ na™. This partial
sum is the sum of the following partial sums:

17 n
:1:+:c2+:c3+~~+w”sc< :r>

1—2z
1— gt
sc2+sc3+~-+:17"sc2< >
1—2z
1— n—2
x3+...+w”x3< v >
1—2z

Adding these sums, we get

1—a" 2(1 —gn1 n(q|_
x+2=’172+3$3+~~+n:r":x( ")+ ¥l =2 )+ 42" (1 - x)

11—z
.T+ZC2+"'+ZEH—’RZE"+1
N 1—x
T (1;:1;") — gttt
N 11—z
_ ozl —am) nz" (75)

(1—2)2 1-z°
The value of the infinite sum is
> ) x(l—a™) npant? x
2 n N G S (76)

since 2"+ and na™t! go to zero as n — 0o, because |z| < 1. Therefore, canceling
one x on both sides, we have the desired equality.

Example 7.3.4. The sum of the following series is given by

Zn(n —1)z" = a :Ez)g, for |z < 1.

n=0
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Consider the partial sum
sn=Y k(k—1)2" =227 +3-22° + 432" + -+ n(n—1)2"
k=0

-1
=2z <x+3$2+2'3x3+~~+ n(n2 ):1:”1) :
We can write the factor in parentheses as

nin —1)

9 J]n71:x+$2+$3...+x”*1

4322 + 6%+ +
+22% 4223 4+ 4 22771

+3$3 +...+3$n—1

+(n—1)z"?

1—gn1 1—gn—2 1—=x
— 22 -1 n—1
(57 ) (1) e (1)

[r+222+- -+ (n—1Da" ] —[z" +22" + -+ (n — 1)2"]
1—x '

By equation (7.5) and the Gauss sum®’

|:x((11:$;);1) _ (7;1*_1?5"} -~ |:$n (n(n;l))} |

, we have that this sum is equal to

7.7
| (7.7)
Therefore the value of the series is
o z(1—z™"1) n—1)z" n [ n(n—1)
> n(n—1)2" = lim 2 [ [ERRE } - {x ( 2 )} 2z°
— = lIim = .
n:On n r n—00 r 1—=2 (]. — 50)3

7.3.2 Abel’s summation formula

The sums calculated in some of the previous examples in this section can be
simplified using what is known as the Abel’s summation formula.

Let a1, as, ..., a, and by, bs, ..., b, be two finite sequences of numbers.
Then
n n—1
Zaibi = Z(ai —@ip1) (b1 + -+ bi) +an(br +ba+ -+ bp),
i=1 i=1

which can be proved simplifying the right-hand side of the identity.

17See Section 2.1.
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Example 7.3.5. Using the Abel’s summation formula, find the value of the sum
She1 kg" 1, forq # 1.

Using the Abel’s summation formula, we obtain that

n n—1
Dokdr =Y (k= (k+ 1)) at+ ¢ ) a4 g+ g7
k=1
g1 g" — 1 1= n—1 ¢" — 1
_ - -4\ k - -
B ;q—1+n<q—1> q—1;q+q—1+n<q—1)

nq" q" —1
g-1 (¢—1)*
Example 7.3.6 (Rearrangement inequality). If a1 < ag < -+ < a, and by < by <

- < by, are two collections of real numbers in increasing order and (b, b5, ...,b.,)
is a permutation of (b1, ba, ..., by), then it follows that

aiby 4+ agby + -+ + apby, > a1by + azxby + -+ + aybl,.

Apply the Abel’s summation formula to the difference of the sums

Zazb—Zazb—Z (bi — b))

z:l j=1
n—1 A A
Swoen (X030 20
i=1 j=1 j=1
since for every i =1,...,n — 1, a; < a;31 and 2321 P < Z; 1 b;

Exercise 7.28. Find, using Abel’s summation formula, the value of the sum

n

Z K2qR=L, with q # 1.

k=1

Exercise 7.29. Prove that the following series converges to the given value:

z? T
1.
Zn 17:17) +(17x)2, for |z] <

Exercise 7.30. Find the sum of the following series:

s () wEs wmEa @I

n=1 n=1 n=1
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7.4 Convergence of sequences and series x

In this section, we shall present the proofs of the convergence theorems and their
properties. However, you can continue reading the book without studying this
section.

Remember that a sequence {a,} converges to or has a limit a if
Ve>0, 3N eNsuchthat Vn>N = l|a, —al <e.

If a is the limit of the sequence, we write lim, - a,, = a or briefly a,, — a.
If for any a € R the sequence {a,} does not converge to a, we will say that the
sequence diverges.

Theorem 7.4.1. If a sequence {a,} converges to a1 and to ag, then a1 = as. That
18, the limit is unique.

Proof. If a1 # ao, take € = é|a1 — ag| > 0. Since {a,} converges to a; and to ag,
there exist N7 and No € N such that

lan, —a1] <€, ifn>N; and |a, —as2| <e¢, ifn > No.
For n > N = max(Ny, Na), it follows that
lar — az] < a1 — an| + |az — an| < 26 = a1 — az|,
which is a contradiction. Hence, a; = as. O

Next we present some properties of limits of sequences.

Theorem 7.4.2. Iflim,, , an = a, lim,_,~ b, = b and « is any real number, then:

(a) 7}520(@" +b,) =a+b.

(b) lim aa, = aa.
n— oo
(¢) lim a,b, = ab.
n—oo
(d) If b # 0, then for b, # 0 and n large enough it happens that
. . an, _a
=y =y

Proof. We will prove only parts (a) and (d); the rest is left as an exercise for the
reader.
(a) Since lim, o0 @, = a and lim,,_, o by, = b, then there exist N1, N3 € N such
that . .

lan, —a|] < o forn>N; and |b, —b| < o for n > No.

If N = max(N7, Na), then for n > N it follows that

a7z+bn_ a+b <lap —a|+ bn_b Se—f—e:e.
| 2 2



136 Chapter 7. Sequences and Series

(d) Since b # 0, it follows that ‘gl > 0. Since b, — b, there exists N1 € N such
that, for all n > Ny, |b, —b| < " then [b] — |bn| < |b, — 8] < 1% and |b,| > 18I
Hence Ibln,l < é‘, for all n > Nj.

2
Let € > 0, since b,, — b, considering ‘b|2 € there exists N > N; such that, for

alln > N, |b, — b| < ‘b; . Hence, for alln > N,

1_1‘_|bn—b|<2|bn—b|<€
b, b olonl = b

Observations 7.4.3.

(a) If {an} converges to a, then any open interval that contains the number a has
an infinite number of terms of the sequence. Moreover, outside this interval
there are only a finite number of terms of the sequence.

(b) If a,, converges to a, then the sequence is bounded.

Part (a) follows since there exists € > 0, with I = (a — €, a + ¢€), contained in
the open interval, but in I there are an infinite number of terms of {a,}.

In order to prove (b), observe that the interval (a — €, a + €) contains all the
terms a, with n > N for some N, then |a,| < |a| 4+ €. Therefore, if we define
K = max{la| + €,]a1|,...,|an|}, it is clear that K is a bound for the sequence,
that is, |a,| < K for all n € N.

Theorem 7.4.4. Let {a,}, {bn} and {c,} be three sequences of real numbers. Sup-
pose that there is N € N such that, for alln € N withn > N, a, < b, < ¢, holds.
If {an} and {c,} converge to the same limit a, then {b,} converges to a.

Proof. Let € > 0, by hypothesis there exist N;, Ny € N such that:
lan, —al <€, forn>N; and |c, —a|<e, foralln> Ns.
If Ng = max(N, N1, N3), then for all n > Ny, it follows that
—e<ap—a<b,—a<c,—a<e,
which implies that |b, — a| < €, that is, {b,} converges to a. O
Theorem 7.4.5. A sequence {a,} converges to a if and only if any subsequence of

{an} converges to a.

Proof. If the sequence converges to a, then limy_,~, ar = a, that is, for all ¢ > 0
there exists N € N such that if £k > N, then |a; — a| < €. Let ng be an increasing
sequence of positive integers and consider the subsequence {a,, }. Since ny > k
and if kK > N, then |a,, — a| < ¢, hence the subsequence converges.

Suppose now that the sequence does not converge to a, then there exists
e > 0 such that, for all N € N, there exists n > N such that |a, — a| > €. For
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N =1, there is ny > 1 such that |a,, — a| > €. For nq, there is ng > ny such that
|apn, —a| > e. For ng, there is ng > ng such that |a,, — a| > €. Proceeding in the
same way, we construct a subsequence {ay, } that does not converge to a, which
is a contradiction. O

Theorem 7.4.6. If {a,} is bounded, then there exists a subsequence of {an} that
converges.

Proof. In order to prove this theorem, we need to construct a convergent subse-
quence. Since the sequence is bounded, we know that there is M > 0 such that
lan| < M, for all n, that is, —M < a,, < M. Divide the closed interval'® [—M, M]
into two intervals [—M, 0] and [0, M]. Consider the interval where there are a in-
finite number of terms of the sequence; suppose that this interval is [0, M]. To
construct the subsequence choose one of the terms in the interval [0, M], say ap, .
Again, divide the interval [0, M] into two intervals [0, %], [2/, M] and choose the
interval that contains an infinite number of terms of the sequence. Without loss of
generality, we can assume that the interval is [12\/[ , M. Choose as a second element
of the subsequence one term a,, such that ny > n; in the interval [1\24 , M]. Con-
tinuing this process, we will get a subsequence {ay,} and a collection of nested
closed intervals of lengths é\ﬁ{ . The infinite intersection of these closed intervals is
not empty, in fact, it is a unique point'?, say a. This point a is the limit of the

subsequence, since |a — a,, | < M, moreover [a — ay,| < ), for 1 > k. O

Theorem 7.4.7. Every upper bounded, increasing sequence of real numbers (mono-
tonically increasing) is convergent. Similarly, every lower bounded decreasing se-
quence of real numbers (monotonically decreasing) is convergent.

Proof. Let {a,} be an upper bounded increasing sequence. Since the sequence
is bounded, Theorem 7.4.6 implies that there exists a subsequence {a,,} that
converges to a point a, that is, given € > 0 there exists K € N such that for all
k > K, it follows that |an, — a| < €. Let N = nk, we would like to show that
for all n > N it follows that |a, — a|] < e. Since ny < n there is j > k such that

ng < .- <nj; <n < n;ri. Using that the sequence {an} is increasing, we have
that an; —a < ap —a < an,,, — a, so that |a, — a| < e. The other cases are
similar. O

Theorem 7.4.8. Let f be a function, then lim,_,, f(x) = b if and only if for every
sequence {an} such that lim, o a, = a, it follows that lim,_, f(a,) = b.

Proof. Suppose that lim,,_,~ a, = a. Since lim,_,, f(z) = b, it follows that given
€ > 0 there exists § > 0 such that if |z — a] < 4, then |f(z) — b < e. By
the convergence of {a,} to a, for § > 0, there is N € N, such that if n > N,

18See Section 1.2, for the definition of interval.
198ee [17].
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|an, — a| < §. Then, since |a, —a| < ¢ if n > N, hence |f(a,) — b|] < €, that is,
flay) — 0.

Conversely, suppose that lim,_,, f(x) is not b, that is, there exists € > 0,
such that for every § > 0, there exists x with |z —a| < J§ and |f(z) —b] > €.

In this way, for all § = ! with n € N, there exists a,, with |a, —a| < ! and
|f(an) —b| > e. Hence, {a,} is a sequence that converges to a and it suffices that
{f(an)} does not converge to b, which is a contradiction. O

Theorem 7.4.9. A function f is continuous at a if and only if for every sequence
{an} such that lim, o a, = a, then lim, . f(an) = f(a).

The proof follows directly from the previous theorem, setting b = f(a).
Theorem 7.4.10. The set of rational numbers is dense in the set of real numbers.

Proof. Let (a,b) be an open interval and let e = b—a > 0. As we proved in Example
7.2.15, there exists a positive integer n with

1
0 . 7.8
<n<e (7.8)

For some m € Z, it follows that a < " < b, otherwise a and b are between two

consecutive numbers of the form " and mj{l, that is, " <a <b < mjl. Hence,
e=b—a< ™ — ™ =1 which contradicts inequality (7.8). O
Lemma 7.4.11. If D C R is dense, then for every x € R there exists a sequence
{an} in D with lim,,_,~ an, = x.

Proof. Let x € R, for every n € N it follows, since D is dense, that there exists
an € (l’ — Tll,ac + 711) ND. It is clear that if |a, —z| < 711 for all n, then lim,, oo a, =
z. (]

Theorem 7.4.12. If f : R — R is continuous and f(x) =0 for all x € D, where D
is dense in R, then f(x) =0 for all x € R.

Proof. By the previous lemma, for € R there exists a sequence {a,} in D with
limy, o an, = x. Since f is continuous in x, by Theorem 7.4.8, it follows that
f(z) =lim, o fan) =0. O

Corollary 7.4.13. If the functions f and g are continuous and coincide in a dense
set, then they coincide in all points.

The proof of the corollary follows from the last theorem, using f — g.



Chapter 8

Polynomials

8.1 Polynomials in one variable
A polynomial P(z) in one variable z is an expression of the form
P(z) = apa™ + ap—12"" "+ + a17 + ap,

where ag, a1, ..., a, are constants and n € N. Every term of the polynomial is
called a monomial or simply a term. The constants a; are known as the coefficients
of the polynomial. We will denote by A[z] the set of polynomials with coefficients
in A and variable x. Usually, the set A is Z, Q, R or C. In this chapter we will
study polynomials with complex coefficients, unless otherwise stated.

If a,, # 0, we say that the polynomial has degree n. In this sense, a,z" is
the most important term of the polynomial, because it defines the degree and it
is called the main term . The number a¢ is the constant term. We write deg(P)
to denote the degree of P(z). A polynomial is constant if it has a unique term ag.
If the constant ag is different from 0 we say that the polynomial has degree zero.
If a,, =1, we say that the polynomial is monic.

There are some special names for polynomials whose degree is small. A polynomial
is linear if it has degree 1. We have already studied the quadratic and cubic
polynomials, which have degrees 2 and 3, respectively. If the polynomial has degree
4, it is called quartic.

In the same way we did for quadratic and cubic polynomials, we say that two
polynomials are equal if its coefficients are equal term by term, that is, if the
coefficients of the monomials of the same degree are equal.

A zero of the polynomial P(x) is a number r such that P(r) = 0. When P(r) = 0,
we also say that r is a root or a solution of the equation P(z) = 0.

As we did with the quadratic and cubic polynomials, we can add, subtract, mul-
tiply and divide polynomials.

© Springer Internationl Publishing Switzerland 2015 139
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Let
P(z) = ap + a17 + agx® + -+ + a,z”,
Q(-T) = bO + bll’ + b2$2 4+ 4+ bmwm’

be any two polynomials with n > m.

We define the sum as (P+Q)(x) = (ap+bo)+ (a1 +b1)x+ (az+b2)x? +- -+ (am +
by )™ + amr13™ T+ -+ a, 2™, The difference as (P — Q) (z) = (ag —bo) + (a1 —
bi)x + (az —b2)x? + -+ (@ — b)) T™ + Ay p12™ T + - - + @, ™. The product of
a polynomial P(z) and a constant c is cP(x) = cag + ca1x + cagz? + - - - + canz™.
The product of the two polynomials is

(PQ)(J]) = agbg + (a0b1 + albo)l’ + (a0b2 +a1by + a2b0)x2 + -
+(aghy + arbr_1 + -+ aiby_i + -+ aybo)x” + -+ (anby)z" T
Example 8.1.1. In order to multiply two polynomials®® we can use the previous
definition or it is enough to multiply the coefficients. For instance, if we have the
polynomials x* + 323 + 22 — 22 4+ 5 and 32> + 222 + 6, its product can be obtained
as follows:

1 3 1 =2 5
3 2 6

6 18 6 —-12 30
2 6 2 —4 10
3 9 3 -6 15

3 11 9 2 29 16 —12 30
The product polynomial is 3x7 + 1125 + 92° 4+ 22* + 2923 + 1622 — 122 + 30.

Exercise 8.1. Multiply the polynomials P(z) = 423 + 22% + Tz + 1 and Q(z) =
222 + x + 8. Evaluate the two polynomials and their product at x = 2.

Exercise 8.2. Let P(z) = (1—z+22—-- -+ 29 (1 4+z+22+- - +2199). Prove that
after simplifying the product, the only terms left are those that have even powers

of x.

8.2 The division algorithm
Let

P(x) = apa™ + an_12" "' 4+ -+ a1x + ag, with a,, # 0,
Q) = by @™ + bypy_12™ " 4+ by + by, with by, # 0

20See [4], p. 4
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be polynomials of degree n and m, respectively, with m < n and complex or real
coeflicients.

The division algorithm says that given polynomials P(z) and Q(z) there exist
unique polynomials H(x) and R(x) with real or complex coefficients, according to
the case, such that

P(z) = Q(z)H(z) + R(x), deg(R) < deg(Q) or R(z) =0.

In order to show how to find H(z) and R(z), let us see an example. These poly-
nomials are known as the quotient and the remainder, respectively.

Example 8.2.1. Let P(z) = 2° + 2° + 22 and Q(x) = 2? — x + 1, divide** P(z) by
Q(z) and find H(x), R(z).

Dividing P(z) by Q(z) we get

[
22 —x+1 20 + 23 +2z
—2® 4t — g8
_f1;4 +2.’£

> -2 2
-
x

In this case, H(z) = 2° + 2% + 2 and R(x) = .

If R(x) = 0, we say that Q(z) divides P(x) and we write Q(x)|P(x). Note
that the variable x must be the same in all polynomials; thus we can omit it
sometimes.

The division of a polynomial P(x) of degree n by a polynomial of the form x — a,
gives
Plx)=(x—a)Q(x)+r, with reR and deg(Q)=n-—1.

Letting « = a, we get = P(a), and therefore

P() = (¢ — )Q(x) + P(a) or P(z)— P(a) = (z - a)Q@).  (8.1)
It follows from equation (8.1) that
P(a) =0 is equivalent to P(z) = (x — a)Q(x), (8.2)

for some polynomial Q(z). Thus, we have proved the following theorem.

Theorem 8.2.2 (Factor theorem). The number a is a root of a polynomial P(x) if
and only if the polynomial P(x) is divisible by © — a.

21See [4] p. 58
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A polynomial H(x) is the greatest common divisor of P(z) and Q(x) if it satisfies:
(a) H(z) divides P(z) and Q(z).
(b) If K(x) is any other polynomial that divides P(z) and Q(x), then K(x)

divides H(x).

It can be proved that H(x) is unique, up to multiplication by a constant.

There is a method called Euclid’s algorithm, that is used to find the greatest
common divisor of two polynomials and which follows the same ideas of Euclid’s
algorithm to find the greatest common divisor of two integers. Let us see an ex-
ample.

Example 8.2.3. Find the greatest common divisor of the polynomials z* — 22> —
224+ x—1and 2>+ 1.

We perform the following divisions of polynomials

r—2
3 +1 at =2 — 224 -1
—x? —x
—2x3 — g2 -1
+223 +2
— 22 +1
—x —x+1
—z2+1 | a8 +1 r4+1 |- g2 +1
—a3 + 4+
z +1 z+ 1
—x—1
0

Then, as when dealing with integers, the greatest common divisor is = + 1,
which is the remainder before reaching 0 as a remainder.

We can express the greatest common divisor above as a combination of the
polynomials % — 223 — 22 +  — 1 and 2% + 1, following the inverse steps of the
divisions as shown:

r+1=(@%+1) - (=2 +1)(—2) = (@® + 1) + 2(—2® + 1)
=@+ +a[@ -2 -2 +a+1)— (¥ +1)(z —2)]
=zt 208 — 2 424+ 1)+ (1 —az(x —2) (2> +1)

=zt -2 — 2P o+ 1)+ (—2? + 22+ 1)(23 +1).
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If a1 and ag are two different zeros of P(x), then by the factor theorem, P(z) =
(x — a1)Q1(x), with @1(z) a polynomial. Since 0 = P(az) = (az — a1)Q1(az) an
a1 # ag, then Q1(az) = 0. Again, by the factor theorem Q1(z) = (x — a2)Q2(x),
with Q2(z) a polynomial. Then,

P(z)=(x—a1)(xz —a2)Q2(z) with deg(Q2)=n—2.
In general, if a1, ag, ..., an are different zeros of P(x) we can write
Pl)=(x—a)(z—az2)...( —an)Q(x),

for some polynomial Q(z), with deg(Q) = deg(P) — m.

If a is a zero of P(x), then the factor theorem guarantees that there exists
a polynomial Q1 (z) with P(z) = (z — a)Q1(z). If Q1(a) # 0, we say that a is a
zero of order 1, but if Q1(a) = 0 we say that a is a zero of order greater than 1.
If there is m € N and a polynomial Q(z) such that,

P(z) = (z — )" Q(x), with Q(a) £0, (3.3)
then a is a root or a zero of P(z) of multiplicity m.
One of the important consequences of the factor theorem is the following result:

Theorem 8.2.4. If the polynomial P(z) = ana™ + apn_12" 1 4+ -+ + a12 + ag has
n + 1 distinct roots, then the polynomial is identically zero.

Proof. We proceed by induction on n. For n = 1, the result is clear, since a poly-
nomial of degree 1, has only one root. Suppose that the result is true for n — 1;
let us show that it is true for n. Suppose that rg,71,...,r, are roots of the poly-
nomial P(x). By the factor theorem, P(x) = (x — r,)@Q(x), where the polynomial
Q(r) = apa™ t + by_92" 2 4+ -+ + by has n distinct roots ro,71,...,rn_1. By
induction, Q(x) is identically zero, hence P(x) also is identically zero. O

Observation 8.2.5. The previous theorem guarantees that a polynomial of degree n
must have at most n distinct roots.

A polynomial P(z) = apz™ + ap_12""1 + -+ + a1x + ag, with a, # 0 is called
reciprocal if a; = a,,—;, forall: =0, 1, ..., n.

Example 8.2.6. The polynomials 2™ + 1, 2° + 323 + 322 +1 and 627 — 226 4 42* +
423 — 22 + 6 are reciprocal polynomials.

Theorem 8.2.7. A reciprocal polynomial P(x) of degree 2n, can be written as
P(z) = 2"Q(z), where z =z + ! and Q(z) is a polynomial in z of degree n.

Proof. Let P(z) = apz®™ + a12*~ 1 + -+ + a1z + ao, then

a ao )

P(z) =a" (ao:c" ta™ e T+
T X

1 1
P(x) =2" <a0 <:c" + J;”) +ax (:17"_1 + J;"—1> U +an> .
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Using the recursive formula (3.3),

1 1 1 1
k1 _(k k=1
x +xk+1_(x +xk> (“”"'I)_(l’ +$k1>’

it is clear that we can express each term x* + zlk as a polynomial in z = z+ i O

Exercise 8.3. Divide P(z) = 28 —5x3+1 by Q(x) = 23+ 2% +1. Using the division
algorithm, find the polynomials H(x) and R(x).

Exercise 8.4. Prove that, for n > 1, (x — 1)? divides nz"*t! — (n + 1)2" + 1.

Exercise 8.5. Let n be a positive integer. Find the roots of the polynomial

x T 1 1)... -1
Lo+l et D) @rn—D)
1! 2! n!

Exercise 8.6. Determine the polynomials with real coefficients P(x) that satisfy
P(0)=0 and P(2®> + 2+ 1) = P*(z) + P(z) + 1 for all z € R.

Exercise 8.7. Prove that any polynomial P(x) of degree n, with ay # 0, is reciprocal
if and only if
1
" P ( ) = P(z), for everyx # 0.

x
Exercise 8.8. Prove that every reciprocal polynomial P(x) of odd degree is divisible

by x 4+ 1 and its quotient is a reciprocal polynomial of even degree.

Exercise 8.9. If a is a root of a reciprocal polynomial P(x), prove that (11 is also a
root of the polynomial.

Exercise 8.10. Determine for which integers n, the polynomial 1 + 22 +x* +- - +
222 s divisible by the polynomial 1 +x + 22 + -+« + 2" L.

Exercise 8.11. Prove that the greatest common divisor of x™ — 1 and z™ — 1 is
(™) — 1 where (n,m) denotes the greatest common divisor of m and n.

Exercise 8.12 (USA, 1977). Find all the pairs of positive integers (m,n) such that
1+x+22+ -+ 2™ divides 1 + ™ + 22" 4+ -« + ™",

Exercise 8.13 (Canada, 1971). Let P(x) be a polynomial with integer coefficients.
Prove that if P(0) and P(1) are odd, then P(z) =0 has no integer solutions.
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8.3 Roots of a polynomial

8.3.1 Vieta’s formulas
Vieta’s formulas (4.1) and (4.2) can be generalized for polynomials of higher de-
gree.

If a monic polynomial 2™ + a,_12" "' + --- 4+ a12 + ap has n roots 1, x2,
.evy Ty, then
" + an—ll’n_l + o daxtag= (m — -Tl)<$ — $2) - (1; — wn)

=2 — (x4 Fxp) 2" (i 2Ty F ToT o Ty
+"'+(*1)n551"'517m

n—2

hence,
Gn—-1 = _<$1 + -+ -Tn)

Un—p = (122 + -+ T12Ty + T2T3 + -+ Tp_12y)

Up—j5 = (71)j E iy Lijy " 'SCi]
1<iy <--<i;<n
apg = (71)”561!172 eI
The formulas (8.4) are known as Vieta’s formulas.

Example 8.3.1. Consider the polynomial P(x) = ™ — (x — 1)™, where n is an odd
positive integer. Calculate the sum and the product of its roots.

The polynomial P(z) can be written as

n(n—1)

P(z) = 2" — (2" —na" ' + 5 " (=D
-1
=" — (2" —na" ! n(n2 ) TR 1)
-1
:mn_l_N(n )xn—2+“.+1.
2
n(n—1) _ n—

Then, the sum of its roots is 5 I and the product of its roots is 711

2n

8.3.2 Polynomials with integer coefficients

Consider the polynomial P(z) = anz™ + - -+ + a1z + ap with integer coefficients.
The difference P(z) — P(y), can be written as

an(a" —y") + - az(2® —y?) +ai(z —y),
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where every term of the sum is a multiple of z — y. This leads us to the following
arithmetic property of the polynomials in Z[z].

Theorem 8.3.2. If P(x) is a polynomial with integer coefficients, then P(a)— P(b)
is divisible by a — b, for any pair of different integers a and b.
In particular, all integer roots of P(x) divide P(0).

There is a similar statement for the rational roots of polynomials P(z) with
integer coefficients.

Theorem 8.3.3 (Theorem of the rational root). Any rational root Z, with (p,q) =1,
of a polynomial P(x) = apz"+a,_12" 14 - -+ag with integer coefficients, satisfies
that p divides ag and q divides a,.

Proof. Let | be a root of P(x), then

q"P <z> = anp" + an_1p" g+ +aoq" =0.

All the terms of the sum, except possibly the first, are multiples of ¢, and all
the terms of the sum, except possibly the last, are multiples of p. Since p and ¢
divide 0, it follows that ¢la,p™ and plapq™, and then the assertion follows, since

(p,q) =1. O

Corollary 8.3.4. If P(x) is a polynomial with integer coefficients that takes values
{1} in three different integers, then P(x) has no integer roots.

Proof. Suppose that there are integers a, b, ¢ and d such that P(a), P(b), P(c) €
{-1,1} and P(d) = 0. Then, since the integers a, b and c are different, a — d,
b — d and ¢ — d are also different and, by Theorem 8.3.2, all divide 1, which is
impossible. O

8.3.3 Irreducible polynomials

A polynomial P(z) with integer coefficients is called irreducible in Z[z], if it cannot
be written as a product of two non-constant polynomials with coefficients in Z.

Example 8.3.5. Any quadratic polynomial with at least one non-rational root is
irreducible in Z[z]. For instance, x> —x — 1 is irreducible in Z[x), since it has roots
given by 1i2‘/5.

Similarly, we define irreducibility over the set of polynomials with coefficients
in @, R. The next theorem claims that for polynomials with integer coefficients,
the fact that the polynomial could be factored in Q[z] is equivalent to the fact
that the polynomial could be factored in Z[x]. Moreover, a polynomial with real
coeflicients always can be expressed as a product of linear polynomials and irre-
ducible quadratic polynomials in R[z]. In the case of a polynomial with complex
coefficients, it can always be factored into linear factors over C[z].
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Lemma 8.3.6 (Gauss’ lemma). If P(x) has integer coefficients and P(x) can be
factored over the rational numbers, then P(x) can be factored over the integers as
well.

Proof. Suppose that P(z) = a,x™+- - -+ao has integer coefficients and that P(x) =
Q(z)R(x), where Q(x) and R(x) are non-constant polynomials with rational coeffi-
cients. Let ¢ and r be the smallest natural numbers such that ¢Q(x) and r R(z) have
integer coefficients. Then, if d = gr it follows that P (z) = dP(z) = ¢Q(z)rR(x) =
Q1(x)R;(z) is a factorization of the polynomial P;(x) into two polynomials with
integer coefficients Q1 (x) = qpa* + -+ + qo and Ry (x) = 7a™ + - - - + 1o. Let aj,
with 0 < j < n, be the coefficients of P;(z). Based on this, we will construct the
required factorization of P(z).

Let p be a prime divisor of d. Then all coefficients of P;(z) are divisible by p.
Now let us show that p divides all coefficients of Q1 (x) or divides all coefficients
of Ry(x).

If p divides all coefficients of Q1(x), we are done. Otherwise, let i be such
that p|qo, q1,-- -, gi—1, but p 1 ¢;. We have that pla; and a} = gor; + -+ + giro =
qiro  mod p, which implies that p|ro. Moreover, pla;,; and aj,; = qorif1 + -+
qit1 + gi+170 = ¢;r1 mod p, and then p|ri. Proceeding in the same way, we can
deduce that p|r;, for all j. Then Rl}fx) has integer coefficients. Then we have a

factorization of ZP(:I?) into two polynomials with integer coefficients. Taking all the
prime divisors of d, we will eventually finish with a factorization of the polynomial
P(z) into two polynomials with integer coefficients. U

Example 8.3.7. Ifay, ao, ..., a, are different integers, then the polynomial P(x) =
(x —a1)(x —az2) - (& —an) — 1 is irreducible over Z[z].

Suppose that P(z) = Q(z)R(z), for some non-constant polynomials R(x)
and Q(z) with integer coefficients. Since Q(a;)R(a;) = —1 for i = 1,...,n, then
Q(a;) =1 and R(a;) = —1 or Q(a;) = —1 and R(a;) = 1; in both cases, we have
that Q(a;) + R(a;) = 0. Also, the polynomial Q(x) 4+ R(x) is not zero (because
otherwise P(z) = —Q(z)? < 0 for every real number z, but if x is very large, P(z)
is positive, a contradiction). Moreover, Q(x) + R(x) has n zeros ay, ..., a,, which
is impossible given that its degree is less than n.

A polynomial with integer coefficients is primitive, if its principal coefficient

is positive and there is no integer number that divides all coefficients of the poly-
nomial.

Theorem 8.3.8 (Eisenstein’s irreducibility criterion). Consider a polynomial
P(z) = anz"™ + ap_12" ' 4+ - + ao,

with integer coefficients. Let p be a prime number such that



148 Chapter 8. Polynomials

(a) p does not divide a,
(b) p divides every coefficient ag, a1, ..., an_1,
(c) p? does not divide ag.

Then P(x) is irreducible over Q[z]. Moreover, if P(x) is primitive, then it is
irreducible over Z[z].

Proof. Suppose that P(z) is reducible over Q[z]. By Gauss’ lemma, P(x) =
Q(z)R(x), where Q(x) = qpa® + -+ + qo and R(x) = r;,z™ + -+ + 1o are poly-
nomials with integer coefficients. Since ag = qorg is divisible by p but not by p?,
exactly one of gy or ¢ is a multiple of p. Suppose that p|gy and p { rg. Moreover,
since pla; = qor1 + qiro it follows that p|gire; then, p|g1 and so on. We conclude
that all coefficients qo, g1, - . ., gr are divisible by p, but then p|a,, since a,, = g7,
which is a contradiction. O

One of the most important applications of the Eisenstein criterion, is to show the
irreducibility of the cyclotomic polynomials, 2P~ + 2P~2 4 ... + 2 + 1, with p a
prime number. Note that the roots of this polynomial are the pth roots of unity,

27

that is, the powers of e » .

Example 8.3.9. The polynomial P(x) = 2P~ + 2P~ 2 + ...+ 2+ 1, with p a prime
number, is irreducible over Q[z].

Note that (x —1)P(x) = 2P —1. With the substitution = y+1 in the last product
we get

yPly+1) =+ 1" -1=y"+ <11)>yp1 + (g)y”+...+ <pf1>y.

Since (%) = p(pfl)"i'!(pfiﬂ), if ¢ < p then, since the prime p is not a factor of 4!,
i! divides the product (p —1)---(p — i 4+ 1). This implies that (?) is divisible by
p. Dividing yP(y + 1) by y, it follows that P(y + 1) satisfies the conditions of the
Eisenstein criterion and therefore it is an irreducible polynomial, hence P(z) is
also irreducible.

Let us see some applications in number theory of the previous example. Let
p be an odd prime number and consider the polynomial P(z) = zP~! — 1 with
coefficients?? in Z,. By Fermat’s little theorem??, each of the numbers 1, 2, ...,
p — 1 1is a root of the polynomial, then

P 1=z -1)(x-2)---(x—p+1). (8.5)

(a) Comparing the constant coefficients in the last identity we get Wilson’s the-
orem:

(p— 1)! = —1(mod p).

227, ={0,1,...,p — 1} with the sum and product operations module p.
23See [8].
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(b) If we expand the right-hand side of (8.5), the coefficient o; of xP~177 is the
sum of all products of j elements of the set {1,2,...,p — 1}. Comparing
coefficients, we get that p divides o; for j = 1,2,...,p— 2. Now assume that

p=3.
(c¢) (Wolstenholme) The numerator of the (reduced) fraction
(A S
n o 2 p—1
is divisible by p. In fact, 7" = (Z":l"’)! and, since plop,_2 and p is relatively

prime to (p — 1)!, it follows that p|m.

(d) Let m be as in the previous part. If p > 5, it follows that p?|m.
Since (z—1)...(z—p+1) =aP ! —012P"2 + 092P 3 4 - -+ 0,1, it follows,
after evaluating in z = p, that

(p—D!=p" ' —op" P oap? P+ —0pap+ oy
Since 0,—1 = (p — 1)!, we can reduce the last identity to
0‘17*2 = pp72 — Ulppig + e + 0‘p73p.

This shows that o,_» is divisible by p?, since every o; is divisible by p and
since p? and (p — 1)! are relatively prime, it follows that p?|m.

Exercise 8.14. Find the solutions of the system

rT+y+z=w
1 1 1 1
+ 4+ =
rT Yy z w

Exercise 8.15. Prove that the polynomial x* — x3 — 32% + 5z + 1 is irreducible

over Qlz].

Exercise 8.16. Let P(x) be a polynomial with integer coefficients. Prove that if
Pk(n) = n, for some integer number k > 1, and for some integer number n, then
for such integer n it follows that P(P(n)) = n.

Exercise 8.17. Find all polynomials of the form apx™ 4+ an_12™ 1+ 4+ a1z +ag
with a; € {—1,1}, such that all its roots are real numbers.

Exercise 8.18 (USA, 1974). Let a, b, ¢ be different integers and let P(x) be a
polynomial with integer coefficients. Prove that it is impossible that P(a) = b,
P(b) =c and P(c) = a.

Exercise 8.19. Prove that the polynomial with real coefficients P(x) = x™ +
20z + 202272 + ap_3x™ 3 + - 4 a1z + ag, cannot have all its roots real.
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8.4 The derivative and multiple roots

For a polynomial of degree n,
n
P(z) =ap+ a1z + asz? + -+ ap_12" N+ apa” = Z apzh,
k=0

we define the derivative of P(x) as the polynomial of degree n—1 given by P’(z) =
a1+ 2a0x + -+ (n — V)ap_12"" 2 + naa™ =30, kagah1.

It can be shown that if P(z) = (x — a)Q(z), for some polynomial Q(x), then
P(z) =Q(x) + (v — a)Q'(x). (8.6)

There is an important relationship between the roots of a polynomial P(x) and
the roots of its derivative P’(z), given by the following theorem.

Theorem 8.4.1. If for some positive integer m the polynomial P(x) is divisible by
(x —a)™*tL, then the polynomial P'(z) is divisible by (x — a)™. That is, if a is a
zero of multiplicity m + 1 of P(x), then a is a zero of multiplicity m for P'(x).

Proof. For the proof we will use induction over m. For m = 1, if P(x) is divisible
by (x — a)?, then P(x) = (x — a)Q(z), where Q(z) is a polynomial divisible by
z —a, and P'(z) = Q(z) + (z — a)@Q’'(x). Therefore, P’'(x) is divisible by « — a.

Suppose the result is true for m — 1. Let P(z) be divisible by (z — a)™"!. Then
P(z) = (z — a)Q(x), where Q(x) is divisible by (x — a)™, and from P'(x) =
Q(z)+ (z—a)Q’(x), it follows that P’(z) is divisible by (z—a)™, where it has been
used that Q’(z) is divisible by (z—a)™~!, this being the induction hypothesis. [

Observe that if a is a zero of P(x) with multiplicity one, then P’(a) # 0.

Example 8.4.2. If m and n are integers, such that 0 < m < n, then

zn:(q)kkm (Z) = 0.

k=1

The problem is equivalent to showing that the polynomial
P, (z) = kZO K™ <Z> zk,

has z = —1 as a root. Let us prove the following stronger result: P, (x) has a zero
of multiplicity at least n — m in © = —1. For this we will see that (x + 1)"~™
divides P, (z), for 0 < m < n.
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We proceed by induction on m. For m = 0, it follows that

Zkzo( ) (14 2)",

then the statement is true.

Suppose that for m, with 0 < m < n, P,,,_1(x) has —1 as a root of multiplicity
n — (m — 1). By the previous theorem, P/ _,(z) has one root of multiplicity n —m
in —1. Then P/, _,(z) = (z +1)"~ ’”Q( ), for some polynomial Q(x). But

Pl ()= (zn: k:m_l(:)xk)/ = ikz (Z):c’f—l = iPm(a;).

k=0 k=0

Hence, P, (x) = zP! _;(x) = xz(z + 1)""™Q(z), therefore (z + 1)"~™ divides
P, (z).

Proposition 8.4.3. If P(x) is a polynomial such that P(a) = P'(a) = --- =
Pm=U(a) = 0 and P (a) # 0, then a is a zero of P(x) of multiplicity m.
That is, P(z) = (x — a)™Q(x) for some polynomial Q(z), with Q(a) # 0. Here
PU+D () is the derivative of PY)(x) and PM (z) = P'(z).

Proof. Since P(a) = 0, then P(z) = (z — a)Q1(x) for some polynomial Qq(x).
Since P'(x) = Q1(x) + (z — a)Q)(x), it follows that P’(a) = Q1(a) = 0. Then
Q1(z) = (x — a)Q2(x) for some polynomial Q2(z), hence P(x) = (z — a)?Q2(x).
Proceeding in the same way we get that P(z) = (x — a)™Qm (), where Qp, () is
the polynomial Q(x) we are looking for. O

Exercise 8.20. Determine if the polynomial P(x) = x® — 2% — 8z + 12 has multiple
T001S.

Exercise 8.21. Find all the triplets of real numbers (a,b, ¢) such that the polynomial
P(z) = 2% + az?® + bz + ¢ is divisible by (z + 1)2.

8.5 The interpolation formula

Given two points in the Cartesian plane, there is a unique straight line that joins
these two points. Then, for two pairs of real numbers (ag, o), (a1, 81), with ag #
aq, there is a unique polynomial P(z) of degree at most 1, such that P(ag) = o
and P(ap) = f1. This can be generalized as follows.

Theorem 8.5.1 (Lagrange interpolation formula). Let ag, a1, ..., a, be different
real numbers and let By, B1,...,Bn be another n + 1 set of real numbers. Then
there exists a unique polynomial P(x) of degree at most n such that P(a;) = i,
for 0 <i<n.
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Proof. First, let us find a polynomial that satisfies the conditions. Consider the

polynomials

_ @oa)@—o) (3 - apm1) (@ = apgr) - (2 - am)

Dk (IL') - )
(ar — ao)(ak — 1) -+ (o — 1) (g — agy1) -~ (o — o)

with 0 < k < n, where the numerator and the denominator have n factors. It is
clear that Dy (z) has degree n, that Di(ar) = 1 and that Dy(a;) = 0, if i # k.
Then, the polynomial that satisfies the conditions is

P(ac) = Z ﬁka(ac).
k=0

To show the uniqueness of the polynomial, suppose that there are two poly-
nomials P (z) and Pa(z) of degree at most n, such that

Pj(ai) :Bi, for 0 S ) S n,j = 1,2.

Then the polynomial P(x) = Py(z) — P2(x) has degree at most n and has n + 1
distinct roots ag, a1, ..., a,. By Theorem 8.2.4, it follows that P(z) is the zero
polynomial, then P;(z) = Pa(x). O

Example 8.5.2. For 1 < m < n, the following identity holds:

zn:(—nkk;m (Z) = 0.

k=1

Construct a polynomial of degree at most n which takes the values B =
k™ in the points o = k, with £k = 0,1,2,...,n, respectively. By the Lagrange
interpolation formula it follows that the polynomial we are looking for is given by

n

P(z) =Y k™Dy(),
k=0
where
S wz—-1)(z—-2) -z —k+1)(z—-k—-1)---(z—n)
Pule) = (k= 1) 1(-1)(~2) - (k —n) |

The coefficient of 2™, in the polynomial Dy(z), is equal to

! N N L
b= 1) 102 mm Y - T (1)k<kz>

and therefore the coefficient of 2™, in the polynomial P(x), turns out to be

(*nl!)n im)%m <Z>

k=0
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On the other hand, the polynomial Q(x) = 2™ satisfies that Q(k) = k™ for every
0 < k < n. Then, by Theorem 8.5.1, P(x) and Q(z) are equal. Since m < n, the
coefficient of 2™ in the polynomial P(z) is equal to 0.

Example 8.5.3. Find a polynomial P(z) such that xP(x — 1) = (x 4+ 1)P(x), for
all z € R.

For x = 0, the condition is equivalent to P(0) = 0. If P(n) = 0, then
P(n+1) =0since (n+1)P(n) = (n+2)P(n + 1). Therefore P(x) has an infinite
number of zeros. Then, P(z) = 0 is the only polynomial that satisfies the equation.

Exercise 8.22. Let P(x) be a polynomial of degree n such that P(k) = 2%, for
k=0,1,...,n. Find P(n+1).

8.6 Other tools to find roots

8.6.1 Parameters

In order to study the roots of a polynomial of degree greater than two, sometimes
it is useful to consider the independent terms as variables. These independent
terms are called parameters. To illustrate this let us see the next example.

Example 8.6.1. Find the solutions of the equation
23z +1) =2(x + a)(z + 2a),

where a is a real parameter.

Solving the equation is equivalent to solving the quartic equation
x4+ 2% — 222 — 6ax — 4a® = 0.

This equation is difficult to solve. In some cases it is possible to factorize without
any trouble the left-hand side, but in many cases it is not easy. However we can use
some algebraic tricks; for instance, we can consider the number a as the variable
and x as the parameter or constant. Then, we get the quadratic equation in a,

4a% + 6ax — z* — 23 + 222 = 0.
Using the formula to solve second-degree equations, the discriminant is given by
3622 + 16(x* + 2% — 22?) = 422 (22 + 1),

which is a square number. Solving the equation for a, we obtain the two roots

of the equation: a; = —éxQ — 1z and ay = %xQ — %x Then, we can factorize the
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equation as

2 2
= (2% + 22 + 2a) (2 — = — 2a).

1 1 1
:174+x32x26a:1:4a24<a+ :1:2+:r> (a2:172+ :1:)

Finally, solving these second-degree equations we obtain the solutions 12 = -1+
V1—2a, 34 = % + é\/l + 8a, which are real if a € [—é, %]

Exercise 8.23.

(i) Solve the equation /5 —x =5 — z2.
(ii) Solve the equation v/a —x = a — x2, with a > 0.

Exercise 8.24. Solve the equation x = \/a — a4+ x, where a > 0 is a parameter.

8.6.2 Conjugate

The idea we are about to consider is very simple: when in some algebraic expression
there is a square root in the denominator of a fraction, sometimes it is useful to
multiply the expression by some factor that cancels out the square root. Let us
show this procedure with some simple examples.

Example 8.6.2. If we want to eliminate the square oot in the denominator of the

expression
1

a+ Vb

. . af\/b . . 1 _ af\/b
we should multiply it by vy n order to obtain oSp = a2b

The number a — v/b is known as the conjugate of a + v/b.

Example 8.6.3. Solve the equation
\/1+m:c::1:+\/17m:r,
where m is a real parameter.

The equation is equivalent to v/1 + ma — /1 — mx = .
Multiplying and dividing by /1 4+ mz + /1 — mx, which is the conjugate of
V1 4+ ma — /1 — ma, it follows that

2mz _
V1+mz++V/1—mz B
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A solution is = 0 and, if  # 0, then 2m = /1 + mz + /1 — ma, hence m is
positive. Squaring and simplifying, it follows that
2m? — 1= \/lfm%c?,
hence 2m? — 1 > 0. Squaring again and solving for = we get
z =421 — m?

and, since 1 —m?2 > 0, it follows that m € [\}2,1]

Exercise 8.25. Solve the equation

\/z+\/z— :r\/:rm\/w_:c\/x,

where m 1s a real parameter.

Exercise 8.26 (Short list OIM, 2009). Find all triplets (z,y,z) of positive real
numbers that satisfy the system of equations:

4+ y+11 =y +76

y+vVz+1l=vz+76
24+ vVr+11 =z + 76.

Exercise 8.27. Let a, b, ¢ > 0, solve the system:

1
axr — by + =c
xy

1
bz — cx + =a
2T

1
cy —az+ =b.
yz

8.6.3 Descartes’ rule of signs

The estimation of the number of positive roots of a polynomial P(z), with real
coefficients, can be achieved counting the number of changes of sign C'(P), in the
sequence of non-zero coefficients of P(x).

Example 8.6.4. The polynomial
P(x) = 32 4 420 — 2% — 428 — 25 + 325 — 22 — 622 + 11u,
has 4 changes of sign, that is, C(P) = 4.

Note that zero coefficients are neglected.
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Theorem 8.6.5 (Descartes’ rule of signs). The number of positive real roots of
a polynomial P(x), with real coefficients, is less than or equal to the number of
changes of sign, C(P), that are produced among its coefficients (neglecting the
zero coefficients and counting multiplicities of the roots). Similarly, the number of
negative real roots of the polynomial is less than or equal to the changes of sign
that appear among the coefficients of P(—zx).

Moreover, if the number of positive roots is less than the number of changes of
sign, then the number of positive roots differs from the number of changes of sign
by an even number.

Proof. Suppose that the polynomial P(z) has degree n, is monic and that the
constant term is not zero, that is, P(0) # 0. Otherwise, we can factor one term
of the form z*, which does not contribute to the positive roots. Let us show first
that the number of changes of sign and the number of positive roots have the same
parity. The proof is by induction on n.

For n = 1, the polynomial has degree 1 and the result is clear, since P(z) = = — a,
with a > 0, has one change of sign and the only positive root is = a. If P(z) =
x+ a, there is no change of sign and the only solution is * = —a, which is negative.
Now suppose that P(z) is a monic polynomial of degree n > 1, with P(0) # 0.
There are two cases:

Case 1. If P(0) < 0, then the number of changes of sign must be odd since it
starts with a positive number because the polynomial is monic, and it finishes
with a negative number P(0). Let us see that the number of positive roots of the
polynomial is also odd.

Since the degree of P(z) is n, the term 2™ dominates for large values of x. Then
for some large and positive value of x, say xo, it follows that P(zg) is positive,
then P(z) must have a root?* in the interval (0, z¢), which is clearly positive.
Let k be such a root. Then P(x) = (x — k)Q(z), with Q(z) a polynomial of degree
n—1and Q(0) = P_(z) positive. Hence, applying the induction hypothesis to Q(z),
we obtain that this polynomial has an even number of positive roots, therefore
P(z) has an odd number of positive zeros, the zeros of Q(x) and k.

Case 2. If P(0) > 0 and the equation has no positive solutions, we are done,
since zero is an even number. When the equation has some positive solution, we
consider one of them, say k. As before, we have that P(z) = (z — k)Q(z), with
Q(x) a polynomial of degree n — 1 and Q(0) = P_(g) negative. Then Q(x) has an
odd number of changes of sign. Applying the induction hypothesis to Q(z), we
obtain that Q(z) has an odd number of positive roots. Therefore, P(z) has an
even number of positive roots.

Until now we have shown that the number of changes of sign and the number of
positive roots of a polynomial have the same parity. It is only left to prove that the
number of sign changes is greater than or equal to the number of positive roots,

24This claim is guaranteed by the Intermediate Value Theorem, see [21].
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that is, the number of sign changes is an upper bound for the number of positive
roots. If there were more positive roots than sign changes in the coefficients of
P(z), then there must be at least two more positive roots than the number of sign
changes, that is, there must be at least C'(P) + 2 positive roots.

On the other hand, P’(x) has at least one change of sign?® between every
two roots of P(x), hence there would be at least C(P) + 1 roots of P’(x).
But P’(z) has at least as many sign changes as P(x), that is, C'(P), and moreover
its degree is n — 1. Under these conditions, the induction hypothesis tells us that
such polynomial satisfies the rule of signs, that is, it has more sign changes than
positive roots, which is a contradiction. Therefore, there are more changes of sign
than positive roots. O

Example 8.6.6 (Poland, 2001). Let n > 3 be an integer. Prove that a polynomial
of the form anx™ + ap_12" "'+ -+ a1z + ag, with ap_1 = an_2 = 0 and at least
one ay # 0, cannot have all its roots real.

Suppose that the polynomial satisfies that ag # 0 in order to assure that if
it has a real root, it will be positive or negative. Applying Descartes’ rule of signs,
it follows that the number of real roots of the polynomial is at most n — 1, hence
at least one of them is a complex root.

If ap = 0, we can factorize the highest power of x that divides the polynomial
and, in this case, work with the quotient polynomial as in the previous case.

8.7 Polynomials that commute

Two monic polynomials P(z) and Q(z), with real coefficients in one variable,
commute if, for every real number z, it follows that

P(Q(z)) = Q(P(x)).

This means that they commute as polynomial functions. In this section we try to
characterize all monic polynomials Q(x) that commute with a given polynomial
P(z). Let us see a first example.

Example 8.7.1. Find all monic polynomials of degree 3 that commute with the
polynomial P(z) = 2% — «, for some a.

Let Q(x) = 2® + ax? + bx + ¢. The equality P(Q(z)) = Q(P(z)) can be
written as

(23 +az? +br+c)? —a= (2% — a)® +a(z? — a)? +b(z* — ) +c

Expanding these last expressions, we get that the right-hand side of the equality
has only even powers of x, whereas on the left-hand side there is 2° with coefficient

25See Rolle’s theorem [21].
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2a, forcing a to be zero. Hence the coefficient of 2% in the left-hand side is 2¢, so
that c is also zero. Therefore, Q(z) = 2 + bx.

Canceling the parenthesis and equating coefficients of the corresponding powers

of x, we get

26 =—3a, b*=30%2+0b, a=a’+ba.

Letting o = 27, it follows that b = —3+. The second equation implies that 9y? =
12v2 — 37, that is, v> — v = 0, then v = 0 or v = 1. It is easy to verify that each
of these values represents a solution of the system.

Summarizing, a polynomial Q(x) of degree 3 that commutes with P(z) = 2% — «

exists only when a =0 ora = 2. If a = 0, Q(z) = 2% and if a = 2, Q(x) = 23— 3.

Similarly, it can be shown that the only polynomial of degree 2 that commutes
with P(x) = 22 — a is P(z) itself and that the only polynomial Q(x) of degree 1
that commutes with P(z) is Q(z) = x.

An important example of polynomials that commute are the so-called
Tchebyshev polynomials, defined in the following way.

Let k be a non-negative integer, the Tchebyshev polynomial Tj(x) is defined, for
—1 <z <1, in a recursive way as follows: To(x) = 1, Ty (x) = « and, for k > 2,

Tr(z) = 20Tk—1(x) — Ti—2(x). (8.7)

The first Tchebyshev polynomials are Ty (z) = 222 — 1, T3(z) = 423 — 3z, Ty(z) =
8% — 822 + 1. The identity (8.7) and the induction principle guarantee us that Ty
is a polynomial of degree k.

Lemma 8.7.2. The Tchebyshev polynomials satisfy Ty (cost) = cos (kt).

Proof. We proceed by induction. We have that Tp(cost) = 1 = cos0 = cos (0 - ),
moreover, T (xz) = x implies that T;(cost) = cost = cos (1 - t).

Suppose that Tj_1(cost) = cos|[(k — 1)t] and Ty_2(cost) = cos[(k — 2)t].
Let us show the result for k. Since the equation (8.7) holds, then

Ti(cost) = 2cost Ty_1(cost) — Ti_a(cost)

= 2cost cos|[(k — 1)t] — cos[(k — 2)t], (8.8)

where we have used the induction hypothesis.

Now, cos(kt) = cos[(k—1)t+t] = cos[(k—1)t]-cost—sin[(k—1)t]-sint. On the
other hand, since sin[(k—1)t] = sin[(k—2)t+t] = sin[(k—2)¢] cos t+sin t cos[(k—2)¢],
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it follows that,

sin[(k — 1)t] sint = sin[(k — 2)t] cost sint + cos[(k — 2)t] sin® ¢
= sm[(k: 2)t] cost sint + cos[(k — 2)t](1 — cos? t)
sin[(k — 2)t] cost sint + cos[(k — 2)t] — cos[(k — 2)t] cos? t
= cost (sin[(k — 2)t] sint — cos[(k — 2)t] cost) + cos[(k — 2)¢]
ost (= cos[(k — 1)t]) + cos[(k — 2)t].

Therefore,
cos kt = cos[(k — 1)t] cost — cos[(k — 2)t] + cos[(k — 1)t] cost
= 2costcos[(k — 1)t] — cos[(k — 2)t],
as desired. g

Also, it follows that the Tchebyshev polynomials commute,
T (Ti(x)) = Tiom () = T (Tie())-

This follows from the simple fact that cos [k(mt)] = cos [kmt] = cos [m(kt)]. How-
ever, T}, is not a monic polynomial, its principal coefficient is 2*~1, which is an
inconvenience. But this can be easily fixed if we define Py(x) = 2T%(3). This
procedure keeps the commuting property.

Example 8.7.3 (IMO, 1976). Let Pi(z) = 2® — 2 and let Pj(z) = P(Pj_1()),
for j =2.3,.... Prove that for every positive integer n, the roots of the equation
P,(z) = x are real and distinct.

Let us write x(t) = 2cost. This function sends the interval [0, 7] to the interval
[—2, 2]. Now, observe that

Py(x) = P(2cost) = 4(cost)? — 2 = 2cos 2t,
Py(z) = Py(Pi(x)) = 4(cos 2t)? — 2 = 2 cos 4t,

P, (x) = 2cos2"t.
Equation P,(z) = x is equivalent to 2cos2™t = 2cost, with solutions 2"t =

+t + 27k, with £ = 0,1,.... That is, the following 2" values of ¢,

2km 2km
t= and = ,
on — 1 2n + 1

give 2™ real distinct values of z(t) = 2 cost that satisfy P, (z) = z.

Let us see another example.
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Example 8.7.4. There exists an infinite sequence of polynomials Pi(x), Py(z), ...,
Py(x), ..., such that any two of them commute, the degree of Py(x) is k, and
Pi(z) =2 and Py(z) = 2% — 2.

One solution is immediate, considering the Tchebyshev polynomials that, as
we already saw, commute. However, we will give a constructive proof. There is
only one polynomial Py (), of degree k, that commutes with P;(x) = 2% — 2 (see
Exercise 8.28).

Let us write the first terms of the sequence we are looking for:

Py(z) ==,

Py(z) = 2 — 2,

P3(z) = 2 — 3u,

Py(z) = z* — 422 + 2,

Ps(z) = 2° — 52% + 5z,
Ps(x) = 2% — 62 + 927 — 2.

Here, Py(z) = P2(Pa(z)), Ps(x) = P2(P3(x)). Observing the previous polynomi-
als, we note they satisfy the relation Pyi1(x) = 2Py (x) — Py—1(x). This makes it
natural to define the polynomials using this last recursion, for k£ > 1, and with
Pi(z) = x, Py(x) = 2% — 2. We can prove, using induction, that these polynomi-
als commute with Py(z) and, by Exercise 8.30, we obtain that any two of them
commute.

Exercise 8.28. Prove that there exists at most one polynomial of a given degree
that commutes with a given polynomial of degree 2.

Exercise 8.29. Find all polynomials of degrees 4 and 8 that commute with a given
polynomial of degree 2.

Exercise 8.30. Prove that if the polynomials Q(x) and R(z) both commute with
the polynomial P(x) of degree 2, then they commute with each other.

Exercise 8.31. Prove that two polynomials P(x) and Q(z), of degree 1, commute
if and only if either both are monic or both have a common fized point.

Exercise 8.32. Given a polynomial R(x), define the polynomial R,(x) = R(x —
a) + a. Prove that if two polynomials P(x) and Q(x) commute, then P,(x) and
Qo) commute as well.
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8.8 Polynomials of several variables

If x and y are the solutions of the quadratic equation at? + bt + ¢ = 0, then
’ab =x+yand ; = xy. The expressions z +y and zy are examples of polynomials
in two variables z and y. In general, a polynomial in two variables = and y, is a
sum of terms of the form cz®y™, where ¢ is a constant, k& and m are non-negative
integers and we denote it by P(x,y). The number k+m is called the degree of the
term, and the degree of the polynomial P(z,y) is equal to the degree of the term
with the largest degree. We can add, subtract and multiply polynomials of several
variables in the same way as the polynomials in one variable. To simplify the
polynomials, the terms of the same degree are grouped together. We will consider
two types of polynomials with two variables: symmetric polynomials, that is, the
ones that satisfy P(z,y) = P(y,«), and homogeneous polynomials where all the
terms have the same degree.

Similar definitions can be given for polynomials in three variables =, y and z. A
polynomial, in three variables, is any finite sum of terms of the form cz¥y™2™,
where k, n and m are non-negative integers. The degree of the polynomial is
given by the maximum sum of the powers k + m + n. If all the terms have the
same degree, we say that the polynomial is homogeneous and if it satisfies that
P(2,y,2) = P(z,2,y) = P(y,2,3) = P(2,2,y) = P(y,,2) = P(2,y,a), then we
say that P(z,y, z) is symmetric.

Example 8.8.1.

(a) The elementary symmetric polynomials o1 = x + y and oo = xy are also
homogeneous, the first one of degree 1 and the second one of degree 2.

(b) The polynomial 2% + x + y + y? is symmetric but it is not homogeneous,
meanwhile x2y + 2y3 is homogeneous but not symmetric.

(c) The sum of powers s; = x* + ', with i = 0,1,2,..., are symmetric.

Theorem 8.8.2. Any symmetric polynomial in x and y can be represented as a
polynomial in o1 = x +y and o9 = xy.

Proof. In fact,
sp=a" +y" = (e +y) (@ +y" ) —ay(@" T +y"7?) = 01801 — 028,
where s; = 2° + y*. Then, we have the recursion
So =2, S1 =01, Sp=018,_1— 028,_3, forn > 2.

Now, the proof for any symmetric polynomial is simple. The terms of the form
az®y* do not cause any problem, since ax*y* = ach. If the term baz’y*, with i < k,
appears in the polynomial, then, by symmetry, the term bz"*y’ also has to be part
of the polynomial. Grouping terms, it follows that

baty® + baky’ = by’ (2F 7 + yF ) = bodsyi.

But si_; can be expressed as a polynomial in terms of o7 and os. O
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The non-linear systems of symmetric equations in two variables x and y can be
simplified using the substitution o1 = x + y and o2 = xy. The degree of these
equations will be reduced, since oo = zy is a second-degree term in z and y. As
soon as we find o1 and o9, we can find the solutions z, y of the system of symmetric
equations, either solving the quadratic equation 22 — 01z + 02 = 0 or solving the
system x +y = o1, Y = 09.

Example 8.8.3. Solve the system
o +y° =31, z4+y=1
Take 01 =z + y, 02 = zy. Then
25+ = 0184 — o983 = (z +y)(a* + y?) — zy(a® +y3) = 31 (8.9)

Since z* 4+ y* = 0153 — 0252, making the substitutions recursively, we obtain that
equation (8.9) is transformed into 0} — 50502 + 50103 = 31. Then, the system we
need to solve is

Uf — 50%02 + 50103 =31, o,=1.

Substituting the value of oy in the first equation, we get 0‘% — 09 — 6 = 0. This last
equation has as solutions o9 = 3, —2. Hence, we need to solve x +y = 1, zy = 3,
—2. Therefore, the solutions are:

<1+N11,1N11>, <1W11,1+W11>, 2,-1), (~1,2).
2 2 2 2

The symmetric polynomials in three variables can be expressed in terms of
the symmetric polynomials

or=x+y+z, o2=xy+yz+zxr and o3 = TYZ2.

The sum of the powers s; = ' +y* + 2°, with s = 0,1,2,..., can be expressed
with o1, 02 and o3, in the following way:

so=a"+y" + 20 =3,
s1=r+y+z=o01,
52:x2+y2+22:037202,

3 3 3 3
s3=x" +y° +2° =o0] — 30102 + 303,
and, for n > 3, we have the recursive equation
Sp = 018p—1 — 025p—2 + 03Sp—3.

The non-linear systems of symmetric equations in three variables z, y and z
can be simplified using o1, 02 and o3. Once we have the equations in o1, o2 and
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o3, we write the cubic equation u® — ou? + osu — 03 = 0, where oy, o2 and o3

are its coefficients. Then, the solutions (z1,z2,23) of this cubic equation are the
solutions of the system. The other solutions can be obtained by permutation of
the variables.

Example 8.8.4. Solve the system
zHy+z=4, 22+ +22=14, B+ +23 =34

Note that x, y, z are roots of the polynomial P(u) = u® — (z +y + 2)u? +
(xy + yz + zx)u — xyz. This becomes

Pu) = u? — o1u? + oou — o3,
where 01 = x +y + 2, 02 = xy + yz + zx and o3 = ryz. Then
4=s5=01, 14d=s5y=0?—20y=16— 209, then oy = 1.
The numbers z, y and z are roots of P(u), then

23— 4 +x— 03 =0,
v =4y +y—o03=0,
2424 2—03=0.

Adding the equations, we get that o3 = —6, and so the roots we need to find are
the roots of the polynomial P(u) = u?—4u?+u+6. Observe that u; = —1 is a root,
then we can factorize P(u) as P(u) = (u+1)(u? —5u+6). Solving u? —5u+6 = 0,
we obtain the other roots, which in this case are uo = 2 and us = 3. Hence, the
solution of the system is (z,y,2) = (—1,2,3) and all its permutations.

A technique used to generate integer roots for a family of quadratic polyno-
mials or for a polynomial of several variables, is known as Vieta’s jumping. This
tool is used to find the roots of a quadratic polynomial in a recursive way. In gen-
eral, when this technique is applied to polynomials of several variables only one
variable is taken into account while the other variables are considered as constants.
Let us see the following example.

Example 8.8.5. If x, y are positive integers such that ‘”2';?’;“ is an integer, then
such integer is equal to 3.

Suppose that (g, yo) is a pair of positive integers such that

ag+yg+1
ToYo

k,

with k an integer. Using this solution, we will find another solution (z1,y1) of
positive integers such that z1 + y1 < zo + yo. Suppose that zy > yo and let
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P(z) = 2% — kyor + y3 + 1, then zg is a root of P(z) and if 2 is the other root, by
Vieta’s formulas, it follows that zo + 21 = kyo and zoz; = y2 + 1. From the first
equality, it follows that x; is an integer, and from the second equality, z; is positive
since zo and y2 + 1 are positive. Then x; = y‘al and, since xg, yo are integers
with zg > yp, it follows that zg > yo + 1, so that x% > (yo +1)? > y(Q) + 1, and
therefore x; < xg. In this way, we have found another solution (z1,y1) = (21, y0)
such that x1 + y1 < g + yo-

This process can be continued and we can find another solution of positive
integers (1, y1) such that the sum z7 + y; is less than the sum of the elements of
the previous solution. Since this process cannot be done infinitely, we must get a
solution (zg, yo) such that zy = yo. Then

2 2 1 1
k:y0+y20+ :2+ 9
Yo Yo

hence 2 < k < 3, from where we deduce k = 3.

Exercise 8.33. Solve the system
x5 4 9% = 33, z+y=3.
Exercise 8.34. Find the solutions of the equation v/97 — x + /x = 5.

Exercise 8.35. What is the relation between a, b and c if
r4+y=a, x>+y>=0b, >+y>=¢?
Exercise 8.36 (IMO, 1961). What conditions must satisfy a and b in order that x,
Yy, z are different positive real numbers and such that
z+y+z=a, z>+y>+22=0% |oy=2%
Exercise 8.37. Solve the system
r+y+z=a, z24+y*+22=0% B+y3+23=d5
Exercise 8.38. Find the integer solutions of the equation
(@ +y°)(@® +y) = (z+y)°.

Exercise 8.39 (China, 2010). Find all integers k for which there are positive inte-

gers a, b, such that
a+1 L b+1

=k.
b a
Exercise 8.40. Let x, y, z be non-zero integers, and such that
22 4+ y? 4 22
Tyz

is an integer. Prove that this integer is either 1 or 3.
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Problems

Problem 9.1. Find the irrational numbers a such that a® + 2a and a® — 6a are
rational numbers.

Problem 9.2 (OMCC, 2010). Let p,q,r be rational numbers different from zero,

such that
Vg + Var® + /rp?

is a rational number different from zero. Prove that
1 n 1 n 1
Vo a3

1s also a rational number.

Problem 9.3 (APMO, 2005). Prove that for every irrational number a there exist
irrational numbers b and b’ such that a +b and ab’ are rational numbers and such
that a + b and ab are irrational numbers.

Problem 9.4. Let z1, xa, ..., x, be positive integers less or equal than an integer
number m. Prove that if the least common multiple of each pair of integers is
greater than m, then the sum of the reciprocals of the n numbers is less than g

Problem 9.5 (APMO, 2013). Find all positive integers n such that L\ijt{ﬂ s an
integer number.

Problem 9.6 (IMO shortlist, 1998). Determine all the pairs (a,b) of real numbers
such that a [nb] = b |na], for every positive integer n.

Problem 9.7. Ifn and m are positive integers without common factors, prove that
n 2n 3n (m—1)n (m—1)
{"h+ + TR = :
m m m m 2
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Problem 9.8. Find the real solutions of the system

9:
a+b

5= (ga o) (1 0a) (10 00)

Problem 9.9. The different real numbers a, b, ¢ satisfy the identities a + 11) =
b+ i =c+ (11 Find the values that abc can get.

Problem 9.10. The positive real numbers a, b, ¢ satisfy the identity abc(a+b+c) =
1. Find the minimum value of (a + b)(a + ¢).

Problem 9.11. The real numbers a, b, ¢ different from zero, satisfy the identity

a b ¢ 11 1 ?
1+ ) (1 (1+ 5) = —1) .
<+bc <+ca) +ab <a+b+c >
Find the value of a + b+ c.

Problem 9.12. Let a, b, ¢ be real numbers different from zero and such that a +
b+ c¢=0. Find the value of

b—c+c—a+a—b a n b n c
a b c b—c c¢c—a a-—-b/"

Problem 9.13. Let a, b, ¢ be non-zero and distinct real numbers, such that

Find the value of
a b c

-2 (c—a2 T (@a-b2

Problem 9.14. Let a, b, ¢ be integers that satisfy the equality ab + bc + ca = 1.
Prove that the number (a® + 1)(b% + 1)(c? + 1) is a perfect square.

Problem 9.15. Let a, b, ¢ be integers that satisfy the equality i + }7 + i = 0. Prove
that the number a® + b% + % is a perfect square.

Problem 9.16. The real numbers a, b, ¢ satisfy the identity (a+b+c)? = a®+b*+c?.
Prove that:

a? b2 c?
i =1.
(©) a? + 2bc + b2 + 2ca + c2 4 2ab

be ca ab

(if) a? + 2bc + b2 + 2ca + c2 4+ 2ab -
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Problem 9.17 (Slovenia, 2005). The real numbers a, b, ¢ satisfy the identity abc =
1. Find the value of the expression
a+1 b+1 c+1
ab+a+1 bec+b+1 cat+c+1

Problem 9.18. Let a, b, ¢ be distinct, non-zero integers, such that ¢ + bjc =2.
What is the value of a — b?

Problem 9.19 (Czech-Slovak-Polish, 2005). Let n be a positive integer. Find the
real non-negative numbers x1, ..., T, that solve the following system of equations:

2, .3
1 +ay a5+ +ax =n

n(n—i—l)_

Ty 4+ 229 +3x3+ - -+ nx, = 9

Problem 9.20 (Canada, 1971). Let x, y be positive real numbers with x +y = 1.
Prove that (14 1) (14 ) = 9.

Problem 9.21 (Romania, 2007). For real non-negative numbers x, y, z, prove that
23+ y? 4 28
3

Problem 9.22 (Great Britain, 2010). Let a, b, ¢ be the lengths of the sides of a
triangle, that satisfy ab+ bc + ca = 1. Prove that (a+1)(b+ 1)(c + 1) < 4.

> ayz + ) (@ = )y = 2)(z — ).

Problem 9.23 (OMCC, 2012). Let a, b, ¢ be real numbers such that *, + lHl»c +

a+b
aic =1 and ab + bc + ca > 0. Prove that

abc

>
ab+ bc+ca —

Problem 9.24 (IMO, 1964). Let a, b, ¢ be the lengths of the sides of a triangle.
Prove that

at+b+c—

a*>(b+c—a)+b*(a+c—b)+c*(a+b—c) < 3abe.

Problem 9.25 (IMO, 1975). Consider two collections of numbers x1 < xg < -+ <

In, Y1 S Y2 S e S Yn and a permutatz'on (217227 < '7zn) Of (y17y27 s 7yn)'
Prove that

(@1 =)+ F @ =) < (1 —20)° 4+ (20— 20)°.

Problem 9.26 (IMO, 1978). Let x1, xa, ..., T, be distinct positive integers. Prove

that
J]1+l’2+ +l’n>1+1+ +1
12 22 n2 -1 2 n
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Problem 9.27 (IMO shortlist, 2010). Let x1, ..., X190 be non-negative real numbers
such that x; + ;41 + 12 < 1, for every i = 1,...,100 (where x101 = X1, T102 =
x2). Find the mazimum possible value of the sum

100

S = E LiTi42.
i=1

Problem 9.28 (Czech-Slovak-Polish, 2010). Let a, b, x, y be positive real numbers,
with a > b and ab > ax + by. Prove that:

(i) z+y <a,

(i) Va+b> vz +/y.
Problem 9.29 (Thailand, 2005). Let a, b, ¢ be real numbers, prove that
2a — b\ > 26— c\? 2 —a\’
+ + > 5.
a—b b—c c—a

Problem 9.30. Find all triplets of positive real numbers a, b, ¢ such that they
satisfy the following inequalities

ab+1 < 2¢, bc+1 < 2a, ca+1<2b.

Problem 9.31 (Czech-Slovak-Polish, 2010). Determine all triplets of positive inte-
gers (a,b,c), that satisfy the identities:

avb—c=a
bvVe—a=»>
cva—b=c.

Problem 9.32 (IMO, 1968). Let a, b, ¢ be real numbers. Prove that the system of
equations

2
axri +bx1 +c =2

a$§+b$2+02$3

2
ax, 1 +brn_1+c=ux,

2 —
ax, +br, +c=2x1,

has a unique real solution if and only if (b — 1)* — 4ac = 0.



Chapter 9. Problems 169

Problem 9.33 (IMO shorlist, 1967). Solve the following system:

Prr—1l=y
yV+y—1==z

224+z-1=uz.
Problem 9.34 (OMM, 2011). Solve the system,

2
i+ —1=u1x2

J]§+J]2—1:J]3

2
T, 1+ Tp1—1=ux,

5531 +x,—1=uz.
Problem 9.35. For n > 3, find all the positive solutions of the system

2
] =22+ X3

2
T5 =2T3+ x4

2
Tp_1 = Tn + 1

SN —

rs =x1 + To.
Problem 9.36. Let z, y, z be real numbers such that x+y+z = 2~ +y 1 +271 = 0.
Prove that

20 4 b 4 26

PRI

Problem 9.37 (Peru, 2009). Let a, b, ¢, d be integers such that a +b+c+d = 0.
Prove that (bc — ad)(ac — bd)(ab — cd) is a perfect square.

Problem 9.38. Let a, b and ¢ be real numbers different from zero, with a+b+c = 0.
Prove that

a?+b2 P+ P24a? _ a> b 3

a+b b+c c+a _bc+ca+ab'
Problem 9.39. Find all triplets of positive integers (a,b,c), such that a® + b® +
c3 — 3abc = p, where p > 3 is a prime number.

Problem 9.40. Find all positive integers that are solutions of the equation x> —y> =
Ty + 61.



170 Chapter 9. Problems

Problem 9.41 (Great Britain, 2008). Find the minimum of x® + y? + 22, where x,
y, z are real numbers that satisfy 3 + 3> + 2 — 3zyz = 1.

Problem 9.42 (Shortlist OMCC, 2011). The positive real numbers x, y, z, satisfy
that

Find the value of x +y + .

Problem 9.43. If {a,} C RT is an arithmetic progression, prove that
1 1 1 n
Vao + /a1 /a1 + /a2 Van—1++/an  y/ao + an

Problem 9.44. The lengths of the sides of a right triangle are a < b < ¢ and they
are in arithmetic progression. Prove that their difference d is equal to the radius
of the incircle of the triangle.

Problem 9.45. Prove that in any partition of the set {1,2,...,9} into two subsets,
it is possible to find, in one of them, an arithmetic progression with three terms.

Problem 9.46. Let a, b, ¢ be real numbers in arithmetic progression; prove that

2
9(a+b—|—c)3 =a’(b+c)+b*(c+a) +A(a+b).

Problem 9.47. Prove that in the arithmetic progression {3,7,11,...,4k —1,...},
there are an infinite number of primes.

Problem 9.48. s it possible to divide the set of natural numbers in two subsets,
such that none of them contains a non-constant arithmetic progression?

Problem 9.49. Is there a non-constant arithmetic progression where the terms of
the progression are all prime numbers?

Problem 9.50. Prove that if an arithmetic progression of positive integers contains
a perfect square then it has an infinite number of perfect squares.

Problem 9.51 (OMM, 1999). Prove that there do not exist 1999 prime numbers
in arithmetic progression, all of them smaller than 12345.

Problem 9.52 (OMM, 2005). Let us say that a list of numbers ay,as,...,an

contains an arithmetic triplet a;,a;,ar, if i < j < k and 2a; = a; + ax. For
example, 8, 1, 5, 2, 7 has the following arithmetic triplet (8,5,2), but 8, 1, 2, 5,
7 does not. Let n be a positive integer. Prove that the numbers 1,2,...,n can be

rearranged in a list, such that this list does not contain an arithmetic triplet.
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Problem 9.53 (Czech-Slovak, 2010). The four real solutions of the equation ax* +
bx? + a = 1, form an increasing arithmetic progression. One of the solutions is

also a solution of the equation bx® + ax + a = 1. Find all possible real values of a
and b.

Problem 9.54 (APMO, 2013). For 2k real numbers a1, as, ..., a, b1, ba, ..., by,
define the sequence of numbers X, by

k
X,L:ZLam—l—bij, (n=1,2,...).
i=1

If the sequence X, forms an arithmetic progression, prove that the sum
Zle a; has to be an integer number.

Problem 9.55. Prove that in any partition of {1, 2,22,..., 256} into two subsets,
it is possible to find in one of them three terms that are in geometric progression.

Problem 9.56. Let n > 1 and consider the collection of numbers ap, A1, ..., Qp
defined by
Q, an a ar + we ey .
0 9 k+1 k 27 ) )

Prove that a,, < 1.

Problem 9.57. Let a1 < as < --- < an < --- be an increasing sequence of positive
integers such that:

(i) For everyn > 1, as, = an +n.
(ii) If ap is a prime number, then p is prime.
Prove that a,, = n, for alln > 1.

Problem 9.58. An arbitraty set of m+mn numbers is divided into two arbitrary sets
1,02, -y Gm, b1,b2, ..., by. Order the numbers, in each set, in increasing form

ap < ag < -+ < Qp, b1<b2<"'<bn.

Then, the numbers in each set are divided again into two subsets ci, co, ..., Cm
and dyi, do, ..., d, and let us arrange them in increasing order

<< < Cp,y, di<dy<---<dy.
Prove the equality

lar —c1| + |ag — co| + -+ |am — cm| = [b1 — di| + [b2 — da| + -+ + |bp — dn].
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Problem 9.59 (Poland, 1986). Prove that, for every integer n > 3, the number n!
can be represented as the sum of n different divisors of n!.

Problem 9.60. For each prime number p > 3, prove that the number (2;’:11) —11s

divisible by p>.
Problem 9.61 (UK, 2004). Let S be a set of rational numbers that satisfy:

(i) 5 €5.
(ii) Ifx € S, then lerl €Sand T, €S.

Prove that S contains all rational numbers in the interval 0 < x < 1.

Problem 9.62 (IMO, 1988). Prove that, if a, b are positive integers such that ab+1

- 2 2 a®+b*
divides a* + b=, then a1 s a perfect square.

Problem 9.63 (Ireland, 2007). If a, b, ¢ are roots of the polynomial P(x) = x3 —
2007x + 2002, determine the value of

a—1 b—1 c—1

a+1)\b+1)\c+1)"
Problem 9.64. Determine all positive rational numbers a, b, ¢ such that a + b+ c,
abc and (11 + 51) + i are integers.

Problem 9.65. Let a, b, ¢ be real numbers, not all zero. Prove that one of the
equations ax® + 2bx +c =0, bx? +2cx +a =0, cx® 4+ 2ax + b = 0 has a real root.

Problem 9.66 (Estonia, 2005). Find all pairs of real numbers (a,b) such that the
roots of the polynomials

622 — 24z —4a and z° + ax® + bz — 8

are all non-negative real numbers.

Problem 9.67. Let P(z) be a polynomial such that |P(x)| <1, for |z| < 1.

(i) (Short list IMO, 1986) If P(z) = ax?® + bx + ¢, find the mazimum value of
|a] + [b] + [l

(i) (Short list IMO, 1996) If P(x) = ax® + bx? + cx +d, find the mazimum value
of |af +1b] + [¢] + |d].

Problem 9.68. Let a, b, ¢, d be real numbers, with a and d distinct from zero.
Prove that if the roots of the polynomials ax>®+bx? +cx+d and dx3 +cx® +br+a
are positive, then Z; >9.
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Problem 9.69 (IMO, 1963). Find all real solutions of the equation \/acQ —p+
2V/x2 — 1 = z, where p is a real number.

Problem 9.70 (China, 2008). Let P(x) = ax? + bx? + cx + d be a polynomial with
real coefficients. If P(x) has three positive real roots and P(0) < 0, prove that
2b% + 9a?d — Tabe < 0.

Problem 9.71 (India, 2010). Let a, b, ¢ be integers with b even and ¢ odd. Suppose
that the equation 23 + ax? + bx + ¢ = 0 has roots o, B3, v, with a® = B+ . Prove
that o is an integer and that § # ~.

Problem 9.72. Consider all quadratic equations x2 + px + q = 0, where the coef-
ficients p, q belong to the interval [—1,1]. Find all possible values of the solutions
of those equations.

Problem 9.73 (Hermite’s identity). Given a positive integer n and a real number
x, prove that

o) = o)+ [ | o 2k o

Problem 9.74 (IMO, 1968). For every positive integer n, prove that

n+1 n+2 n+ 2~ 7
o |t g | Tt e |[Tmm

Problem 9.75 (USA, 1981). Prove that if x is a positive real number and n is a
positive integer, then

[na) > ij + LQ;J 4o LT::J.

Problem 9.76. The function f assigns to each non-negative integer n, the non-
negative integer f(n), such that:

(i) f(nm) = f(n)+ f(m), for n, m = 0.
(ii) f(n) =0 if the units digit of n is 3.

(iii) £(10) = 0.
Find the value of f(1985).

Problem 9.77 (Czech-Slovak, 2010). Find all functions f : R™ — R* that satisfy

F@F) = O @f @)+ . witha,y €R.
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Problem 9.78 (Thailand, 2004). Let f :[0,1] = R be a function such that:
0) £(0) = F(1) = 0.
(i) |f(z) = fy)| < |z —yl|, for z, y € [0,1] with x # y.

Prove that |f(z) — f(y)| < 5, for all z, y € [0,1].

Problem 9.79 (IMO, 1978). The set of all positive integers is the union of two
disjoint subsets {f(1), f(2),..., f(n),...}, {9(1),9(2),..., g(n),...}, where
FO) < @) << f) < ...,
9(1) <g(2) <---<gn) <...,
and
gn)=f(f(n))+1, foral n>1.
Determine f(240).

Problem 9.80 (IMO, 1981). The function f(x,y) satisfies
fOy)=y+1 (9.1)
f(l’-i-l,y-i-l) = f<$7f<$+ 17y))’

for all non-negative integers x, y. Determine the value of f(4,1981).

Problem 9.81 (IMO, 1982). The function f(n) is defined for all positive integers
n and takes non-negative values. Also, for all m and n,

fln+m)—f(m)—f(n) =0 or 1,
F(2)=0, f(3)>0 and f(9999) = 3333.

Find f(1982).

Problem 9.82 (IMO, 1983). Find all functions f defined in the set of positive real
numbers that satisfy the conditions:

(i) f(zf(y)) =yf(x), for all positive numbers x, y.
(ii) f(z) — 0, when z — oo.

Problem 9.83 (IMO, 2010). Find all functions f : R — R such that, for all x,
y € R, the equality

f(lzly) = f(@) [ f ()]

holds, where | x| denotes the greatest integer less than or equal to x.
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Problem 9.84 (APMO, 2011). Find all upper bounded functions f : R — R that
satisfy

F@f) +yf(e) =zf(y) + fxy), forz,y e R. (9-4)
Problem 9.85 (OIM, 2009). Let {a,} be a sequence defined by

a1 =1, agn=a,+1, a2n+1:a , for m>1.
2n

Prove that, for every rational number r, there is a unique positive integer n with
Gp =T.

Problem 9.86. Find the term ai000 of the sequence defined by
429

> 0.
1+ na,’ for n>

ap=1 and ap41 =

Problem 9.87 (Short list IMO, 2010). A sequence x1, X2, ..., is defined by x1 =1
and xop, = —x1,, Top_1 = (—1)* Ly, for all k > 1. Prove that x1+xo+- - -+x, > 0,
foralln > 1.

Problem 9.88 (IMO, 2010). Let ai, ag, ..., an, ... be a sequence of positive real
numbers. Suppose that for some positive integer s, we have that

ap = max{ag + an—r : 1<k <n-—1},

for all n > s. Prove that there exist positive integers | and N, with | < s, such
that an = an_; + ay, for alln > N.

Problem 9.89 (Bulgaria, 1987). Let k be an integer greater than 1. Prove that
there exist a prime number p and an increasing sequence of positive integers
1,02, ..., 0n, ..., Such that the terms of the sequence

p+kay,p+kas,...,p+ kan,...

are all prime numbers.

Problem 9.90 (Austria, 2005). For real numbers a, b, ¢, set s, = a™ +b" + ", for
n > 0. Suppose that s1 = 2, s =6 and s3 = 14. Prove that |s72L — sn,lsn+1| =38,
for all n > 2.

Problem 9.91 (IMO, 1982). Consider an infinite sequence of positive real numbers
{xn}, such that xo = 1 and x,41 < x;, for all i > 0.

(i) Prove that, for any sequence that satisfies the given conditions, there exists
an integer n > 1 such that

2 2 ZCQ
o M1 Tl 5 3990,
1 Z2 Tn
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(ii) Find a sequence with the given conditions such that

2 2 2

x T, _
w0+ Ly 4 ”1<4, for all n>1.
€1 ) Tn

Problem 9.92 (Great Britain, 2009). Find all sequences {a,} that satisfy the
following conditions:

(i) ant1 =2a2 —1, for alln > 1.
(ii) a1 is a rational number.
(ili) a; = aj, for some i, j with i # j.

Problem 9.93. Ifag =0, a; = 1 and a, = 2a,,_1 + a,_a, prove that 2¥|a, if and
only if 2%|n.

Problem 9.94 (Russia, 1989). The sequence {ay} is such that
1
|am + an — amin] < . for all m,n > 1.
Prove that {a,} is an arithmetic progression.

Problem 9.95 (Bulgaria, 1996). The sequence {a,} is defined by

a n
a1 =1 and apy1 = "4+ 7, for n>1.
n an,

Prove that |a%] = n, for all n > 4.

Problem 9.96. Let b, be the units digit of the number 11 + 22 + 33 + ... 4+ n,
Prove that the sequence {b,} is periodic with period 100.

Problem 9.97. Prove that | (1 ++/3)2"t1| is an even integer, for n > 0.

Problem 9.98. The sequence of integers {an} is defined by a1 = 3, a2 = 5 and
Gnt2 = 3Apy1 — 2ay, for n > 1. Prove that a, = 2" + 1, for all integers n > 1.

Problem 9.99. The sequence of integers {an} is defined by a1 = 1, az = 2 and
Gn+2 = Gpi1 — G, for n > 1. Prove that an6 = ay, for all integers n > 1.

Problem 9.100 (Short list IMO, 1986). Let ap = a1 = 1 and, for n > 0, apt2 =
Tap4+1 — an — 2. Prove that a,, is a perfect square, for every integer number n > 0.

Problem 9.101 (IMO, 1976). The sequence {u,} is defined by ug = 2, ug = g and
Uns1 = un(uZ_; —2) —uq, for n > 1. Prove that |u,| = 2” T " , where |x] is

the integer part of x.

Problem 9.102. Ifa, = L\/an, for n > 1, what is the value of asgg?
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Problem 9.103. Let P(x) be a polynomial of degree n with P(j) = jj_l, for j =
0,1,...,n. Find P(m), for m > n.

Problem 9.104. Let P(x) be a polynomial of degree n with P(j) = ;, for j =
20,21 .. 2", Find P(0).

Problem 9.105 (Short list IMO, 1981). Let P(z) be a polynomial of degree n with
P(j) = (""", for j=0,1,....n. Find P(n+1).

Problem 9.106 (IMO, 1993). Letn > 1 be an integer and let P(z) = x™+5x""1+3.
Prove that P(x) is irreducible over Z[x].

Problem 9.107 (Short list, 1997). Let p be a prime number and let Q(x) be a
polynomial of degree n with integer coefficients such that:

(i) Q0)=0,Q(1) =1,

(ii) For any integer n, Q(n) is congruent to 0 or 1 module p.
Prove that n > p — 1.

Problem 9.108 (Short list IMO, 1997). Let P(x) be a polynomial with real coeffi-
cients and P(x) > 0, for x > 0. Prove that there is a positive integer n such that
the coefficients of the polynomial (1 + x)"P(x) are all positive.

Problem 9.109 (Short list IMO, 2002). Let P(z) = ax® + bx? + cx + d be a cubic
polynomial with integer coefficients a, b, ¢, d and a # 0. If xP(x) = yP(y), for an
infinite number of integers x, y, with x # y, prove that P(x) has an integer root.

Problem 9.110. Consider the positive real numbers a, b, c. Solve the system of
equations:
Ty = a, yz = b, zx =c.

Problem 9.111. Consider the real numbers a, b, c. Solve the system of equations:
wy+z)=a,  yeta)=b oty =c

Problem 9.112. Consider the positive real numbers a, b, c. Solve the system of

equations:
TYz TYyz TYyz

=G, a,
r+y Y+ z zZ+x
Problem 9.113 (Balkanic, 2002). Solve the system of equations:

a® + 3ab® + 3ac® — 6abe = 1,
b3 + 3ba® + 3bc? — 6abc = 1,
& + 3¢b® + 3ca® — 6abe = 1.
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Problem 9.114. Let P(x) be a polynomial that takes integer values in the integers.
Prove that there are integers cg, c1, ..., ¢, such that

P(x)cn<z> +cn1<nf1) +.~'+co<§),

where (x) = x(xfl)(zfj!)"'(xffrl).

Problem 9.115. Let p be an odd prime number and let P(x) = 2P — x + p. Prove
that P(x) is irreducible over Z[z].

Problem 9.116 (IMO, 2004). Find all polynomials P(x) with real coefficients that
satisfy the equality

Pla—b)+Plb—c)+ P(c—a)=2P(a+b+c),
for all real numbers a, b, ¢, with ab+ bc + ca = 0.

Problem 9.117 (IMO, 2006). Let P(x) be a polynomial of degree n > 1, with
integer coefficients and let k be a positive integer. Consider the polynomial Q(x) =
P(P(...P(P(x))...)), with k pairs of parenthesis. Prove that Q(z) has at most n
integer fived points, that is, integers that satisfy the equation Q(x) = x.

Problem 9.118. Find all polynomials P(z) such that P(0) = 0 and P(2* + 1) =
P(x)? + 1, for all real numbers .

Problem 9.119. Find all polynomials P(z) such that P(x)? —2 = 2P(22% — 1), for
all real numbers x.

Problem 9.120. Let P(x) and Q(x) be monic polynomials such that P(P(zx)) =
Q(Q(x)), for all real numbers x. Prove that P(x) = Q(x).



Chapter 10

Solutions to Exercises and Problems

The first eight sections of this chapter contain all solutions of the exercises in the
first eight chapters. In Section 9, you can find the solutions to the problems of
Chapter 9. The difficulty of the problems in Chapter 9 is usually greater than the
difficulty of the exercises that you find in the first eight chapters. However, solving
the problems of this last chapter would be an excellent training in preparation for
international mathematical competitions.

We recommend that the reader consult this last chapter just in case he or
she cannot solve the exercises and problems alone.

10.1 Solutions to exercises of Chapter 1

Solution 1.1. (i) If a < 0, then —a > 0. Also use (—a)(—b) = ab. (ii) (—a)b > 0. (iii)
a < b b—a> 0, now use property (a). (iv) Use property (a). (v) aa=! =1 > 0.
(vi) If a < 0, then —a > 0.

Solution 1.2. Observe that if a> +b— (a+b%) € Q, then (a—b)(a+b—1) € Q and,
sincea+b—1¢€ Q)\ {0}, then (a —b) € Q. Therefore, if a+b € Q and a—b € Q,
then 2a and 2b are in Q. Therefore, a and b are rational numbers.

Solution 1.3. If a = 0 or b = 0, then the result is clear. Now suppose ab # 0.
Since (a? + %)% — (a* + b*) = 2a%b?, we have that a?b® € Q. Note that a® + b5 =
(a®+b%)% —3a%b*(a® +b?) € Q, then (a®+b%)% — (a® + %) = 2a3b® € Q. Therefore,
a’b3 a’® + b3
ab = 42b2 €Q and a+b= 0402 — ab

Solution 1.4. (i) Suppose ,/p is not an irrational number, that is, \/p = ", where
m, n are integers with (m,n) = 1, that is, m and n are relatively prime numbers.
Squaring both sides of the equality, we get pn? = m?, that is, p divides m?, then
p divides m. Therefore, m = ps and pn? = p?s? imply n? = ps?, this guarantees
that p divides n? and also divides n. Therefore, p divides m and n contradicting
the fact that m and n are relatively prime.

€ Q.
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(ii) Suppose y/m is not an irrational number, that is, \/m = 7, where r, s

are integers with (r,s) = 1. Squaring we have ms? = r2. Since m is not a perfect
square, it has a factor of the form p®, where p is a prime number and « is a positive
odd integer. Then p® divides r?, which means that the prime p appears an even
number of times in the factor decomposition of 2. Since r and s are relatively
prime numbers, p does not divide s, hence p appears an odd number of times as
a factor of ms?, which is a contradiction.

Solution 1.5. If a+b = ab = n, then b = n—a and n = a(n—a). The last equation
is equivalent to a? — na +n = 0; solving the equation we have

n4vn2 —4n nFVn2—4n
a= 5 , from where b= 5 .

For n > 5, we have (n — 3)2 < n? —4n < (n — 2)2, therefore v/n2 — 4n is an
irrational number, and then a and b are irrational numbers.

m

Solution 1.6. Suppose "
even. On the other hand, since a (7;)2 +b (™) +c =0, we have that am? 4+ bmn +

en? = 0. The right-hand side of the last eoTuation is even and the left-hand side
is odd. If m and n are odd numbers, the three terms of the left-hand side of the
equation are odd. Now, if one term is even and the other is odd then two terms
are even, the third odd and the sum is odd again. This contradiction implies that

the equation cannot have rational roots.

is a root, with (m,n) = 1, then m and n cannot both be

Second Solution. The discriminant % — 4ac has to be a perfect square. But, since
a, b and ¢ are odd numbers, we can prove that b> —4ac =5 mod 8. However, the
square of an odd number has remainder 1 modulo 8.

Solution 1.7. Let u = a + Vb and v = a — /b, then

Vasvb=yu= VUEVO Ve

_ % (Vut v, ¢ (Vs o

_ “;“ + Vuv N “JQFU —Juv
2 2
\/a+\/b;a—\/b ++a2—b \/a-‘r\/b-;a—\/b —Va2-b
N 2 + 2

\/a+\/(12b+ a—+Va2—b

2 2 ’

as we wanted to prove.
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Solution 1.8. (i) Let z = \/a\/a\/a\/a ..., then 2% = a\/a\/a\/a\/a ..., therefore,

x? = ax. Factorizing, z(x — a) = 0. Therefore, since a is positive the solution is

Tr = Q.

Second Solution. We can give another solution using series. We have

since Y77 5, = 1, see Section 7.3.1.

(i) Let z = \/a\/b\/a\/b. .., then 2?2 = a\/b\/a\/b\/a..., therefore 24 =

a2bz. Since z # 0, 23 = a2b, then z = Va2b.
Second Solution. We can give another solution using series. We have

1 1 1 1 1 1 2 1
r=qgz2Tstat " paticteat =g 3 bs,

since Y270, L = 1land 322, .1, = 2, see Section 7.3.1
j=122 = 3 j=0 22i+1 = 3> 3.1

Solution 1.9.
(i) If xy, yz and zz are in Q, then (wy;i”) = 22 € Q. Similarly, 32, 22 € Q.
Therefore, 22 + 3% + 22 € Q.
(ii) By (i) we have (2%)? + (zy)y® + (22)2% = z(2® + y> + 2%) € Q, then z € Q.
Similarly, y, z € Q.

Solution 1.10. Since a — Vab = a (1 — ‘/b), it is sufficient to prove that 1 — Vo

Va va
is a rational number different from zero to claim that a is a rational number.
But b—Veb — Ve(Vb-va) —yz is a rational number different from —1 (since

a—vab —  a(va—Vb)
a # b), therefore 1 — ://Z is a rational number different from 0. Similarly, b is a
rational number.

Solution 1.11. To solve (i), define x = 0.111..., then 10x = 1.11.... Subtracting

the first equation from the second, we get 9x = 1, therefore x = é

(ii) Let = 1.141414. .., then 100z = 114.141414 .. .. Subtracting the first equa-
tion from the second, we get 99x = 113, therefore x = 19193.

Solution 1.12.
(i) First observe that 121, = (1 x b*) + (2 x b) + 1 = (b + 1)?, then 121, is a
perfect square in any base b > 2.

(ii) Since 232, = 2b% + 3b + 2 has to be a square and since 3 is one of its digits,
b>4.
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For b = 4, 2324 = 46, for b = 5, 2325 = 67, for b = 6, 2325 = 92 and for b = 7,
2327 = 121. Then, b = 7 is the smallest positive integer such that 232; is a perfect
square.

Solution 1.13. Suppose that a > b. Then for all integers 0 < k < n, Tnrra™bk >

zpxpb™a®, where the equality holds only when k = n or z;, = 0. In particular, we
have a strict inequality for £k = n — 1. Adding, this becomes

n n
Tpa” g zibF > 2, b" E zra
k=0 k=0

or
T,a" - znb”.
An B”L
This implies that
An—l —1_ -Tna/n <1-— -Tnbn _ Bn—l )
On the other hand, if a = b, then clearly A";l = Bg:ll, and if a < b, using what

we proved before, it follows that AX’I > Bg’l. Therefore, Ag;l < Bg: if and

only if a > b.

Solution 1.14. Note that |a| = |a — b+ b < |a — b| + |b], therefore we have
|a| —|b] < |a—b|. Similarly, following the same procedure, we have |b| —|a| < [b—al.
From these two inequalities, we get ||a] — |b]| < |a — b|.

Solution 1.15.

(i) |z — 1| — |z + 1] = 0 is equivalent to |z — 1| = |z + 1|. Squaring both sides
of the previous equation and solving (z — 1)? = (z + 1)?, we have 4z = 0,
therefore the only solution is x = 0.

(ii) |z — 1|jz + 1| = 1 is equivalent to |2 — 1| = 1, hence

?-1=1 or —(z%2—-1)=1,
z2 =2 or z? =0,
z=+V2 or xz =0,

therefore the solutions are x = ++1/2 and x = 0.

(iii) If 2 > 1 we get |z + 1| = 2 + 1 > 2, therefore there are no solutions.
If # < =1 we get |© — 1| = —x + 1 > 2, therefore there are no solutions.
If -1 <2<1,thenx—1<0<z+ 1, therefore

e =1 +]jz+1ll=1-2)+(x+1)=2.

Thus, the only values of x that satisfy the equality are —1 <z < 1.
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Solution 1.16. From the first and third inequalities we have z > |z +y| — 1 > 0.
Therefore, 22 > (| + y| — 1)2. Now, 2zy > 22+ 1> (Jlz +y| —1)2 +1 > 0, then

22y > 22 + 2y +y? = 2z +y| +2 > |z|? 4+ 22y + |y|> — 2|z| — 2|y| + 2,

cancelling out, 0 > |z|? + |y|? — 2|z| — 2|y| + 2 = (|| — 1)® + (Jy| — 1)2. Therefore
|z] = 1 and |y| = 1. Since = and y have to be —1 or 1, but since zy > 0, both
numbers have the same sign. For =y = 1 or x = y = —1 we get, substituting
in the original equations, that 2 — 22 > 1 and z — 2 > —1. Therefore, 2> < 1 and
z > 1. The only value of z that satisfies both inequalities is z = 1. Therefore, there
are two solutions to the problem zr =y=z=1landax=y= -1, 2 = 1.

Solution 1.17. Suppose that a1 < a2 < --- < a, is a collection with the largest
quantity of integers that satisfy the property. It is clear that a; > i, for all i =
1,...,n.

ab

If @ and b are two integers from the collection a > b, since |a —b] =a —b > {1,

we get a (1 — 180) > b; therefore, if 100 — b > 0, then a > 1%)%07%'

Note that there are no two numbers a and b in the collection greater than 100; in

fact if @ > b > 100, then a — b= |a — b| > %} > a, which is false.

We also have that for integers a and b smaller than 100, we have
and only if 100a — ab > 100b — ab if and only if a > b.

It is clear that {1,2,3,4,5,6,7,8,9,10} is a collection whose elements satisfy the
property.

Now, a11 > 1%)%0,“,120 > 010 = 190 > 11, which implies that a;; > 12.

100a 1006 s
100—a z 100—b f

100a11 100-12 __ 1200
aio > 100—a1; > 10012 — 88 > 13, hence a5 > 14.

100a12 100-14 _ 1400
13 2 Jg0oary = 10014 = s > 16, hence a1z > 17.

100a13 100-17 _ 1700
14 = Jg0tass = 10017 = g3 > 20, hence aiq > 21.

100a14 100-21 _ 2100
15 2 Jg0cars = 10021 = 79 > 26, hence a15 > 27.

100a15 100-27 _ 2700
16 2 100-ay; = 10027 = 73 > 50, hence aig > 37.

100a16 100-37 _ 3700
17 2 Jg0mavs = 100-87 = 63 > 08, hence a1z > 59.

100a17 100-59 __ 5900
18 2 100_q1r = 10059 = 41 > 143, hence a5 > 144.

Moreover, as we have already observed, there are no two integers of the
collection greater than 100, so the largest quantity is 18. A collection with 18
integers that satisfies the conditions is

{1,2,3,4,5,6,7,8,9,10,12,14,17,21, 27, 37,59, 144} .



184 Chapter 10. Solutions to Exercises and Problems

Solution 1.18. By Example 1.3.2, [2a] = [a] + [a+ 5] and [2b] = [b] + [b+ 5],
then the inequality that we have to prove is equivalent to

la] + {a+ ;J + 6] + \f)+ ;J > |a] + |[b] + [a+b],

Leta=n+y,b=m+z, withn,meZand 0 <z,y <1l Then0 <z+4+y <2
and a +b=n+m + z + y. We have two cases:

(i) Ifl1 <axz+y < 2 then |[a+b] = n+m+ 1, and at least one of the
numbers z or y is greater than or equal to é Suppose that z > é, then
b+ 3] = |[m~+z+ 3] = m+1, therefore [a+ 3 |+ [b+ 5| > m+n-+1 = [a+b].

(i) If 0 < z+y < 1, then [a+b] =n+mand [a+ 3]+ [b+] > m+n= a+b].

then we only have to prove that [a+ 3| + b+ 5] > [a +b).

Solution 1.19. (i) We have that |z|z|] = 1 if and only if 1 < z|z| < 2. If
r=m-+y, withm € Zand 0 <y < 1, then 1 < m? + my < 2. Observe that
m = 0 is impossible, as well as m > 2 or m < —2. Therefore, it only remains to
be proved for m =1 or m = —1.

If m=1,then 1 < 1+y < 2, from which 0 < y < 1 and then any z in
the interval [1,2) satisfies the equation. If m = —1, then since 1 < m? + my < 2,
we have 1 < 1 —y < 2, from which 0 < —y < 1 and then y = 0 and =z = —1.
Therefore, the numbers that satisfy the equation are x = —1 and z € [1,2).

(ii) Since |z| <z < |z, it follows that || — |«] > 0, therefore ||z| — |z]| =
|z] — [x]. On the other hand, by property (c) in 1.3.1 we obtain ||z| — |z]] =
[|z|] — |z]. Using the last equalities, the equation becomes |z|— |z] = ||z|| — |z],
which is equivalent to || = ||z|]; then |z| is an integer number and the values of
x that satisfy the equation are all the integers.

Solution 1.20. Add the three equations to obtain 2z + 2y + 2z = 6.6, so that
z +y + z = 3.3. If you subtract this equation from the original ones, we obtain

fh+ 2] =22,
{z}+ly) =11,
{z} + |z] =0.

For the first equation, we obtain |z| = 2 and {y} = 0.2; the second equation
becomes |y]| = 1, {z} = 0.1, and the third |2] = 0 and {z} = 0. Therefore, the
solution is x = 0.1, y = 1.2 and z = 2.

Solution 1.21. We have /n++/n + 1 < v/4n + 2 if and only if 2n+1++v/4n? + 4n <
4n + 2, which is equivalent to v4n2 4+4n < 2n + 1. Squaring again, the last
inequality is equivalent to 4n?+4n < 4n%+44n+1. This proves that \/n+v/n + 1 <
VAn + 2, then [v/n+vn+ 1] < |[V4n +2].
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Suppose that, for some positive integer n, [v/n + vVn+1] # |[V4n+2].
Let ¢ = |V4n+2], then /n + vn+1 < ¢ < /4n + 2. Squaring, we obtain
2n4-1+4n2 + 4n < ¢% < 4n+2, or equivalently, v/4n2 + 4n < ¢>—2n—1 < 2n+1.
Squaring again we find that 4n® +4n < (¢? —2n—1)2 <4n’+4n+1= (2n+1)%
Since there does not exist a square between two consecutive integers, we have
@ —2n—1=2n+1 or ¢°> = 4n + 2, which is equivalent to saying that ¢ = 2
mod 4. But this is a contradiction, since any square number is congruent to 0 or
1 mod 4. Therefore, we get the equality.

We now prove that [v4n + 1] = [v4n + 2| = [V4n + 3].

For the first equality, suppose that there exists n such that m = |4n + 1] <
m+1=|v4n + 2|, therefore m < v4n+1<m+1<VAn+2, or m? <4dn+1 <
(m+1)? < 4n+ 2. Therefore, since 4n+ 1 and 4n + 2 are two consecutive integers,
and since (m + 1)2 > 4n + 1, therefore (m + 1)? = 4n + 2, and again we found a
square number which has remainder 2 when we divide the number by 4, which is
impossible. For the second equality, proceed in the same way.

Solution 1.22. For the first five parts use equations (1.2), (1.3) and (1.5). To prove
(vi), use (iv) and (v).

Solution 1.23. For the first two parts (i) and (ii), use equations (1.2) and (1.3).
To prove (iii), use (i) and (ii).

Solution 1.24. To prove (i) and (ii) just expand the left-hand side of the equations

and rearrange the terms.

To prove (iii), (iv), (v) and (vi) make the operations on both sides of the equality
and observe that they are equal.

Solution 1.25. To prove (i) and (ii) expand the right-hand side of the equations
and simplify.

Solution 1.26. Use equations (1.2) and (1.3), and perform the operations on both
sides of the equation.

Solution 1.27. Let x = €/2+\/5+ %/2—\/5, then
xf€/2+\/5—</2—\/5:0.

By equation (1.7), if a + b+ ¢ = 0, then a® + b® + ¢® = 3abc, therefore

$3—<2+\/5>—(2—\/5> =3x§/(2+¢5) (2—%5),
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simplifying we have that 23 + 32z — 4 = 0. Clearly a root of the equation is = 1
and the other roots satisfy the equation z2 + 2 + 4 = 0 which does not have real

solutions. Since {'/2 +v5+ {'/2 — /5 is a real number, it follows that

{’/2+¢5+ f/2—x/5=1,

which is a rational number.

Solution 1.28. Observe that, if x + y + z = 0, then it follows from equation (1.7)
that o3 + y® + 23 = 3xyz. Since (x —y) + (y — 2) + (z — 2) = 0, we obtain the
factorization

(@=y’+ -2+ (-2 =3@-yy-2)(z-2)
Solution 1.29. Observe that (x4 2y—3z)+ (y+2z—3z)+ (2+22—3y) = 0, then it

follows, from equation (1.7), that (z+ 2y —32)3 + (y+ 22 — 3z)3 + (2 + 22 — 3y)3 =
3(z + 2y — 32)(y + 22 — 32) (2 + 22 — 3y).

Solution 1.30. Let a = Yz —y, b = {y—2z, ¢ = ¢z —x, and suppose that
a+b+c =0, then it follows, from equation (1.7), that a®+b®+ ¢ = 3abc, but then
O=@—y)+@Wy—2)+(z—2)=a®+b3+c =3abc =3Yx —yy — 2z —x #0,
which is absurd.

Solution 1.31. If we define a = ¥/r, b = — \3}7« and c= —1, we have a+b+c =0,
thenr—!—1=3yr (— 9}7) (=1) = 3, therefore r— ! = 4. Similarly, r*— } —4% =

3r (= 1) (—4) = 12, therefore r* — % = 76.

Solution 1.32. It follows from

a b ¢ 1006+ 10c+a b ¢ bca b c
A+ 4+ —3abe=|c a bl =[100a+10b+¢ a b|=|abc a b|.
b ¢ a 100c+10a+b ¢ a cab ¢ a

Solution 1.33. If we rewrite the equation as m3 +n® + (=33)% — 3mn(-33) = 0,
and using equation (1.9), we get

(m—+n—233) [(m—n)*+ (m+33)>+ (n+33)%] =0.

The equation m +n = 33 has 34 solutions with mn > 0 which are (k, 33 — k), with
k=0,1,...,33, and the second factor is 0 only when m = n = —33, therefore
there are 35 solutions.

Solution 1.34. If we rewrite the equation as 22 + y3 + (—=1)3 — 3zy(—1) = 0, and
using equation (1.9), we have

(r+y—-D[(x—y)*+@y+1)*+(-1-2)?°] =0.

Therefore, the points (z,y) satisfy z +y=1or z =y = —1.
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Solution 1.35. Substituting the equation of the hypothesis in equation (1.7), we get

(x+y+2)° —3zyz = 2® +9° + 2° — 3wyz
= (@ +y+2) " +y° + 2% -y —yz - 22)
=(@+y+2)((z+y+2)*— 3wy —3yz — 322)
= (z+y+2)° =3 +y+2)(zy +yz + 22),
from where it is clear that xyz = (x + y + 2)(zy + yz + zx), therefore (x + y)(y +
2)(z+2) =0.Or use that (x +y+2)> =23 + > + 22+ 3(x + y)(y + 2)(z + 7).

Therefore, the solutions are (z, —z, 2), (z,y, —y), (z,y, —), with z, y, z any real
numbers.

Solution 1.36.
(i) Since 0 < b < 1 and 14 a > 0, it follows that b(1 + a) < 1 + a, then

0<b—a<1-—ab, therefore 0 < b-a <1.
1—ab

(ii) The inequality is clear. Since 1 +a < 1 4 b, we have 1«1H7 < 1J1ra, then
a b a b a+b
+ < + = <1
1+b 1+4a l1+a 1+4a 1+a

Solution 1.37. If we define X = ¥ + aic + o4y adding and substracting three
times 1, leads to

_a +b+c b +a—|—c c a+b_
T b4+c¢ b4+c a+c a+c a+b a+bd

b b b
:a—|— —|—c+a—|— —|—c+a—|— —|—c_3
b+c a+c a+b

=(a+b+c) 1+1+1 3
—\ Cb—i—c at+c a+b

Jarnsorar@ra (L 40+, L )-8

b+c¢c a+c a+b

Now, from the arithmetic and geometric mean inequality, we get z+y+2 > 3 gxyz
and i+i+i Z3i‘/i;i Therefore, X > 1 -3-3 -3 = 3.

Solution 1.38. Without loss of generality we can assume that a > b > ¢; the
inequality is equivalent to —a3 + b® + ¢® 4+ 3abc > 0. But, by equation (1.9),
—a® + b3+ 4 3abc = J(—a+b+c) [(a+b)*+ (a+ )+ (b—c)?] >0, since,
by the triangle inequality, a < b+ c.

Solution 1.39. Observe that 117 + ; = 1 implies p+q = pq = s. Now, (p+4q)? > 4pq
implies s > 4.
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To prove (i), observe that

1 1 1 1 1 1 p+q+2
- = - + - =1-
pp+1) qlg+1) p p+1 g q+1 (p+1)(¢g+1)
s+ 2 s—1

T 2541 241
Therefore, we have to prove
1 s—1 1
< <,
37 2s+1 7 2
but 2s +1<3s—34<sand2s—2<2s+1 -2<1.
To prove (ii), show that

1 N 11 1+1 1 pt+qg-2
pp—1) ql¢—-1) p—-1 p q-1 q (-1)(¢—-1)
s—2
s—s+1

Solution 1.40. First, note that

a a a

b1 T b1—b) =
since )
b+ (1—10) 1
b(1—-b) < = .
e (U0
Moreover, the equality holds if and only if b = é Similarly,
b + b > 4b.
a l1l—a
Therefore,
a b a b
+ + + > da + 4b > 2V/4%ab = 8Vk.
b a 1-b 1-—a
With equality if and only if @ = b. Then,
b b
TR > 8vk > 4

b a 1—-b 1-—a

1

if and only if k£ > }1, then the smallest number k is .

Solution 1.41. Prove that (a + b)(b+ ¢)(c +a) = (a + b+ ¢)(ab + bc + ca) —
abc = §(a+ b+ c)(ab+bc+ ca) + §(a+ b+ c)(ab+ be + ca) — abe, and from the
arithmetic and geometric mean inequality, we have that (a+b+c)(ab+bcb+ca) >

(3\3/abc> (3 {‘/(ab)(bc)(ca)) = 9abe.
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Solution 1.42. Using the arithmetic and geometric mean inequality, and the con-
dition (a 4+ b)(b+ ¢)(c+ a) = 1, leads to

) a+b b+c c+a 3
> 32 =
ﬂ V() ()=

abe = Vabbe/ea < (a;b) (b;c) (‘j“) - é

Now, 1 = (a+b)(b+c)(c+a) = (a+b+c)(ab+bc+ca) — abe > 35 (ab+be+ca) — g,
see Exercise 1.24 (iii).

Solution 1.43. By Exercise 1.24 (iii), it is enough to prove ab+bc+ca+ a+%+c > 4.
But

b+ b 3
ab + be + ca + ab+ c+ca)

a+b+c: ( 3 a+b+ec

Syl ab + be + ca 3 3
= 3 a+b+c)’

Now use that (ab+ bc + ca)? > 3(ab-be+ be-ca+ ca-ab) = 3(a+ b+ c), and that
ab + be + ca > 3V a2b2c2 = 3.

Solution 1.44. Without loss of generality we can assume that a < b < ¢. Therefore
2 <c+a+b<c?+2c < (ec+1)%; this proves that ¢? +a+ b cannot be a perfect
square.

Solution 1.45. To prove all the equalities of the exercise, just perform the opera-
tions and simplify.

Solution 1.46. To prove all the equalities of the exercise, just use the identity
(L.7).

Solution 1.47. Expand both sides of the identities and compare.

Solution 1.48. We have
0=a?(y +2) —y*(z +2) = xy(z —y) + (@° — )2
= (z —y)(zy +zz +yz).
Since = # y, we have xy + zz + yz = 0. Multiplying by x — z we obtain

0= (x—2)(vy +x2+yz) =az(x —2)+ (22 — 2y

=2y +2) - 2*(x +y),
then 2%(z +y) = 2%(y + 2) = 2.
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Solution 1.49. See that (x+y+ 2)(xy+yz + z2) = xyz and by equation (1.23) we
get (z +y)(y + 2)(z + ) = 0. Therefore, the solutions (z,y, z, w) are of the form
(x,—x, 2, 2), (x,y,—y,x) and (z,y, —x,y), with z, y and 2z real numbers different
from zero.

Solution 1.50. By equation (1.23) the condition is equivalent to (x4 y)(y+ z)(z +

x) = 0. Therefore, one factor is zero, say ©+y = 0. Then, since n is odd, 2" +y" =
0, and also l,ln + yln =0.

10.2 Solutions to exercises of Chapter 2

Solution 2.1. Call ¢, the sum of the first n even numbers, then we have

Cn = 2 + 4 + -+ 2n
Cn = 2n 4+ 2n-2 + - + 2 (10.1)
2¢, = (2n+2) + (2n+2) + -+ + (2n+2)

therefore, 2¢, = n(2n+2) = 2n(n+1), then ¢, = n(n+ 1). We can represent this
sum as arrangements of points forming rectangles such as those below:

— T

Solution 2.2.

(i) Let d and d’ be the differences of the progressions {a,, } and {b,,}, respectively.
Then, (ap+1 — apn) £ (bny1 — bp) = d £ d'. Rearranging the terms we have
(an+1 + bn+1) — (an + bn) =d+d.

(ii) If d is the difference of the progression {a,}, we obtain

bpy1 — by = (afz+2 - a?z-s-l) - (afz-‘,-l - ai)
= (an+2 - a7t+1)<an+2 +any1) — (an-i-l - an)<an+1 + an)
= d(an+2 +any1 — Any1 — ap)
=d(apy2 — ap) = 2d°.

Solution 2.3. If d is the difference of the progression {a,}, we have

’il 1 _1"2‘:11 1 11 1
L q T d 4 a; T d\ay ay
7=0 7=0

jAj4+1 aj+1

1 fan—ag\ 1 [fap+nd—ag\ n
T d\ avan, / d ag an, agan
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Solution 2.4. If {a,} is an arithmetic progression,

Sn:ao+a1+-~-+an71:aﬁzanfl'
2 —1)d d d
= a0+(2n ) -n:2n2+<ao—2>n,

and with A = ‘21 and B =ag — ‘21 we get the result.

Suppose now that S, = ag+ay +---+ an_1 = An? + Bn, then S, ;1 = ag +a; +
4 ap_1+an = A(n +1)2 4+ B(n + 1). Subtracting the first equation from the
second, we have

an = A(n+1)>+ B(n+1) — An* — Bn
=A2n+1)+ B =2An+ (A+ B)

and using Proposition 2.1.3, we get the expected result.

Solution 2.5. Suppose that {a,} is an arithmetic progression of order 2. Consider
Sp = (a1 —ag)+ (az—a1) + -+ (an — an—1) = an — ag. By Exercise 2.4, we have
an — ap = An? + Bn. Therefore, a,, = An? + Bn + ap = P(n), where P(z) is the
polynomial of degree 2, given by Az? + Bx + ag.

Suppose now that each term of the progression a, is equal to P(n), where P(x)
is a polynomial of degree 2, that is, a,, = An? + Bn + C. It follows that

ant1 —an =AM+ 1?4+ B(n+1)+C — (An* + Bn + C)
=2An+ (A+ B).

Therefore, by Proposition 2.1.3, {a,,+1 — a, } is an arithmetic progression and thus
{a,} is an arithmetic progression of order 2.

Solution 2.6. A consequence of the inequality between the geometric mean and
the arithmetic mean, is {/aias---a, < ‘“+a2:'”+a". By Proposition 2.1.1, we get
ai+az+---+a, a1+ap 1 a1+ay,

"aa'“a < = -n - —
Varaz---an < n 2 n 2

To prove the left-hand side inequality, we use a similar version of the equality of

Exercise 2.3
1 1 1 n—1

4 .
a1ag asas Ap—1Qp, a1Qp,
By the inequality between the harmonic mean and the geometric mean, we get
n—1
Loy 1

ajaz Ap—10n

aran = < "V(araz)(azaz) - - - (an_1ay).

Then,
(a1a,)" "' < ai(ag - an—1)*an.

Therefore, (a1a,)™ < (aiaz - --ay,)?, that is, Vaia, < aras - ap.
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Solution 2.7. If p, p+ 6, p+ 12, p+ 18, p + 24 are the 5 prime numbers, when
we consider these numbers modulo 5, we have that they are congruent to p, p+ 1,
p+2, p+3, p+4, but between five consecutive numbers we have always one that is
divisible by 5, and since p is prime, then p = 5 and hence the numbers are forced
to be 5, 11, 17, 23 and 29.

Solution 2.8. The numbers m between 2" and 2"+! are part of an arithmetic
progression with difference 1 starting in 2" 4+ 1 and ending in 2"*! — 1. Then, by
Proposition 2.1.1,

AR P
N 2

and from this it is clear that 3 divides .S,,.

S’n, (2n+1 _1- 271)

3 . 27L
— 2 (2n+1 _ 1 _ 2”)’

Solution 2.9. Since a, b and c¢ are in harmonic progression, in that order, we can

suppose that (11 =A—s, 11; = A and i = A+s, with s # 0. We have bic - A(z‘lJrs),
e = 72(A52752), = A(A;S) and ! — ! = 2s. Therefore,
1 4 1 A% 4 As —2A% +25% + A% — As 1
+ = =2s= - .
b—c c¢c—a a-—0 s c a

Solution 2.10. If a, b, c and d are in harmonic progression, then their inverses are
in arithmetic progression. Suppose that 51) = }1 + s, i = }1 + 2s and ; = (11 + 3s,

with s # 0, that is, we have ; = 'Tos 1 — 1728 3pq I — 1395 Then we have
—_ a — a d d J— a
that’ b= 1+as? c= 1+2as an ~ 1+43as"
Then,
2a + 3a? 2a + 3a?
a+d= @t oats and b+c= o+ sas .
1+ 3as 1+ 3as + 2(as)?

Since 1 + 3as < 1+ 3as + 2(as)?, we have that a +d > b + ¢, as desired.

Solution 2.11. Note that

1 b—a B b? —a?
cta bt+c (b+c)c+a) (b+a)(b+c)(ct+a)
1 1 c—b At —b?

a+b c+a (a+b)(c+a) (b+a)b+c)(c+a)
then cia — bic = aib — cia if and only if % —a? = ¢® — b2 Then, b+c, c+a
and a + b are in harmonic progression if and only if a2, b? and ¢? are in arithmetic
progression.

Solution 2.12. Suppose that ag, a1, ... is the progression and that d is the differ-
ence of the progression, that is, d = a,,+1 — a,, for all n > 0, then a,, = ag + nd.
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By hypothesis, ag(ag +d) and ag(ao+2d) also belong to the progression, therefore
ap(ap + 2d) — ag(ap + d) = nod for some integer number ng > 1, then agd = nod.
Since the progression is increasing, it follows that d > 0 and therefore ay = ny.

Change ag for any a,, in the previous argument and conclude that a,, is an
integer number.

Solution 2.13.

(i) Observe that in the array, the left-hand side number of each row is as follows:

1° row 1

2° row 1+2=3

3° row 14+4244=7

4° row 1+24+4+6=13

5° row 1+424+4+6+8=21

100°row 14+2+---+2-99=142(1+---499) = 9901.

(ii) The sum of the numbers on the 100th row is,

9901 + 9903 + - - - + 10099 = (9900 + 1) + (9900 + 3) + - - -
+ (9900 +2-100 — 1)
=9900-100+ (1 +3+---+2-100—1)
= 990000 + 100% = 10°.

Solution 2.14. The array will be a square of size 100 x 100. Let S; be the sum
of the numbers in the diagonal which goes from the top left corner to the bottom
right corner and let S3 be the sum of the numbers of the other main diagonal.

When we move one column to the right in the same row, the number increases by
1; if we move one column to the left in the same row, the number decreases by 1.
When we move down in the same column, the number increases by 100.

From the top left corner to the bottom right corner through the diagonal, each
number is one column to the right and one row below, that is, it is 1 4+ 100 = 101
greater than the previous number of the diagonal. That is, the sum we want to
calculate is the sum of the progression 1, 14101, ..., 1+99-101 that, by Proposition
2.1.1 (b), is

5, - (2-1+99-101

9 ) 100 = 500050.

From the top right corner, through the diagonal, each number is in the previous
column, that is, one column to the left and one row below, that is, it is —1+ 100 =
99 greater than the previous number in the diagonal. That is, the sum we are
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looking for is the sum of the progression 100, 100+ 1-99, ..., 100 + 99 - 99 that,
by Proposition 2.1.1 (b), is

9100 + 99 - 99
52=< +

9 ) 100 = 500050.

Therefore, S1 = Sy = 500050.

Solution 2.15. Call a;;, where i denotes the number of the row and j denotes the
number of the column, the corresponding position in the table.

Let xp and 7 be the two numbers neighboring 0, g on the right-hand side of 0
and x1 on top of 0, then the last row can be filled up with 0, zq, 2z, 3¢ and 4xg,
and the first column with 41, 3x1, 221, 1 and 0.

If  is the number in the position ass, the number that occupies the a4 position will
be §(z+x0), but we also know that the number in the a4 position is } (21 +103).
Therefore, }(z + xo) = (21 + 103), solving for  we have that z = x1 + 103 — 0.
Now, let y be the number occupying the a44 position, then we have 103 = é(y +
5(z1 4 103)), solving for y we obtain y = 1 (309 — z1).

The number 3 (309—z1)—103 = J(103—z;) is the difference of the progression
in the fourth row, but this difference, added to the number in the a44 position,
gives the number in position ags, that is, (309 — 21) + (103 — z1) = 206 — ;.
However, we know that 206 — z1 = J(186 + 4z(), then

2x9 + 11 = 113. (10.2)
Observe also that % (74 + é(acl + 103)) = x1 + 103 — xg. Simplifying we obtain
4xg — 3x1 = 161. (10.3)

Solving the system of equations (10.2) and (10.3), we get xy = 50 and z; = 13.
With these values, now it is easy to complete the table, so the filled board is

52 82 112 142 172
39 74 109 144 179
26 66 106 146 186
13 58 103 148 193
0 50 100 150 200

Solution 2.16. If {a,} is a geometric progression with ratio r, we have that a,, =
agr™. Similarly, if {b,} is a geometric progression with ratio s, then b, = bys™.
Therefore, since b, # 0 for all n, we have Z: = 2‘(‘)’ (2)”.

Solution 2.17. Let {a,} be a geometric progression with ratio » and having the
property that a,4+2 = ant1 + ay. Since a,, = agr™, this property is equivalent to
aor™t? = apr™t! +agr™. Since ag # 0 and r # 0, we certainly have that 2 = r41,
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which has as solutions r» = 1i2‘/5. Then, the solutions are {an = aop <1+2‘/5) } and
fon=n ()}

Solution 2.18.
(i) Since P, =ag-ay----- an—1 and a, = agr™, for all n, we have

Pn =ag-ay----Ap_1 = GO(QOT)(GOTQ) e (aorn_l)

_ n(n—1)
A D

oy n(n=1)
(ii) Since P, =afr 2 it is clear that

P 2 n "("271) 2 _ n,n,n(n-1) _ n n—1\" _ n_n
(Py)* = agr =agagr =af (agr™ )" =agal_,.
Solution 2.19. Since a, 41 = a, - r, then b,41 = logan+1 = log (ay, - r) =loga, +
logr = b, + logr, and the result follows.

Solution 2.20. Factorizing we have
a’b® + b3 + *a® — abe(a® + b + ¢*) = (=be+ a?) (—ca+ b*) (—ab + ¢?).

Solution 2.21. If the arithmetic progression is a, a + d, a + 2d, ..., it is clear
that @ + ad = a(1 + d) is an element of the arithmetic progression, and also the
integers a(l + d)™, with n > 1, are part of the progression. But these terms form
a geometric progression, then it is clear that these terms have to remain in the
sequence and we have to eliminate the remaining terms of the original progression.

Solution 2.22. Consider ¢ < b < ¢, then since the lengths of the sides are in
geometric progression, we have b = ar and ¢ = ar?, with r positive. Since the
triangle is a right triangle, it follows that a? + (ar)? = (ar?)?. Simplifying the
equation we get 1+ 72 = 74, which can be solved for r2. That is, r? = 1+2\/5.

Therefore, r = \/ 1+2\/5.

Solution 2.23. Let d be the common difference of the progression. Then as = 1+d,
as = 1+4d and a1; = 1+ 10d. Since a9, as, a1; form a geometric progression, we
have (1 + 4d)? = (1 + d)(1 + 10d) or 6d? = 3d. Since the arithmetic progression
is not constant, we conclude that d = é and the sum of the first 2009 terms is
2009 + 20092008 . 7 — 2009 - 503.

Solution 2.24. By the similarity of the triangles, we have that * = ¢ then y = “; .
a Ty
Again, using the similarity of the triangles, we have Z =Y.
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B
Then z = y;, and substituting the value of y in this equation results in
(l4 (l3
F= p2a T b2
(i) Carry on with this process and find that the sides of the polygonal measure
b, a a* a’ al ..., which can be written as b, a, a (‘;), a (‘g)Z, a (‘;)3,

s by b2 B3
Therefore, the nth segment measures a (Z)"_ .
(ii) The length of the n-sided polygonal line is then

() e () () mvn ()

=b+ab (1 _b(g)an_l> .

(iii) Since the number § is less than one, then raising this number to the nth

power and making n go to infinite leads to 0 as its limit. Then, the length of
the polygonal line with an infinite number of sides is

n—1
1-(9) ab b2
li b+ ab b =b = )
&%(*“( b—a )) R T

Solution 2.25. The sum of each row is R, = 12+ 22 + ... +n? = "("+1)6(2"+1),

then the sum of all the array is S = n <"("+1)6(2"+1)). See now that the sum of
each corridor is
8k k2 &k
Ch=1"4+224+. 4+ (k=12 +k = — .
=142 4+ (k1) + 6 "9 T
Then

Sr=C1+Co+---+C,

8 1 1
= (724 = (124274 )+ (L4244 1)
8 Inn+1)(2n+1) 1 /nn+1)
= (13423 4... 3y _ )
6( +2°4+---4n7) (2 p te 9
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Therefore

8
(1P+2% 4. +n°) =

; n?(n+1)(2n+1) +n(n+1)(2n+1) 1 (n(n—i—l))

6 12 6 2
8 (n(n+1) 2
6 2 '

From this the sought for equality follows immediately.

Solution 2.26. Observe that the numbers {1,4,7,...,2998,3001} form an arith-
metic progression {a,} with difference 3 and a; = 1. Each term of the sum can
be seen as

1 (1 1 )_ 11
Q;Qip1 Qi1 — Q5 \ Qi Gyl 3a;  3ai41

Therefore, we can calculate the sum as

1 N 1 bt 1 7 1
3a1  3a 3a2  3as 3-3000 3-3001

1 1 1000
3 3.3001 3001

Solution 2.27.
(i) We have k(k1+2) = (}c k+2> then

z”: 1 z”:1<1 1>
k(k+2) Z2\k k+2

1/1 1+1 1+1 1+ +1 1
2\1 3 4 3 5 n n+2
1 1 1 1

= 1+

2( 2 n+1 n+2>

3 2n+ 3

T4 2(n+1)(n+2)

.o k
(ii) We have k22(kﬁ)2 = klg — (k_:l)g, then

2k +1 " /1 1
k2(k + 1)2 _Z(k2_(k+1)2)

n

k=1 k=1
1111 1 1
Tz T Tyt e Ty
1
=1—

(n+ 1)
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Solution 2.28.

(i) Since

ko (k+1) -1 k+1 1 1 1

k+1)! " (k+1)!  (k+1)! (k+1)! Kk (k+1)!

the sum we have to calculate becomes

(11!_21!)+(21!_;!)+"'+<;!_ (n+11)!> :1_(n+11)!'

(ii) The general term can be written as

k+1 B k+1
(k=)' + K+ &+ (F=DL+k+k(k+1)]
B k+1
T (k= DIk +1)?
1 k

S (k=DWE+1)  (k+ 1)U

By the first part of the exercise, the sum is equal to 1 — (n—‘,l-l)!'

Solution 2.29. For any positive integer n, we have

1+1+ I nP(n+12+n+1)*+n*  (nP+n+1)°
n?2  (n+1)2 n2(n + 1)2 - n2(n+1)2

Then

1 1 n?+n+1 1
1 = =1 .
\/ +n2+(n+1)2 n?+n +n(n+1)

Therefore, the sum is equal to
2011 2011
1 1 1 1
1 = 1 — = 2012 — .
S (14 ) =2 (140 1) =22 g,

Solution 2.30. Define S as the product we have to calculate, that is,

(1) ()

Multiplying both sides of the equality by (1 — é) and using that (1 — é) (1 + é)
= (1 - 212), we get,

(- (-2 )
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Proceeding in this way, we arrive at

(- ()
D)

10.3 Solutions to exercises of Chapter 3

Therefore,

Solution 3.1.
(i) Ifn =1, then 1 = ;¢

=1.
Suppose that 1 +¢q+---+¢" ' = 11__‘1; . Then,

1 —g" 1— n+1
Lttt g =" T =T
1—gq 1—gq

as we wanted to prove.

Second Solution. Let S = 14-¢+---4+¢" !, then Sq = ¢+¢%>+- - -+¢™. Substracting

the first equality from the second leads to Sq — S =¢™ — 1, then S = 117_‘1:.

(ii) The proof is immediate from (i).

Solution 3.2. The result is valid for n=1, since as=a2+a;=2 and ag=1+a;=2.
Suppose that the result is valid for n, that is, an4o =1+ a1 + a2+ -+ ay.
Then the formula is valid for n + 1, since

ny3 = any2 +api1 =1+a1 + a2+ +an + any1.

Solution 3.3. For n = 0 the statement is valid, because 3 (}ivides 2+ 1 =3. The
induction hypothesis for n — 1 tells us that 3" divides 23" + 1.
We prove now the result for n. We start with

n n— n—1\ 2 ne
93" 4 1= (23 1+1)[(23 ) — 98 1+1].

By the induction hypothesils, the first factor is divisible by 3™. The second factor
is divisible by 3, since 22" = —1 mod 3. This proves the statement.

Solution 3.4. If n = 1 we have three coins. Place in each plate of the weighing
scale one coin, if the plates balance, the false coin is the third coin, which we did
not place. If not, the plate that lifts is the one that has the false coin.
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Suppose that it is true for 3 coins. Consider 37t coins. Divide the coins in three
groups with 3" coins in each. Put one of the groups in one plate of the balance
and another group in the other plate. If the plates balance, the false coin is in the
third group. If not, the false coin is in the group of the plate that raises. In both
cases the problem will reduce to finding the false coin in a group with 3™ coins,
but this can be done in n weighings and with the weighing already done we have
n + 1 weighings.

Solution 3.5. First note that for n > 1, it follows that 2" ™3 +1 = 27(23 —1)+2" +
1=7-2"+ (2" £ 1), then 7| 2" & 1 if and only if 7 | 27+ £ 1. This equivalence
shows an inductive step of the form 7 | 2" £ 1 = 7 | 273 4+ 1, and of the form
Ti2nE 1= 72" £ 1

Now let us see the induction basis.

(i) For n = 1, 2 it follows that 7 does not divide 2" — 1. For n = 3, it follows
that 7 divides 23 — 1 = 7. Therefore, the integers n we are looking for are the
multiples of 3.

(ii) For n =1, 2, 3, it follows that 7 does not divide 2" 4+ 1 (which are 3, 5 and
9). Thus 7 does not divide 2" + 1 with n > 1.

Solution 3.6. Observe that a; + az = 22. Solving with respect to az, we show that
as =4 —a; =4 — 3 = 3. This suggests to us that a, = 2n — 1. Suppose that a; =
2j—1, for all j < n. It follows that a; +as+- - +a, = 14+3+---+(2n—3)+a, = n>.
Since 1 +3+---+ (2n — 3) = (n — 1)2, it follows that (n — 1)? + a,, = n?.
From this we conclude that a,, =n? — (n —1)2 =n? — (n> = 2n+1) =2n — 1.

Solution 3.7. For n = 1, the identity is valid, the left-hand side is |} = 0 and
the right-hand side is |1][5] = 0.

For n = 2, the identity is also valid; on the one hand we have |} + 3] =1
and on the other hand we have [2][3] =1-1=1.

Now we suppose valid the identity for n and we prove that it is true for n+2.

The left-hand side is

e L

-GS
LI e
SHibsBesERE
(5l (3 ) =[5

which is what we expected from the right-hand side.
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Solution 3.8. Observe that /a1 = 1"4”. Solving this equation gives as a result
2 = \/as, from where ay = 22. This suggests a, = n*. Suppose that a; = j2, for
all 7 < n. We then have

~1 —1)/an
Var+vay A a1 =142+ 4n—-1= (n 9 )n: (n 2)\/a )

and therefore n = \/a,,, that is, a, = n.

Solution 3.9.
(i) For n =1, we have 22 —2x + 1 = (z — 1)2.
For n = 2 we get 2% — 32z +2 = (z — 1)%(z + 2), since (z — 1)*(z +2) =
(22 =22+ 1)(z +2) = 2% - 3x + 2.
Suppose that 2"t — (n+ 1)z +n = (x — 1)%(2" " +22""2 + ... 4+ n), then
(=122 4+22" "+ (n—1Dz® +nz+ (n+1))
=(@-1% @@ "+22" 2+ +(n— Dz +n)+ (n+1))
=z((z-1%@" " +22" %+ -+ (n—Dz+n)+(x—1)*(n+1)
(2" —(n+Dz+n)+ (z—1)*(n+1)
"2 (n+ D)2 +nx+ (n+Da® —2x(n+ 1)+ (n+1)
"2 (4 2)x+ (n+1).

+
= +-

T
T
"

=z

Therefore we have proved that 2" — (n+1)z+n = (z—1)?(z" "1 +22" "2+
n). Now, if x > 0 the right-hand side of the above equality is greater
tan or equal to zero, then 2"t — (n + 1)z +n > 0.

(i) If o = §, with a = “F725 #0410 apd h = “1772 040 we have that

n+1
“ 7(n+1)z+n20

a1 I1+“'++1In+1
n
pnt+l Z (n + 1) 1+ +Tn -n

n

bn+1

antl n(:c1+"'+30n+1) B

bn-&-lZ 1+ -+ T,

antl S n(xy + -+ ) NTyi1 B
pnt+l — 1+ T, 1+ -+,
ant! NTp41

b+l T o 44z,
then
bn+1
1
at > Tptl <w1+"~+wn ) = $n+1bn,
n

which is what we wanted to prove.
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(iii) Suppose that xl"’“j;'""‘“ > {/x1%2 - Ty, then

n+1 n
T1H et ot > Tpal Trt ot In > Tpg1(T1 - Th),
n+1 - n -

where the first inequality is due to the (ii) part and the second by the induc-
tive step. Therefore, x1+'7'1'j:1z"+1 > nR/x1 -+ Tpy1, which is what we wanted
to prove.

Solution 3.10. For n = 1 the result follows. Suppose that the result is true for
n — 1. Then Z?:_ll e;a; has at least (Z) different values and the same holds for

(Z;:ll eiai> — ay. The greater value of these sums is a1 +as + - -+ ap_1 — ap,
but it is clear that

a+as+---+ap-1—an,<ay+as+ -+ an—2—an-1+an

<ar+- -+ 0p-3—ap—2+ap_1+an

<ar—az+taz+---+an
<—-a1+axtaz+---+ap
<air+az+tag+---+an,

then we have n additional different sums. Since (g) +n = ("'QH), the result is
proved.

Solution 3.11. For n = 1 the statement is true, because in a sequence of three
numbers (chosen from the set of numbers {0,1}) there are two that are equal.
Suppose the statement to be valid for 2n + 1 numbers and consider a sequence
with 2n + 3 elements.

If for any 7 we have that a; = a;41, then by the induction hypothesis, a,

ey Gi—1, Qi42,. .., Q2p+3 has a subsequence even-balanced with 2n elements. To
this subsequence add two equal elements and you will have a subsequence even-
balanced with 2(n + 1) elements.

On the contrary, we have that a; # a;41 for all i € {1,2,...,n+ 1}, there-
fore a; = a;49 for all 7. Since the sequence has an odd number of elements, the
initial and last numbers have to be the same. Then, if we take out the element
that occupies the central place of the sequence, we will have a subsequence with
2n elements that clearly is even-balanced, since the sequence is symmetric with
respect to the central element.

Solution 3.12. Prove, by induction, that ax = k. For k = 1 the statement is true,

since a$ = a? and a; > 0, hence a; = 1. Suppose the result is true for 1, 2, ..., k

and prove that it is valid for & + 1.
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We then have that the equality
aj +a3+---+ay = (a1 +az+--+a,)’,

is satisfied by n = 1,2,...k,k + 1. By the induction hypothesis, we have that
a1 =1,a3 =2, ..., ar = k and the condition for n = k + 1 is

Pa2d 4tk tal =0 +2+ -+ k+ap)
Expanding the right-hand side of the equality, we obtain
(P+2% 4+ + k) +ai =0+2+ + k) +2(1+24 - + k)agsr + iy,

The first terms on both sides of the equality can be canceled out, and from there
we get ai ;= 2(1+2+ -+ + k)ags1 + aj,; but this is equivalent to af ; =
2k(k2+1)ak+1 + ai_H. Dividing by ax4+1 # 0, we obtain ai_H —ak+1 —k(k+1)=0.
This is a quadratic equation in a1 with roots —k and k+1. Since ay1 is positive,
we end up with a1 = k + 1, which ends the proof.

Solution 3.13. We will do the proof using induction. For n = 1, since a1 > 1, we
have that a3 > a2, moreover, a3 = a? if and only if a; = 1. Suppose the inequality
is true for n = k and consider k + 1 positive integers such that a; < as < -+ <
a, < ap+1. Then, we have ax4+1 > ai + 1, therefore

(@eer = Dawer 5 axlae ) _y o0,
2 2
Note that the sum 142+ - - - + ax contains all positive integers less than or equal
to ak, then it is greater than or equal to a; + as + - - - + ax, hence (@r+1 21)’1’““ >
ay +as + - - -+ ay, which multiplied by 2ak+41, 18 equ1valent to <ak+1 — ak+1)ak+1 >
2(a1 +ag + -+ + ar)aps1, that is, af | > 2(a1 + a2 + -+ + ar)ap1 + az -
On the other hand7 the induction hypothesis implies that

ai +a5+---+a} > (a1 +az+ -+ ax)’
Adding the last two inequalities, we obtain
ai a3+t ap +agy > (et a+ o+ ak+ arg)’

from where the inequality is true for n = k + 1.

It is not difficult to deduce, from the previous proof, that the equality follows if
and only if ag+1 = ap =1 and a} +a3+---+a} = (a1 +az+---+ay)? In the last
identity, the induction hypothesis implies that if the equality holds, then a; = 1,
a2 =2, ..., ar = k. Therefore, ar11 = ax + 1 implies that a1 = k + 1. That is,
the sequence is a; = i, for i = 1,2,...,k 4+ 1. Reciprocally, we have equality for
a1 =1,a3=2,...,ar =k, agy1 = k + 1 thanks to the classical formula.
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Solution 3.14. (i) The original inequality for n = 1 can be verified directly. For
n > 2, it is enough to prove by induction that

(e2) () () <2 00)

For n = 2 we have the equality.
The inductive step is reduced to verifying that

5 1 1 5 1
— < - .
2 (1 2n) <1 + 2n+1) - 92 <1 2n+1)

To see this, observe that the previous inequality is equivalent to

1 1 1
<1 - 2n> <1+ 2n+1> S 1 - 2n+1

1 1 1 1 1
- an + 2n+1 - 22n+1 =+ 2n+1
2 1 1

2n+1 S an + 22n+1

1 1 1
mn S mn 1 + 2n+1 ’
(ii) As in the previous part, it will be easier to see that

1 1 1 1
(14 50) (14 0) - (14 ) <3

For the inductive step, it is necessary to verify that

G I

Performing all the operations and simplifying leads to
1 n 3 1 <3 1
n (n+1)2 nh+1)3 n+1

which is clearly true.

3 n 1 <1 14 1
m+1)* n+1"n (n+1)3

! 5 +1 <1 1+ !
n+1\(n+1)2 n (n+1)3
n(n? +2n+4) <n® +3n% 4+ 3n + 2

0<n?—n+2,

and the last inequality follows.
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Solution 3.15. Define P(n) as the statement we want to prove. If n = 1 the equality
follows and then P(1) is true. To see that P(2) is valid, consider the following set
of equivalences:

1 1 2
+ >
14a1 14ax — 1+ /araz
& (24ar+a2)(1++araz2) > 2(1+a1)(1 + az)
<~ 2\/(11(12 + (a1 + 112)\/(11(12 > a1 +as + 2a1as
== 2\/a1a2(1f\/a1a2)+(a1+a2)(\/a1a271) ZO
= (\/a1a2 — 1)(&1 — 2\/61,1@2 + a2) > 0.

But the last inequality is true, since \/ajaz > 1 and (/a1 — \/a2)2 > 0.
We now see that P(2") = P(2"+1).

gntt 1 2m 1 gntt 1
;1+ai:;1+ai+i:22n+ll+ai
2" 2"

> n +
1+ 2\/@1"'@271 1+ 2’\"/a2n+1-~-a2n+1

2
> 2" N
1+ \/ 2\/(11 s aon 2{‘/a2n+1 cc o Qontl

2n+1
= 1 + 2n+\1/a1 ©r e Qontl :
For the first inequality we used P(2") twice and for the second we applied P(2)
to the numbers 2y/a; ---az» and 20/Ggn 41 -+ Ayt
Now, let us see that P(n + 1) = P(n).

If we apply P(n + 1) to the numbers ai, ..., an, @nt1 = /a1 - apn, we have
that
(U S n+1
14+ a1 1+a, 1+an+1_1+"+\1/a1'~anVa1'~an
. n+1
1+ "Y/(ar )"

_ n+1
71+an+1.

Hence

1 1 n n

4+ 4 > = .
1+ay 1+a, ~ 1+apn 1+ ar---an

Solution 3.16. To prove (i) and (ii) apply the binomial Theorem 3.2.3 to (1 + 1)
and (14 2)™, respectively.
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Solution 3.17. To prove (i) just apply formula (3.5) and for (ii) take » = 1 in (i).

Solution 3.18. (i) In equation (1 +2)"(1+ )" = (1 + x)?", the coefficient of the
term z™ on the right-hand side of the equation is (2:) If we expand the left-hand
side of the equation we find that

n n n\ n\ .,
+ e o U e s r
0 1 J n
< (M) (M)as+ ()b e ()
0 1 k n '
Therefore the term ™ will appear when we multiply (?) 27 and (Z) xF with j+k =

n, and then
0<j,k<n J K "

Jjt+k=n

2 00-20)62)-506):

J J
jt+k=n

since (?) = (nfj)
(ii) In the same way as in (i), it is enough to compare the coefficient of a”
on both sides of the identity

(L+2)"(L+2)™ = (L+az)"*™

I 00)=(0)
; (") =),

(iii) Changing (73) by (m0+ 1) on the left-hand side of the equality and using
Pascal’s formula (3.6), we have that

3 () ()
(7)) ()

which turns out to be

Then,
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m+3 m+3 m+n
= + + e+
2 3 n

) )
ey

(iv) Changing ( r) by (mH) on the left-hand side of the equality and using
Pascal’s formula (3.6), we obtam

G ()= () ()
(gﬁ)+<m;2>+...+<;)
21?) (") ()

(
() (-

Solution 3.19. (i) Using part (ii) of Exercise 3.17, it follows that

G)=G=0)

then

(ii) By part (i) of Exercise 3.17, it follows that
<n+1>n+1<n>
i+1)  j+1\j)’
1 ny 1 n+1
j+1\G) n+1\j+1

from where
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hence,

"1 (n "1 /n+1
Zj+1(j>zn+1<j+1>

<
I
o

<
I

Solution 3.20. (i) First, using repeatedly Pascal’s formula (3.6) and part (ii) of
Exercise 3.17, it follows that

=51+ G2)l=505 ) +.0)
)= . +{ . = . . + .
J\J J J J—1 J\ J n\J
057+ G)]+a0)
= . . +{ . + .
J J J—1 n\J
1/n—2 1 n—1 1/n
=55 5.007)+.0)
J\ J n—1\ jJ n\J
and carrying on in this way, we obtain

i) =a ()5 () +50)

v ()-Sew [£.07)

j=1 Jj=1 =0

Therefore

If we change the sum’s order, our previous identity changes to
n—1 [n—:

> Z(l)j“n ' (”]Z)

=0 =1

<.

Set k = n — i, then the right-hand side of the identity becomes

sy () -5 jpeo ()] -2

k=1 j=1 k=1 j=1
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(ii) Observe that the left-hand side of the equality is

1 (n 1 (n (="t /n

1-2\1 2-3\2 n(n+1)\n
- 1\ /n 1 1\ /n w1 (11 n
(2) ()~ (ama) (o) e () ()
| {n 1/n np1l ()| [1(n) 1/(n
()=o) e, G- 0) -5 6)

)

Let U be equal to the terms inside the ﬁrst square bracket. By the previous
statement we have that U =1 + % + -+ n, and for the terms inside the second

square bracket we use jil (7;) = n-l‘rl (?Ill ). Then the above identity (10.4) takes
the form

1%2<?)2%3<Z)+' 427?:21<n>

R G R ) R AR (3]

:U_nil[ng—l) <n+1> ( 1)+...
)=
1

1
+<—1>"+1( (1- <n+1>>}
1
:U_n+1[ ]_U_nJrl
Ca+l-1 1 1

S
(iii) Call T the left-hand side of the equality, then

= (6) ()0 )

Multiplying by n + 1, we have

=" (0) " () e ()

Using the fact that "} (;‘) = ("f]), our identity becomes

Jj+1 Jj+1
1/n+1 1/n+1 1 n+1
DT = — ce e (=D)7
(n+1) 1( 1> 2( 2>4 *+ )n+1<n+J
—1+1+ + !
o 2 n+1

Therefore, the sum we are looking for is T' = n-l‘rl (1 + é +- 4 n-li-l)
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Solution 3.21. (i) Using the equality () = " (”~}) leads to the set of identities

- jfm “ j n—1 " fm— 1
Ss(M) =S =a s ("
— J — Jg—1 — J—1
j= j= j=

n—1 n—1

()
=0 J

and using Example 3.2.4, we reach the result

nf(—l)ﬂl(nf 1) =n-0=0.

i=0 J

(ii) Again, using the equality (7"”) =r (:fl__l), it follows that

m 1

i(l)jﬁ(?) - iU)jn'J‘(?: )= DY (i)

_ :n_il(—uj(j—l)(?_ll) ;ni(—l)j(?_i),
S R

since in the above identity the first term of the first sum is zero.
Finally, by Example 3.2.4, and using the previous part of this exercise, we
find

n

nZ(—l)J’(j—U(?_ll) +né(—1)j(?_11) =n-04+n-0=0.

j=2

Solution 3.22. Consider the following array, where in the mth row, for m > 0,
we have the binomial coefficients (m) modulo 2. On the left column is shown the
number of the row written in base 2 and in the right column the number of odd
binomial coefficients written in base 2.

0 1 20
1 1 1 21
2 1 0 1 21
3=2+4+20 1 1 1 1 22
4 =22 1 0 0 0 1 21
5=22420 1 1 0 0 1 1 22
6 =2%+2! 1 0 1 0 1 0 1 22

7=224+21420 1 1 1 1 1 1 1 1 23
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This array suggests to us that the number of odd binomial coefficients will
be 2%, with k the number of non-zero digits when we write n in base 2.

Note that if n = 2% + 2% 4 ... 4+ 2% with oy > ag > -+ > «, > 0, then

(14+2)" =1+ - (142>
= (1 +$2“1)...(1 +J]2a7.) mod 2.

The previous identity follows because if we expand the binomial of the form (1 +
x)%® the first and the last binomial coefficients are 1 and the rest are even.
It is clear that if we expand (1 +22"")--- (1 +22""), there are 2" terms.

Solution 3.23. The proof is based on the identity Z?:o (;’)2 = (2;’), as seen in
Exercise 3.18 part (i).
Since (1;’) is divisible by p for all j = 1,2, ..., p—1, each term of the sum is divisible

by p?, with exception of the first and the last, which are equal to 1. Therefore, p?
divides (2;”) — 2. To finish the proof, observe that

2p—1 1 2
P 1= P) _9).
p—1 2\\p
Solution 3.24. For p = 2, we have that 2! = 1% + 12 and for p = 3, we get
32 =1%42%
Let us see now that there is no prime number p > 3, for which there exist a, b and

n such that a® + b3 = p™.

Suppose that we can find such numbers and that n is the smallest integer
number that fulfills the conditions of the problem. Since p > 5, one of the numbers
a or b is greater than 1, then a® 4+ b > 5. Since

a® + b = (a +b)(a® — ab+ b?)

and a? — ab+ b* = (a — b)? + ab > 2, then p must divide a + b and a? — ab + b
But then, p divides
(a+b)?* — (a® — ab+ b*) = 3ab.

Since p > 5, p has to divide a or b, but since p|a + b, it follows that p divides a
and it also divides b. Then, a3 + b3 > 2p3, hence n > 3. Since

ney P a4+ 0P a\’ b\*
P = 3 = 3 = —+ s
p p p p
it follows that n — 3 also satisfies the condition; then n is not a minimum.

Solution 3.25. Consider the equation 22 + y? + 22 = 2zyz. The left-hand side of
the equation has exactly one even term or all three terms are even. If exactly one
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term is even, then the right-hand side of the equation is divisible by 4 and the
left-hand side is divisible only by 2, so we have a contradiction. Then all terms are
even, that is, x = 2z1, y = 2y1, 2 = 221 and

ot +yi + 21 = dnigia (10.5)

From equation (10.5), following the same reasoning leads to x1 = 2z, y1 = 2ys,
21 = 2z and

Again from equation (10.6), it follows that xa, y2, 22 are even, and so on and so
forth. Then

$:2x1:22x2:23x3:-~-:2"1;n:-~-,

y=2y =2%y =2y3 =--- =2, =---,

22221:2222:2323 :2"/2,,1:7
that is, if (z,y, ) is a solution, then z, y and z are divisible by 2™ for all n. This
is impossible, unless r =y = 2z = 0.

Solution 3.26. The solutions are a = b = 1 or a and b consecutive square numbers.
We can write the divisibility condition as

E(ab+a+b)=a®+b*+1, (10.7)

for some integer number k. If kK = 1, then the equation (10.7), is equivalent to
(a—0b)*+ (a—1)?+ (b—1)? =0, from where a = b = 1. If k = 2, then equation
(10.7) can be written as 4a = (b —a — 1)2, from where we deduce that a has to be
a square number, that is, a = d?. Then b — d? — 1 = 42d, that is, b = +(d + 1)?
and, a and b are consecutive square numbers.

Suppose now that k& > 3, and let (a,b) be a solution with a the minimum
and a < b. Write equation (10.7) as a quadratic equation in b,

b* —k(a+1)b+ (a®> —ka+1) = 0.

Since root b is an integer, the other root r satisfies b+ r = k(a + 1) and it is also
an integer. Since equation (10.7) has to be true if we substitute b by r, note that
k(ar +a+r) =a?+r?+1 > 0 implies ar + a +r > 0, and then we can conclude
that r > 0. And since a < b and the product of the roots a® — ka + 1 is less than
a?, we have r < a. But (r,a) is also a solution of (10.7), which contradicts a being

a minimum.

Solution 3.27. First we prove that we cannot find an equilateral triangle such
that the vertices are points with integer coordinates. Suppose we can find such
a triangle. Let a be the length of the sides of the triangle such that the vertices
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are points with integer coordinates. The area of the triangle is a? ‘{13 which is an
irrational number, since a? is an integer number. On the other hand, the area
of any polygon whose vertices are points with integer coordinates is a rational
number26.

The vertices of a regular hexagon P; P> P3P, P5Ps cannot be points with in-
teger coordinates, since P; P3Ps would be an equilateral triangle whose vertices
have integer coordinates.

Let n # 3,4,6. Suppose that Py P, Ps ... P, is a regular n-gon with vertices

having integer coordinates. Through the points Py, P», ..., P, draw the parallels
to PoP3, P3Py, ..., P P, respectively, as shown in the figure.
Py
Ps Py
Py Ps

The points of intersection of the parallels are also points with integer coor-
dinates and form a regular n-gon inside the first one. With the new n-gon we can
proceed in the same form. This process can continue to generate an infinite num-
ber of n-gons. The square of the length of the sides of these polygons are integers
that decrease in each step, but this is impossible.

Solution 3.28. Error. The given arguments assume that the set has at least 3
elements, and we use that a1, a,,, a,+1 are different. We can say that the statement
P, = P, is not valid.

Solution 3.29. Error. Statement P(n) is: for n coins among which one is false, it
is enough to weigh 4 times to identify the false coin. When we take out one coin
there are two cases: (a) the coin that we took out is genuine, (b) the coin we took
out is false.

In the first case, the inductive step works, but in the second case it does not,
because among the coins that remain we do not have a false coin.

Solution 3.30. Error. Statement P(0) implies P(1) is false.

26See [13].
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10.4 Solutions to exercises of Chapter 4

Solution 4.1. The equation can be written as (m — 2)2 — Z = (n + %)2 — i or

m—3)? = n+} 2 =0, that is, (m +n —1)(m —n — 2) = 0. Since m and n
2 2
are positive integers, then m +n — 1 > 0, therefore m and n are solutions of the
equation if and only if m —n — 2 = 0, that is, the solutions are (m,n) = (a +2,a),

where a is any positive integer.

Solution 4.2. Since P(—1) = a—b+e¢, P(0) = cand P(1) = a+ b+ c are integers,
we have that 2a, 2b y ¢ are integers.

For n = 2m, with m an integer number, we have that P(n) = P(2m) =
a(4m?)+b(2m)+c = (2m?)(2a)+m(2b)+c is an integer, and for n = 2m+1, with m
an integer number, we have that P(n) = P(2m+1) = a(2m+1)2+b(2m+1)+c =
(2m? + 2m)(2a) + (2a) + m(2b) + (a + b + ¢) is also an integer.

Solution 4.3. If 7 is a solution of ax? 4 bz + ¢ = 0, it follows, multiplying by ¢,

that ap? + bpq + cg®> = 0. Then p | cq® and q | ap?, but since (p, q) = 1, it follows
that p | ¢ and ¢ | a.

Solution 4.4. Note that cz® 4+ bz +a = 2?(c+ b} +a %), then the roots are the
inverse of the roots of ax? + bz + ¢, therefore

(a+6)(a’+6’)=(a+ﬁ)(;+;> > 4.

Another way, by Vieta’s formulas (4.1), a + 8 = =% and o/ + ' = —Z;, then

a
(a+pB) (" +p8) = Zi But b2 — 4ac > 0, as they are real roots and since a = af,
c= o'’ are positive.

Solution 4.5. Let x1, 22 be the zeros of P(x). Then, by Vieta’s formulas (4.1), we
have 1 + x2 = a — 2 and x122 = —a — 1. Substitute in the identity x% + l’% =
(1 + x2)2 — 2x1x5 the values of the sum and the product of z; and x2 to obtain
(a—2)2+2(a+1)=a?>—2a+6=(a—1)2+5 > 5, with equality for a = 1. Then,
a = 1 is the only number.

Solution 4.6. Observe that 11) + ; + 1= q""'zf’(;f”'pq. By Vieta’s formula (4.2),

gr + pr +pg = 3 and pgr = —1. Then, 11)4_24_71_:_3,

Solution 4.7. Since p, ¢ and r are roots of the given cubic equation, by Vieta’s
formula (4.2), it follows that p+ ¢+ = —b and pg+ qr +rp =c.

Since (p+q+7)? = p?>+¢*+12+2(pg+qr+rp), we obtain (—b)? = p*>+¢*+1r2+2c,
and rearranging terms b? — 2¢ = p? + ¢ + 2.

Therefore, a quadratic equation with the desired roots is

(. — (=b))(x — (b* = 2¢)) = 2° + (b — b* + 2¢)x + (2bc — b*) = 0.
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Solution 4.8. Since x; and x5 are solutions to equation z2? — (27”2_1) T+ m22_3 =0,

it follows that 1 + x9 = 27”2_1 and 129 = ’”22_3. We need 21 = o — é, then it
is necessary that (zo — 1) + 22 = 225 — ) = 2",7! that is, 25 = 7. Similarly, we
want to have (acg ; %) To = ’:22_3, then l’% — ‘”22 = ”;2 — g Hence, substituting
Ty ="y, weget "y = =" — g, that is (m + 3)(m — 2) = 0. Then, it follows
that m = —3 or m = 2. Since m has to be positive, then m = 2. Therefore, 1 = é

and zo = 1.

Solution 4.9. Since P(2%2+1) = 2* + 422, the polynomial P(z) has to be of degree
2 and it is monic, that is, P(z) = 22 + bx + ¢, then

(2 + 12 +b(z? +1) +c = 2* + 422

Expand the equation to obtain z* +222+1+bx?+b+c = 2* + 422, hence 24+b =4
and 1+ b+ c =0, then b = 2, ¢ = —3. Substitution leads to P(z) = 22 + 2z — 3,
therefore P(z2 —1) = (22 —1)?+2(2?—1)—-3 =2 —222+1+ 222 -2-3 = 2" — 4.

Solution 4.10. Note that a® + b® = ¢ + d° if and only if (a + b)(a® — ab + b?) =
(c+d)(c® — ed + d?), but since a +b = ¢+ d # 0, we can cancel these factors and
obtain a? — ab + b? = ¢? — c¢d + d?. On the other hand, from a +b = ¢+ d we
get, squaring this equality, that a? 4+ 2ab + b? = ¢ + 2cd + d?. Subtracting these
two last identities, it follows that ab = cd. Then, the two quadratic polynomials
22 — (a+b)x +ab and 22 — (¢ + d)z + cd coincide, in particular their roots are the
same. But, by Vieta’s formula (4.1) we know that the roots of the polynomials are
{a,b} and {c, d}, respectively. Therefore, {a,b} = {c,d}.

Solution 4.11. The polynomial has equal roots if the discriminant is zero, that is,
4 —4)\ (1 — /1\) =0, then A (1 — i) = 1. Thus A = 2 is the only possibility.

Solution 4.12. It is not possible. Otherwise, if the three polynomials had two real
roots, the discriminants, b? — 4ac and ¢ — 4ab, a® — 4bc would be positive. Hence,
b2 > dac, ¢* > 4ab, a® > 4bc, and multiplying the inequalities we would have
a’b%c® > 64a%b?c?, which is false.

Solution 4.13. The solutions of the equation are given by

1-2k+./(1-2k)2—4k(k—2) 1-2k++/1+4k
xr = = .
2k 2k

The number z will be rational if 1 + 4k is a perfect square, that is, k has to be
an integer of the form k = ”24_1, with n a positive integer. Since we want k to
be an integer, n? — 1 has to be divisible by 4, but n? — 1 = (n + 1)(n — 1) is
divisible by 4 if and only if n is odd. Then, for k = ”2;1, with n odd, the roots of
kx? — (1 — 2k)z + k — 2 = 0 are rational numbers.
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Solution 4.14. If a + b is a root of the polynomial P(z) = 2% + az + b, then
0= (a+b?+ala+b)+b=">*+ (3a+ 1)b+ 2a?, and so b has to be a root of
the polynomial Q(z) = 2% + (3a + 1)x + 2a*. But Q(x) will have an integer root
if its discriminant (3a 4+ 1)? — 4 - 2a® = (a + 3)? — 8 is a perfect square. But two
square numbers have difference 8 if and only if they are 1 and 9, then (a+3)? = 9,
thereforea = —6ora=0.Ifa = —6,thenb =8 or9andifa = 0then b= 0or —1.
Hence, the only possible pairs (a, b) are: (—6,8), (—6,9), (0,0) and (0, —1).

Solution 4.15. We want to solve equation 22 — 52 — 1 = n?, that is, 22 — 5z —
(n? + 1) = 0. The solutions of the equation are given by

2
$12:5i\/25+4n +4 (108)
’ 2
For x to be an integer number it is necessary that 4n? +29 = t2. Then, t?> — 4n? =
(t —2n)(t +2n) = 29, that is, t + 2n = £29 and ¢ — 2n = +1 or ¢t 4+ 2n = +1
and t — 2n = £29. Solving these equations, it follows that 4n = £28, then n =7
and ¢t = 15 or n = —7 and ¢ = —15. Substituting n in equation (10.8), we obtain
x1 = 10 and z9 = —5.

Solution 4.16. We present the solution due to R. Descartes. Using Vieta’s formulas
(4.1), we find that if o and 8 are the polynomial roots, then o + 8 = —b and
af = —c?, then there is a negative root.

R

T

Consider the triangles RQS and RT'Q, which are similar, since they share
the angle of the vertex R and ZRTQ = ZRQ@S. Then, we have that RT - RS =
RQ? = 2, therefore, RS - (—RT) = —c?. On the other hand, since RT = RS + b,
we have RS+ (—RT) = —b. Then, —RT and RS satisfy Vieta’s relations, therefore
those numbers are the roots of the equation.

Solution 4.17. If P(x) = = does not have real solutions, then P(z) > z, for all x
or P(z) < z, for all x. Hence, P(P(z)) > P(z) > x or P(P(x)) < P(z) < z, for
all z, therefore it is impossible to have P(P(x)) = .
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Solution 4.18. If P(P(P(x0))) = P(x¢) = 0 for some zg, then
P(P(0)) = P(P(P(9))) = 0.

Hence, P(0) is a zero of P(z) and it is an integer because P(z) is a polynomial
with integer coefficients. Moreover, P(P(P(P(0)))) = P(P(0)) = 0, then P(0) is
also a root of P(P(P(x))).

Solution 4.19. Note that az?+bx+c > cx is equivalent to P(z) = ax?+(b—c)z+c >
0; this guarantees that a > 0, ¢ = P(0) > 0 and (b — ¢)? — 4ac < 0. On the
other hand, to prove that cx? — bz + a > cx — b is equivalent to proving that
cx? — (b+c)xr +a+b> 0, but since ¢ > 0, it is enough that the discriminant be
negative; such discriminant is (b + ¢)? — 4c(a + b) = (b — ¢)? — 4ac, but we have
already proved that it is negative.

Solution 4.20. Suppose that 20(b — a) is an integer number. By symmetry we
can also suppose that b > a, and then 20(b — a) > 1. Since there are no real

solutions, the discriminant of the polynomial 2% 4+ 20bz + 10a is negative, therefore

106?> — a < 0. Then, we have 10b?> < a < b and b < 110. Hence 0 <b—a <b< 110

and, then 20(b—a) < 2, but if 20(b—a) is an integer number we have 20(b—a) =1
and then b = a + . Thus, 106> —a = 10(a + o)? — a = 10a* + ;, > 0, which is
a contradiction. Therefore, 20(b — a) can never be an integer number.

Solution 4.21. If P(x) = 22 + bx + ¢ satisfies P(P(P(z0))) = P(zo) = 0, for some
xg, then P(P(0)) = P(P(P(x0))) = 0. Therefore,

0= P(P(0)) = P(c)=c*+bc+c=c(c+b+1)= P(0)P(1).

Solution 4.22. Expand the following polynomial and use the relation ab+ac+bc =
de 4+ df + ef, to get that

(@ +a)(z+b)(z +¢) = (z — d)(z —e)(z = [)
=2® + (a+ b+ c)x? + (ab+ ac + be)x + abe

— 2+ (d+e+ f)a® — (de + df + ef)x + def
= Nz? + abc + def.

Then, if we let £ = d, the above expression becomes
(d+a)(d+b)(d+c) = Nd? + (abc + def).

Then, if N divides abc+def, then N divides (d+a)(d+b)(d+c). Let p be a prime
number such that p divides NN, then p divides at least one of the factors d + a,
d+b or d+ c. Then, p < max(d+ a,d+b,d+ c) < N, that is, p is a factor of N
and N is a composite number.
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Solution 4.23. Since P(x) and Q(x) have integer coefficients, we can divide by the
main coefficient and assume that P(z) = (x—«)(z—r) and Q(z) = (z—a)(x —s),
where o € R\Q, that is, P(z) and Q(x) are monic polynomials with rational
coefficients. In a quadratic polynomial, if one root is an irrational number the
other root is also irrational, since the sum of both roots has to be a rational
number. Then, r, s € R\Q.

Note that a+r, ar, a+ s and as are all rational numbers since they are the
coefficients of P(x) and Q(z). Then

(a+7r)—(a+s)=r—seQ

ar r
= €Q.
as s

Let r—s = ’(; and | = '". Solving for r from the second equation, it follows that

n

it follows that

r=" s, from where we get "' -5 —s =", thatis, s (" —1) =P. If " — 10,
q n q n

P
s=_7 €Q

m
m =1

which is a contradiction, then "" = 1. Thus, r = s.

Solution 4.24. Multiplying both equations, it follows that
504 — (bl + b2)$3 + (Cl + co + b1b2)1'2 - (blcz + bQCl)SC +c1c2 = 0.

On the other hand, since b1, c1, b2 and co are roots, we have by, Vieta’s formulas
(4.1.1) and equating the coeflicients, that

b1+b2+01+02 :b1+b2
b1ba 4+ bici + bica + bacy + baca + cica = 1 + c2 + bib
bibac1 + bibaca + bicica + bacica = bica + b2

b1b20102 = C1C2.

From the first equation, we obtain ¢; = —co, then from the second equation it
follows that cico = ¢1 + co = 0, from where we get ¢; = ¢o = 0, which contradicts
the fact that ¢; and ¢y are different numbers. Hence, those polynomials do not
exist.

Solution 4.25. Since (@ —b) + (b — ¢) 4+ (¢ — a) = 0, then some of the terms of
the sum a — b, b — ¢ or ¢ — a are less than or equal to zero. Suppose, without
loss of generality, that a — b < 0. Then, the discriminant of the third equation is
(¢c—a)?—4(a—b) > 0, that is, the third equation has a zero that is a real number.

Solution 4.26. Let P(z) = 2% — (a + b + ¢)x? + (ab + bc + ca)r — abc be the
monic polynomial with zeros a, b and c. Let A = ab 4+ bc + ca, B = abc and
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T, =a"+b"+c" Then, To = 3, Ty =0, Ty = (a+b+c)?—2(ab+bc+ca) = —2A.
The equation P(z) = 0 is equivalent to 2> = —Az + B, from where 23 =
—Az™*t! + Bz™. Then, it follows that T,,;3 = —AT,, .1 + BT,. Now find T3, T4
and T5.

Solution 4.27. Using (a+b+c)? = a?+b*+c*+2(ab+be+ca), we get ab+be+ca = 2.
Using the identity a® + b3 + ¢ — 3abc = (a + b + ¢)(a? + b> + ¢? — ab — be — ca),
we get abc = fg. Then, the cubic polynomial with roots a, b and ¢ is P(z) =
2% =322 +22+4 2; now, from aP(a)+bP(b)+cP(c) = 0, it follows that a*+b*+c* = 9.

Solution 4.28. Each of the equations az?+bx+c¢ = 0 and ca? +bx+a = 0 have two
different real solutions, a # 0 and ¢ # 0. Moreover, r is the root of az?+bx+c =0

if and only if i is a root of cx? + bx + a = 0. Therefore, {q1,q2} = {pll , p12 }

If p1, q1, p2, ¢2 are in arithmetic progression,
‘ 1 1

|p1—p2|
|p1—p2|—|Q1—Q2|— =
P1

B |p1p2| ’

D2

from where |p1p2| = 1.

Using Vieta’s formula (4.1), we have pip2 = {, so |c| = |a| and then a = +ec.
If a = ¢, the two given quadratic equations are equal, and then p; = ¢1, p2 = g2,
which tell us that the difference of the progression is 0. Then, p; = ¢1 = p2 = g2
which is a contradiction. Therefore, a = —c or a + ¢ = 0.

Solution 4.29. Let T, = a™ + b™ 4 ¢" for each integer number n, then Ty = 3,
Ti=0and T = (a+ b+ ¢)* — 2(ab + bc + ca) = —2(ab + bc + ca). Now, define
A = ab+ bc+ ca and B = abe; then, by Vieta’s formulas (4.2), it follows that a, b
and ¢ are the roots of the equation 2® + Az — B = 0 and Ty = —2A.

For n > 0, we substitute a, b and c in 2"*3 = —Az"*! + Bz" and adding we
obtain T3 = —AT, 1 + BT,. Then

Ty = — AT, + BT, = 3B,
Ty = —AT, + BT, = 2A2,
Ts = —AT3 + BT, = —5AB.

Hence, T; =—-AB = 7;;" . T;. Since T3 = T5, the last equality implies that T, = g
Solution 4.30. Let Q(x) = P(x) — 2, since a, b and ¢ are the roots of Q(x), it
is clear that Q(z) = a(z — a)(z — b)(z — ¢), for some integer number «. If for
some integer number d we have P(d) = 3; then, since 1 = P(d) — 2 = Q(d) =
a(d—a)(d—>b)(d—c), the factors on the right-hand side of the equation have to be
—1or 1, then two of d — a, d — b, d — ¢ are equal, so a, b, ¢ are not different, which
is a contradiction. This guarantees that there does not exist an integer number d
with P(d) = 3.
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10.5 Solutions to exercises of Chapter 5

Solution 5.1. For (i) and (ii) apply directly the definition. The proof of (iii) and
(iv) is straightforward once you do the operations. To prove (v), after squaring
both sides, observe that zw + wz < 2|zw|. (vi) Do the operations using |z|* = 2Z.

. B ' L » e
Solution 5.2. Let z = z + iy, then ; = otiy = (1‘+ia'z/)(lg—iy) = :Li-g% Hence,
Im(z+ 1) =y+ xz;yyz = 0 is equivalent to y(z% + y? — 1) = 0, with solutions

y = 0 or 22 + y? = 1. The solution y = 0 means that the real axis satisfies the
original equation and the solution 2 4 y2 = 1 is the unit circle.

Second Solution. Write z in its polar form, that is, z = r(cosf + isind). Then,
! = Icos (—0)+isin(—0)) = !(cos@—isinf). Thus, Im(z + ) = (r—!)sind =0,
and then r — i = 0 or sinf = 0. Equation r — i = 0 implies that r = 1, that
is, the complex numbers that satisfy the equation are the ones on the unit circle;
meanwhile the complex numbers z that satisfy sinf = 0 are the complex numbers

with argument 0 or 7, that is, all the real numbers.

Third Solution. Observe that

1 1 _ 1
Im<z+ ):O & z4+ =Z4
z z z
& (z2z2-1)(z—2)=0
& Jz|=1or z=2

&z is on the unit circle or the real axis.

Solution 5.3. Use the fact that zz = |z|? for every complex number z, and see
that

|24+ w]® = (z + w)(z + W) = 22 + W + 20 + Zw,

|z —w]® = (z —w)(z —w) = 2Z + WK — 20 — Zw.

Then, |z + w| = |z — w| if and only if zwW+Zw = —zw—Zw, that is, 2(zw+Zw) = 0.

Using the fact that Re z = *17, we obtain 2(zw + zw) = 4 Re wz = 0. Since

2 2
w = |11”u| , then wz = |11”u| z, hence Re wz = Re = 0. Therefore,

=r for some r € R. Thus, !> = —r, which is a real number.

z

. s purely

imaginary, that is, *

Second Solution. A geometric proof is the following. Since w # 0, we can divide
the original equation by w, to obtain

z
+1| =
w

z
_ 1’ :
w
which means that ? is in the perpendicular bisector of the segment that joins 1
and —1, that is, the imaginary axis, then ° is purely imaginary and now we can

conclude as above.



10.5 Solutions of Chapter 5 221

Solution 5.4. (i) Use the fact that 2z = |2|?. The left-hand side of the identity is
11— zw)® — |z —w* = (1 — z2w)(1 — 20) — (2 — w)(Z — @)
=142 lw]® — 2w — 2w — |2]* — |w]* + 20 + wz
= 14 [ Jwl* = |2 = [w*.
In the same way, the right-hand side of the identity is

2 2 2 2 2
(1 +lzw)? = (2] + [w])” = 1+ 2 |ew| + |2 [w]” = |2 = Jw]” = 22| |w]

2 2

2 2
=14 |z Jw]” = |27 = [w]

Therefore, using the above relations we reach the desired conclusions.

(ii) Proceed as before:

11+ zw]® = |z +w|> = (1 + z2w)(1 4 20) — (2 + w)(z + @)
=142 lw]* 4 2w + 20 — |2* — |w|* — 20 — wZ
=L |2 wl* = [z = Jwl” = (1= |2)(1 = w]).

Solution 5.5. It is clear that z = 0 if and only if w = 0, thus we can assume that
both numbers are non-zero. Also suppose that z # w, then we need to show that
zw = 1. Simplifying the given identity, we obtain z + zww — w — wzz = 0.

The last equality can be written as z — w = zw(zZ — w). Considering the norm on
both sides, and using the fact that the norm of a complex number is equal to the
norm of its conjugate, it follows that |zw| = 1, that is, zwzw = 1.

Multiplying the equality z + zww — w — wzZ = 0 by Z, we obtain |z|2 +1—zZw—
wz|z|* = 0. Now, from this last equation we have that (|z|> + 1)(1 — zw) = 0, thus
Zw = 1.

Solution 5.6. Observe that 2% + 23 + 22 = (21 + 22 + 23)? — 2(2122 + 2223 + 2321).
Then, since 21 + 22+ 23 = 0, it follows that 27 + 25 + 22 = —2(z122+ 2023 + 2321) =

72212223 (le + z12 + z13> = 72212’22’3(2’_1 + 22 + 2_3) =0.

Solution 5.7. Since z1%; = |21]|?> = 1, then ! = %, and also ! = Z. Then
) 21 ) 20 )
L 1 1
zZ1+ 22 o T o A1tz
_ - - 5
1+ z129 1+ le 212 1+ 2129
hence *'*?2 ig a real number.

142122

Solution 5.8. If some of a, b, ¢ is zero, the result is clear. Then, suppose that a, b,
c# 0.

It is enough to see that (d — a)(d — b)(d — ¢) = 0, or equivalently, that
d® — (a+b+c)d?+ (ab+bc+ ca)d — abe = 0 and, by the hypothesis of the exercise,
this is equivalent to showing that (ab 4+ be + ca)d = abe.
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Since all numbers have the same norm, define r = |a| = [b| = |c| = |d|. On the
other hand, it is known that d =a+b+ ¢, thend=a+b+c=a+ b+ ¢c. Now,
db-— aa B poce — 2 (1 4 14 1) and it follows that ) = ! + ] 4+ 1. That is,

d(ab + bc + ca) = abe, as we wanted to prove.

Solution 5.9. We show first that (i) is equivalent to (ii). If a, b, ¢ are collinear,
then arg(b — a) = arg(c — a) or arg(b — a) = arg(c — a) + 7, because both are on

c—a

the same line, then it follows that arg ( ;=% ) = arg ( (c —a) - biq) =arg(c—a) —
arg(b — a) = 0 or 7, which implies that ;—¢ € R. Reciprocally, if t = {~% € R,
then ¢ —a = t(b — a) or ¢ = (1 — t)a + tb, which means that ¢ is on the straight
line that determines a and b, that is, a, b and ¢ are collinear.

Now, we show that (iii) is equivalent to (iv). In order to do this, note that the
determinant of the matrix in (iv) is equal to b¢ — cb — a(¢ — b) + a(c — b). Then
2z =cb—ca —ab € R is equivalent to z = Z, that is, c¢b — ca — ab = b¢ — ac — ba,
which is the same as b¢ — cb — a(¢ — b) + a(c — b) = 0.

Finally, observe that

c—a c—a b—a cb—ca—ab+lal?
b—a b—a b—a |b—al?
2 — —
Since |a‘f‘b‘2 is a real number, ;”% € R is equivalent to cb — ca — ab € R, that is,

(ii) is equivalent to (iii).
From the part (ii), it follows that the equation of the line through b and ¢ is
Im(Z77) = 0.

Solution 5.10. By Exercise 5.9, z, i, 1z are collinear if and only if

Lo - 1+i 1
0=|1 =z zZ |=zz— — z,
1 i . 2 2
iz —iZ
which is equivalent to {z — 1'2“' {2 = { 1;” |2. Then, the complex numbers that satisfy
the condition of the exercise are the points in the circle with center 1;“i and radius

|1+i|: V2
2 2 -

Solution 5.11. We will construct first the two squares which have as side length
the segment determined by z and w. To do that, consider the points 0 and z — w
as two consecutive vertices of a square. Then one possible third vertex is i(z — w),
which is the rotation with angle 90° of the complex number z — w (or it could be
—i(z — w) if we rotate —90°). Finally, the fourth vertex is the sum of the previous
two, that is, (z — w) +i(z —w) (or (z — w) — i(z — w) in the other case). Then, to
calculate the vertices of the squares that are formed with z and w as consecutive
vertices, we should add w to the vertices of the squares found, that is, the vertices
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we are looking for are z, w, i(z — w) + w and z 4+ i(z — w) or z, w, —i(z — w) + w
and z — i(z — w).

In the case where z and w are opposite vertices of the square, again translate
one of the vertices to the origin, that is, now the opposite vertices are 0 and
z—w. Now, in a square the diagonals intersect each other in a right angle in their
midpoints, then we need to consider the two complex numbers orthogonal to z —w
and then translate them to the midpoint of z — w. That is, we need to consider

the complex numbers 4 (2_2“’) + *5% and —i (Z_Zw) + #,". Finally, adding w to

all the previous vertices, we get the square with vertices w, i (zgw) + 5 tw, 2,
—i () + R

Solution 5.12. Proceed by induction. The basis of induction is n = 2. We know
(cos@ + isinf)? = cos® § — sin? @ + i2 cos O sin @ = cos 20 + i sin 26,

where in the last equality we used the identity for the sum of angles for sine and
cosine.

Suppose then that the identity is true for some n = k, that is, we have
(cos O 4 isin@)* = cos k@ + i sin k6.
Then,

(cos@ +isin0) 1 = (cos @ + isin6)(cos O + i sin 6)*
= (cosf + isinf)(cos kb + i sin k0)
= cos 6 cos kO — sin 0 sin k6 + i(cos 0 sin kO + cos k6 sin 0)
=cos (k +1)0 + isin (k + 1)6.

Solution 5.13. Equation z + i = 2cosf can be rewritten as
224+1=2zcos or z2—2zcosh+1=0,
then z = cosf & v/cos26 — 1 = cos@ + isin 6.

Using de Moivre’s formula, it follows that 2™ = cosnf + ¢ sinnf, then

1 1 0 = isinnd
= = cosn isinnb.
zZ" cosnb £ isinnfd +

Adding the last two identities leads to 2™ + Zln = 2cosnb.

Solution 5.14. Equation |22 + 22| = 1 is equivalent to |22 + 2|2 = (22 + 22)(z? +
2%) = 1, but using |z| = 1, the last equation is equivalent to (2% +1)? = 2%, which
can be factored as a difference of squares (2% — 2% + 1)(2* + 22 4+ 1) = 0. These
two quadratic equations can be solved using directly the general formula to obtain
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that the solutions are z? = 1 + \/32 and 22 % + \g3i, and from these equalities
we can obtain the values of z.

Solution 5.15. (i) Let z1, zo be the roots of the equation with |z1] = 1. Since
2129 = ¢, we have that |z| = |Z| |Z11| = 1. Now, since z1 + 22 = ,Z and |a| = [b],
it follows that |27 + 22|> = 1. This last equation is equivalent to

1 1
(z1+22)(Z1+22) =1, or (214 22) ( + > =1.
21 22

. 2 . .
Hence, (21 + 22)? = 2122, that is, (—?)" = ¢, which can be reduced to b* = ac.

(ii) It follows that b> = ac and ¢* = ab by the previous part. Multiplying both
equalities we have that b*c? = a2bc, and then a? = be. Therefore, a? + b + 2 =
ab + be + ca. This last identity is equivalent to (a — ¢)? = (a — b)(b — ¢). Taking
norms, |¢c —a|? = |a —b| - |b— ¢|. Similarly, we can obtain |b—c|? = |c—al - |a — b
and |a —b|? = |b—¢|- |c—a|. Adding the last equalities, we get |b—c|? +|c —a|? +
la—b]2=|b—¢|- |c —a|+|c—al-la—bl+|a—b||b— c|, which is equivalent to
(Jb—c| = |ec—al|)® + (lc—a| —|a—b])? + (la —b] — |b —c|)? = 0, and the result
follows.

Solution 5.16. Let z° + az* + bz3 4 2% + dz + e be the polynomial having as roots

. 5
the numbers z1, 29, 23, 24, 25. By Vieta, a = > ) ;2 = 0 and b = Zz<] zizj =
2

1 5 15 2
3 (Zi:l zl> — 52 =14 = 0. Also, we have

5 5.1 1

0= E 2 = E = g 21222324,
: — Zi R1R273%24%5
i=1 i=1 cyclic
_ _ Y 1 _

thend=0and 0 =3,  ziz; = _ > %2223, hence ¢ = 0. Thus, the

polynomial can be reduced to z° + e, which has as roots complex numbers that
are the vertices of a regular pentagon.

Solution 5.17. If a = b, |a — b + ¢| works; if a = —b, then |a + b + ¢| works. Suppose
that a is different from b and —b. Consider the numbers a + b, a — b, —a + b and
—a — b, which are the vertices of a rhombus of side 2. Taking as a center each of
these vertices, construct disks of radius 1; these 4 disks cover the circle with center
0 and radius 1. In particular, the point ¢ belongs to one of these disks, then the
distance from the center of such a disk to c¢ is less than or equal to 1.

Second Solution. The numbers a, b, ¢ are the vertices of a triangle, with orthocenter
in a 4+ b+ c. If the triangle is acute, then its orthocenter is inside the triangle and
then |a 4+ b+ ¢| < 1. If the triangle is obtuse, without loss of generality, we can
suppose that the obtuse angle is in a, then —a, b, ¢ are the vertices of an acute
triangle with orthocenter —a + b + ¢, which is inside the triangle, and in this case
|—a+b+c <1
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Solution 5.18. If at least one of the numbers a, b, ¢ is 0, the result follows. Consider
a= g, 0= |Z‘, v = j¢> then lal = 18] = |v] =1 and if a|bc| + b|ca| 4+ c|ab] =0
is divided by |abe|, then o + 8 + v = 0, hence «a, 3,7 are the vertices of an
equilateral triangle. Thus, the angle between two of them is 7. Using the cosine
law, |a —b]> = |a> + [b]* + |a| [b| > 3]a||b|. Similarly, |b—¢|*> > 31b||c| and
lc —al® > 3]¢| |al, then |a — b]* |b— ¢|* |c — a* > 33 |a|* |b]* |c|>.

Solution 5.19. Since a, b, ¢ have the same norm and |abc| = 1, it is clear that
la| = |b| =|¢| =1. Then, 1 =a+b+c= !+ + 1 = btheree — g 4 b 4 ca.
The monic polynomial which has zeros a, b, c is,

P(z)=(z—a)(z=b)(z —c) = 2° — (a 4+ b+ ¢)2*> + (ab + bc + ca)z — abc
=22 224 z2-1=(-1(=*+1),
hence, {a,b,c} = {1,i, —i}.

Solution 5.20. Multiplying both sides of the equation z* + 23 + 22 + 2 +1 =0 by

x—1, we get 2°—1 = 0; then to find the roots of 2+ 23+ 22 +x+1 = 0 is equivalent

to finding the roots of 2 — 1 = 0, which are different from 1. These roots are the
2 .3

quintic roots of unity, given by w, w?, w3, w* where w = cos (gﬂ') + ¢ sin (gﬂ')

Second Solution. The equation can be solved dividing by 22, and then making the
substitution y = = + 31:, and finally using the general formula to solve a quadratic
equation. That is,

—

9 1
,tx+ +1=0
x

+
X
1 1
<$2+2+ 2)+<:17+ )10
X X
1 1

The roots of this last equation are y; = 715\/5, Y2 = 71;‘/5. It is left to find z

solving the two equations

1 1
r+ =1 and x4+ =yo,
T T

which are equivalent to 22 — g1z +1 = 0 and 22 — yo2 + 1 = 0. Solving these two
equations we find the four roots we are looking for:

145 AV10+2v5 145 AV10+2v5
g T 4 : IR 4 :

—1—¢5+_¢10—2¢5 ~1-v5  V10-25
4 ooy o 4 ooy

Tr1 = 2 =

z3
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As aresult of having two different methods for solving equation x* +z3+x2+2+1 =
0, we can conclude that

2\ (2 71+¢5+,\/10+2¢5
cos|( _m isin| _w) = i .
5 5 4 4
Solving for the real and the imaginary part, we get
—1++/5 . V10+25
, sin72° = .
4 4
Solution 5.21. Note that the polynomial 26 + 22° + 22* + 223 4 222 + 22 4 1 can
be factored as

cos72° =

25 +20° 4220 4223 4222 4+ 20+ 1= (2 + D)@ + 2t + 23 + 22 24+ 1).
In this way we have to find the roots of the equation
(x+ D)@+t +23+ 22+ +1)=0,

where it is clear that x = —1 is one of the roots. The other roots are complex
numbers and can be calculated following the trick used in the previous problem.
Multiply  — 1 by 2® + 2* + 23 + 22 + £+ 1 = 0 to get equation 2 — 1 = 0 and
find the roots distinct from 1. These roots are the 6th roots of unity, which can
be calculated using de Moivre’s formula (5.3).

Solution 5.22. If n = 3m+2 for some positive integer m, then the complex number
cos (2; ) + 7 sin (2; ) is a solution with norm 1. Conversely, if z is a solution with
norm 1, then z = i is also a solution. Then, 2"+ 241 =0 = 2"+ 2" +1, which
implies that 2" 2 =1, 22+ 241 =0, 22 = 1 with z # 1, hence n = 3m + 2 for

some positive integer m.

Second Solution. Let P(z) = 2"+ z+ 1 = 0. If P(w) = 0, with |w| = 1, then
w = cos f+i sind, and then, using de Moivre’s formula (5.3), w™ = cos nf+i sin nf,
it follows that 0 = (cosnf +cos§ + 1) + i(sinnf +sin §). Then sin® nd = sin® § and
cos® nf = cos® 0 + 2cosf + 1, and from this cos§ = —J. It follows that w® = 1
and w? + w + 1 = 0, therefore w™ = w?, and then n = 2 (mod 3).

Conversely, if n = 2 (mod 3), for w # 1, with w a root of unity of order 3,
P(w) = 0. Then P(2) = 2"+ z+1 = (22 + 2 + 1)Q(z), for some polynomial Q(z)
with integer coefficients.

Solution 5.23. (i) Let S =1+ w +w? + - +w" . Multiplying by w both sides
of the equality, we get

Sw=w+w?+---+w" +w",

and subtracting from S the last equality, we obtain S — Sw = 1 — w™. Therefore
S =1—w" —.

1—w
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(i) Let S =1+ 2w+ 3w? + -+ + nw"~!. Multiplying by w we get
Sw=w+ 2w® + 3w + - - - + nw".
Then, S — Sw =14+w+w? + w3+ +w" ! — pw" = —nw™ (by the first part,
14+ w+w?4+w? 4+ w" ! =0). Therefore, S = ", hence 1 + 2w + 3w?* +

n—1_ n

s+ nw w1l

Solution 5.24. (i) Observe that if w # 1 is a nth root of unity, then 2" — 1 =
(z—=1)(z—w)...(z —w" ). Hence,
2" =1
z—1
Now, let z =1 in the previous equality in order to obtain

1—w)(1—w?)...(1—-w""") =n.

=(z-—w(z-—w)).. . (z—w" ) =" 21

(i) Consider the polynomial P(z) = (z —w)(z —w?)...(z —w™ 1), and since
2"—1=(z=1)(z—w)...(z—w"!), weget P(z) = % ' = 2" +2" 24 21

Note now that 1:((;)) = Ziw + Z}w2 +--++ ,_ a1, then it is enough to calculate
P'(1)
P(1)°

Since P'(z) = (n —1)2" "2+ (n —2)2" 3 +--- + 22 + 1, we obtain P'(1)
1

142+ +(n—-1) = (";1)". Now, from P(1) = n we can conclude that P _ n-1

P(1) 2 -

Solution 5.25. (i) Note that
(a+ bw + cw?)(a + bw? + cw)
= a® + abw? + acw + bew? + abw + b* + acw? + abw +
=a® 4+ b+ + (ab + be + ca)w + (ab + be + ca)w?
=a® + b + 2 + (ab + be + ca)(w + w?)
=a® 4+ b* + ¢ + (ab + be + ca)(—1).
(ii) Substitute the equation obtained in (i).
Solution 5.26. The number of common vertices is given by the number of common

roots of 2182 —1 = 0 and 227 —1 = 0. Then, by Theorem 5.4.1, it follows that the
number we are looking for is the greatest common divisor of (1982,2973) = 991.

Solution 5.27. The roots of #2 + z 4+ 1 are w = ¢' 3 and w?. Using the relations
w3 =1 and 1+ w + w? = 0, we obtain

n=3k = wrF+uw+1=14+141=3,
n=3k+1 = w2t 1 =w+w4+1=0,
n=3k+2 = W42 r1=uwit+1l1=w+uw?+1=0.

Therefore the answer is for all n that are not multiples of 3.
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Solution 5.28. Use that x, y are of the form

a b c
c a b,
b ¢ a

in order to see that the product of both numbers is of the same form.
Second Solution. Use that
r=a+b+c —3abc = (a+ b+ c)(a+ bw + cw?)(a + bw? + cw)
= P(1)P(w)P(w?),
for P(z) = cz? + bz + a and w a cubic root of unity.
Then, = belongs to S if and only if x = P(1)P(w)P(w?), hence, if
r=P(1)P(w)P(w?) and y=Q(1)Q(w)Q(w?)

for Q(z) another polynomial of degree 2, we have that zy = R(1) R(w)R(w?) with
R(z) = P(2)Q(z). Note that R(z) is of degree 4, and after dividing R(z) by 23 —1,
we get that R(z) = (22 — 1)L(2) + R1(2) with R;(z) of degree at most 2 and with
2y = R1(1)Ry(w)Ry (w?), then zy € S.

Solution 5.29. Let w = €2™/® then w® = 1. Evaluating in the original equation

w, w2, w3, w*, we obtain the following four equations:

P(1) +wQ(1) + w?R(1
P(1) +w?Q(1) + w4R(1
P(1) 4+ w*Q(1) + wR(1
P(1)+w*Q(1) + w?R(1
Now, if these equations are multiplied by —w, —w?, —w?, —w?, respectively, we
obtain:

—wP(l) 2Q( —wiR(1
(1) = w'Q(1) —wR(1
3P(l) wQ(1) —w'R(1
—w'P(1) - w3Q( ) —w’R(1) =
Using 1+ w +w? 4+ w? +w* = 0 and adding the equations, we get 5P(1) = 0, that
is, x — 1 divides P(x).

Solution 5.30. If z is a root of P(z), then 22 is also a root. Hence, if |2| > 1 there
will be an infinite number of roots, which is impossible since P(z) is a polynomial.
If 0 < |z| < 1, the same will happen, and there will be an infinite number of roots.
Then, all roots are 0 or they belong to the unit circle.
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If P(z) is a constant polynomial, then the constant polynomials P(z) = 1 and
P(z) = 0 satisfy the equation.

If P(2) = az + b, with a # 0, substituting in the given equation, we get (az +
b)(—az + b) = az? + b, that is, az? + b = —a?2? + b?. Since a # 0, it follows that
a=—1and b =b, then b = 0 or b = 1, and in this case there are two polynomials,
P(z)=—zand P(z) =1-z.

If P(z) = az? + bz + ¢, with a # 0, then

P(2)P(—=2)

(az? + bz + c)(az? — bz +¢) = a®2* + (2ac — b%)2% + 2.

Comparing with P(22) = az* + bz? + ¢, we obtain a® = a, 2ac—b*> = b and ¢ = c.

Since a # 0, it follows that a = 1; for ¢ = ¢ we have the solutions ¢ = 0 and
¢ = 1. For each of the values of ¢, we get two values for b: if ¢ = 0, then b = 0
and b = —1; for c = 1, we get b = 1 and b = —2. Thus, in this case we have 4
polynomials that satisfy the given equation: P(z) = 22, P(z) = 22— 2 = —2(1—2),
P(z)=22-224+1=(1-2)%and P(z) =22+ 2z + 1.

10.6 Solutions to exercises of Chapter 6

Solution 6.1. Observe that if f(x) + f (ﬁl) = x, then

1 rz—1 1 z—1 rz—1
f(lsc)+f( x ):150 and f( x )—l—f(a;): x

Hence, 2f(z) =x+ *' — |1 = ’fé*fl;l

Solution 6.2. Prove by induction that f(n) = n.

Let m = n = 1 in order to see that f(1) = 1, and since f( ) =
and using the induction hypothesis, it follows that f2k) = 2f(k)
fRE+2)=f2Q)f(k+1)=2(k+1)=2k+2.

Finally, by (iii), 2k = f(2k) < f(2k+ 1) < f(2k+2) = 2k + 2, hence f(2k+1) =
2k + 1. Then f(n) =n, for all n € N.

2b (i)
= 2k and

Solution 6.3. Taking —x instead of z in the original equation, we obtain —x f (—x)—
2z f(x) = —1. Then

of(x) +22f(—z) = —af(—z) — 22f(z),
hence, 3zf(x) = —3zf(—z). This we can substitute in the original equation to
obtain x f(z) = 1.
Solution 6.4. Taking —x instead of = in the original equation, we obtain _11 flz)+

I ( ! ) = —uz, then f(z)—af (_11) = 22. Now, taking z instead ofi in the original

—T
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equation, we have that xf ( ) + f(z) = i Adding the last two equalities leads
to 2f(x) = 2 + . Hence, the only function that satisfies the original equation is

flz) = ; <3€ +:1:2) :

Solution 6.5. Taking y = —z in the original equation, we get zf(z) + zf(—x) =
2xf(0), for all . Then f(x)+ f(—z) = 2f(0) for all x # 0.

Taking x4y and z in the functional equation, we get (z+y) f(z+y)—zf(z) =
yf(2z + y), and taking 2z + y, —x, we obtain (2z 4+ y)f(2z + y) + zf(—z) =

Bz +y)f(z+y).
Then, the last two equations can be rewritten as

(flx+y) — f@) =y (f2x+y) — f(z+y))
Rz +y)(f2x+y)— flx+y) =2z(f(z +y) — f(—x)).

Multiplying the first equation by 2z + y and the second one by y, and reducing

we get 2z + y)z(f(z +y) — f(x)) = ya(f(z +y) — f(—2z)). Canceling out x
on both sides of the equation, simplifying and solving for 2z f(z + y), leads to
2ef(xr+y) = 2z +y)f(x) — yf(—x). Substituting the value of f(—x), gives us

20f(x+y) = 2z +y)f(z) —y(2f(0) — f(z))
=2(z +y)f(z) —2y(0).
That is,

zf(x+y)=(x+y)f(x) —yf(0)
af(x+y)—xf(0) = (z+y)f(z) —yf(0) —zf(0)
z(f(z+y) = f(0)) = (z +y)(f(x) — f(0)).
Now if = 1, then f(14+y)—f(0) = (1+y)(f(1)— f(0)). Substituting 1+y = z, we
get f(x) = f(0)+2(f(1)— f(0)). Then, if we define the constants m = f(1)— f(0),
b = f(0), the functions that satisfy the equation have the form f(x) = ma + b.

Clearly, the functions of the form f(x) = mx + b satisfy the original functional
equation.

Solution 6.6. First, note that if f(x 4+ 1) = f(x) + 1, by induction it follows that
f(xz+n) = f(z)+n, for all n € N. Moreover, f(2?) = f(z)? and f(z+n) = f(z)+n
imply that f((z +n)?) = f(z +n)? = (f(z) + n)?. Then f(2?® + 2xn + n?) =
f(@®+2xn) +n? = f(x)? +2f(x)n+n?, and then f(2%+2xn) = f(z)? +2f(x)n.
Taking x = 0 and n = 1 in the last equation, we get f(0)2+ f(0) = 0, then f(0) =

Moreover, taking x = ’(; and n = ¢ in the last equation, leads to f (ZZ + Qp) =

2 2 2
(7)) +20f(2) = $75) +2qf(5) and, since f (7 +2p) = f (1) + 2p, then
f(f;) = Z' That is, f(z) =z for all z € QT U {0}.
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Solution 6.7. Suppose that x, y, z are different numbers. The equation can be
rewritten as z(f(y) — f(2)) +yf(z) = f(x)(y—z)+ 2 f(y); now subtracting on both
sides yf(y), we get z(f(y) — f(2)) + y(f(2) — f(¥) = f(@)(y — 2) + f(y)(z — ¥),

hence
f@) = fly) _ fy) = f(z)

T—y y—z
Then, the slope between points (z, f(x)) and (y, f(y)) is equal to the slope between
points (y, f(y)) and (z, f(z)), then every 3 points of the graph of f are collinear;
hence the graph of f is a line and therefore f(z) = ma + b, for some real numbers
m and b. In fact, m is the common slope and b = f(0). Clearly, the affine functions
f(x) = max + b satisfy the equation.

Second Solution. Taking y = —1, 2 =1, we get f(—1) — f(1) + f(z) = —f(z) +
f(=1)+zf(1), and solving for f(x) the result is

fay = SO = FED L FED + 7))
2 2

Solution 6.8. The equality g(f(x)) = —x, for any real number z, guarantees that

9(f(g(z))) = —g(x). If to the equality f(g(x)) = —z, we apply g to both sides,

we obtain ¢g(f(g(x))) = g(—z). Then g(—x) = —g(z), hence g is odd. Similarly we

can prove that f(—z) = —f(z).

Solution 6.9. Taking y = 0 in the original equation, we have f(f(x)) = f(x)— f(0).
But since f is surjective, given any real number y there exists z with f(x) = y,
then f(y) = y — f(0). Taking y = 0 in this last equation, we get f(0) = 0. Thus
f(x) = x for any real number z. It is clear that the function f(x) = x satisfies the
equation.

Solution 6.10. Taking 2 = 0 in the original equation gives us f(0) = 0. Now, if
x =1, we have f(f(y)) =y, then f is bijective. Taking f(y) as y in the equation
and using f(f(y)) = y, we get f(zy) = xf(y). By symmetry in the variables z,
y, also it is true that f(zy) = yf(z), and then zf(y) = yf(x). Hence for z, y
different from 0, it follows that * (;) =W then f (Ix) is constant and equal to
f(1), thus f(x) = f(1)z. Using f(x) = f(1)x in the original equation, it follows
that 2y = f(1)af(y) = f(1)?zy for z, y € R, then f(1)? = 1. Hence f(x) = x or
f(x) = —x are the only continuous solutions of the equation.

Solution 6.11. Since m —n+ f(n) > 1 holds for all n € N, then f(n) > n. Letting
F(n) = f(n) —n, we can rewrite the functional equation as

F(m+ F(n)) = F(m)+mn, forall m,neN.

Taking m = 1 and adding 1 to both sides of the last equation, we have that
F(1+ F(n))+1=F(1)+n+1, for n € N. If now we apply F on both sides and
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we use the new equation, we get F(1) + 14 F(n) = F(n+ 1) + 1, then
Fn+1)=F(n)+ F(1), forall neN.

That is, F(n) = F(1)n for alln € N, then (m+nF( NE(1) =mF(1 )+n for all n,
m € N. In this last equation, taking n = m = 1, leads to F(1)(F(1)+ F(1)+1,
hence F'(1) =1, and then f(n) = 2n for all n € N. Clearly f(n) = 2n satlsﬁes the
functional equation.

Solution 6.12. In Example 6.2.4, we proved that the function is bijective.
With y = 1 and using the injectivity, it follows that f(1) = 1, and then

fifly) = 31/ Applying f to both sides, we get f(ly) =f (;)
For z, y € QT, take z such that f(z) =y, then

Flaw) = fef) = T = p@) £ = £ Fw)

In this way a function that satisfies the functional equation must satisfy the two
equations

@)= ad o) = @)1 ).

One particular solution can be defined as follows. Let p1,p2,... be the ordered
prime numbers and we define the function on the prime numbers as follows:

DPi+1, if 7 1s odd

P if7 is even
i

and for a rational number r = pi'* - - - p;’*, the function is defined as

f(r) = flp)™ - fpr)™,

where ny € Z.

Solution 6.13. Taking x = y in the original equation we get zf(z) = z(f(2))?,
then z(f(x)? — f(z)) = 0 for any real number z. Hence, for z # 0, we have
f(x)? = f(x), so that for every real number z it follows that f(x) =0 or 1.

If for all  # 0 we have f(x) = 0, then by continuity it follows that f(0) =
and then f is identically zero on the real numbers.

If for some xo # 0 it happens that f(xz¢) = 1, then taking xo in the original
equation we obtain o f(y)+vy = (xo+y)f(y), hence y = y f(y) for all real numbers
y. Then, f(y) =1 for all y # 0, and by continuity f(0) = 1, which guarantees that
f is identically 1 on the real numbers.

Therefore, the only functions that satisfy the equation are the constant func-
tions 0 and 1.
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Solution 6.14. (i) We should expect that the period is related to a, then it is a
good idea to iterate the function. By doing it we get

flx+2a) = _ +/f(z+a)— flz+a)?

Since f(z) > ; for all z, then we have f(z) = f(z + 2a) for all z. Hence, f is
periodic with period 2a.

(ii) To find an example observe that f(z) > J for all z and, on the other hand,
the original equation guarantees that (f(z 4 2) — §)2 =flz+1)(1—-flxz+1) <

(;)2, where the inequality follows from the geometric and the arithmetic mean

inequality. Therefore, a possible example is, for n € Z, the function

Fa) 5, if 2n<z<2n+1
€Tr) =
1L, if 2n4+1<z<2n+2.

Solution 6.15. Suppose that the equation has at least one real solution x. Then

m(a+b) =z —al+ |z —bl+ |z +a|+|z+
> |(@ —a) = (@ +)[+|(z = b) = (z +a)| = 2(a + ),

and since a + b > 0, it follows that m > 2.
Conversely, suppose m > 2, then the equation has at least one real solution.
In fact, if we define

f(@) =z —a| + ]z = b[ + [z +a| + [z + ],

observe that f(0) = 2(a+b) < m(a+b) and f(ma+mb) = 4m(a+b) > m(a+0b).
By the intermediate value theorem?”, there exists x such that f(z) = m(a + b).

Solution 6.16. Without loss of generality we can assume that f(0) = 0, since the
function g(x) = f(z) — f(0) satisfies the equation and g(0) = 0.

Taking y = 0 in the equation, we have f(2?) = zf(z). Using this last equation
and taking y = 1, we get x f(z) — f(1) = (x +1)(f(x) — f(1)), hence f(z) = f(1)z.
This means all functions that satisfy the original equation are of the form f(x) =
f(D)z + £(0). It is easy to check that the affine functions f(x) = max + b satisfy
the equation.

27See [21].
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Solution 6.17. Taking = y = 1 in the original equation, it follows that f(1) —
f(1) =2, then f(1) = 2. Now, if we let y = 1, we get f(z)f(1) — f(z) = x + glc,
then f(z) =2+ . And it is clear that f(z) =2 + | satisfies the equation.

Solution 6.18. (i) In Example 6.2.2 we proved that these functions are injec-

tive. As we have seen in the example, taking z = y, leads to f(xf(z)) = 22, in

particular f(f(1)) = 1. Taking z = f(1) in the last equation, gives us f(1)? =

FUFFf() = f(f(1)) = 1, hence f(1) = 1. Letting y = 1 in the original
equation we obtain f(x) + f(f(z)) = 2z.

If z > 0, taking © = zf(z) and y = i in the functional equation, we get

r(arer (1) (Lreren) =2er

Then, using f(zf(z)) = 22, it follows that

r(erer (1)) = s,

but since f is injective, it follows that f(z)f (i) =1.
If now we take x = z, y = i in the original functional equation, we get

(e (1) (Lre) =2

but since f (i) !, then

ON
(i) = (72) =

Since f(z)f (1) =1, it also follows that

f(ffz))'f(f(;))l’ then f(ffz))f<f<§))1

and again the injectivity of f guarantees that f(z) = z.

(ii) In Example 6.2.3, we proved that these functions are surjective. Then, there
exists a number z( such that f(zp) = 0. Letting « = z( in the original equation,
we obtain f(y) = 2z + f(f(y) — o), therefore if we make z = f(y) — xo we get
f(z) =z — .

Hence, the functions that satisfy the equation must have the form f(z) =
z + ¢, for some constant c.

Solution 6.19. First note that 2 must not be in the image in order to consider the
quotient ;gg:g If for some z, f(z) =1 then f(z+a) = ~2 =2, hence 1 is not in
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the image either. Now, observe that

fle+a)=3 _2f(z)-3

f(erQa):f(ac—i—a)—Q = fla) -1
_ _ fx+2a)-3
f(a:+3a)—f(x+2a+a)—f(x+2a)72—f(l’)-

Then, f(x) is periodic of period 3a.

Solution 6.20. Let T be the period of f. Suppose that T' = Z, where p and q
are relatively prime positive integers. Then, ¢7° = p is also a period of f. Let
n = kp+r, where k and r are integers and 0 <r <p— 1.

Then f(n) = f(kp+7) = f(r), and f(n) € {f(1), f(2), ..., f(p—1), f(p)}, for
all positive integers n, which is a contradiction with the fact that {f(n) | n € N}
has an infinite number of elements.

Solution 6.21. Letting x =y = 0, we get

_2/0)
o= e

which makes sense if f(0) # +1. Then f(0)® + f(0) = 0, hence f(0) = 0.
Now take g(z) = arctan f(x), then tan g(z) = f(z) which is well defined for
€ (—1,1). Substituting in the equation (6.7) we obtain

tang(z +y) = fantif;(;;?;ng;g) = tan(g() + g(y))-

The last equality follows from the tangent formula for the sum of two angles. Now,
apply the inverse tangent function on both sides of the equation to obtain

g(r +y) = g(x) + g(y) + k(z,y)m,

where k(z,y) is a function that only takes integer values. On the other hand, since
f(0) = 0 we have g(0) = 0 and then k(0,0) = 0. But since k is a continuous
function, k(z,y) = 0 for all z, y € R, we get the equation

glr +y) = g(x) +g(y),

which is the Cauchy equation whose continuous solution is g(z) = ax. Hence, the
solution of equation (6.7) is the function f(z) = tanaz.

Solution 6.22. Since

tanu + tanwv ¢ ( " )
= tan(u + v
1 —tanutanv ’
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we can take = tanu and y = tanv with xy # 1, which is true if and only if
tanutanv # 1, that is, u — v # 7. The equation becomes

f(tanu) + f(tanv) = f(tan(u + v)),

then f otan is additive and continuous, therefore f(tanwu) = cu, which implies
that f(z) = carctanz.

Solution 6.23. The function f(z) = —1 is a solution of the functional equation. If
now we define g(z) = f(x) + 1, substituting we get

glr+y)—1=g(x) —1+9g(y) — 1+ [g(z) — 1][g(y) — 1]
=g(x) —1+g(y) — 1+ [g(x)g(y) — g9(x) — g(y) + 1]
=g(x)g(y) — 1.

Therefore g(z) satisfies the Cauchy equation g(x +y) = g(x)g(y) and then g(z) =
a®, with a € R and f(z) =a® — 1.

Solution 6.24. Suppose that there exists a function that satisfies

f(f(n)) =n+1. (10.9)

Applying f to both sides of the equation, we obtain f(n+ 1) = f(f(f(n))) =
f(n) + 1. Let us see by induction that f(n+1) = f(1) 4+ n.

The case n = 1 is obvious, since f(n + 1) = f(n) + 1 and after substituting
n=1, weget f(1+1)= f(1)+ 1. Suppose the result true for n — 1 and prove it
for n. Since it is true for n — 1, the following holds:

fn+1)=fn)+1=f((n-1)+D)+1=(f1)+n—-1)+1=f(1)+n,

then f(n+ 1) = f(1) + n for all n € N. From this last equation and by equation
(10.9), we get

n+l=f(f(n)=fn)—1+f)=n—-1+f1)—-1+f1)=n—-2+2f(1).

Thus f(1) = g, which is a contradiction, since the image of f are the natural
numbers. Therefore, no f exists that satisfies equation (10.9).

Solution 6.25. If z > 2, then f(z) = f(x —2+42) = f((xr — 2)f(2))f(2) = 0, this
together with (iii), implies that f(z) = 0 if and only if z > 2. For 0 < y < 2,
we have f(y) # 0 and 0 = f(2) = f2 -y +y) = f((2-v)f(y)f(y), then
f((2=9)f(y)) =0, hence (2 —y) f(y) > 2.

Takingx:ffy),wegetf(x—i—y) flefw)fly) = f(2)f(y) =0, then z+y > 2,
but this implies 2 > (2 —y) f(y). Since (2 —1y)f(y) > 2, then (2 —y)f(y) = 2, that
is, f(u) = sz for 0 <y < 2.
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Hence,

f(y): 2Ey7 fOI’OSy<2
0, fory>2.

It is not difficult to see that f satisfies the conditions of the exercise.

Solution 6.26. It is clear that f(x) = 0 and f(z) = 1 are solutions; let us see that
there are no other solutions.
Taking z = y = 0 in the functional equation, it follows that f(0) = [£(0)]?,
then either f(0) =0 or f(0) = 1. Let us analyze the two cases:
(i) f(0) = 0. Letting y = 0 in the functional equation, we get f(z) = f(x)f(0) =
0, then f(z) =0 for all z € R.
i) f(0) = 1. First, we will see that f(z) # 0 for all z € R. Letting z = y in
the original equation, we obtain 1 = f(0) = f(2z)f(z), then f(x) # 0 for all
z eR.

Substituting = and y by 2u and u, respectively, we obtain f(u) = f(3u)f(u), since
f(w) # 0, then f(3u) = 1. Finally, letting 3u = x, we get f(z) =1 for all z € R.
Therefore the only solutions are f(x) =0 and f(z) = 1.

Solution 6.27. By Theorem 6.5.4, for a function f we have

A" f() Z(1)k(z>f(x+nk) when h = 1.

k=0

Moreover, by Example 6.5.3, if P(z) = ap+a1z+- - -+a,z"™, then A"P(z) = a,n!,
when h = 1.

Consider f(z) = P(z) = (n — x)™. The coefficient of 2™ in this polynomial
is (=1)", then (—=1)"n! = A"P(z) = Y;_,(=1)*(})(k — 2)". Therefore, letting
z = 0 in the last equation, we get

i(_u’%" (Z) = (=1)"nl.

k=0

Solution 6.28. We prove that the function f is injective. If f(n) = f(m), then
FUF ) + f(f(n) + f(n) = fF(f(f(m))) + f(f(m)) + f(m), hence 3n = 3m,
that is, n = m.

Evaluating in n = 0, it follows that f(f(f(0))) + f(f(0)) + f(0) = 0, then
fUF(£(0))) = f(f(0)) = f(0) = 0.

It is evident that f(n) = n satisfies the equation; let us see that it is the
only solution. By induction suppose that f(k) = k for 0 < k < n. Since f is
injective, f(n) cannot take any of the values 0, 1, ..., n — 1, then f(n) > n and

also f(f(n)) = n and f(f(f(n))) = n. Thus, f(f(f(n))) + f(f(n)) + f(n) = 3n.
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By hypothesis, the equality must hold, then f(f(f(n))) = f(f(n)) = f(n) = n,
which proves that f(n) =n, for alln € NU{0}.

Solution 6.29. Let us prove that f(z) = x. First, note that f is injective because
if f(x) = f(y), then
hence z = y and f is injective. Now, let us see that f is increasing. Suppose that
there exist 21 and x2 such that z1 < 22 and f(x1) > f(x2); since f is continuous
in [0, 21], then by the intermediate value theorem?® there is ¢ € [0, 2] such that
f(e) = f(z2), which is a contradiction, since f is injective.

Now, assume that < f(x), then

fl@) < f(f(@) = f(z) < < fM(2) =,

which is a contradiction. Similarly, if we suppose that x > f(x) we reach another
contradiction, therefore f(x) = x is the only function that satisfies the conditions.

Solution 6.30. Note that f is injective. If for all z,y € R we have that f(x) =
f(y), then f™(z) = f™(y), hence —x = —y. Also, f is surjective because —x =
FH(@).

Since f(—z) = f(f™(z)) = f™(f(z)) = —f(z), we have that f is odd, there-
fore f(0) = 0.

But if f is bijective and continuous, then it is monotone. Let us prove that
f cannot be increasing. If x < y implies that always f(z) < f(y), then —z =
f™(x) < f*(y) = —y, and y < z, which is a contradiction. Thus, if f is decreasing,
then z and f(x) should have different signs for  # 0 (note that = > 0, implies
that f(z) < 0, and = < 0, implies that f(z) > 0). Then, for x # 0, 2 f(z) < 0 and
then z, f(z), f2(x), ..., f*(z) alternate signs, but if f*(x) = —x, then n is odd.

Let # > 0 and assume that f(z) > —z. Since f is decreasing and odd, we
have

f(f(@) < f(=2) = —f(z) <=,
again, since f(z) < —f(f(z)), being decreasing and odd

F(f (@) > f(=f(f(2) = =F(f(f(2)))-

Continuing in this way, we get
x> —f(x) > fAz) > —f(x) > > —f(2) =z,

which is a contradiction, therefore f(z) < —z.

Similarly, we can show that for > 0 it is not possible that f(x) < —z. Then
f(z) = —x for x > 0. Now, using that f is odd, we conclude that f(z) = —z, for
all z € R. And f(z) = —x satisfies the functional equation.

=

28See [21].



10.7 Solutions of Chapter 7 239

10.7 Solutions to exercises of Chapter 7

Solution 7.1. Proceed by induction. For n = 1, we have a1 = 1 < Z and for n = 2,

we have ag =3 = ‘112 < ‘112 = (1)2, which proves the induction basis.
For n > 2, suppose the result valid for n — 2 and n — 1, that is, a,—2 < (Z)ni2

and ap—1 < (Z)nfl. By direct calculation and using the induction hypothesis, it
follows that

Ap = Ap—1 + Ap—2
B 7 n—1+ 7 n—2 B 7 n—2 7+1 B 7 n—2 11
4 4 - \4 4 - \4 4
(7 "TPrag\  (T\"
4 16) \4) °
Solution 7.2. Adding 2" to both sides of a,, = 3a,—1 + 2", we get a,, + 2" =
3an_1+3- (2" Y = 3(an_1 + 2771, for all n > 2. Setting b, = a, + 2", we

obtain b, = 3b,_1 = --- = 3" 1b;. Since by = a1 +2 = 1+ 2 = 3, it follows that
b, =3""1.3 = 3", hence a, = 3" — 2"

Solution 7.3. Since a,+1 =1+ ajaz...a,, it follows that ayas...a, = any1 — 1,
then ajas...an—1 = a, — 1; hence ap+1 — 1 = (an, — 1)(a,) > 0, therefore

1 1 1 1

ni1 — 1 - (an — D(an) an—1 ap

Finally, we get

1 1 1 1
+ -+ =1+ 4+ .o+
a1 an, as Qnp
. P !
o a—1 az—1 an—1 apgy1—1
=1+ ! 1 =2 1 <2
o (127]. an+171 - an+171 '

Solution 7.4. By definition a,41a,—1 = a2 + 1. Consider a,2a, = a%H + 1. If
we subtract from this last equation the original identity, we get

2 2
Up+4+20n — An410n—1 = Gyp i — Ay,

which can be rewritten as a,(ant2 + an) = @nt1(ant1 + an—1). Therefore,

An+42 + an o An41 + Ap—1

Anp+1 (079
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Ant1+an—1
a

Now, the sequence b, = with n > 2 is constant?® and since

2
as+1
as+a +a1
by = 2T @ = 3,
as as
it follows that a"“{j‘“"*l = 3, then an4+1 = 3a, — an—_1, for every n > 2. Now,
the principle of mathematical induction helps us to conclude that every a,, is an

integer and the original equation implies that each a,, is positive.

Solution 7.5. We have as — a1 > 1 and anq2 — ant1 > (apt1 — ap) + 1, where the
second inequality follows by applying the condition to (n,n+1,n+1,n+2) for all
n. By induction, it is possible to show that a, 11 —a, > n for all n > 1. Therefore,
Gn4+1 > N+ ay and a1 > 1, and again by induction we have a,, > %(n2 —n+2).
Since the sequence a,, = ;(n? —n + 2) satisfies the conditions of the problem (the
condition a; + a; > a;j + ay in this case becomes i + 12 > j2 + k?, where we take
i=d—y,l=d+y,j=d—z, k=d+z, with 0 <z < y), the smallest value of

a2008 is 2015 029.

Solution 7.6. Note that a; = 1 — ag implies that ag =1 — a;.

Now, as = 1 —a1(l — a1) = 1 — ajap, and then by induction we have a, =

1-— apay ...0np—1- That iS,
py1=1—an(l—ap)=1—an(ag...an-1)=1—ag...an—10ay.

The proof is finished using induction. For n = 0, 1 the identity follows immediately.
Now suppose the statement holds for n and consider

(ao...an+1)<a1 oy ¥ )

0 An+41
1 1 1
=(ag...an) 4+ apt1+ (ag- .. any1)
ap A An+1

=Gn+1+ag...a, = 1.

Solution 7.7. For n = 0, we have 2% = yo + 2. Now, use induction. Suppose that
&7 = yr + 2 and prove that 27, = yr41 + 2.
Indeed, 7, = (2} —3x1)* = (27)® —6(27)? +9(x3). Using the induction hypoth-
esis, we have

Thor = (e +2)° —6(yr +2)° +9(yk +2) =y — 3yr +2 = yp1 + 2.
Solution 7.8. For n = 1, we have 1 + 4ajas = 1 + 4(1)(12) = 49 = 7%. Now, we
use induction to show that for n > 2, we have

1+ 4anan+1 = (an-‘rl + an — an—1)2-

That is, for n = 2 we get 1+ 4asasz = 1+ 960 = 961 = 312, and (ag + as — a1)2 =
(20 +12 —1)? = 312

298ee Example 7.1.4.
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For the inductive step, suppose that 1+ 4a, a1 = (ant1 + an — an—1)%.
Note that
(an+2 + Ap+1 — an)2 - (2an+1 + 2an — Qp—1 + Ap+1 — an)2
= (20n+1 + ant1 + an — an71)2
= 4a721+1 + 4an+1(an+1 + an — an—l) + (an-‘rl + an — an—1)2
= 4a,21+1 +4dani1(any1 + an —an—1) + (1 +4anany1)
=dan+12an41 +2an, —ap—1) + 1 =4dapi1an42 + 1,
as we wanted to prove.
Solution 7.9. Note that a; = 2, as < 4, a3 < /4 + 3 - 4 = 4. We show by induction
that a,, < 4 for alln € N. For n =0, 1, 2 and 3, it is clear. Suppose that a, < 4,
then \/4+3a, <\4+3-4=4, and a, 1 <4. Hence, the sequence is bounded by 4.
Solution 7.10. Since a,4+1 = a, + 2 , then an_H a + 3+ a3 + 6 > an + 3.
Since a3 =1+3+3+1>2-3 by induction it follows that al > 3n. Therefore,
a, > ¥/3n and the sequence is not bounded. Moreover, agggg > \/ 27000 = 30.

Solution 7.11. Suppose that all terms of the sequence are rational positive num-
bers, a,, = Z", with (pn,qn) = 1. Then

2
+
p72z+17a72l+1 an+17pn+1:pn Qn’
qn—i—l dn dn

that is, ¢2 1 (pn + ¢n) = Gn - P241- Then, note that g,|¢2,; and ¢2_|q,, therefore
qTQLJrl = g, for all n.

Then, ¢,+1 = (q1)1/2n is a positive integer for all n. This happens only if
¢1 = 1 and then g, = 1 for all n, meaning that a,, is an integer for all n. Now,
if a,, = 1, then a,+1 = \/2, which is a contradiction. Then, a,, > 1 for all n. It
follows that a2, — a2 =a, +1—a2 =1+ a,(l —a,) <0 and ap41 < a, for all
n, that is, we have an infinite decreasing sequence of positive integers, which is a
contradiction. Therefore, the sequence must contain irrational numbers.

Solution 7.12. Tt is not difficult to see that the constant sequences {a,, = A}, the
linear sequences {a,, = Bn} and the sequences of the form {an = C’nQ}, with A,
B, C fixed numbers, solve the recurrence. Then, also the sequences

{an = A+Bn+Cn2}
are solutions. Given the initial conditions, the solutions are {a, =1}, {a, = n}

and {a, = n?}, respectively.

Solution 7.13. Since the sequence is bounded, some terms are repeated infinitely
many times. Let K be the greatest number that is repeated infinitely many times
in the sequence, and let N be a positive integer such that a; < K for ¢ > N.
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Choose m > N such that a,, = K. We will prove that m is the period of the
sequence, that is, a;4.,, = a; for all ¢ > N.

First, we suppose that a;y,, = K for some i. Since a; + a,, is divisible by
Ai+m = K, then a; = K= Aitm -

Now, if a;4m < K, choose j > N such that a;4j1m = K, then it follows that
Qi+m +a; < 2K. Since a;4m + a; is divisible by a;4j+m = K, then a;ym +a; = K
and therefore a; < K. Since ai4j4+m = K, the argument in the previous paragraph
implies that ai;j4+m = ai4; = K, and then K divides a; + a;. It follows that
a; +aj = K, since a; < K and a; < K. Therefore, a;4m = K —a; = a;.

Solution 7.14. The sequence a,, = n! satisfies the given recursion because n(n! +
=1 =nn+1n-1'=n+1).

The number of derangements of n + 1 elements can be found as follows:
Consider the permutations of n+ 1 elements without fixed points; the first element
can be any of the n elements different from the first. Since there are n elements
left, the d,,+1 permutations can be divided into n groups according to which one
was in the first place of the n elements different from the first. The groups have the
same number of elements. Take one of the groups, say the one where the second
element was in the first place.

The permutations are divided in two, when 1 goes to 2 and otherwise. In the
first case, there are d,,—; derangements and in the second 1 is moved to any place
different from 2 and the rest will move freely to a different place from the first,
then there are d,, such permutations, hence d,,+1 = n(d,, + dy—1)-

The sequences are different since the first terms are not equal, that is, dy = 1,
di=0and ag =a; = 1.

Solution 7.15. (i) Note that
dn - TLdn,1 = *(dnfl - (n - ]-)dan) = (dn72 - (TL - 2)dn73) =
(1) 2(dy — 2d) = (1) 21— 20) = (—1)"

(ii) A direct application of the formula in Example 7.2.4, leads to

dpn=n(n—1)---2-d; —l—in(n— D (G+2) (1) 4 (=)™

Jj=1

VA CS ) e LR C 0
n( I )

n!
n!

2! 3! n!

=n! (1 + (-1)! + (-1)? I (1)") .
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Solution 7.16. The characteristic equation of the recursion is 2 — 2 —1 = 0 which
has roots r = 1+2\/5 and s = 1_2\/5. The solutions of the equation have the form
Lo=a(0) +B (1)

Since 1 = Ly = 455 + V(A-B) and 3= Lo = A (1+2V5)2 +B (1—2¢5)2,
then A =B =1, hence L, = (1+2\/5)n + (1_2‘/5>n, for all n.

Solution 7.17. If by > 0, then by = 1j’_°b0 > 0 and by induction b,, > 0. Consider

ap, = bln; the recursive equation takes the form a1 = a, + 1, which has as a

solution the sequence a, = ap+n. Then b, = | fgbo is the solution of the equation.
Solution 7.18. Notice that
1 1 1
Ap4+3 = - 1 - 1 = Qp.
1- An+-2 1- 1—ani1 1-— 1— 1*1‘171
Solution 7.19. Suppose that a, = bzzl, then the recursion takes the form b, o =

4b,, ;1 —4b,, which is linear of order 2. Its characteristic polynomial is \2—4\+4 = 0,

which has as unique solution A = 2. Then, b,, = (4 4+ nB)2"™ for some numbers A

_ (A+(7L+1)B)2"+1 _ (A+(n+1)B)2
and B. Hence a,, = (AtnB)2n (A+nB)

Clearly a,, converges to 2.

is the solution of the equation.

Solution 7.20. By Proposition 7.2.13, it is enough to observe the following in-
equalities, where we use the fact that a1 < 2ay, for k=1,2,...,n,

An+1 S 2an =an + an

S an + 2an71 =0np+ ap-1+ An-1

Sap+an—1+--+azx+2a
=an+an_1+---+azx+a;+1.

Solution 7.21. Denote the sequence by {p, }; prove that p,+1 < 2p,, for any n > 1.
For n = 1 it is immediate, since 2 = py = 2p; = 2. For n > 2, we use Bertrand’s
postulate®’, which says that given an integer m > 1, there exists a prime number
p such that m < p < 2m.

For p; with & > 2, it follows, again by Bertrand’s postulate, that there exists a
prime number p with px < p < 2pg. But this prime number is greater than or
equal to the prime number after py, that is px+1 < p. Then, pr1 < 2pi and then,
using the previous exercise, we have the result.

30See [15].
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Solution 7.22. Let aq, ao, ..., a, be the integer weights of each of the golden
pieces and suppose that a; < as < --- < a,. By hypothesis,

ar+az+---+a,=2n and a, <ar+az+--+an_1.

Ifa, =a; +as+ - -+ a,_1, we are done. Case a; > 2 is clear since a; > 2 for all
i, and the condition a1 + as + - - - + a,, = 2n, implies that a1 = as = --- = a, = 2.
Since n is even, we can perform the required partition.

Now, suppose a1 = 1 and a, < a1 +as +---+ an_1, then

ap, <l4+ai14+as+---+an_1.

Then, it is enough to show that ax+1 < 1+ai14as+---+ag, fork=1,2,... ,n—2.
Suppose that the previous statement is not true, that is, let agy1 > 1+ a1 + a2 +
--+ay for some k € {1,2,...,n—2}. Then ag+1 > k+2, and a; > k+2 for every
i=k+1,k+2,...,n. Moreover, we know that a; > 1 for ¢ = 1,2,...,k, then

Mm=ay+ag+-+a, >k+n—k)(k+2) =—k*+(n—1)k+2n.

This implies that k2 — (n — 1)k > 0, therefore k¥ < 0 or & > n — 1, and both
contradict that k € {1,2,...,n — 2}, and so the result follows.
Now, to make the division follow the ideas of the proof of Proposition 7.2.13.

Solution 7.23. It is possible to show by induction that 1 < a, < 2 and that
Gp > ap41, for all n > 1. Therefore, the limit of the sequence is equal to some

number L (see Theorem 7.4.7) which satisfies L = /L, hence L = 1.

Solution 7.24. (i) Observe that

" /1 1 1 1 1 1 1 1
( — ): — _|_ — ++ _
=0

i ai  Qit1 ap a1 ar a2 an  Gn41
ap — ao a2 — a1 Gp41 — An
Gp ai a1 a2 An41 Gn
d d d
= + 4.+
ap a1 a1 a2 An41 An
n
1
=d E .
a; a;
i—0 7 W41

On the other hand, the series Y. (! — a_lﬂ) is telescopic, hence

" /1 1 1 1 1 1 1 1 1 1
Z — — — + — + .o+ _ — —
i—o \di Gitl o a1 a1 a2 an ao

=0 Qq Q41

Therefore, > o= ( 1 _ 1 )
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(ii) Observe that

i( 1 1 )
i—0 AiQi41 i1 42

1 1 1 1 1
— + PPN

1

ApAp+1 Ap+10n+2

apay a1a2 a1a2 aza3
az — ag as —ay Ap+2 — Qp
= + + -+

Gp a1 a2 a1 az as A Ap41 Gn42

2d 2d 2d - 1
= + ot =2d (Z ) .
Qo a1 az ai a2 ag i—0

An An41 Gn42 AiA54-1G542

On the other hand, the series Y., (avalv+1 - a-+11a'+2> is telescopic, then

z’”‘:(1_1>:1_1

i—o \Aili+1  Qit+10it+2 aoa1  An410n42

1=0 a; aj+1 ait2 2d

apai An+410n+2

Therefore, > ! =1 ( ! L )

(iii) Since a1 =ag+d, az =a1+d=ap+2d, ..., ant1 = ap+ (n+1)d, it follows
from part (i) that

i Lo (e 1 1
P a;a;r1  n—ood \ag ag+(n+1)d)  dag’

(iv) Since a1 =ap+d, as =a1+d=ap+2d, ..., ant1 = ap+ (n+ 1)d, we have
from part (ii) that

= 1 1 1 1 1
= lim — = .
; A;A51-1 Q542 n—o0 2d (a0a1 (ao + (TL + 1)d)(a0 + (TL + 2)d)) Qdaoal

Solution 7.25. Use the recurrence formula for the Fibonacci sequence in order to
obtain the following equalities:

. Nt fn Oofn+1fnloo< 1 _ 1 )
(1) ;fn—lj‘n-&-l n; fn—lfn-i—l .,;2 f"_l fn—i—l

_hm(1+1_1_ 1 )_1+1_2
CNooo\fi fo v fnai) A 2 T
11 N 1 — = f”l _ S fn-‘rl_fn—l
(11) 7;2 fnflfn+1 B 7;2 fnflfn N ngZ fnflfnfn+1

fn+1

= 1 1 1 1 1
- _ — i - - — 1.
2 (fnlfn fnfnﬂ) N5 <f1f2 foN+1) At
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Solution 7.26. In step 0, the equilateral triangle has perimeter 3. In step 1, the
curve is formed by 4 - 3 segments of length ;, then it has perimeter § -4-3. In

step 2, the curve is formed by 42 - 3 segments of length 312. Then its perimeter is

L .42 .3. In general, in step n the curve has perimeter P, = Sln 4.3 = 332.

n

In this way, lim,, oo P, = lim, o 33,1 = 00, since P, is a geometric progression
with ratio r = é > 1.

The equilateral triangle of side 1 has area equal to ‘f’. In step 1 the curve encloses
an area equal to the sum of the area of the original triangle and the area of the
three equilateral triangles of sides 51)), which are constructed on every side of the
original triangle. That is, A1 = \f’ +3 (‘{13 : 312>.

1
9

then Ay = \4/13 +3 (‘f’ . 312) +4-3 (‘{f’ . 314). In general, A, = 43 +3 (‘f’ . 312) +
V3.1 n—1 V3.1
L () et (L),
Notice that we can write 4, = ‘f’ (1 + :1)) (1 + g + 32 + - g::)) In this
way, we have that the sum inside the second parenthesis is the sum of a geometric
progression with ratio r = 3. Therefore, lim,,_ o A, = \f’ (1 + é <1E4 )) =
9

Py -

In step 2 another 4 x 3 equilateral triangles of side ; are added to the structure,

Solution 7.27. (i) For n > 1, it follows that 2,1,1+j > L, forall j=1,2,...,2"

Since the inequality is strict for j # 2™, we have

1 1 1 2" 1

2n+1+2n+2+'”+2n+1 > on+1 72

(ii) The sum can be written as

T S i (I
n n+1 n2 n n+1 2n

+
1 1
+((n1)n+1+.“+n2>'
Since kn1+1 + -+ (k+11)n > (kﬁ)n = k}rl, for each K =2,3,...,n — 1, we have
L VT S TS S S
n n+l n2 -~ n 2 3 n

Y

3=

In order to reach the conclusion, observe that for n > 2, 711 + % + é 4+ -+
sTste=1
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(iii) Simplifying the inequality ' + !+ _IH > 3 we see that it is equivalent to

n? — 1 < n?, which is always true for n > 1.
1

(iv) Frompart(i),wegetl—i—%>§,é+}l>§,5+-~-+é>2,...

1 1 1
2n+2+"'+2n+1 > chen

1 1 1 n+1
1
+2+3+ +2n+1> 5

hence we can conclude that the harmonic series is divergent.

Solution 7.28. Use Abel’s summation formula to obtain

n—1

Zk“l SR~ (kDA gt g A n (g

k/.i
—1
1 n_q
2:2k+1 ( >+n2<q )
P q—1 q—1
n— 1
B B " =1 2 (q" -1
- 2§:k+1< 1>+n<q_1>
k=1
1 n—1 —
_ k
_q1<2h-4>— (Zﬂ+1q—n>
k=0 k

2 (4" —1
o (q—l)
q" —1 n 2 . n(n+1)
- — - kgt —
(¢—1 q-1 q—1<,;q 2
2 (4" —1
o (ql)'

Using Example 7.3.5, we can see that equation (10.10) is equal to

-1 2 (nq” q”l) <n+n(n+1)+n2(q”

(g—1)2 g—1\g—1 (g—1)2 q—1

2(¢"—1) (1-2n)¢" -1 n?g"

(g1 (g-12 Tg-1

Therefore,
Zk2 k1 _ 71)+(172n)q”271+n2q".
q—l) (¢—1) q—1

+ qnfl)

(10.10)

1))
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Solution 7.29. Observe that

oo o
g n(n— 1)z E nlz" — E nx”.
n=0 n=0

Now, use Examples 7.3.3 and 7.3.4, to obtain

2

;n%gniz n—lx +Znsc 17:17) +(1j;x)2.

n=0

Solution 7.30. In order to prove (i), (ii) y (iii) use the fact that the series are
geometric series with ratios 3 ;1 and ;, respectively. Then, their sums are equal
to ,_,., where r is the ratlo

(iv) Use Example 7.3.3 to obtain Z on = 2.
n=1

(v) Use Exercise 7.29 to prove that

= _2(3)° 3 s 4
o= + =_+_ =6
;2 ) ) 2 2

10.8 Solutions to exercises of Chapter 8

Solution 8.1. The product of the coefficients of the polynomials is

4 2 71
2 1 8
32 16 56 8
4 2 7 1
8§ 4 14 2

8 8 48 25 57 8

Therefore, the product of the polynomials is R(z) = 8x° + 8x% + 4823 + 2522 +
57z + 8.

Evaluating in # = 2, we have P(2) =4-234+2.22+7-2+1 =155 Q(2) =
2.224+24+8=18and R(2) =8-2° +8-2* +48.2% 4+ 25.22 4 57-2 4+ 8 = 990.

Solution 8.2. Each factor of P(z) is a geometric progression, then

Pax)=1-z+4+2* - +2"0 + 2422+ +2')
_ ((—,CC)IOl—l) <$101_1) _ (.’L'101+1> (x101_1>
—x—1 z—1 r+1 z—1
<$2)101_1 200

— _ 2
= 2 =1+z"+---+z
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Solution 8.3. Apply the division algorithm to obtain H(z) and R(z), then
2 —52% + 1= (2° —2* + 2% — 227 + 32 — 9)(2® + 2® + 1) + 112% — 3z + 10.

Hence H(z) = 2° — 2* + 23 — 222 + 3z — 9 and R(z) = 1122 — 3z + 10.

Solution 8.4. Let P(x) = na"t! — (n + 1)a™ + 1, evaluating in z = 1, P(1) =
n—(n+1)+1=0, that is, z = 1 is a zero of P(x), then x — 1 divides P(x). In
fact

Px)=(z—1Dna™ —a" ' — . —x —1).

If Q(z) =na™ —a" ' —2" 2 —... —x — 1, then Q(1) = n —n = 0 implies
that z — 1 divides Q(z), hence (z — 1)? divides P(z).

Solution 8.5. It is clear that P;(x) = 1+ « has as the only root —1 and P»(x) has
roots —1 and —2. By induction, we will see that the roots of P,(z) are —1, —2,
.., —n. Suppose that P, (z) has roots —1, —2, ..., —n, then

(w+1)(x+2)'~(x+n).

Pu(w) = n!
Hence,

Poii(x) = Po(z) + z(x+1)(x+2) (v +n)

(n+1)!
_ (x+1D)(z+2) - (x+n) +x(w+1)(x+2)-~-(az+n)
n! (n+1)!
_ 2+ D)(z+2) - (z+n)n+ D) +z(z+1)(z+2) - (z+n)
(n+1)!

(z+1)(xz+2)---(z+n)(z+n+1)

B (n+1)! ’
which shows that the roots of P,q1(x) are —1, =2, ..., —(n + 1).

Solution 8.6. Since P(0) = 0, then P(1) = P?(0)+ P(0)+ 1 = 1. Now, evaluate in
x = 1, the identity P(2?+x+1) = P%(z)+P(x)+1 to obtain P(3) = 3. Evaluating
in z = 3, we get that P(32+3+1) = P?(3)+ P(3) +1 =9+3+ 1 = 13, then
P(13) = 13.

Now, if we define x,+1 = 22 + 2, + 1 and P(z,) = xp, then P(z,41) =
P22 + 2, +1) = P*(z,) + P(zy) +1 = 22 + 2, + 1 = x,41. This process
constructs an infinite number of fixed points of P(z) which are different, since
Tpt1— T, =22 +1> 0. But a polynomial cannot have an infinite number of fixed
points unless P(z) = z.
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Solution 8.7. Let P(z) = apx™+- -+ a1z +ap be a polynomial with ag # 0. Since
() = () e O) e (D) +)
z"P z" | ap + Ap_1 4+ Far + ag
x x x x

= ap+an 12" a2 g,
we have 2™ P (i) = P(x) if and only if a,, + ap_12" "t + -+ + a12" " + aga™ =
Az + ap_ 12"t + ...+ a1x + ag if and only if the “complementary coefficients”
are equal, that is, a; = a,—;, forall: =0,...,n.

Solution 8.8. Use the previous exercise to see that P(—1) = 0, then P(x) =
(x +1)Q(z), for a polynomial Q(x) of degree n — 1. Since

(@ +1)Q(x) = P(z) = 2" P <;) — <i + 1) Q (;) ,

it follows that Q(x) = 2" 1Q (i) Hence, using again the previous exercise, it
follows that Q(x) is reciprocal.

Solution 8.9. A reciprocal polynomial does not have 0 as a root, since a,, = ag # 0,
then a # 0. Since a™ P (}1) = P(a) =0, it follows that P ((11) =0, then }1 is also a
zero of P(x).

Solution 8.10. If n is odd, it follows that 22?2 4 22"~4 4+ ... + 2% 4 22 + 1 can be
factored as (2"t 2" 24" S 4 4 1) (@ — 22 4 a3 a1 ),
which proves that the polynomial in the left is divisible by 1 + 2 + --- 4+ 2™~ L.

If n is even, —1 is a root of 1 + « + 22 + --- + 2”1, but it is not a root
of 1+ a2+ az*+ - +2? 2 Then 1 +2? + 2* + --- + 22”2 is not divisible by
l4+z4a?+-+a" L

Solution 8.11. Suppose that n > m. Recall that Euclid’s algorithm is used to find
the greatest common divisor of (m,n), in the following way:
n=ms; +nr

m =r7r152 + T2

rj—1 =1;5j+1 + 0,
with 0 <r; < r;—1 and 7o = m, hence (m,n) =r;.
Notice that
:17” _ 1 _ I7TLS1+7'1 _ 1
=" (@™ — 1)+ — 1

i msy 71 i
::1:,71 <=T >($7n1)+w711’

w?n . 1
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then the division of 2™ —1 by ™ —1, leaves remainder 2" —1, then (z"—1,2™—1) =

(z™ — 1,2™ — 1). Proceeding in the same way, we obtain (z™ — 1,2™ — 1) =
(scm —1,z™ — ]_) = (:17” — 1,2 — ]_) — ... = (:17”*1 — 1,27 — 1) — 2T 1.
Therefore, (z" —1,2™ — 1) = (™™ — 1.

Solution 8.12. The problem is equivalent to finding all pairs (m, n) such that

(zmntn — 1) (z — 1)
(a7t — 1) (@ — 1)

is a polynomial. Notice that 2™ —1 and ™+! — 1 are divisors of £™"+™ — 1. These

factors can only have £ — 1 as a common factor, but by the previous exercise,
(zm+r—1,2"—1) = z(m+11) _ 1 therefore it will be enough to have (m+1,n) = 1.

Solution 8.13. If a is an integer with P(a) = 0, then P(z) = (x — a)Q(x), for
some polynomial Q(z) with integer coefficients, and P(0) = —aQ(0) and P(1) =
(1 —a)Q(1). But if a is an integer, then either a or 1 — a is even, and so one of
P(0) and P(1) is even, which is a contradiction.

Solution 8.14. Counsider the polynomial with roots z, y, z, that is, P(u) = (u —
2)(u —y)(u — z) = u + au® + bu + c. Then, by Vieta’s formulas,

Tyz
a=—-r—y—z=—w, b=xzyt+yz+zx= , c=—xyz,
w

therefore, b = — ¢ = ¢. Hence, P(u) = u® + au® + bu 4+ ab = (u + a)(u* 4+ b), and

w
u = —a = w is a root. Without loss of generality, we can assume that it is z, that
is,  +y + z = z, from where y + z = 0. This last equality implies that y = —z
and, then b = —y?, hence the other roots are y and —y. That is, the roots are

(z,y, —y) and therefore the solutions of the system are the triplets (z,y, —y) and
its permutations, with z,y € R.

Solution 8.15. Since the coefficients of the polynomial are integers, it is enough
to see that it is irreducible over Z[z]. The polynomial has no integer roots, since
a root of 2* — 3 — 322 + 52 + 1 must divide 1, and then it must be 1 or —1, but
P(1) =3 and P(—1) = —5. Or, by Exercise 8.13, and because P(0) and P(1) are
odd, P(x) = 0 has no integer solutions.

Hence, if P(x) can be factored, it must be into two monic quadratic polyno-
mials, as follows: % — 23 — 322 + 52 + 1 = (2% + bw + ¢)(2? + dz + e), with b, c,
d, e integers.

Equating coefficients, it follows that:

b+d=-1
c+e+bd=-3
be+cd=5

ce = 1.
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The last identity implies ¢ = e =1 or ¢ = e = —1. Now, the third identity takes
the form b+d = 5 or b+ d = —5. In any case, these equalities are in contradiction
with the first identity.

Second Solution. It is enough to see that the polynomial is irreducible over Zs|x].
But in Zs[z], the polynomial can be written as x* + 2® + 22 + x + 1. It is clear
that 0 and 1 are not roots of this polynomial, then if it is reducible it should be
decomposed as the product of two irreducible quadratic polynomials. But the only
irreducible quadratic polynomial in Zs[x] is 22 +x+1, and (22 +z+1) (2% +2+1) =
2t + 22 41 # 2* + 2% + 22 + £ + 1. This completes the proof.

Solution 8.16. Consider the integers zp = n and xgy1 = P(x), for k > 0. If
k =1, the result is immediate. Suppose now xy = xg, with & > 2, and define d; =
Ti+1 — L4 Since di =Ti+1 — T4 divides P(l’H_l) — P(l’l) = Ti+2 — Tij41 = di+1, for
alli =0,1,...,k—1, and since d, = dy # 0, it follows that |do| = |d1| = - - - = |di].

Suppose that dy = d;. In this case dy = dy, otherwise z3 — 29 = —(22 — x1),
then z3 = x; and the sequence of iterates takes the form zq,x1, 22,21, 22,....
Hence it should not exist xx, with k& > 2, that coincides with x(. Similarly, if
d; = dy, for every j, then x; = x¢+ jdo # w0, for every j, which is a contradiction.
Hence dy = —dy, that is, 1 — xg = —(x2 — x1). Therefore xg = zs.

Solution 8.17. Suppose that a,, = 1. If r1,...,r, are the roots, by Vieta’s formulas
it follows that rr3---r2 =1 and

rf+r§+-~+?"i: (7’1+"'+Tn)2*2 Z Tirj :aiil —2ap_2 < 3.
1<i<j<n

The inequality between the arithmetic and the geometric mean guarantees that
R O Y an\‘/rfrguw,% =n.

Both inequalities imply that n < 3.

In the case n = 3, from the eight polynomials of the form 23 + 22 £ 2 + 1,
the only ones that have three roots are 73 — x & (22 — 1) = (22 — 1)(x £ 1). In the
case n = 2, only the polynomials #2 4+ 2 — 1 have its two roots real. In the case
n = 1, the only polynomials are x £ 1.

Solution 8.18. If P(a) = b, P(b) = c and P(c) = a, then P(P(P(a))) = P3(a) = a,
by Exercise 8.16, and P%(a) = a. But on the other hand, P(P(a)) = P(b) = ¢
then ¢ = a, which is a contradiction.

Solution 8.19. Suppose that r1,...,r, are all the roots of P(x) and that all are
real; by Vieta’s formulas it follows that

n
> ri=-2n and Y ;=202 (10.11)
=1

1<i<j<n
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On the other hand, the Cauchy—Schwarz inequality guarantees that (3 ., ri)2 <
S 23T 12 and then — Y7 72 < ~H (S, )% Hence

i=1"1 = n

(&) 1 )

Z rir; = 9 ZTi — 9 Z’I‘i
=1 i=1

1<i<j<n
1 1 i ? 1
<(:- i) =" (~2m)? =2n(n - 1),
2 2n — 2n

contradicting equation (10.11).
Solution 8.20. Calculate the derivative of the polynomial P(z), that is, P'(z) =

322 — 22 — 8, which has roots z = 2 and z = —g. Since P(2) = 0, then 2 is a
multiple root.

Solution 8.21. The fact that P(z) is divisible by (2 + 1)? is equivalent to the
fact that —1 must be a root of multiplicity at least 2 of P(z), that is, P(—1) =
P’(—1) = 0. This is equivalent to

—1l4+a—b+c=0
3—2a+b=0.

Then, the solution’s triplets are (a, b, c) = (¢,2t — 3,t — 2), with ¢t € R.

Solution 8.22. The polynomial of the Lagrange interpolation formula is

n

_ netaptz—1(x—-2)---(z—k+1)(z—k—-1)---(xz—n)
P(“")_;<_1) *2* k(k—1)-(k—k+1)(k—k—1)--(k—n)
RS nekepZ@—D(x—=2)---(z—k+1)(xa—k—-1)---(x —n)
’kg(*l) 2 k! (n — k)! '
Then,
P(n+1)

(_1)n—k2k(n+1)n"-(n+1_(k_1))(n+1_k_1)-~-(n+1—n)

. (n+1)! n—
(=12t k:!(n—k:)!(nﬁ—l—k:):k;(il) L by

(—1)nF ok <”Z 1>.

bl =
[[= 1=
fen) [e=]

I
M=

el
Il
=)
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On the other hand,

n+1 n+ 1
1= (2 _ 1)7L+1 — Z ( k ) Qk(_l)n-‘rl—k

k=0
= —P(n+1)+2"h

Therefore, P(n + 1) = 2"+ — 1.

Solution 8.23. (i) First observe that x € [—+/5,/5], since the left-hand side is
non-negative. Squaring both sides of the equation and rearranging, we get

r* —102% + 2+ 20 = 0,
which can be factorized as
(2 + 2 —5)(2? —2 —4) =0.

Then, 22 + 2 — 5 = 0 or 22 — 2 — 4 = 0. The solutions of these equations are, for

the first ;2 = é (—1 + \/21) and for the second x34 = % (1 + \/17). Only two

of them are in the interval [—+/5, /5], and therefore the solutions of the equation

are é (71 + \/21) and é (1 — \/17).

(ii) As in the previous part, squaring both sides of the equation, it follows that
$4—2a$2+x+a2—a20,

which is a quadratic equation in a,

a®> — (222 + a+a* + 2 =0.

The discriminant of the quadratic equation is (22 — 1)2, so that the roots of the
equation are a; = 22 + = and as = 22 — z + 1. It follows that,

a> =22+ Da+a* +r=(a—2*—z)(a—2®>+x—1)=0.

Now, solving the quadratic equations 2> + x —a =0 and 22 — 2+ 1 —a = 0,
give us the roots z = 71i‘2/1+4a and r = 1i\/1—;4(a_1). We can show that the
root 71+‘é1+4a is always in [—+/a, v/a] while 717\2/1““ is not. On the other hand,
the root 1+\/1J;4(a71) would be in [—+/a,+/a], if Z < a < 1 and the root z =
1_\/1—;4((1_1) belongs to [—+/a, \/a] only when a > 1.

Solution 8.24. It is clear that z > 0, a+x > 0 and a —+/a + = > 0. Squaring both
sides of the equation leads to

22 =a—+va+x which is equivalent to va+ 2z =a — 22
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Then, a — 2% > 0, and after squaring, it follows that

a4z =(a—x?)?

which is equivalent to the equation P(x) = 2% — 2a2? — 2 + a? — a = 0. In order
to solve this equation, consider a as the variable and x as the parameter, then

a> =222+ Da+a* —2=0.

The discriminant of the equation is (222 + 1)? — 4(2* — z) = (2 + 1)2, then the
roots of the equation are a; = 22 — z and ay = 22 + x + 1. This implies that we
can factorize P(z) as

P@)=(2* -z —a)(z*+z+1—a).

The positive roots of the equation 2

2

—x —a = 0 do not satisfy the condition
—1++/4a—3
2

and xo = 717‘?“73. Only z; can be non-negative, and this happens when a > 1.

a—x? >0, since a — 2% = —x. The roots of 22 +x+1—a =0 are x; =

Solution 8.25. First, observe that x is a positive number. Taking conjugates on
the left-hand side of the equation leads to

2z _ my/x
Ve+vr+yz—vz r+yz

then m is also a positive number. Dividing by /= and simplifying the equation,
gives us (2 — m)\/z 4+ vz = my/x —\/z. Then 2 —m > 0, and hence, after
squaring, (2—m)?(x++/z) = m?(z—/x) which is equivalent to (2—m)?(\/z+1) =

m?2(y/x—1). Solving for \/x, we get \/z = m;(;ffﬁﬂ, hence m > 1 and the solution

= (m2_2m+2)2, for 1 <m < 2.

to the equation is x A(m—1)?

Solution 8.26. From the first equation, we get
& = \/y + 76 — \/y + 11 which is equivalent to z(y/y 4+ 76 + \/y + 11) = 65.

Then,
65

Tr = .
VY + 764y +11

Similarly, we can obtain y = and z =

65 65 :
A T6 /2411 TR Without loss of
generality, we can assume that x < y < z. From these inequalities and since the

function +/z is increasing, it follows that

VE+T6+Ve+11< \/y+T76+/y+11 <Vz+T76+Vz + 11.
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Then, taking inverses and multiplying by 65, it follows that y < z < z. Hence,
x = y. From this equality, we obtain

65 65
v VY+T76+Vy+11 Vo 4+76+ Vo +11 —F

Thus x =y = 2.
Then, in order to find the triplets, we need to find the solutions to the
equation
z (Vo + 76+ vz +11) = 65, (10.12)

where x is a positive real number. Since the function x (\/:c + 76+ vz + 11) is
monotone increasing for positive real numbers, there is at most one solution to
the equation (10.12). Since 5 is a solution, the only triplet that solves the system
is (5,5,5).

Solution 8.27. Consider a, b and ¢ as the unknowns, then we have a system of linear
equations. Multiplying the first equation by x and then by y, next substituting cx
in the second equation and cy in the last equation, we obtain

11

241 b = — 10.1

a(2” +1) —blay +2) = y (10.13)

a(z fz)—b(2+1)*—17 ! (10.14)
Y y =T Ty -

Now, multiply equation (10.13) by y? + 1 and equation (10.14) by —(zy + z) and,
add them. It follows that
22+ + 2241
a(w2+y2+z2+1): Y 7
xz
hence a = le Similarly, we obtain b = ylz and ¢ = Lly Since a, b, c are positive, x,
y, z must have the same sign. Therefore, abc = (xylz)g, hence zyz = + \/1 . That

abc
is, the solutions to the system are

(bac)and<bac>
\/abc,\/abc,\/abc \/abc, \/abc, Vabe '

Solution 8.28. Let Q(z) = 2% + a;2* 1 + agz* 2 + .- + ax_17 + a;, and P(z) =
22 4 px + ¢. Consider the equality

(2% + a1zt + o+ ap)? +pat + a4+ ak) + g
1

—(@+pr+q)f —a(@+pr+¢)* - —ap=0.
Calculating the coefficients of 2, 22F=1 ... 2! 29 we get a system of equations
for a1, as, ..., ag, p, q. It is quite difficult to write this system, and to solve it

even more. However, some useful observations can be made without solving the
system.
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When the polynomials are expanded, notice that the coefficients by, bo, ...,
by of the powers of z2¢=1, 2262 zF are

bl = 2(11 + Rl(p7q) = 07
by = 2a9 + Rg(p,q,al) =0,

bk = 2ak+Rk(p7Q7a17"'7ak71) = 07

where each R; is some algebraic expression in terms of p, q, a1, ..., ag—1. The first
of these equations implies that a1 can be expressed in terms of p and ¢; the second
equation implies that as can be expressed in terms of p, ¢ and a;, and therefore,
only in terms of p and ¢. Similarly, we can conclude that all coefficients of the
polynomial Q(x) that commute with P(z) can be expressed in a unique way in
terms of p and ¢, which is what we wanted to prove.

Solution 8.29. First, let us see that the polynomial Q(z) = P(P(z)) commutes
with P(z). In fact, Q(P(z)) = P(P(P(z))) = P(Q(z)). This polynomial Q(x)
has degree 4 and, by the previous exercise, it is the only polynomial of degree 4
that commutes with P(z). Similarly, it can be shown that the only polynomial of
degree 8 that commutes with P(x) is R(z) = P(P(P(x))).

Solution 8.30. Let S(x) = Q(R(z)) and T'(z) = R(Q(z)). Since P(z) commutes
with both Q(z) and R(x), it follows that P(S(z)) = P(Q(R(z))) = Q(P(R(x))) =
Q(R(P(z))) = S(P(x)). Therefore, P(x) commutes with S(x). Similarly, it can be
shown that P(x) commutes with T'(x). Since S(z) and T'(z) are monic polynomials
of the same degree (if Q(x) and R(x) have degrees k and [, respectively, then S(x)
and T'(z) have degrees kl), by Exercise 8.28, it follows that S(x) = T'(z), that is,

Q(R(z)) = R(Q()).

Solution 8.31. Let P(x) = ax + b and Q(x) = cx + d. The condition P(Q(x)) =
Q(P(z)) implies that acx + ad + b = acz + bc + d, that is, d(a — 1) = b(c — 1), and
from here we proceed by cases.

First, if a = 1, then b(c — 1) = 0, and b = 0 or ¢ = 1. If b = 0, it follows that
P(z) = z and Q(x) = cx + d commute and they have the common fixed point
7511' Now, if ¢ = 1, then P(z) = 2+ b and Q(x) = z+ d, which clearly commute.
Second if a # 1, then d = b(ac:ll) and we have the polynomials, P(x) = ax + b,
with fixed point —afl, and Q(z) = cx + b(ac:ll) with fixed point —afl, if ¢ # 1.
If c =1, then d = 0, hence P(x) = ax + b and Q(z) = x, a case that was already
considered.

It is clear that if P(z) = ¢ + a and Q(z) = x + [, then they commute. Now,
if there is x¢ such that P(zo) = Q(z0) = zo, then P(z) = a(z — z¢) + xo and
Q(z) = b(x — x9) + 9. A direct calculation proves that the last two polynomials
commute, which is the end of the proof.
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Solution 8.32. Notice that
P(Qu(z)) = Po(Qx —a)+a) =P(Q(x—a)+a—a)+a=P(Qx —a)) +a.
Similarly, Qq(P.(z)) = Q(P(xz — a)) + a. Then, P,(z) and Q,(z) commute if and
only if P(Q(z — a)) = Q(P(x — a)), which is the case.
Solution 8.33. The system can be rewritten as
x® + y5 = Jf — 50?02 + 50103 =33
o1 = 3.
Substituting the value of oy in the last equation, we obtain the equation
1502 —5- 2709 +9 - 27 = 33.

Simplifying the equation, we get o5 — 909 + 14 = 0.
The solutions are 0o = 2 and o2 = 7. Now, in order to obtain the values that
we are looking for, we need to solve, for 0o = 2 and o3 = 7, the system

z+y =3 and zy = 0.

Solution 8.34. Define y = /z and z = /97 — z, then the equation can be rewritten
as y + z = 5. We have to solve the system of equations

y+2=95
vt =9T— x4+ 2 =097

Now, y* + 24 = of — 40209 + 202 = 97. Substituting the value of 1, we have to
solve the quadratic equation 202 — 10005 + 5* = 97. The solutions are oo = 44
and o9 = 6.

To obtain the values of y and z, we must find the solutions to the systems of
equations

y+z=>5 y+2=>5
yz = 44, yz = 6.
Solution 8.35. We have
23 +y3 =02 — 30100 =c. (10.15)

a?—b

From the second equation, we have 02 — 205 = b. Solving for o2, we get oo = 5 s

since o1 = a. Substituting in equation (10.15)

2_p
as—Sa(a 9 )zc

a® = 3ab+2c=0.
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Solution 8.36. Substituting the value of 22 in the second equation, it follows that
22 +y? 4+ zy = b2
From the first equation, we get
T+y—a=—z. (10.16)
Squaring both sides leads to
(x+y)? —2a(z+y) +a* =2
(z+9)* —2a(z+y)+a* =y (10.17)
2 +ay +y* - 2a(x +y) = —a®.
Since 22 + y% + 22 = 22 + y? + 2y = b?, substituting in equation (10.17) and
solving for x + y, results in x + y = “2;:’2. Substituting this value in (10.16), we

2 32 . 2_p2)2 2,12 .
getz:az_ab,thatls,wy:(a4ag) andw+y:“2";b.Observe,smcezanda

are positive, that a® > b2. By Vieta’s formulas, x and y are roots of the equation

2+b2 271)22
w2<a o >w+(a 4@2) = 0. (10.18)

But the solutions of equation (10.18) are
2432 2432 2 ( 2_b2)2
e - ()
9 .
Since we are looking for real solutions, the discriminant must be positive, that is

a?+02\°  A(a? - b?)? 1
A ( o0 ) a2 a2 (3a® —b*)(3b* —a”) > 0

wi,2 =

Since 3a? > b2, then 3b% — a? > 0. Hence, 3b> > a? > b?, which means |b| < a <

V3|0l

Solution 8.37. Take oy =z +y + 2, 02 = zy + yz + zx and o3 = xyz. Then

1 1
o1 =a, o09= 2(a2 —b?), o3= 2a(a2 —bv?),
where the third equation was obtained from the given factorization in equa-
tion (4.8).
Solve now,

1 1
ud —au® + _(a® — b*)u — 2@(@2 —-b*)=0

o
(u — a) [u2+ ;(aQ —b2)] = 0.

. 2_ 12 2_ 12
Its solutions are u; = a, us = \/b 5% and uz = —\/b S0
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Solution 8.38. The equation is equivalent to xy + x2y? = 3xy? + 322y, which is
equivalent to zy(1l + zy — 3z — 3y) = 0. If (x,y) = (m,0) or (x,y) = (0,m), then
they are solutions for any integer m.

If xy #£ 0, 1 + 2y —3x — 3y = 0. Since z = 3 or y = 3 does not satisfy the equation,
then we can divide by x — 3 or y — 3. Solving for ¥,

_3r—-1 8

3+

V= a3 7T ooy

so that y is an integer if z — 3 divides 8. Then, x —3 =41,z -3 =42,z -3 =44
and x — 3 = 8. Therefore, z € {—5,—1,1,2,4,5,7,11}, that is, the solutions are
(m,0), (0,m), for any integer m, and

(xz,y) € {(-5,2),(2,-5),(-1,1),(1,-1),(4,11),(11,4),(5,7),(7,5) }.

Solution 8.39. Let &k be a fixed number and consider the solutions of the equation
(a,b), with a, b € N, a > b, and from this set of solutions choose the one for which
a + b is minimum.

If we can show that a = b, then 1+ (11 = ]2“, hence a =
positive integer, k = 3 or 4.

Let us see that b = a in the following way. Suppose a > b and notice that a is a
solution of the equation x'gl + bj;l = k, or equivalently, it is a root of the quadratic
equation 22 — (kb— 1)z + b2+ b = 0. If a1 is the other root, by Vieta’s formulas, it
follows that a+a; = kb—1 and aa; = b*>+b. Hence, a; +b = szb+b. Since a > b, it
follows that a > b+1 so that b > b:”’ = ay. Therefore, the pair (b, a1) is a solution
of the original equation. Since (a,b) is the solution with minimum sum a + b, it
follows that a+b < b+a; = b+ bz;b so that b2+b > a2 > (b—i—l)2 = b%242b+1, which
implies b+ 1 < 0. But this contradicts the fact that b is positive, therefore a = b.

2

=, and, since a is a

Solution 8.40. Consider the case k > 3. Suppose that the integers a, b, ¢ satisfy
equation a? + b2 + ¢? = kabc; then at least one of them is positive, and the other
two are both positive or both negative. In the negative case, we can change the
sign to both numbers to obtain a solution where all are positive. Then, without
loss of generality, suppose that all three numbers are positive.

Now, let us prove that the three numbers are distinct. Suppose that the
previous statement is false, for instance a = b. Then 2a? + ¢? = ka?c, that is,
c? = a?(kc — 2). Therefore, kc — 2 is a perfect square and then there is an integer
number d > 1 such that kc = 2 + d2. Substituting the value of kc in the equation
2a% + ¢ = ka?e, it follows that ¢? = d?a? or ¢ = da. Now, d? = kc—2 = k(da) — 2,
hence 2 = d(ka — d) and this implies d divides 2, that is, d = 1 or 2. In both cases
ka = 3, contradicting the fact that & > 3.

Then, suppose that a > b > ¢ > 1. The triplet (kbc — a,b,c) is also a
solution of the equation 22 + y2 + 22 = kxyz, with kbc — a a positive integer, since
a(kbc —a) = b* + ¢? and a > 0.
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Consider now the polynomial P(z) = 22 — (kbe)z + b* + ¢. The roots of this
polynomial are a and kbc — a, moreover

P(b) = 2b* + ¢* — kb%c < 2b* + ¢ — kb* < 3b® — kb* = (3 — k)b* < 0.

The interval where P(z) is negative is the interval with end points the roots
of the polynomial. Then b is between a and kbc — a, and since b < a, it follows
that kbc — a < b. Hence

max (kbc — a,b,¢) = b < a = max (a,b,c).

Repeating this construction, we obtain a decreasing sequence of positive integers,
which is something impossible, then there are no solutions of the original equation
for k > 3.

Now, let k = 2. Suppose that a? + b% + ¢? = 2abc, where a, b, ¢ are integers.
Since a? + b? + ¢? is even, not all numbers a, b, ¢ are odd. If exactly one of them
is even, reducing modulo 4, we get 2 =0 (mod 4), a contradiction. Therefore, the
three numbers are even, and they can be written as a = 2a’, b = 20’ and ¢ = 2¢/, so
that a’2+b"2+c"? = 4a’b'c’. The last equation is the case k = 4, which has no integer
solutions except (0,0,0), and from this we get (a, b, c) = (2d/,2V,2¢") = (0,0,0).

For k = 3, a solution is (1,1,1) and, for k = 1, consider multiples of 3 to
reduce it to the case k = 3.

10.9 Solutions to problems of Chapter 9

Solution 9.1. Note that b = a®>+2a+1 = (a+1)?> € Qand b > 0, then a = —1+/0.
On the other hand,

a® —6a = (=14 Vb)> — 6(-1+ Vb)
= —1+3Vb—3b+£bVb+ 6T 6V
=5-3b=+ (b—3)Vb.

Since a® — 6a and 5 — 3b are rational numbers, we have (b — 3)v/b € Q. If b # 3,
Vb e Q and, then a = —1 + vb € Q is a contradiction. Therefore b = 3 and then
a=—14+/3.

Moreover, it is clear that if @ = —14-1/3, the numbers a®>+2a = 2 and a® —6a = —4
are rational.

Solution 9.2. First, we make the following substitution to simplify the notation,
a=3/pg?, b= Yqr? and ¢ = ¥/rp2. We have to prove that L= abtbe+tca

abe
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is a rational number. Since abc = pqr is a rational number, it is enough to prove
that ab + bc + ca is a rational number. Notice that

(a+b+c)® =a®+b>+ ¢ +3(ab+ be+ ca)(a+ b+ c) — 3abe. (10.19)

Since a + b + ¢ is a rational number, so is (a + b + ¢)® and clearly a® = pq?,
b3 = ¢r? and ¢® = rp? are rational numbers. It is now straightforward, from
equation (10.19) and since a + b+ ¢ # 0, that ab+ bc + ca is a rational number.

Solution 9.3. Since a = a(2 — a) — a(l — a), we have that the numbers a(2 — a)
and a(1 — a) cannot be both rational numbers, then one of them is an irrational
number; this one will define the number b, that is, b is 2 — a or 1 — a. Notice that
a+(2—a)=2and a+ (1 —a) = 1 are rational numbers, and a(2 —a) or a(1 —a)
is an irrational number (if —a(1 — a) is an irrational number, then also a(1 — a) is
an irrational number).

Similarly, since i = (a + 3) - (a + i)’ the numbers a + 2 and a + i cannot
be both rational numbers; then one of them is an irrational number and b’ is
one of the numbers 2 or i Notice that, ab’ = 1 or 2 is a rational number and
a+b =a+ i or a+ (11 is an irrational number.

Solution 9.4. For each i, there exist among 1,2,...,m, |m/z;] multiples of z;.
None of them is a multiple of z; for j # ¢, since the least common multiple of
x; and x; is greater than m. Then, there exist |m/z1] + [m/x2| +--- + |m/z, |
different numbers in {1,2,...,m}, and these numbers are divisible by some of the
numbers z1, Za, ..., &,. None of these last numbers can be 1 (unless n = 1, and
in this case, the result is immediate). Therefore,

{ZJﬂZJ*'meSm—L

Since ;' < [ "] 4+ 1 for each 4, we have

(1 1 1>
m + 4+ <m+n-1
Tl T2 In

If we prove that n < (m + 1)/2, then

1 1 1 n—1 3

+ 4+ <1l+ < ..

I To In m 2
To prove that n < (m + 1)/2, observe that the largest odd divisors of z1,
g, ..., x, are all different, because otherwise, if two numbers have the same
greatest odd divisor, one of them will be a multiple of the other, which will be a
contradiction to the hypothesis. Therefore, n is less than or equal to the quantity

of odd numbers among 1,2,...,m, and the inequality follows.
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Solution 9.5. Let m = |\/n]| and a = n — m?. We have m > 1, since n > 1. Now,
fromn?+1=(m?+a)?+1= (a—2)?%+1 mod (m? + 2), it follows that the
condition of the problem is equivalent to the fact that (a — 2)% + 1 is divisible by
m? + 2. Since

0<(a—2)2+1< max{2% (2m —2)*} +1<4m? +1 < 4(m? +2),

then (a —2)2+1 = k(m? +2), for k = 1,2 or 3. Now, we prove that none of these
cases 0ccur.

Case 1. When k = 1, we have (a —2)? —m? = 1, and this implies that a — 2 = +1
and m = 0, but this contradicts the fact that m > 1.

Case 2. When k = 2, we have (a —2)? + 1 = 2(m? + 2), but any perfect square
is congruent to 0, 1, 4 modulo 8, and therefore (¢ — 2)*> +1 = 1,2,5 mod 8,
meanwhile 2(m? +2) = 4,6 mod 8, then this case does not occur.

Case 3. When k = 3, we have (a — 2)? + 1 = 3(m? + 2). Since any perfect square
is congruent to 0, 1 modulo 3, we have (a —2)?> + 1 = 1,2 mod 3, meanwhile
3(m? +2) =0 mod 3, then this case is also impossible.

Solution 9.6. It is easy to prove that when a =0 or b =0o0r a =b or a and b are
both integers, the identity follows.

Suppose now that a, b do not accomplish any of the above conditions. We
have, for n = 1, that ; = %‘;JJ, then § is a rational number different from zero.
Suppose that § = Z, with (p,q) = 1.

If p is different from 1 and —1, then p divides |na], for all n, in particular it
divides |a|, therefore a = kp+e¢, for some k € N and 0 < e < 1. Notice that € # 0,
otherwise a = kp and b = kq = |b| are integers.

Then, since there exists n € N, with 1 < ne < 2, we have that |na| =
|knp + ne] = knp + 1 is not divisible by p, which is a contradiction.

Similarly, it cannot happen for ¢ to be different from 1 and —1. Therefore p,
g € {£1}, but since a # b, we have that b = —a, then |—a| = — |a|, which is only
possible if a is an integer number. Therefore, there are no more pairs of numbers
(a,b) that satisfy the conditions the problem.

Solution 9.7. As we proved in Example 1.3.3, we have

B P e e )

m m m 2

and we want to find the value of the sum

TR P R G e

Adding both equations, term by term, we get

(m—1)(n— 1)

2 -1
n n  3n (m—1)n — x4 ) 7 (10.20)

+ T
m m m m
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factorizing [ on the left-hand side of the equation (10.20) and using Gauss addi-
tion formula, we have that the sum on the left-hand side is
n n ((m—l)m)n(m—l)

m(1+2+m+(m71)):m 5 5

Replacing this value in equation (10.20) and solving for X, we have

X:n(mQ—l)i (m—l)Q(n—l) :m;l(nfn+1): (m2—1).

Solution 9.8. Since (a + b+ ¢)® = a® + 0>+ 3 + 3(a+b)(b+ ¢)(c + a), it follows
that

1+1+13—1+1+1+3 . L) (s !
Va b Ca b Va  Ib) \ b Va
=10+ 3(18) = 64,
therefore %}a + éb = 3, then the solutions are (a,b) = (515, 1), (1, 515)
Solution 9.9. From the first identity, we get a — b = i — i = bb’c ¢. Similarly,
b—c = C;La and ¢ —a = “&)b. Therefore a — b = (3&2?2 and, since a and b are
different, we have (abc)? = 1, so that abc = +1. It is clear that the numbers

(a,b,c) = (1,—%,—2) and (a,b,c) = (-1, %,2) satisfy the identities and, with

these triplets, we obtain the two possible values of abc.

Solution 9.10. Since (a+b)(a+c) = a(a+b+c)+bc= ) +bc > 2 and the equality
holds when bc = 1, it follows that the minimum value is 2, and it is reached when
b=c=1anda=+v2—1.

Solution 9.11. The equation is equivalent to (be+a)(ca+b)(ab+c) = (ab+be+ca—
abe)?. We expand the equation and cancel out terms to obtain abc(a?+b2+c?+1) =
2abc(a + b + ¢) — 2abc(ab + be + ca), which is equivalent to (a +b+c — 1) = 0.
Therefore, a + b+ c = 1.

Solution 9.12. First prove that

(b—c c—a+a—b> _ (b-o)(c-a)a—b)

a+ b c abe

and do the same for

(bac+ cba+acb> :_9(b—c)(ca—bca)(a—b)'

Therefore, the value we are looking for is 9.
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Solution 9.13. Notice that
0= 1 n 1 n 1 a n b n c
“\b—¢c c¢—a a-b b—c c—a a-—0»b

:(wa@2+@b@2+wcwﬂ
a+b b+c c+a
((bc)—i(—ca)—’—(ca;ab)+(ab—)’—(bc)>

and that b b N
(b—ce—a) " (c—a)a—b) " (a—b)b—0)

Hence, the value we are looking for is 0.

Solution 9.14. Notice that a® + 1 = a® + ab + bc + ca = (a + b)(a + ¢). Similarly,
b>+1=(b+c)(b+a)and >+ 1= (c+a)(c+b). Then (a? +1)(»?+1)(c2 +1) =
((a+b)(b+c)(c +a))*.

Solution 9.15. The condition (11+i+1 = 0, implies that abc # 0 and ab+bc+ca = 0.
Since (a+b+c)? = a?+b*+c*+2(ab+be+ca), it is clear that a?+b2+c? = (a+b+c)?.

Solution 9.16. Notice that the identity of the hypothesis implies that ab+bc+ca =
2

0, so af;bc = aLQE‘aHm) = ..., where 7 = 2(a + b+ c). Then,
a? n b? n 2 _a n b n c
a2 +2bc¢  b2+2a  2+2b 3a—r 3b—r 3c—r
27abe + T;

- (3a—7)(3b—1)(3c—1) =L

since (3a —7)(3b — 7)(3c — r) = 2Tabc + 7'23-

be

w2 qobe = 1, we can also conclude that

From the equality azfzbc +2

be n ca n ab _1
a?+2bc b2 +2ca 2 +2ab

Solution 9.17. Notice that

a+1 b+1 c+1
ab+a+1 bc+b+1 ca+c+1
~a(l+40be) b+1 c+1 14 1 N c+1
alb+1+4+bc) be+b+1 catc+1 be+b+1 catc+1
1 1 1 1
— c+ B +b(c+1)

b(c+1+ca)+ca+c+1_ blc+1+ca)
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Solution 9.18. The equation is equivalent to a? — 2ab + b?> — ac + bc = 0. Defining
y = a — b and factorizing, we obtain y?> — cy = 0. The roots of this quadratic
equation are 0 and ¢, but 0 is not possible, since a and b are different. Hence,
a—b=c.

Solution 9.19. If the numbers z, ..., x, solve the system, then

1
0x1+w§+~~+xzn<x1+2x2+'~~+nxn2n(n+1))
=(z3 —2z2+2—1)+ (@3 323 +3 - 1) +---+ (2% — nw,, +n — 1).

But, using the inequality between the geometric and the arithmetic mean, for each
k> 2 and x > 0, we have

P rk—l=a" 414+ +1>kVab = ke,

with equality if and only if x = 1.

Then, since each term of the sum (azlg —kxy + k— 1) > 0 and the total sum
is zero, we have that each term of the sum is zero, and this happens if each x; = 1.
Then, o = --- = x,, = 1 and, recalling the first equation, we also have that z; = 1.

Solution 9.20. Observe that

()

< (z+1)y+1) > 92y
& 22> 8ry

& (z+y)? > day

& (z—y)?>0.

Solution 9.21. The inequality is equivalent to
Py 42 = Bayz > | | - y)y - 2)(z - D)l
But since
2?4+ y +2° — 3zyz = ;(w+y+z) (@ =)+ (y—2)° + (2 —2)7],
it is enough to prove that

@yt [y -2+ -2 2 | @ -y - 2)( - D)l

Let p = |(x — y)(y — 2)(z — x)|, using the inequality between the geometric and
the arithmetic mean, we have that

(@—y)’+y—2)7°+(z—2)* > 33/p2 (10.21)
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Now, since |t —y| <z +y, l[y—z| <y+z, |z — x| < z+x, we get
2@ +y+z2) >z —yl+ly—z+|z— =zl

Applying again the inequality between the geometric and the arithmetic mean, we
obtain

20z +y+2) >3Yp. (10.22)
Hence, the result follows from inequalities (10.21) and (10.22).
Solution 9.22. If a > 1, since b+ ¢ > a > 1, we have that
ab+bc+ca=alb+c)+bc>1+be>1,

which is a contradiction to the fact that ab+bc+ca = 1, therefore a < 1. Similarly,
we can prove that b < 1 and ¢ < 1.
Thus, (1 —a)(1 —b)(1 —¢) > 0, then

1+ab+bc+ca>a+b+c+ abe.

Adding 2 on both sides of the last inequality, and using the fact that ab+bc+ca = 1,
we obtain 3 + ab+ bc+ca > 2+ a+ b+ ¢+ abe, that is,

4>14+a+b+c+ab+bc+ca+abc=(a+1)(b+1)(c+1).

Solution 9.23. Notice that

Ctbte— abe :(a+b)(b+c)(c+a)
ab + bc + ca ab + bc + ca
_a?+b* 42+ 3(ab+ be + ca)
B ab + bc + ca ’

the last equality is valid, since the condition a}rb + blc + alc = 1 is equivalent
to (a+b)b+c)c+a) = (a+b)b+c)+ (b+c)c+a)+ (c+a)a+d) =
a? +b? + c® + 3(ab + be + ca).

Then, the result to be proved is equivalent to a2 + b% + ¢ > ab+ bec+ ca, which is
valid using the inequality between the geometric mean and the arithmetic mean.

Solution 9.24. Since the expression is a symmetric function in a, b and ¢, we can
assume, without loss of generality, that ¢ < b < a. In such a case, a (b+c—a) <
bla+c—b)<cla+b—c).

For example, the first inequality can be justified as follows:
a(b+c—a)<blat+c—b) < ab+ac—a®<ab+ bc— b
< (a=bc<(a+b)(a—D)
& (a=b)(a+b—c)>0.
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By the rearrangement inequality, see Example 7.3.6, we have

a2(b+c—a)+b*(c+a—b+c*a+b—c)
<balb+c—a)+cblct+a—b)+acla+b—c)

a*(b+c—a)+b%*(c+a—b)+c(a+b—rc)
<calb+c—a)+ablc+a—>b)+bela+b—c).

Therefore, 2 [a*(b+ ¢ —a) + b*(c+a—b) + *(a+ b — ¢)| < 6abe.
Solution 9.25. Squaring and rearranging the given inequality, it is equivalent to

n n n n n n

2 2 2 2
E :1:1-722 xiyiJrE yigg :cifQE xiziJrE Z; .
i=1 i=1 i=1 i=1 i=1 i=1

But, since Y., y? = Y1 | 22, the inequality we have to prove is equivalent to

3
n n
g Tizi < g TiYi,
i1 i=1

which is the rearrangement inequality (see Example 7.3.6).

Solution 9.26. Let (a1, as,...,a,) be a permutation of (z1,xs,...,x,) with a3 <
az < - < ap, and let (bl,bZ,...,bn) = (.,1127 (n11)27"' ) 112>7 that iS, b, =
(n+11—i)2’ for the indices i = 1,...,n.

Consider the permutation (a}, a5, ..., a,) of (a1,az,...,a,), defined by a; =
Tpt1—i, fori=1,... . n.

Using the rearrangement inequality (see Example 7.3.6), we have

T T2 X
12t o +-..+n’; = ajby +agby + - +apby
> apb1 +an_1bo + - +a1b,

= a1by, + agbp—1 + -+ anbs

aq ag Qp
:12+22+...+n2.
Since 1 <a1,2<as, ..., n<ap, we get
T1  To Ty a; as an 1 2 n 1 1 1
> > — )
12—1—22—1— +n2_12+22+ +n2_12+22+ +n2 1+2+ +n

Solution 9.27. First, define x9; = 0, z9;—1 = é, for all ¢ = 1,...,50. Then, we

have S =50 - (%)2 = 225. Now we prove that always S < 225.
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Let 1 < i < 50, under the conditions of the problem, we have xo;_1 <
1 — 2z9; — x2;41 and x9;49 < 1 — T9; — x2;41. Using the inequality between the
geometric mean and the arithmetic mean, we get

T2i—1%2i41 + T2iT2i42 < (1 — X2 — I2i+1)$2i+1 + 5021'(1 — X2 — =T2i+1)

(2 + T2i41) + (1 — w2y — $2i+1)>2 _ 1

= (22 i+1)(1 — @2 — 22i41) < ~
(@2i + z2i41)( Toi — T2i41) < 9 4

Adding these inequalities, for i = 1,2,...,50, we obtain

50

1
S = Z(x2i71x2i+1 + X2 22i12) < 50 - 4=
i=1

25
5"

Solution 9.28. (i) From bx + by < ax + by < ab, it follows that z +y < a.
(ii) We have

ax by \/1 1
= <
\/:17+\/y \/aJr\/b _\/a$+by a+b

S\/ab<i+ll)> =Va+b.

The first inequality is given by the Cauchy—Schwarz inequality (see Example 4.2.3),
and the second one follows from the hypothesis az + by < ab.

Solution 9.29. Let z = |, y= bﬁc, z= °  then

c—a’

(- -1(-1)= (abb> (bcc) <caa>
ABIANIAN

= zyY=z.

When we expand and cancel out terms, we obtain x +y + z = 2y + yz + zx + 1.

Then
<2ab>2+ <2bc>2+ <2ca>2
a—b b—c c—a
=@+1)?*+@y+1)>*+ (2 +1)
=34+ +yP+ 2242 +y+2)
=3+22+ P+ 22 2@y tyztza+1)
:5+(x+y+z)225.



270 Chapter 10. Solutions to Exercises and Problems

Solution 9.30. Suppose a < b < ¢, then a? < be, therefore
a®>+1<bc+1<2a. (10.23)

On the other hand, since (a—1)? > 0, we have a? > 2a—1. The last two inequalities
imply that a® = 2a — 1, that is, a = 1.

The original second inequality can be rewritten, using that a = 1, as be < 1. But
since 1 < b < ¢, we also have that bc > 1, therefore bc = 1.

The first and third inequalities becomes b+ 1 < 2¢ and ¢+ 1 < 2b, therefore
(b+1)(c+1) < 4bc = 4. If we expand and cancel out some terms, we get b+c < 2.
The inequality between the geometric mean and the arithmetic mean, and the
previous inequality, guarantee that 1 = bc < (b;c)2 < 1, then the equality holds,
which is true only if b = ¢. Since bc = 1, then b = ¢ = 1. Therefore, a =b=c=1
is the only solution.

Solution 9.31. Without loss of generality, we can assume that ¢ = max{a,b, c}.
Then ¢(vb—1) < a(v/b—1) = ¢, hence b < 4.

We also have b(y/c—1) = a > b, then ¢ > 4. Now, 4 < ¢ < ¢(y/c—1) < e(v/a—1) =
b < 4, then b = ¢ = 4 and also a = 4. Therefore, there is a unique triplet that
satisfies the equations, that is, (4,4,4).

Solution 9.32. If {x1,...,2,} is a real solution of the system, it is clear that also
{x2,x3,...,2Zn, 21} is a solution. But, by hypothesis, we only have one solution,
then #; = 29 = --- = x,. The system reduces to only one equation az? + b-

1)z + ¢ = 0, which has a unique solution if (b — 1)? — 4ac = 0.
Reciprocally, if (b —1)? — 4ac = 0, the polynomial P(x) = ax®> + (b — 1)z + ¢ =
a (:17 + b;;)Q has only one solution.

Adding the equations of the system, we have > | P(z;) = 0, but since
either all the numbers have the same sign or are zero, then P(z;) = 0 for every

z;. Hence x; = — (b;al), and the system has as a unique solution 1 =29 =--- =
__ (b-1
Tn = ( 2a )

Solution 9.33. If one of the variables x, y or z is equal to 1 or —1, then we obtain
the solutions (1,1,1) or (=1, —1, —1), respectively. Now we will see that these are
the only solutions of the system.

Let f(t) = t> +t — 1. If one of the variables z, y or z is greater than 1, for
example x > 1, then we have z < f(z) =y < f(y) = z < f(2) = z, which is not
possible. Therefore z, y, z < 1.

If one of the variables x, y or z is less than —1, choose x < —1. Since

f@)=(t+3)—5>-7, we then get = f(z) € [-2,—1]. But,

f ([—i,—1)) = (—1, _1161) C (=1,0) and f((~1,0)) = [—i,—l),
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then it follows that y = f(z) € (—=1,0), z = f(y) € [-],-1) and = = f(z) €
(—1,0), which is a contradiction. Then, —1 < z,y,z < 1.

If -1 <azy,z2 <1, thenx > f(x) =y > f(y) = 2 > f(z) = z, which is not
possible. Therefore, there are no other solutions.

Solution 9.34. Add the n equations to obtain

n n

n
§ 2 § § :
Z; + Ty — N = ZTi,
i=1

i=1 i=1
from where Y. | 27 = n.
On the other hand, rewrite the equations as follows:
IIT% +x1 =X + 1

$§+$2=$3+1

2
Ty 1+ Tn—1 =2y +1

J;i—l—xn:xl—i—l

and multiply the equations to obtain

n n

Hwi(l’i +1) = H(SEZ +1),

i=1 i=1
so that [[]_,z; =1ifz; # —1, for all 1 <i < n.
From the two equations, Y ;" ; #7 = n and [[;_, #; = 1, we obtain, using the
inequality between the geometric mean and the arithmetic mean, that

n 2 n
n i1 Iy
- :Zz_lzznnxle,
n n
i=1

and it follows that 22 = 22 = ... = 22 = 1. Then, a possible solution is
(L,1,...,1).

If some z; = —1, by the symmetry of the equations, we can assume that
x1 = —1, and then it is easy to see that all x; = —1. Hence the only other solution
is (=1,-1,...,-1).

Solution 9.35. The only solution, with all the x;’s equal, is clearly (2,2,...,2). If
there is another solution, let m and M be the minimum and maximum value of
the x;, respectively. Then m < M, and for some indexes j, k (taken modulo n),
we would have m2 = Zj + xj41 > 2m and M? =z, + Tr+1 < 2M, from where
2 <m < M < 2, which is absurd. Therefore (2,2,...,2) is the only solution.
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Solution 9.36. The condition z + 3 + z = 0 implies that z3 + y® + 2% = 32yz. The
condition :c’l + gf1 + z’l =0 guarantees that 273 + ¢y 3+ 273 =3z 1y~ 1271,
Now, since :17 +y® + 26 = (23 + y +23)2 —223y323 (273 + y 73 + 273), we have
I 9:02 222 — 622y%2% = 322y22%. Thus the result follows if we use
again x> + 93 + 23 = 3zyz.

Solution 9.37. Since the sum of the numbers is zero, d = —a — b — ¢, therefore
bc—ad=bc+ala+b+c)=ala+b)+cla+b)=(a+c)(a+D)
ac—bd=ac+bla+b+c)=bla+b)+cla+b)=(0+c)(a+D)
ab—cd=ab+cla+b+c)=clc+a)+blc+a)=(b+c)(c+a).

Then, (be — ad)(ac — bd)(ab — cd) = (a + b)?(b + ¢)?(c + a)?.

Solution 9.38. We have

ad a? + b? at a +b2 a* + ab(a® + b?)
— = —+ =
Z be Z a+b Z abe Z Z abe
cyclic cyclic cyclic cyclic cyclic

1
= (a* + b 4+ ¢ + ab(a® + b%) + be(b? + ) + ca(c® + a?))
abc

1
= abc(a+b+c)(a3 +b2+ %) =0.

Solution 9.39. Since
a® +b® + & — 3abe = ;(a—I—b—l—c) [(a=b)*+(b—c)*+ (c—a)?]
and since a + b + ¢ > 2, then
a+b+c=p and [(a—0b)*+(b—c)’+ (c—a)’] =2.

Suppose that a >b>c. If a >b>c¢c,thena—b>1,b—c>1and a—c> 2, and
this leads to [(a —b)? + (b—c¢)? + (c —a)?] > 6 > 2, which is absurd, therefore
a=b=c+1ora—1=>b=c. Thus, we have that the prime number is of the form
p = 3c+ 2, in the first case or of the form p = 3¢+ 1, in the second case. Then the
triplet is (pH, p“, p32) in the first case, and (p+2, p31’ p31) in the second case.

Solution 9.40. The equation is equivalent to
(32) + (=3y)* + (=1)® — 3(3x)(—3y)(~1) = 1646,

which can be factorized as (3x — 3y — 1)(922 + 9y* + 1 + 9xy + 3z — 3y) = 2 - 823.
Now, the first factor on the left-hand side is smaller than the second factor and,
since 823 is a prime number and 3z — 3y — 1 =2 mod 3, we get 3z — 3y — 1 =2
and 922 4+ 9y% + 1 4+ 92y + 3z — 3y = 823. Solving the system for positive real
numbers leads to x = 6 and y = 5.
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Solution 9.41. Using the identity (4.8), the condition 23 + 3 + 2% — 3xyz = 1 is
equivalent to
(z+y+2)2®+y*+ 22—y —yz—z2z) = 1. (10.24)

Let A=2?+y?+22 and B = 2 +y + 2. Observe that B2 — A = 2(xy + yz + zx).
By identity (4.9) we have that B > 0. The equation (10.24) becomes

2 _
B4 -

then 34 = B? + ;. Since B > 0, we apply the inequality between the geometric
mean and the arithmetic mean to obtain 34 = B% + ; =B% 4+ é, + é, > 3, that
is, A > 1. The minimum A = 1 is reached, for example, with (z,y, z) = (1,0,0).

Solution 9.42. Equations z + Y =2, y+ 2 =2, 2+ ; = 2, imply that

zx+y =2z, zy + z = 2z, Yz +x =2y

and that
ryz +y° = 2yz, xyz + 2% = 2zx, ryz 4+ 2% = 2xy.
Therefore,
xyt+yzt+ze=x+y+z, (10.25)
3ryz + (22 + y° + 2%) = 2(wy + yz + 27). (10.26)

We also have that

yzx

1 =2-2)(2-y)(2-2)

zTy (10.27)
=8—4(z+y+2) + 2y +yz+ zz) — ay=2.

If we define a = x 4+ y + z, we have by equation (10.25), that 2y + yz + zx = a
and we also get that

P4y 2= (e ty+2)? 2@y +yz+ 2x) = a® — 2a.

Now, from equation (10.26), it follows that 3xyz = —a? + 4a. Finally, by equation
(10.27), we can conclude that

—a® + 4a
3 .

Hence, we get the equation a? — 10a + 21 = 0, which has roots ¢ = 3 and a = 7.
Therefore, x + y + z is equal to 3 or 7.

But, if x4+y+2 =7, since x4+ Y +y+ 2 +2z+ 7 =6, we have that Ytz +5=-1
which is not possible for z, y, z positive numbers.

1=8—-4a+ 2a —

The sum = 4+ y + z = 3, can be achieved with x = y = z = 1, which are also
solutions of the equations, hence the only possible value for x + y + z is 3.
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Solution 9.43. Let d be the common difference of the progression {a, }. Note that,
for 7 =0,1,...,n — 1, we have that

1 . 1 \/aj,1 — \/aj . \/aj — \/aj,1
\/aj_l + \/aj \/aj_l + \/aj \/aj_l — \/aj aj — a1 '

Use the fact that a; — a;—1 = d, for all 7, in order to get

n 1 :i\/ajf\/ajfl _ \/an—\/ao.
= \/aj_l + \/aj = d d

Finally, observe that

Van —y/ao an — ag ag + nd — ag n

d Cd(yao+ an)  d(yao+\an)  yao +/an
Solution 9.44. Let d > 0 be the common difference of the progression. Suppose
that a = b —d, b and ¢ = b+ d are the lengths of the sides of the triangle. Since
? = a® + b?, we have (b+ d)? = (b — d)? + b2, therefore b = 4d. On the other
hand, the area of the triangle is “2'b = (b_;i)4d = 122d2

the inradius r multiplied by the semiperimeter3! s = 3d+42d+5d = 6d. From this,
r-6d = 6d?, and then r = d.

= 6d2, and it is also equal to

Solution 9.45. Suppose that {1,2,...,9} has been divided into two subsets A
and B such that neither of them contains an arithmetic progression. Suppose that
5 € A. It is clear that 1 and 9 cannot both be in A. Then, we have the following
cases:

(i) If 1 € A and 9 € B. Since {1,5} C A, we have that 3 € B; 3,9 € B imply
that 6 € A; 5,6 € A imply that 4,7 € B; 3,4 € B imply that 2¢€ A;7,9€ B
imply that 8 € A. But, {2,5,8} C A is an arithmetic progression, which is
absurd.

(ii) If 9 € A and 1 € B. This case is analogous to (i).

(iii) If 1,9 € B. Then we have two subcases:
(1) If 7 € A. In this case, 5,7 € A imply 6 € B and 3 € B. Therefore,
{3,6,9} C B, which is absurd.
(2) If 7 € B. Since 7,9 € B, we have that 8 € A; 1,7 € B imply 4 € A;
4,5 € Aimply 3 € B; 1,3 € B imply that 2 € A. Therefore, again we
have an arithmetic progression, that is, the progression {2,5,8} is in A,
which is a contradiction.

Solution 9.46. Observe that

3(a+b+c)3—a2(b+c)—b2(c+a)—02(a+b)
= Sl)(a+b—20)(2a—b—c)(a—2b+c).

31See [5].
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Solution 9.47. Suppose the number of prime numbers is not infinite. Let p be the
greatest prime number of the progression. Consider the number n = 4p! — 1, which
belongs to the progression. Since n > p, the number is a composite number and
it does not have prime divisors of the form 4k — 1 (the factors of this form belong
to p!), then its prime divisors are of the form 4k + 1. But the product of factors
of the form 4k + 1 is also a number of the form 4k + 1, and then n must be of this
form as well, which is a contradiction.

Solution 9.48. Divide the set of natural numbers N = {1,2,3,...} in the following
way
1 4 5 6 11
2 3 7 8 9 10

The sets we are looking for are A = {1,4,5,6,11,12,13,14,15,22,...} and B =
{2,3,7,8,9,10,16,17,18,19, 20, 21,29, ...}. In fact, each one of them has “gaps”
between numbers as large as we want. Therefore, it is not possible to have in some
of them an arithmetic progression, since the elements of the progression have a
constant difference d, which will be overtaken by a proper gap.

Solution 9.49. The answer is no. If there is an arithmetic progression with differ-
ence d, we have that the d consecutive integers

d+D!+2,(d+1)+3,....,(d+ 1)+ (d+1)

are composite numbers. But among them there has to be an element of the pro-
gression, because this progression has difference d, which is a contradiction.
Second Solution. Let m > 1 be a number in the progression. Then m + md =
m(d+ 1) is also an element of the progression and is not a prime number.

Solution 9.50. Suppose that the arithmetic progression with difference d contains
a perfect square, say a?. Then the numbers a2, a? + d, a® + 2d,... are in the
progression, and then the numbers a? + (2a + d)d = (a + d)? are also in the
progression. Now, it is clear that the square numbers of the form (a + kd)?, for
every k € N, are also in the progression.

Solution 9.51. Suppose that there are 1999 prime numbers, smaller than 12345,
in arithmetic progression. Let p be the first prime number in the progression and
let r be the difference of the progression. Then the progression is p, p+ 1, p + 2r,
..., p+1998r.

The prime number p cannot be one of the prime numbers 2,3,...,1997,
because if it is one of them, then p+ pr, which is in the progression, is not a prime
number. Therefore, p > 1999.

Since p is an odd number and p + r is prime, then r is even. All the even numbers
are of the form 6n, 6n + 2 or 6n — 2. Let us see now that r cannot be of the



276 Chapter 10. Solutions to Exercises and Problems

form 6n 4+ 2 nor can it take the form 6n — 2. In fact, since p is prime, it is of
the form 6k + 1 or 6k — 1. In any of those four cases, there is in the progression
a multiple of 3, p+r = (6k+ 1) + (6n + 2), p + 2r = (6k + 1) + 2(6n — 2),
p+2r=(6k—1)+2(6n+2), p+r=(6k—1)+ (6n—2).

Therefore r is of the form 6n and then the progression is

p,p+6n,...,p+ 1998(6n).

But p > 1999 and n > 1 imply that p+1998(6n) > 1999411988 = 13987 > 12345.
Hence, the numbers p + jr cannot be all smaller than 12345.

Solution 9.52. For n < 3, there does not exist a rearrangement with an arithmetic
triplet. For n = 3, the list 2, 1, 3 achieves the task. We will construct an example
for n, using the examples of the previous values of n. On one side of the list, we
put the even numbers between 1 and n, and on the other side the odd numbers. If
the even numbers are j, we rearrange them using the example for the j numbers
and then we have them multiplied by 2. If there are k odd numbers, to order them
we use the example for the £ multiplying those numbers by 2 and subtracting 1.
In this way we obtain a rearrangement of the numbers from 1 to n. If on the even
side, 2a, 2b and 2¢ form an arithmetic triplet, then a, b and ¢ is also an arithmetic
triplet for the case j, which is absurd. If in the odd side, 2a — 1, 2b —a and 2¢ —1
is an arithmetic triplet, then a, b and ¢ is also an arithmetic triplet in the example
for the case of k, which is also absurd. Finally, one term on the even side and one
term on the odd side satisfy that their sum is odd, then there is not a third term
in between them such that its double would be this sum. Then, the constructed
rearrangement does not have arithmetic triplets.

Solution 9.53. Since there are 4 solutions for the first equation, a # 0. Let xq be
the common solution to both equations.
Taking the difference of the equations, it follows that azg — azy = 0, which can
also be written as azo(z§ — 1) = 0.
Then, the common solution is zg = 0 or zg = 1.
If o = 0 in the first equation, we obtain a = 1, therefore zg is a solution with
multiplicity at least 2, but this is not possible because we know that there are four
different roots.

Then the common solution is £y = 1. When we substitute in the first equa-
tion, we obtain 2a + b = 1, and then this equation can be rewritten as

az* + (1 —2a)x* +a—1=0,
which has 1 and —1 as solutions. Therefore

(x—1)(z+1)(az® —a+1)=0.

2

The quadratic equation az® — a + 1 = 0 must have 2 different real solutions, say

r and —r, with r > 0.
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There are two cases, a > 1 and a < 0.
If a > 1, then 0 < r < 1 and the roots —1, —r, r, 1 are in arithmetic progression

only when r = § In such case a = 1_17,2 = g and b=1—2a = *i'
If a < 0, then r > 1, and the numbers —r, —1, 1, 7 are in arithmetic progression
only if » = 3. In such case a = 1JT2 = fé and b = i.

Solution 9.54. Write A = Zle a; and B = Zle b;. Now we add over i the
corresponding terms in the inequalities

an+b—1< Laanrblj < aineri,

to obtain An + B — k < X,, < An + B. Now, suppose that {X,,} is an arithmetic
progression with common difference d, then nd = X,, 11— X; and A+ B—k < X; <
A + B. Combine the above inequalities to obtain A(n+ 1)+ B —k <nd+ X; <
A(n+1)+ B or

An—k<An+(A+B-Xj)—-k<nd< An+(A+B—-X1) < An+k,

from which we conclude that |A — d| < Z , for any integer number n; then A = d.
Since {X,,} is a sequence of integers, d has to be also an integer number, therefore
we conclude that A is an integer number.

Solution 9.55. Consider a partition of {1,...,256} into two subsets, A and B.
Divide {1,...,9} in two subsets A; and Bj, in the following way: k € Ay (resp.
By) if and only if 2¥71 € A (resp. B). Clearly, A; N By = 0.

If Ay = 0 (or By = @), then By (or Ap) has three numbers in arithmetic progression
a, b and c. Then 2971, 2°=1 and 2°7! is a geometric progression in B (or A).

If A; # 0 and By # (), then A; U By is a partition of {1,...,9}. By Problem 9.45,
one of the sets, say A;, contains an arithmetic progression of three terms a, b and
c. Then 2971, 2°=1 and 2°7! is a geometric progression in A.

Solution 9.56. Remember that the nth term in a geometric progression is a, =
ag - ¢, where ag is the first term of the progression and ¢ is the ratio.

Since ax4+1 = ag (1 + nlg), the given collection of numbers coincide with the
first terms of a geometric progression whose ratio is 1 + nlg and whose first term
is given by %

The nth term of the collection is given by

1 1+ LY
G, = .
2 n2

We have to prove that (1 + nlg )n < 2, for n > 1. By Newton’s binomial theorem
(Theorem 3.2.3), we have that

() =5 (1) () =5 e 7= (1) ()
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Now, notice that

n!

Ti il(n—1)! 121 ) 1
- B n! ! ! nl = (Z+ ) . Tl2 > ].7
Ti+1 (i) (n—i—1)l  n2i+2 n—1

hence the sequence T; is decreasing, then T; < T = 711 Therefore
1 n

Solution 9.57. Suppose that a; = a.

By induction we will see that a,, = a+n— 1. Suppose that a,, = a+n—1 and
prove that a,+; =a+n+i—1, for 1 <4 <n. Since as, = a, + n, the hypothesis
leads us to a, = a +n — 1, then as, = a + 2n — 1. Now, since the sequence is
increasing, it follows that

a+n—1=a, <apt1 < - <app; <---<agp,=0a+2n—1.

Hence
nyi =a+n+i—1 for 1<i<n. (10.28)

If a1 = 1, then we get a,, = n, for all n > 1.

What remains to be proved is the induction basis, that is, a; = 1.

Suppose that a; > 1. Let p be the least prime number greater than (a; + 1)! +
a; + 1. Of course, this prime number p is an element of the sequence, that is,
p = an = a1 + (n — 1), for some n. By equation (10.28), the a, are consecutive
numbers. Moreover, by property (ii), n = p — a3 + 1 is also a prime number.
Since a1 > 1, p—a; + 1 < p, and by the way we have chosen p, we have that
p—a1+1 < (a1+1)!+a;+1 <p.Then (a1 +1)!+2<p—a1+1 < (a1 +1)+a1+1.
But this is a contradiction, since among the numbers

(e + D) +2, (e + 1) +3,..., (a1 + D) +a; +1

there are no prime numbers, that is, all the numbers are composite numbers, since
j divides ((a1 4+ 1)! + j). The contradiction proves that a; = 1.

Solution 9.58. The proof is by induction over n + m. The statement is clear if
m + n = 2. Suppose that the statement is true for m + n < k, and consider
m +n = k arbitrary numbers a1, as, ..., Gm, b1, b2, ..., b,. Define the sets

A:{al,GQ,.--,am}, B:{b17b27'-'7b’n}7
C={ci,co,...,cm}, D={d1,da,...,dn}.

We have two cases:
1.IFANC # § or BN D # (). For example, suppose that A N C # (.
This implies that a; = ¢;, for some indices 4,5 € {1,2,...,m}. Without loss of
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generality, let ¢ < j. If ¢ = j, one of the terms in the equality we want to prove
is zero and, then we can apply directly the induction hypothesis. If ¢ < j, then
Ci << Cj = a5 < Ajt1 <'~<aj,then

|ai = ci| +aiys — cipa |+ -+ laj — ¢j] = (@i — i) + (aip1 — cig1) +- -+ (a5 — ¢5).
If we change the order of the terms, the value of the sum does not change, and
this value is equal to
(ait1 = ci) + (Gig2 — cip1) + - + (@ — ¢j—1) + (@i — ¢5)
= lai+1 — ci| + |ait2 — cipa| + -+ + |aj—1 — ¢j—2| + |a; — ¢j—1],

since a; — ¢; = 0. Then the result follows from the induction hypothesis, for the
m+n—1=k— 1 numbers

a < ag < - <oy < Qi1 <ot < by < by <+ < by,
1 <cg < <Cj—1 <Cjg1 < < Cmy, dy <dg < -+ <d,.

2.If ANC = BN D = (. In this case, we have that a; is in D and b is
in C'. Without loss of generality, suppose that a; < b;. Then a; has to be equal
to di. We will prove that b; has to be equal to ¢;. If b3 = ¢;, for some i > 1,
then by > ¢; and, since ¢; = b, for some j > 1, we have that b; > b;, which is
a contradiction. Therefore, by = ¢1, and taking into account that a; = dj, this
implies |a1 — 1] = |b1 —d1|. Now, we use the induction hypothesis for the numbers

az < agz < - < G, b2<b3<"'<bn7
o <3< < Cp, do<dz<---<dy.

Solution 9.59. First, observe that for n > 2, we have
n—1 . n—1
> —Z(l— 1 )—1—1 (10.29)
i 1 il i 1) I ’
= (j+1)! = \J! G+ 1! n!
Multiplying by n! the equation (10.29), we obtain the desired representation
n-l j-n!
1+ L =nl
JZ:; (j+1)!

Solution 9.60. Remember that every integer number relatively prime to p has a
multiplicative inverse modulo p. Denote the inverse of z modulo p by 2~!. Observe

that
) —=-x() -2 (GG)
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Observe that i(gj) is an integer number, since it is equal to ;(i) and p divides

2
(z) Then the last sum is congruent, modulo p3, to p? Zi;} (k:_l(zj)) . We

prove that the sum is divisible by p. Observe that, modulo p, we have

k4<k1<g_b) kJ%lfﬂpU@2%~@k+U
x[(k=1)(k=2)--(p—k+1)]71}"
E}Z%“fﬁ*Uﬂr%*ﬁﬂrl“(%k*UXk*UAf
k=1
= (k71)2(71)2k72.
k=1
But the inverse numbers of 1, 2, ..., p — 1, modulo p, are the same numbers

in some other order. Then the sum is congruent to Z:Z;} k2, which is equal to

(p—1)p(2p —1)/6. This is divisible by p, since p # 2,3. Then (2;) — 2 is divisible

by p3. Since
2p—1 1 2
P i PY o).
p—1 2\\p

it follows that (2;’:11) — 1 is divisible by p3, as we wanted.

Solution 9.61. If § € S, then by (ii), ‘Z}H = af_b € S and ‘53‘1 =4y €S
In particular, if ;¢ € S,then , ¢ =9 € Sandif dzc € S,then , ¢, = 9€S8.

c+ d—c+c
Consider a rational number ¢y = ‘ZZ, with (ag,bp) =1 and 0 < gop < 1. Then it is

ao
—ap

enough to see that either or %09 helongs to S.
bo agp

If g = % there is nothing to do. If gy < %, then ag < bg — ag. If go > %, then
bo — ag < ag.
Let

bo—ao
ao

: 1
7 bo@ao’ if qo < 2
1 =
y if qo > éa
then 0 < ¢; <1 and if g1 € S, then ¢y € S.
Now, if g1 = ‘;11, with (a1,b1) = 1, and considering

: 1
bltilal ’ 1f ql < 27
42 =

by — : 1
e it gy > 9

ai

it follows that 0 < g2 < 1 and if g € S, then ¢; € S.
This process of going from g to qx41 is possible if no ¢ is equal to é; otherwise,
the proof is complete (gi € % € S implies that gx—1,...,q0 € 5).



10.9 Solutions of Chapter 9 281

The process cannot be infinite. If ¢ < é, then ‘le =q = bo"jao, and by | by — ag,
hence by < by — ag < bg. If go > é, then by | agp and by < ag < bp. Hence, in any
case by < bg. Similarly, it follows that byi41 < bg, for all & > 0. Thus, {b;} is a
decreasing infinite sequence of positive integers, which is impossible.

a?+b?
ab+1
b? = k. Suppose (ao, bp) is a solution of the equation.

By symmetry, we can assume that ag > by > 0. We know that ag is a root of the
quadratic equation a? — kabg + b3 — k = 0. Let ¢1 be the other root of the previous
equation; the two roots satisfy ag+c1 = kby and agcy = b3 — k, then ¢1 = kby — ag
is an integer. Now, since k is not a square, agc; # 0, hence ¢; # 0.

If ¢; <0, then ¢f —kcibg+b3 > ¢3 +k+b2 > k, which is a contradiction, therefore

2 2 2
b‘ilok < b‘ilol < a‘jlo ' < ao. Thus (c1,bo) is a positive
solution of a? — kab + b = k, with ¢; < ag. Proceed in the same way to construct
a decreasing sequence of positive integers ag > ¢1 > ¢o > -+ - > 0, but this cannot

happen.

Solution 9.62. Suppose = k and k is not a perfect square. Then a® — kab +

c1 > 0. Moreover, ¢; =

Solution 9.63. Since a, b, ¢ are the roots of P(z), by Vieta’s formulas it follows
that P(z) = 2% — (a + b+ ¢)2? + (ab + bc + ca)x — abe = 2° — 2007z + 2002, and
then a + b+ ¢ =0, ab+ bc + ca = —2007, abc = —2002.

Hence,

a—1\ (b—=1\ [(c—=1\ abc—(ab+bc+ca)+a+b+c—1
(a+1) <b+1) <c+1> ~ abc+ab+bc+cata+b+c+l
-2002 - (-2007) -1 4 1
—2002 + (—2007) +1  —4008 1002

Solution 9.64. If t = a4+ b+ ¢, y = abc, z = (11 + 51) + i are integers, also
ab+bc+ ca = abc(}l + 11) + i) = yz is an integer. Moreover, a, b, ¢ are the roots of
the polynomial w® — zw? + yzw — y = 0. Since the coefficients of the polynomial
are integers and the coefficient of w? is 1, by Gauss’ lemma or by the rational root
theorem, a, b, ¢ are integers. Suppose that 1 < a < b < ¢, since 1 < i + }7 + i < 2,
it follows that a = 1, 2 or 3. If a = 1, then i + 1 <2, and the only possibilities are
(bye)=(1,1) or (2,2). Tfa =2, then } < '+ T <1 hence (b,¢) = (3,6) or (4,4).
Ifa =3, i + 1 = 3, and the only solution is (b, ¢) = (3,3). Thus, the solutions are
(a,b,c) = (1,1,1), (1,2,2), (2,3,6), (2,4,4), (3,3,3).

Solution 9.65. If one of a, b or c is zero, then one of the equations is linear and this
one has a real solution. The discriminant of the equations are 4b? — 4ca, 4c® — 4ab,
4a® — 4bc. Then, given that

(4b” — 4ca) + (4¢® — 4ab) + (4a® — 4bc) =2 [(a = b)*> + (b—¢)* + (c — a)?] >0,

one of the discriminants is non-negative and therefore the equation with that
discriminant has a real solution.
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Solution 9.66. Let u, v be the roots of the quadratic polynomial and let «, 3, v
be the roots of the cubic polynomial, with all of these roots being non-negative.
By Vieta’s formulas,

u—+v=4, uw = — _a,

atf+y=—a, af+pfy+ya=>b, afy=8.

Now, using the inequality between the geometric mean and the arithmetic mean,

4\ 2 2 2
NOECUNETIE

2 2
a+pB+9)>2¢aby = 4.

a =

3 3(

Hence, on both inequalities the equality holds, and then v = v, « = 8 = v and
fga = 4. Hence a = —6, a = 8 = v = 2, therefore b = 12. Thus, the only pair is
(a,b) = (—6,12).

Solution 9.67. We can choose appropriate signs in +P(4x) in order to assume
that a, b > 0.

(i) There are two cases:

(1) ¢=0,]a|+ b +]c)=a+b+c=P(1) <1
(2) ¢<0,la|+b|+]c)=a+b—c=P(1) —2P(0) < 3.

Then, 3 is the maximum that is attained with the polynomial P(x) = 22% — 1.
(ii) There are four cases:

(1) ¢>0,d>0, |a|+b| +|c|+|d=a+b+c+d=P(1) <

(2) ¢>0,d<0,|a|+b|+|c|+|d=a+b+c—d=P(1) — ( ) < 3.

(3) ¢<0,d>0,la|+ [b] + ||+ |d =a+b—c+d=3P(1)— 3P(-1) +
SP(L)+5P(-H) <.

(4) ¢,d <0, |a|+[b]+|c|+|d| = at+b—c—d = SP(1)—4P(})+4P(-1) < 7.

With the polynomial P(x) = 42® — 3, the maximum 7 in this case, is attained.

Solution 9.68. Notice that da®+caz?+br+a = 2®(d+cl +b 5, +a s ); then its roots
are the inverse of the roots of ax® + bx? + cx + d. If {«, 3,7~} are the roots of the
polynomial az® +ba? + cx +d, it follows, by Vieta’s formulas, that a+ 8+~ = —°

and i + é + '1y = — . Using the inequality between the geometric mean and the
arithmetic mean, we can conclude that abg =(a+ 5+ ’Y)(}X + é + i) > 9.
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Solution 9.69. Given that 2v/22 —1 =2 — \/acQ — p, and squaring both sides, we
get that
422 —1)=a® —2x\/22 —p+a®—p
4w274:2w272w\/x27p7p
2%+ (p—4) = —20/a —p,
then 222 + (p — 4) < 0, since > 0. Squaring the last equation and simplifying, it
follows that
dat + 42 (p—4) + (p — 4)? = 422 (2® — p)
8z°(p—2)+(p—4)* =0
4—p
V8(2—p)

r==

Since x is a positive real number, then p < 2 and z = *77 .
V/8(2-p)

Solution 9.70. Let «, 3, v be the roots of P(z) that are positive. From Vieta’s

d
formulas, it follows that o« 4+ 8 + v = 72, af + By +ya= ¢, afy = — . Since
a

d = P(0) < 0 and afy > 0, it follows that a > 0. Dividing by a?, the inequality
to be proved, it is enough to see that

2(2) o)) =
a a a
that in terms of «, 3, v is
—2(a+B+7)° —9apy+T(a+B+7) (aB+ By +ya) <0.
After simplifying, the left-hand side of the previous inequality is
a?B+af® + B2y + By +7%a+90” <2(a’ + B +197).

This inequality follows from the rearrangement inequality applied in the following
way,

B+ By +va <o+ B2+, BPa+y?B8+aty < a4 52+ 47

Solution 9.71. By Vieta’s formulas, it follows that —a = a+8+7v, b = af+5v+ya
and —c = aB7. Since a? = S+, then o® = —a—a. Observe that a # 0, otherwise
a = 0, and then ¢ = 0, contradicting the fact that c is odd. Hence By = — ¢ and

b=a(f+7v)+By=0a’—¢.
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Therefore,

0=a*—ba—c=(a+a)?—ba—c=a*+2aa+a®—ba—c

=—a—-a+20a+a®—ba—c=a2a—b-1)—(c—a®+a).

Observe that 2a — b — 1 # 0, otherwise 2a = b + 1, and since b is even, 2a
would be odd, a contradiction. Hence, from the previous equation, it follows that
o= C;aa_(z:i) is rational, and then it is an integer since the polynomial is monic
and it has integer coefficients.

On the other hand, —a = a(a+ 1) is even. If 5 =, then 26 = +~v = —a — .
If 3 is rational, it must be an integer; then from equation 25 = —a — «, it follows
that « is even, but then ¢ = —af7 is even, a contradiction since ¢ is odd.

Solution 9.72. Let o be a real solution of equation x? + px + ¢ = 0. Then

—pEV/pP—4q _1+V1+4-1 1445

xo = < = =s
2 2 2

Notice that z¢ could be equal to s if p = ¢ = —1.
If y is a real root of an equation of the form t? + pt + ¢ = 0, with p,q € [-1,1],
then any number z with absolute value less than or equal to the absolute value of
y, would be a root too. To see this, let y> + py +q = 0, for p,q € [-1,1], and let
2 = ay, where |a| < 1. The equation t? + apt + a?q = 0 has coefficients ap and
a?q in the interval [—1,1], since |a|] < 1. Moreover, z is a root of this equation,
since

22+ apz +a’q = (ay)? + aplay) + oq = a*(y* +py +q) = 0.
Therefore, all solutions of the quadratic equations belong to the interval
[7 1+v/5 1+\/5}
2 v o2 |
Solution 9.73. Define f : R — N by

f(w)LxJ+{x+iJ +ot {er

We have to show that f(z) = 0. Observe that

o d)=fost|s e bt foe e Y = fn (o)

n—lJ + |z +1] = |nz+1],

1
= {JH— J ot {x—k
n n
and since [z + k] = [x] + k, for every integer k, it follows that f (z + }l) = f(x),

for every real number z. Hence, f is a periodic function with period . In this
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way it is enough to study f(z), for 0 <z < }. But f(z) = 0 for all these values,
then f(z) = 0 for every real number z.

Solution 9.74. The sought for identity can be rewritten as

" + ! + " + ! + e+ " + ! +
.. e =N
2 2 22 2 2k+1 9
We now use a special case of the Hermite identity (see Problem 9.73 or Example

1.3.2), then for n = 2, {x + %J = |2z] — |z|. This implies that

=[5 g3+ [t oo

This last sum is telescopic and moreover LQ’J}HJ = 0, for k large enough.

Solution 9.75. This inequality can be proved using Hermite’s identity, but here we
present an idea for a shorter proof. Let \S,, be the right-hand side of the inequality.
Then, if we set Sy = 0, we get

Sy — Sn_1 = anj, forall n=1,2,....
n

Then
k(Sk — Sk—1) = |kz], for k=1,2,...,n+1.
Adding these n + 1 equations, it follows that

-5 =S - =S+ (n+1)Spt1=|(n+ x| + |nx] + -+ |z].

Now proceed by induction. The basis n = 1 is clear. Suppose that S, < |kz], for
1 < k < n, then use the last identity for (n + 1)S,,, hence
(n+1)Spt1 < [(n+ Dz| + ([nz] + [z]) + - + ([z] + [nz]).

Using n times the fact that [u| + |v] < |u+ v] for any real numbers u and v, it
follows that (n + 1)Sp+1 < (n 4+ 1)[(n + 1)z, which ends the proof.

Solution 9.76. First observe that since f(10) = 0 and f(10) = f(5) + f(2), then
f(5) + f(2) =0, but f(n) is non-negative, then f(5) = 0 and f(2) = 0. On the
other hand, f(9) = f(3) 4+ f(3) = 0. Then, given that 1985 = 5 - 397, it follows
that f(1985) = 0, since
f(1985) = f(5) + f(397)

=0+ £(397)

= f(9) + f(397)

— £(9-397)

= £(3573) = 0.
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Solution 9.77. The function must satisfy that f(y) > 0, for y > 0. Then
1
zyf(y)

Let a = f(1) > 0. Taking = 1 and then y = 1 in (10.30), it follows respectively
that

fxf(y)) = f(x) (10.30)

_ _ 1 =a— 1 or +
S =10 - s =" a0
f(wa) = ()= ., for T EeRT,

Taking « = 1 in the last equality, f(a) = f(1)— ! =a—!.
Taking = a in the equation (10.30), it follows that
1 1 1
flaf(y)) = fla) — =a— - . 10.32)
=IO~ ) =7 0 ™ ays) (
On the other hand, using equation (10.31),
1 1 1
- =a-— - .
af(y) yfly)  af(y)
Combining equations (10.32) and (10.33), it follows that
L1 1
a ayfly) yfly) af(y)
Hence f(y) =1+ “;1, for y € RT.
This is the only possible solution of the equation. Now substituting in the last
equation, it follows that (a — 1)? = 1, but since a > 0, the only choice is a = 2,
and then f(z) =1+ ! is the only solution.

flaf(y)) = f(f(y)) (10.33)

Solution 9.78. For = € [0,1], |f(z)] = |f(z) — f(0)| < |z — 0] = = and |f(z)| =
If(z) — f()| < |z —1]=1—=. Then |f(z)| < min{z,1 — z}, for z € [0,1].

If [z —y| < 3, then |f(2) = f(y)| < |z —y| < }.

If |z —y| > %, without loss of generality, we can assume that é <z <1 and that
y < 3. Since |f(z)| < min{z,1 -2} =1—2 and also |f(y)| <min{y 1l —y} =y,
it follows that |f(z) — f(y)| < |f(@)| + [f(y)| <1l—z4+y=1—(z—y) < ).

Solution 9.79. Let F = {f(n)} and G = {g(n)}, for n = 1,2,.... Since g(1) =
f(f(1))+1>1,then f(1) =1 and g(1) = 2. Now we prove that if f(n) = k, then
f(k)=k+n—-1 (10.34)

g(n)=k+n (10.35)

FE+1) =k+n+1. (10.36)

If we assume for the moment that these statements are true, they can be applied
to f(1) = 1 to obtain g(1) = 2 and f(2) = 3. If we apply equation (10.34) to
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f(2) = 3 and to the next numbers, we obtain a chain of results:

f(3) =4, f(4) =0, f(6) =9, f<9) =14,
FO4) =22, F(22)=35,  [(35) =56, f(56) =90,
F(90) = 145, f(145) = 234, f(234) = 378,

But f(240) is not in this chain. Observe that equation (10.36) generates larger
numbers; for instance, if we apply it to f(145) = 234, we get f(235) = 380.
Looking at the previous values of the chain, we can see that applying equation
(10.36), £(56) = 90 and then f(91) = 147, f(148) = 239. Finally, f(240) = 388.
It only remains to prove equations (10.34), (10.35) and (10.36). Assuming that
f(n) =k, it follows that the elements in the two disjoint subsets

{f(1),f(2),.... f(K)} and {g(1),9(2),-.-,9(n)}

cover all the natural numbers from 1 to g(n), since g(n) = f(f(n))+1 = f(k)+1.
Counting the elements in the sets, it follows that g(n) = k+n or g(n) = f(n)+n,
which is equation (10.35). Equation (10.34) follows from k+n = g(n) = f(k)+ 1.
From equation g(n) —1 = f(f(n)), notice that g(n) — 1 is an element of F, that
is, two consecutive integers cannot be elements of G. Since k + n is an element
of GG, it follows that both k +n — 1 and k + n + 1 are elements of F', moreover,
they are two consecutive elements of F. Therefore, equation (10.34) implies that
ktn+1=f(k+1).

Solution 9.80. Take x =0 and y = 1 in equations (9.2) and (9.1) to get f(1,0) =
f(0,1) = 2. Moreover, if we take x = 0 and y = 0, by equations (9.3) and (9.1),
we get f(1,1) = f(0, f(1,0)) = f(1,0) + 1 = 3. Now, if we take z =0 and y = 1
in (9.3) and using the previous results, it follows that f(1,2) = f(0, f(1,1)) =
f(1,1) +1 = 4. We claim that

FLy) =y +2. (10.37)

We already have verified this equation for y = 0, 1, 2. The inductive step follows
from (9.3):

FLE) =f0,fLk—1)=fLk—1)+1=(k—1)+2+1=k+2

Now, using induction, show that f(2,y) = 2y+ 3. Observe that f(2,0) = f(1,1) =
3; now, from f(2,y+ 1) = f(1, f(2,9)) = f(2,y) + 2, we obtain the inductive
step. Also, it follows that f(3,0) = f(2,1) =5 and f(3,y +1) = f(2, f(3,y)) =
2f(3,y) + 3. Then, we get

fBy)=2fBy—1)+3=2(2f3,y—2)+3)+3
= =2Vf(3,0) + (2" ' +---+2+1)3
2% —1

=2ut3 3
2-1

=2Y(2° -3)+3
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2

Finally, once again by induction, we show that f(4,y) = 22" —3, where the tower
of numbers 2 has y + 3 floors.

For this, notice that f(4,0) = f(3,1) = 2 =3 = 13 and f(4,y + 1) =
(3, f(4,y)) = 274943 3 and the inductive step is completed.

Solution 9.81. Since f(n+m)— f(m)— f(n) =0 or 1, it follows that f(m+n) >
f(m) + f(n).

If m =n =1, then f(2) > 2f(1), but f(2) = 0, that is, 0 > 2f(1), and since
f(n) >0, then f(1) =0.

If m=2and n =1, then f(3) = f(2)+ f(1) + {0 or 1} =0 or 1. Since f(3) > 0,
then f(3) = 1.

If m =mn =3, then f3+3) = f(2-3) = f(3) + f(3) + {0 or 1}, that is,
f(3+3)>2- f(3) = 2. Notice that

fB+6)=fB+2:3)2fB)+f(2-3) = f(3)+2 f(3) =3f(3).

Hence, f(3n) = f(3+ (n—1)3) > f(3)+ (n—=1)f(3) =n- f(3) =n.

Therefore f(3n) > n, for all n. If for some ny the inequality is strict, then
for all n > ng the inequality is also strict.

Since f(9999) = f(3 - 3333) = 3333, it follows that f(3n) = n, for 3 < n <
3333, in particular f(3-1982) = 1982. Now,

1982 = f(3-1982) = f(2- 1982+ 1982) > f(2- 1982) + f(1982) > 3 - f(1982),

then 1982 > 3 f(1982). Thus, f(1982) < %% < 661.

On the other hand, f(1982) = f(1980 + 2) > f(1980) + f(2) = f(3 - 660) = 660.
Therefore, 660 < f(1982) < 661, that is, f(1982) = 660.

Solution 9.82. First, we show that 1 is in the image of f. For 2y > 0, let

!
7 flao)

Then condition (i) states that f(xof(yo)) = yof(xo) = 1, that is, 1 is in the image
of f. Then there is a value of y such that f(y) = 1. This, together with z =1 in
(1), imply that f(1-1) = f(1) = yf(1). Since f(1) > 0 by hypothesis, then y =1
and hence f(1) = 1.

Taking y = z in (i), we obtain that f(zf(x)) = xf(x), for all £ > 0. Then
xzf(x) is a fixed point of f. Now, if a and b are fixed points of f, then using (i)
with & = a, y = b, we guarantee that f(ab) = ba, hence ab is also a fixed point of
f- Thus, the set of fixed points of f is closed under multiplication. In particular,
if a is a fixed point, all non-negative integer powers of a are fixed points, that is,
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a™ is a fixed point for all non-negative integers n. Then, by (ii), there are no fixed
points greater than 1. Since z f(z) is a fixed point, it follows that

xf(x) <1 or f(z)< i, for all z. (10.38)

Let a = xf(z), then f(a) = a. Now, use z = ! and y = a in (i), to obtain

r(hr@) =rm=1=ar(}).
o) =a o (o) = o

This shows that zfl(x) is also a fixed point of f for all z > 0. Then f(z) > i This

and (10.38) imply that f(z) = .. This function clearly satisfies the conditions of
the problem.

then

Solution 9.83. Suppose that | f(y)| = 0 for some y, then the substitution z = 1
implies that f(y) = f(1)[f(y)] = 0. Then if | f(y)] = 0 for all y, it follows that
f(y) =0 for all y. This function obviously satisfies the conditions of the problem.
Now, we have to consider the case when | f(a)]| # 0, for some a. Then it follows

from f(|x)a) = f(x)Lf(a)], that

f(z) = ft;tfj)j). (10.39)
This means that f(z1) = f(x2) if |21] = |22], then f(z) = f(|z]). Hence we can
assume that a is an integer.
Now, we have

r@ = (2004 ) = 20 |1 (4)| = raron

this implies that | f(0)| # 0, then we can assume that a = 0. Therefore, equation
(10.39) implies that f(z) = L?ES;J = C # 0, for every x. Now, the condition of the
problem is equivalent to equation C' = C'|C|, which is true exactly when |C| = 1.
Then, the only functions that satisfy the conditions of the problem are f(z) =0

and f(x) =C, with |C] = 1.

Solution 9.84. For z =y = 1, we have f(f(1)) = f(1). Now, if we take z = 1 and
y = f(1), and since f(f(1)) = f(1), it follows that [f(1)]? = f(1). Then there are
two possibilities, either f(1) =1 or f(1) = 0.

If f(1) = 1, substituting y = 1 in the functional equation, we get f(zf(1))+
f(x) = =f(1) + f(x), then f(x) = z, for all z € R. But this function is not
bounded, hence f(1) =1 is not true.
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If f(1) =0, taking z = 1, we get f(f(y)) +yf(1) = f(y) + f(y), then
f(f(y)) =2f(y). I f(y) € Img [, then 2f(y) € Img f, and by induction, f"(y) =
2" f(y) € Img f. We conclude that f(y) < 0, because if f(y) > 0, it will follow
that 2" f(y) € Img f, for all n, which is impossible since the function f is upper
bounded.

Substituting = by § and y by f(y) and, noticing that f(f(y)) = 2f(y),

we obtain f(zf(y)) + f(y).f (3) = «f(y) + [ (5(»). Then xf(y) — f(2f(y)) =
F)f(2)=f(5f(y) =0,since f(x) <0, for all z. All these results together and
equation (9.4) imply that yf(z) > f(ay).

Considering that yf(xz) > f(zy), and taking z > 0, y = glc, we obtain f(z) >
0. Since f(x) < 0, then f(x) = 0. Clearly f(z) = 0, for all € R, satisfies the
functional equation and it is bounded.

Suppose that f is not identically zero, then there exists xy < 0 such that
f(zo) < 0. Let yo = f(zo), then f(yo) = f(f(20)) = 2f(20) = 2yo. For any z <0,
it follows that yox > 0, then f(yox) = f(2yox) = 0. Hence, after substituting y
by yo in (9.4), we get f(2y0z) + yof(x) = 2yoz + flwyo), thus f(z) = 2z, for all
2 < 0. Hence, the other solution is f(z) =0 for > 0, and f(z) = 2z, for z < 0.

Therefore, the only solutions are

f@)=0 wd fa@={ o L T=0
A I )

It is easy to verify that these functions satisfy the conditions of the problem.

Solution 9.85. First notice that as, > 1 and ag,4+1 < 1, for all n > 1.
The proof of the following statement will be by induction for k£ > 2.

Py, : For every pair of positive integers a, b with (a,b) = 1 and a + b < k,
there exists an integer n such that a, = §.
If k = 2, the only positive integers a, b that satisfy (a,b) =1 and a +b < 2, are
a=2>b=1, and in such a case a; satisfies | = a; = 1.
Now, suppose that the statement is true for £ > 2; we will prove that it is valid
for k + 1. Let a, b be positive integers that satisfy (a,0) =1 and a+b <k + 1.
If a > b, then a — b and b satisfy that (a —b,b) =1 and (a — b) + b = a < k, then
by the induction hypothesis, there is an integer n with a,, = “Eb. Then

a—b a
Qon =ap +1= b +1= b
If a < b, then b — a and a satisfy that (b—a,a) =1 and (b—a)+a = b < k; hence
by the induction hypothesis, there is an integer n with a, = b;“. Then

1 1 1

A2n+1 = = = ,_ =,
G2n an + 1 baa +1 b
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Let us now see the uniqueness of the representation.

If a,, = a,, > 1, then m and n are even. However, if a,, = a,, < 1, then m and n
are odd. In the first case, n = 2n’ and m = 2m/, and then a,, = a,, implies that
Gnr = Q. In the second case, n = 2n’ +1 and m = 2m’ + 1, then a,, = a,, implies

that =1 ., and then a,; = ap,. Thus, in any case the equality a, = an, leads

’ a.
to anoi)tnher eqilality Qn/ = Gy, where the subindices are smaller. This process can
only be applied a finite number of steps to conclude that n’ =m’ =1orn’ =1 or
m’ = 1. In the first case, it follows that n = m, and in the other cases we conclude
that a,,, = a1 =1 or a,,,y = a1 = 1, but this is not possible, since at the beginning
we pointed out that the a,’s are not equal to 1, when n > 1.

Solution 9.86. Since a,4+1 = 1-&7«1",’ for n > 0, it follows that %1“ = 1':;7"' =
al + n. Then
1 1
= + 999
a1000 a999
= + 999 + 998
a99s

1
a +999 +998 + --- 41
1

999 - 1000
— 1+

= 499501.

Therefore ayggp = 4991501.

Solution 9.87. From the definition of z; it follows that for every integer k,
Tak—3 = Tog—1 = —Tak—2 and Typ_1 = Tap = —Top = Tk (10.40)
Then, if we set S, = Y., 2, it follows that

k k
Sak =Y ((@ar—s + Tar—2) + (Tar—1 + zar)) = ¥ _(0+2z4) = 28,  (10.41)
i=1 i=1
Sikr2 = Sk + (Tapt1 + Takt2) = Sk (10.42)
Also, observe that S, = > ;x; =Y ., 1 =n mod 2. We will show, by induc-
tion on k, that S; > 0, for all i < 4k. The basis is true since 1 = x3 = 14 = 1,

x9 = —1. For the inductive step, suppose that S; > 0, for all i < 4k. Using relations
(10.40), (10.41) and (10.42), we obtain that

Satya = 25,11 20, Saky2 = Sar 2> 0,

Sak+2 + Sakya

> 0.
9 >0

Sik+3 = Sakt2 + Tapy3=
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Then, it will be enough to show that Sy;4+1 > 0. If k is odd, then Sy, = 2S), > 0;
since k is odd, S is also odd, and then Sy, > 2. Therefore Syx+1 = Sap+Tan+1 > 1.
Reciprocally, if k is even, then z4x11 = Tog4+1 = Ti41. Thus Sypy1 = Sar+Tapt1 =
28k + g1 = Sk + Sk+1 > 0 and the induction is complete.

Solution 9.88. First, from the problem conditions, it follows that each a,, (n > s)
can be expressed as a, = aj, +a;, with ji,j2 <n, j1 +j2 = n. If, say, ji > s, then
we can proceed in the same way with a;,, and so on. Finally, we represent a,, as

an = a;, + -+ a;,, (10.43)
1<i;<s, i1+ +ipr=n. (10.44)

Moreover, if a;, and a;, are the numbers in (10.43), obtained on the last step, then
i1+ i2 > s. Hence we can adjust (10.44) as

1§ij§5, W+ +ixg=mn, i1+1i2>s. (1045)

On the other hand, suppose that the indices i1,. .., satisfy conditions (10.45).
Then, writing s; =41 + - - - + %;, from the problem’s condition we have

Up = Gy, 2 Gg,_y + Giy, 2 Qg + Q4 Q4 2 -0 2 G4y + -+ a4,

Summarizing these observations, we get the following lemma.

Lemma 10.9.1. For every n > r, we have a, = max{a;, + -+ a;, }, where the
collection (i1, ... i) satisfies (10.45).

Now we write r = max{ai" 1< < 5}, and fix some index [ < s, such that

s="1.
Consider some integer n > s?] 4+ 2s and choose an expansion of a,, in the form
(10.43), (10.45). Then we have n = i1+ - -+ < sk, so k > n/s > sl+2. Suppose
that none of the numbers i3, . . ., it equals [. Then by the pigeonhole principle there
is an index 1 < j < s which appears among i3, ...,%; at least [ times, and surely
J # 1. Let us delete these [ occurrences of j from (i1, .. .,ix), and add j occurrences
of | instead, obtaining a sequence (i1, i2, 15, ..., ),) also satistying (10.45). Using
the lemma, we have

T e N M e A e N

or, after removing the common terms, la; > ja;, then 9 < a; The definition of [
leads to la; = ja;, hence

an = Qiy + @iy +ai + -+ agy .

Thus, for every n > sl + 2s, we have found a representation of the form (10.43),
(10.45) with i; = I, for some j > 3. Rearranging the indices we may assume that
i = 1.
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Finally observe that in this representation the indices (i1,...,4k—1) satisfy the
conditions (10.45), with n replaced by n —I. Thus, from the lemma, we get a,,—; +
a; > (a;; + -+ + a;,_,) + a = ap, which, by the problem’s condition, implies
an = an_; + a; for each n > s21 + 2s, as desired.

Solution 9.89. For each ¢ =1,2,...,k — 1, let P; be the set of all prime numbers
congruent to ¢ modulo k. Each prime number (except possibly k) is contained in
exactly one of the sets P, Ps, ..., Py_1. Since there are an infinite number of
prime numbers, at least one of these sets is infinite, say P;. Let p = 1 < 20 < -+ - <
T, < --- be its elements arranged in increasing order, and define a,, = x"*,; P,
forn=1,2,....

Then the sequence p + ka,, contains all members of P;, starting with 5. The
numbers a,, are positive integers, p is prime and the sequence {a,} is increasing,
hence it satisfies the conditions of the problem.

Solution 9.90. The hypothesis implies a+b+c¢ = 2, ab+bc+ca = —1 and abe = 0.
Then a, b, ¢ are the roots of the cubic polynomial 23 — 222 — x = 0, which are
0,1+ v/2. Then we can assume that a = 1 + \/2, b=1—+2and c=0. Hence,
a?+b%> =6 and ab = —1.

Now, we have that s, 15,41 = (a®1 + b7 ) (a™T + b7 F) = o 4+ b2 +
a1 (a? + b2) = 52 — 24" + (ab)""H(a? + %) = s2 — 2(ab)™ + 6(ab)" ! =
52 —8(—1)", then |s2 — s,_18,41| = [8(—1)"] = 8.

Solution 9.91. (i) We show that the series

af | @} | a3
+ P4 with 1=ag>a1>--->0, (10.46)
X1 T2 I3

has sum greater than or equal to 4. This clearly implies that some partial sum of
the series is greater than or equal to 3.999.
Let L be the infimum (the greatest lower bound) of the sum of all series of the

form (10.46). Clearly L > 1, since the first term 9:11 > 1. For all € > 0 we can find
a sequence {x,} such that

$2 $2 $2
04142y (10.47)
X1 i) I3

L+e>

Setting y, = """, with n > 0, it follows that 1 = yo > y1 > yo > -+ > 0. The
series on the right-hand side of the inequality (10.47) can be written as

1 2 2 2
+a (yo +y1 +y2 +>
x1 Y1 Y2 Y3
By definition of L, the series inside the parenthesis has a sum greater than or
equal to > L. Hence, by (10.47), we have that L + € > 11 +x1L.

T
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Applying the inequality between the arithmetic mean and the geometric
mean on the right-hand side of the inequality we get L 4+ € > 2v/L. Since this
is true for all € > 0, it follows that L > 2y/L. Thus, L? > 4L, and since L > 0,
this implies L > 4.

(ii) Let 2, = ., then

on s
[ [
2 1
Z - Z on—1 = 4’
n=0 Tnt1 n=0

and the partial sums of this series are less than 4.

Solution 9.92. By (i) and (ii), it follows that all the elements in the sequence are
rational numbers. Suppose that a, = Z, with p and ¢ integers such that (p,q) = 1,

then agy1 = (2p2;q2). Since (p,q) = 1, it follows that (2p? — ¢2,¢%) = (2p?,¢°) =
(2,4?), which is equal to either 1 or 2.

If ¢ > 2, then the denominator of ayy; is greater than the denominator of ay.
Hence, the sequence of denominators will be increasing and therefore it cannot be
an equality among the terms of the sequence.

Moreover, if |ax| > 1, then writing |ax| = 1+e, it follows that ax1 = 1+4e+2e? >
|ak|, which gives an increasing sequence.

Therefore, in order that the terms of the sequence repeat themselves, the first term
must have denominator at most 2 and must be between —1 and 1, this gives us
only 5 possible values:

e ay = —1, which gives the sequence —1,1,1,1,....

® ag = fé, which gives the sequence f%,fé, fé, ceen
e ay = 0, which gives the sequence 0,—-1,1,1,1,....

® ag = é, which gives the sequence é,fé,f%,f%,....
e ay = 1, which gives the sequence 1,1,1,1,....

Solution 9.93. The first terms of the sequence are ag = 0, a3 = 1, az = 2,
as =5, a4 =12, a5 = 29, ag = 70, a7 = 169. Observe that a,4+1 = 2a, + apn—1 =
a2ay + ajan—1 and ap42 = 2an+1 +an = 2(2an + an—l) + an = 5a, + 20,1 =
asay + a2a,—1. Then we can conjecture that

Gntm = Qmt10n + QGmlp_1. (10.48)

To show it we use induction on m. For m = 1, 2 it was already proved. Now,
suppose that the equality is true for m = k — 1 and for m = k, and show that the
relation holds for k + 1. Observe that
Ap+k+1 = 2an+k + Ap+k—1 = 2<ak+1an + akan—l) + aran + ag—1an-1
= (2ak+1 + ar)an + (2ak + ak—1)an—1 = Apt20n + A 10n-1,

which finishes the induction.
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If we let n = m in (10.48), we obtain the equality ag, = an(an+1 + an-1).

Also note that if n is even, then a, is even, which is easy to deduce using
the formula of the sequence a,, = 2a,_1 + a,_2. Now, if n is odd, then a,, = 1
mod 4. In order to see this, use induction again. For n = 1, the result follows since
a1 = 1, then assume that ag,—1 =1 mod 4. Then, since asp+1 = 2a2, + a2n-1,
we only need to observe that asg, is even, which finishes the induction.

Summarizing, if n is odd, that is, if there is no power of 2 dividing n, then
an, =1 mod 4, hence there is no power of 2 dividing a,.

If n is even, then n — 1 and n 4+ 1 are odd, hence a,4+1 + ap—1 = 2 mod 4,
that is, in the equality a2, = an(an+1 + an—1), only one extra factor of 2 appears
inside the parenthesis, and this ends the proof.

Solution 9.94. Since
1 lam + < 1
man+1’ Am T An+1 — Om4n+1 S man+l’

from the two inequalities it follows that

|am+1 +ap — am+n+1| <

2 2

|(am+1_am)_(an+1_an)| < mtn+1 < n’

Now, using twice the previous inequality, we get

|<am+1 — Q) — (an+1 - an)|
< |(@m+1 — am) — (ag+1 — ag) + (ak41 — ag) — (an+1 — an)|
2 2 4
< Va1~ am) — (@ — )| + (ks — ax) — (@nss —an) < 245 = .
Since k is arbitrary, |(@m+1 — a@m) — (@n+1 — an)| is equal to 0, then a1 — ay, is
constant.

Solution 9.95. The function f(z) = 7 + " is decreasing in (0,7n] (it can be seen
that f'(z) < 0, or that the graph is decreasing with the identity f(z) — f(y) =

(z—y)(zy—n?)
zyn )

For n = 3 is clear, since v/3 < az = 2 < \?2. Suppose the result true for n,

ant1 = flan) < f(/n) = ’ij“nl. On the other hand, a,41 = f(an) > f (\/77_1> =
> v/n+ 1, then the result follows.

Now, let us see that a,, < v/n+ 1. If a1 = f(a,) > \/:_1 is true for n > 3,

. First we see, using induction in n, that /n < a,, < \/77_1, for n > 3.

v

then a,, > "_12 for n > 4. Since f is decreasing, then

Vn—
n—1Y (n—12+n%*n-2)
\/n—Z) <Vn+2,

(n—1)ny/n —2
for n > 4. Hence |a2| = n, for n > 5. The case n = 4 follows easily after noticing

that ay = 163.

tnir = flan) < f (
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Solution 9.96. Denote by I(n) the last digit of a positive integer n, that is, the
units digit. The sequence {I(n)} is periodic with period 10. Now, for a fixed positive
integer a, the sequence {l(a™)} is periodic with period equal to 1 if @ ends in 0, 1,
5, 6; the period is equal to 2 if a ends in 4 or 9; and the period is 4 if a ends in 2,
3,7, 8.

Since the least common multiple of 10 and 4 is 20, and if

m=m+1)""+(n+2)""+ -+ (n+20)"",

then I(m) does not depend on n. We now calculate the last digit of 1! + 22 + 33 +
-+ +202?°. By the periodicity of the sequence of the form {l(a™)}, the last digit of
this number is the same as the one in

1+224+ 33 +44 4546+ +80+9+1+24+34+424+54+64+7+8%+0.

The units digit of this last number is 4. Therefore, the last digit of a sum of the
form (n+1)"" + (n+2)"*2 + .- + (n+100)" 1% is equal to (4-5) = [(20) = 0.
Thus, b,, is periodic with period 100.

Solution 9.97. Notice that (1 4+ v/3)?"*! + (1 — v/3)2"*! is an even integer. In
order to see this, simplify the binomials to obtain

(1 + \/3)2n+1 (1 _ \/3)2n+1

S () e X () ()

7=0 7=0
" /on + 1 2j " /on+1\ .
=9 ( 3) —9 30,
Z( ) , ( 25 )
Jj=0 7=0

Now, since —1 < 1—+/3 < 0, it follows that —1 < (1—+/3)?"*1 < 0, therefore
{(1 +\/3)27L+1J _ {(1 n \/3)271—1-1 + (- \/3)2n+1J = (14/3)27 1 4 (1—+/3)2n 1
is an even integer.

Tt can be shown that 27%1 divides L(l + \/3) 2n+1J . To see this, observe that

(1+v3) S (1- %3)2n+1 = (1+V3)(A+2V3)" + (1 — V3)(4 — 2V3)"
=2"(1+V3)(2+V3)" +2"(1 - V3)(2 — V3)".

It is only left to see that 2 divides (1 +v/3)(2 +v/3)" + (1 — V3)(2 — V/3)"
and for that use again Newton’s binomial theorem.

Solution 9.98. The characteristic polynomial of the recursion a, 42 = 3a,+1 — 2a,
is A2—3A+2, which has as roots A = 2, 1. Then a,, = AN+ B for some real numbers
A and B which are determined by 3=a; = A-2+ Band 5 =ay = A-2% + B.
The previous system has solutions A = B = 1, then a, = 2" 4+ 1, for n > 1.
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Solution 9.99. The relation a,+¢ = a, follows from the relation a,y2 = an+1 —
A, since (p+6 — Gn45 — Gp4d = Qptd — Gp43 — Aptd = *(an+2 - an+1) =
*(an+1 — anp — an+1) = Qn.

Solution 9.100. Since ay = 2%, a3 = 5%, ay = 132, we can conjecture that a, =
F3._,. Use strong induction in order to show the result. A relation between 3
Fibonacci numbers that helps is Fop,4+1 = 3F5,—1 — Fap—3.

Solution 9.101. Calculate the first terms,

5 1
=" =9
M=y =2t
= uy(ug — 2) — (24! (22 -2) 2y ) =2yl
U2 = U1 U uy = 9 9 = 9
uz = ug(u? —2) —uy = 2+1 <2+1)2—2 - 2+1
8- te 2 2 2
1 1 1 1 1 1
=2 22 — (2 — (2 92 _ 1 — 93
(o) (o) - (2ra) = (200) (21 ) =2
1 1\2 1
= (23 2 )72 — (2
= (2 ) ((2e0) =2) - (o)
1 1 1 1
23 22 — (2 =95
(2 ) (20 3) - (23) =2 5

_ (o4 ! 24+ 1) o g4} ooy !
Y=\ T Ty ( +23) )BT ) T o
This allows us to conjecture that u, = 2™ + 271~n for some numbers r,, which must

be determined. If the numbers r,, are integers, then |u,| = 2.

If u, =2™ + 2}n , then from the original equation it follows that

o1 . 1 \? 1
Unp+1 = (2 "+ 27‘n> ((2 n-l 4 2Tn1> —2) — (2+ 2)

= (2 4277 (2%t 27 ) — (2 + ;)

— 27'n+27'n—1 + 2_7'71_27'7171 + 27'71_27'7171 =+ 2_7'71,"1'27'71,—1 _ (2 + 1) .
2
Therefore, if we can find a sequence {r,} that satisfies r,,11 = r, + 2r,_1 and
T — 2rp—1 = (—1)", the proof is complete.
The characteristic equation of the recursion r,4+1 = 7, + 27,1 is AM—\—2=
0, and its roots are A = 2, —1, and since rp = 0 and r; = 1, it follows that

(=)™ . . o . )
(3 )" is the solution, and it is also solution of the other recursion.
2" —(—1)"

Hence, |u,] =2 3 ,forallneN.

T =
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Solution 9.102. First notice that the integers n that satisfy |v/2n| = m are the
ones that satisfy m < v/2n < m+ 1. Then m? < 2n < (m+1)?, but even numbers
between m? (inclusive) and (m + 1)? are m, if m is odd, and m + 1 if m is even.
Hence the sequence a,, is

1,2,2,2,3,3,3,4,4,4,4,4,5,5,5,5,5, ...

where the integer k£ appears k times in the sequence if k is odd or k + 1 times if &k
is even.

When we write all the numbers 63, we arrive to the term a, with n =
14+34+34+5+5+--+63+63=2(1+3+---+63)—1=2(32)2—1=2047.
This last term and the 62 previous ones are equal to 63, in particular aspzg = 63.

Solution 9.103. Since P(0) = 0, it follows that P(z) = zQ(z), for some polynomial
Q(x) of degree n — 1 that satisfies Q(j) = jil’ for j = 1,2,...,n. If R(z) =
(x +1)Q(z) — 1, then the degree of R(x) is n and R(j) =0, for j = 1,2,...,n.
Hence, R(z) = ap(x — 1)(x —2)...(x —n). f m > n,

ao(m—l)(m—Q)...(m—n)—i—l_

@m) = m+1
Evaluating R(z) in = —1, it follows that —1 = ag(—2)(=3)...(—n — 1), then
n+1
ag = (—n1+1)+! . Hence,
(=)t m(m —1)(m—2)...(m —n) m
P = = .
(m) =mQ(m) (n+1)! m+1 m+1

Solution 9.104. Consider Q(z) = zP(z) — 1 = ¢(z — 1)(z — 2)...(x — 2™). For
x#1,2,...,2" it follows that

Q) 1 1 1
Q(x) _$71+x72+.“+:1772"'

Since Q(0) = —1 and Q'(z) = P(x) + zP'(x), then

Solution 9.105.
Lemma. If P(z) is a polynomial of degree less than or equal to n, then

:21(_1)2' (”j 1)P(i) —0.

Proof of the lemma. Proceed by induction on n. For n = 0, (é)P(O) — (I)P(l) =
Py — Py = 0.
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Suppose valid the result for all n < k and consider the polynomial P(z) of degree
k + 1. The polynomial P(z) — P(z + 1) has degree less than or equal to k, then

k+1
0= (T - pa )

7

=0
B ’il <k+1>P(2)+l§(1)i<§jll>P(i)

]il KH 1) + <kf11)] P(i) + ()" 2P(k +2)
- %fu)i (k j 2) P(i).

Hence, for the polynomial P(x) the result holds and therefore the proof of
the lemma is complete. O

Now, apply the lemma to the polynomial P(z) of the problem,

0S5 -y (” ew=cn (T ey

=0 =0

i —1)" "' P(n+1),

1=

0
hence P(n + 1) is 1 if n is even and it is 0 if n is odd.

Solution 9.106. Suppose that there are polynomials Q(z) and R(z) with integer
coefficients such that P(z) = Q(z)R(z). Since P(0) = 3, we can assume, without
loss of generality, that |Q(0)] = 3. If Q(z) = 2% + ap_12*~! + .-+ + ap, with
ap = +3, R(x) = al + b2+ +bg and P(z) = 2" +cp12™ 1+ 4 ¢, it
follows that ¢; = a;bg + aj—1b1 +---.

Let j be the smallest index such that 3 does not divide a;, then 3 neither
divides ¢;, since 3 t bo. Hence, j > n — 1, and then ¥ > n — 1 and [ < 1. Thus
the polynomial R(x) has the form 2 + 1, but neither 1 or —1 are roots of P(x).
Therefore, P(z) is irreducible over Z[z].

Solution 9.107. Suppose that the degree of Q(x) is n < p — 2. Using the lemma
in Problem 9.105,

p—1 p—1
0= Z(fl)i <p > = Qi) mod p,
=0 1=0

since (pzl) = (—1)" mod p. But this is not possible if Q(0) = 0, Q(1) = 1 and
Qi) =0,1 mod p.
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Solution 9.108. Since P(x) > 0, for x > 0, the polynomial can be decomposed in
the following way

P(z)=ao(z+a1)...(x+an)(@® —bix+c1) ... (2% = bz + cm),

with a; > 0, for 0 < i < n, and each quadratic polynomial 2% — b;z + ¢; has no
real roots.

Since the product of polynomials with positive coefficients is a polynomial with
positive coefficients, and since the factors (x+a;) already have positive coeflicients,
it will be enough to analyze the quadratic factors.

Let 22 — bz + ¢ be a quadratic polynomial, with b?> — 4c < 0. Then

n

(1+2)" (@ ~bzr+e)=). <’7>xi(x2 — bz +c)

- (3
=0

S o) ()]

n+2

= E CZ'IITZ,
=0

=[(:72) ) ()

_nl [(b+c+1)i%2 = ((b+2c)n+ (2b+ 3c+ 1))i + ¢(n® + 3n + 2)]

il(ln—i+2)!

where

S
|

Now, C; will be negative if its discriminant is negative (depends of 7). The dis-
criminant is
D= ((b+2c)n+ (2b+3c+1))2 —4(b+c+ 1)(c(n® + 3n +2))
= (b —4c)n® —2Un+V,
where U = 20 + bc + b — 4c and V = (2b+ ¢ + 1)? — 4c. But since b* — 4c < 0,

it will be sufficient to take n large enough, and then we will do this with every
quadratic factor.

Solution 9.109. Notice that

aP(x) = yP(y)
e alzt =y + b — ) de(@® —y?) +dlz—y) =0
e al@®+2fy+ay +yd)F o Fay+y?) d ez +y)+d=0.
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Ifu=x+yandv=2x?+9y2 then 2>+ zy+ 9> = +“ and the previous equation

becomes auv+ 5 (u?+v)+cu+d = 0, or equlvalently, (2au+b)v = —(bu+2cu+2d).
Since v > “22, it is clear that u? [2au+b| < 2 |bu? + 2cu + 2d|, which is

true only for a finite number of values of u. Since there are an infinite number

of pairs of integers (x,y) with xP(z) = yP(y), there is an integer u such that

xP(x) = (v — z)P(u — z) for an infinite number of integers x, but since P(z) is a

polynomial, the latter is true for every real number x.

If u # 0, then u is a root of P(x).

If u = 0, then P(x) = —P(—); this implies b = d = 0. Then P(z) = a3 + cx =

x(ax? + ¢), hence u = 0 is a root of P(z).

Solution 9.110. It is clear that (zy2)? = abc, then zyz = ++v/abe, hence © = i\é‘lbc,

y = i‘/abc z= i‘{l“bc solve the system.

Solution 9.111. It is clear that xy + yz + zx = é(a +b+c¢), zy = %(a +b—
¢),yz = s(b+c—a), 2z = y(c+a—b). Hence z = :t\/(c+a_b)(a+b_c), y =

2(b+c—a)
i\/ (b+c—a)(at+b—c) ,Z:i (b+c—a)(ct+a—b)

2(C+a b) 2(atb—c) solve the system.

Solution 9.112. The system is equivalent to the following system:

1 1 1 1 1 1 1 1 1
+

xy Tz a yz yxr b zx zy cC

By the previous problem,

1:i (i+i*é)(i+i7i):i (ab + bc — ca)(be + ca — ab)
x ) 2abe(ca + ab — be)

and similarly for the other variables.

Solution 9.113. If A, B, C are the expressions on the left-hand sides of the equa-
tions, it follows that —A+ B+ C = (—a+b+¢)3, A— B+ C = (a — b+ c)?,
A+B-C=(a+b—c)®and —A+B+C=A—-B+C=A+B—-C=1.The
system is equivalent to —a+b+c=1,a—b+c=1,a+b—c =1, which has the
unique solution (a,b,c) = (1,1,1).

Solution 9.114. Proceed by induction on n. The case n = 1 is trivial. Suppose
that it is true for n > 1. The polynomial Q(x) = P(z + 1) — P(z) has degree n —1
and takes integer values in the integers, then by the induction hypothesis, there
are integers aq, ..., ap—1 such that

Q(x):a7z—1<nx1> +~-~+ao<g).
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For any integer « > 0, it follows that P(z) = P(0)+Q(0)+ Q(1)+-- -+ Q(x —1).
Using the identity (2) + (}g) + -+ (”Lgl) = (kf_l), for any integer k, we obtain

the desired representation of P(x),

P(z) = an_1 (l') ++ap (T) + P(0).

n

Solution 9.115. Let r be a zero of P(x). Then |[r|P —|r| < |rP—r| =p. If |r| > pr1,
then

_ 1
[P = Jr| = [rl(|rPt = 1) Z pror(p = 1) > p,

which is a contradiction. Here we have used pP11 > pf 1> which follows from
pP~1 = ((p— 1)+ 1)P~L. Therefore, |r| < pr.

Suppose that P(x) is the product of two non-constant polynomials Q(x) and R(x)
with integer coefficients. One of these polynomials, say Q(z), has constant term
equal to £p. On the other hand, the zeros r1, ra, ..., r; of Q(x) satisty |r1], ...,
Iri| < ppil, and moreover 1 - - -7 = £p, hence k > p, which is impossible.

Solution 9.116. Let P(xz) = a,z™ + Ap_12" ' 4+ -+ + a1z + ag. For every =z,
the triplet (a,b,c) = (6x,3x, —2x) satisfies the condition ab + bc 4+ ca = 0. The
condition in P(z) implies that P(3x) + P(5x) + P(—8x) = 2P(7x), for all x. Now
comparing coefficients on both sides of the equality, it follows that the number
K@) = (3" + 5"+ (=8)! —2-7") = 0, if a; # 0. Since K (i) is negative for i odd
and positive for ¢ = 0 or for ¢ > 6 even, then a; = 0, for ¢ # 2, 4. Therefore,
P(z) = asx?® + agx?, for any real numbers as and ay4. It is easy to see that all
polynomials of the previous form satisfy the conditions set for the problem.

Solution 9.117. We have shown that if for some integer ¢, Q(t) = t, then P(P(t)) =
t (see Exercise 8.16). If such t also satisfies P(t) = ¢, the number of solutions is
clearly at most the degree of P(z), which is equal to n.

Let P(tl) = t2, P(tz) = tl, P(tg) = t4 and P(t4) = t3, where tl 7é ti, for
i = 2,3,4. Then we have that t3 — ¢; divides t4 — t2 and vice versa; therefore
ts —t1 = £(t4 — t2). Similarly, we have that t3 — to = £(t4 — t1).

Suppose that we have positive signs in both equalities: t3 — to = t4 — 3
and t3 — t; = t4 — ta. Substracting these equalities, we find t; — to = to — t1,
which is a contradiction. Then, at least one of the equalities has negative sign.
For each one of those cases, this means that ¢35 + t4 = t; + t2, or equivalently,
t1 +ty—t3— P(t3) = 0. Let C = t; + tg, then it has been proved that each integer
number that is a fixed point of Q(x), different from t; and to, is a root of the
polynomial F(z) = C —x — P(x). This is also valid for ¢; and ¢, and since P(z)
has degree n > 1, the polynomial F(z) has the same degree, therefore it has no
more than n roots. Hence, we have reached the result.
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Solution 9.118. For the first positive integers, it follows that

P(1)=P(0*+1)=P(0)*+1=1

P2)=P(1*+1)=P(1)*+1=2

P(5)=P(2°+1)=P(2)*+1=5
P(26) = P(52 +1) = P(5)? +1 =26

Then, for 2o = 0 and for n > 1, it follows that z,, = 22_; + 1. Then P(xz,) =
P(2_,4+1)=P@%_)+1=2122_, +1=z,. Hence, P(z) has an infinite number
of fixed points, therefore P(z) = z.

Solution 9.119. Let P(1) = a, then it follows that a? — 2a — 2 = 0. Since P(z) =
(x — 1)Pi(z) + a, for some polynomial Pj(x), substituting in the original equation
and simplifying leads to (z — 1)P(x)? + 2aP;(x) = 4(x + 1)P;(22? — 1). For
x = 1, it follows that 2aP;(1) = 8P;(1), and together with a # 4, implies that
Pi(1) = 0. Hence, Py(x) = (z—1)Py(z), for some polynomial Py(z). Then P(x) =
(x — 1)2Py(x) + a.

Suppose that P(x) = (z—1)"Q(z)+ a, where Q(z) is a polynomial with Q(1) # 0.
Again, substituting in the original equation and simplifying, we get (z—1)"Q(x)?+
2aQ(x) = 2(2z + 2)"Q(2x? — 1), which implies that Q(1) = 0, which is a contra-
diction. Therefore P(z) = a.

Solution 9.120. It is clear that P(x) and Q(z) have the same degree, say n. The
cases n = 0 and n = 1 are clear. Suppose that R(x) = P(z) — Q(z) # 0 and that
0 < k <n —1is the degree of R(z), then

Writing Q(z) = 2™ + - - - + a1z + ag, we obtain
Q(P(z)) — Q(Q(z)) = [P(x)" = Q(x)"] + -+ + a1[P(z) — Q()].

The main coefficient of the polynomial Q(P(x)) — Q(Q(z)) is n and it is equal
to the coefficient of the term 2" ~"**. On the other hand, the degree of the
polynomial R(P(z)) is equal to kn < n* —n+ k. Therefore the main coefficient of
P(P(x))—Q(Q(z)) is n, which is a contradiction with the fact that the polynomial
is zero.

It is left to prove the case R(z) equal to some constant ¢. Then the condition
P(P(x)) = Q(Q(x)) implies that Q(Q(x) + ¢) = Q(Q(x)) — ¢, hence the equality
Q(y+c¢) = Q(y) — ¢ follows for an infinite number of values of y. Thus Q(y+¢) =
Q(y) — ¢, which is only possible for ¢ = 0, which can be proved comparing the
coefficients and using that @(x) is monic.



Notation

The following notation is standard:

i3

|z]

[a,b]

(a,b)

P(x)

deg(P)
filab] - R
f'(z)

[ ()

f ()
fl@)m

the positive integers or the natural numbers
the integers
the rational numbers

the positive rational numbers
the real numbers

the positive real numbers
the irrational numbers

the complex numbers

is {0,1,...,p — 1} with the sum and product modulo p.

if and only if

imply

the element a belongs to the set A

A is subset of B

the absolute value of the number x

the module of the complex number z

the fractional part of the number z

the integer part of the number x

the set of real numbers = such that a <z <b
the set of real numbers = such that a <z < b
the polynomial P in the variable x

the degree of the polynomial P(x)

the function f defined in [a, b] with values in R
the derivative of the function f(x)

the second derivative of the function f(z)

the nth derivative of the function f(x)

the nth power of a function f(z)
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fr(@)

Af(z)

det A

D @i

HZL:1 a;

[Liz; @i
max{a,b,...}
min{a,b,...}
VT

Y

expxr = e”
> flab,...)
cyclic

Notation

the nth iteration of a function f(z)

the diference operator of f(x)

the determinant of a matrix A

the sum a1 + a2 +---+a,

the product a; -as -...-a,

the product for all ay,as,...,a, except a;
the maximum value among a, b, ...

the minimum value among a, b, ...

the square root of =

the nth root of the real number x

the exponential function

represents the sum of the function f evaluated in all the
cyclic permutations of the variables a, b, . ..

We use the following notation for the source of the problems:

AMC
APMO
IMO
MEMO
OMCC

OIM
OMM
(country, year)

American Mathematical Competition

Asian Pacific Mathematical Olympiad

International Mathematical Olympiad

Middle European Mathematical Olympiad
Mathematical Olympiad of Central America

and the Caribean

Iberoamerican Mathematical Olympiad

Mexican Mathematical Olympiad

problem corresponding to the mathematical olympiad
celebrated in that country, in that year, in some stage
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Absolute value, 10
properties of, 11
Algorithm
division, 66, 140
Euclid, 142
Arithmetic progression, 33
difference of the, 33
of order 2, 34

Bertrand’s postulate, 243

Binomial
Newton, 54
square, 15

Binomial coefficient, 53

Cartesian Plane, 10
Complex number, 75
argument, 75
conjugate, 75
imaginary part, 75
module, 75
real part, 75

Decimal system, 8

Dense set, 101
Derangement, 128
Descartes’ rule of signs, 155

Determinant
2 X 2 matrix, 18
3 x 3 matrix, 18
properties of, 19

Difference operator, 111

Endpoints, 10
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characteristic, 122
difference, 111
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Factorial, 53
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Formula
Abel’s summation, 133
de Moivre, 79
interpolation, 151
Pascal, 54

Function, 89
non-increasing, 98
additive, 103
bijective, 94
bounded, 99
bounded above, 99
bounded below, 99
codomain, 89
constant, 89
continuous, 100
correspondence rule, 89
decreasing, 98
domain, 89
even, 96
graph, 89
identity, 89
image, 89
increasing, 98
injective, 94
iteration, 111
limit, 99
non-decreasing, 98
odd, 96
periodic, 97
range, 89
surjective, 94

Functional equations, 111
Cauchy, 102

Functions
composition, 93
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difference, 91
equality, 89
product, 91
quotient, 91
sum, 91

Geometric progession
ratio of the, 36

Geometric progression, 36

Greater than, 6

Hanoi Towers, 44

Harmonic progression, 34

Identity
Sophie Germain, 27
Imaginary axis, 75
Induction
bases, 43
step, 43
Induction principle
Cauchy’s, 49
simple, 43
strong, 48
Inequalities, 21
Inequality
Cauchy—Schwarz, 69
helpful, 26
Nesbitt, 24
rearrangement, 24
Infinite descent, 57
Integers, 1
Interval
close, 10
open, 10

Irrational number, 4

Koch’s snowflake, 130

Lemma
Gauss, 147
growth, 86

Matrix

2% 2,17
3% 3,18

Mean

arithmetic, 22, 49
geometric, 22, 49
harmonic, 22
quadratic, 22

Monomial, 139

Natural numbers, 1
Notable product

three variables, 16
two variables, 15

Number line, 3

Numbers

even, 32
fractional part, 14
greater than, 6
integer part, 12
Lucas, 128

odd, 32

square, 32
triangular, 31

Parameters, 153
Period, 97
Polynomial, 139

characteristic, 122
coefficients, 63, 139
commute, 157
conjugate, 154
constant, 63
cubic, 63
cyclotomic, 148
degree, 67, 139
derivative, 150
discriminant, 67
equality, 139

Index

greatest common divisor, 64, 142

homogeneous, 161
integer coefficients, 145
irreducible, 146

linear, 63

main term, 139

monic, 63, 139
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over the integers, 63
over the rationals, 63
primitive, 147
quadratic, 63
quotient, 64
reciprocal, 143, 144
remainder, 64
root, 63, 139, 141, 145
several variables, 161
solution, 63, 139
symmetric, 161
Tchebyshev, 158
zero, 63

Polynomials
division, 64, 141
equality of, 63
product, 64
product by a constant, 64
subtraction of, 64
sum of, 64

Quadratic polynomial
complex coefficients, 79

Rational numbers, 2
Real axis, 75
Real numbers, 4

Root
primitive, 83

Roots
multiple, 150
multiplicity, 67, 143
second-order equation, 67
unity, 82

Second-order equation, 67
discriminant, 67

Sequence, 115
bounded, 118
complete, 125
convergent, 126, 135
decreasing, 125
divergent, 126, 135
Fibonacci, 51
finite differences, 113
increasing, 124

limit, 126, 135
monotone decreasing, 125
monotone increasing, 124
periodic, 119
properties, 118
recursive, 118, 120
totally complete, 125
Series, 129
convergent, 129
derivative, 132
divergent, 129
geometric, 131
harmonic, 131
power, 131
formal, 131
Smaller than, 6
Smaller than or equal to, 7

Straight line
oriented, 3

Subsequence, 127

Sum
of Gauss, 32
of the cubes, 39
of the squares, 38
partial, 129
telescopic, 40

Theorem
binomial, 54
FEisenstein, 147
factor, 66, 82

fundamental of Algebra, 81, 87

proof, 85
rational root, 146

Vieta
formulas, 65, 145
jumping, 163
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