Pure Sector 4: Trigonometry 4

Aims:

Understand and use double angle formulae

Use of formulae for sin(A £ B) , cos(A £ B) and tan(A £ B)

Understand geometrical proofs of these formulae

Understand and use expressions for a cos 6 + b sin 6 in the equivalent forms of Rcos(6 + a) or
Rsin(6 + a)

Construct proofs involving trigonometric functions and identities

Apply trigonometric identities to find integrals

Addition Formulae
The addition formaulae are given in the formula booklet:

Trigonometric identities
sin(4 + B) = sin4cosB + cosAsinB
cos(4 £ B) = cos.1cosB F sin.dsinB

tan.{ +tanpk

1
—_— 1+ B=(k+ =)
1x tan.dtanB | s 2 .

tan(d £ B) =

Geometric Proofs

cos(a+3)=AE
=ADcosa-BDsina
=cosacosB-sinasinp

sin(a+pB)=BE
ADsina =ADsina+BDcosa

=sinacosP+cosasin

A -~ % Apcosa” " *



BE tana+tanf

Use this diagram to prove that tan(a + f)=—

B tanatanB
-'

* 1

Example 1
Prove that H =tanA —tanB
g'm__(ﬂr*fg) N smAno b — (ADP(‘IW\’S
wAmwm oAk o K

- i A sa b

T wh w6

= wmA — a8
Example 2

Solve cos(8 + 60) = sin8 for 0 < 8 < 360 (to 3sf)

005 @'MO 60 — IW\Q%VL(;O = J'in@’
l/OK.D@ - %51“9 = .BM-Q'

4
wg = 2 +J%)fi~9
= —— (B t0)

2443

AE |-tanatan

45"




Example 3
Given that tan 60 = v/3 show that tan 15 = 2 — V3

tan. 1S = ban (60 —4—5’)
- b b0 - lnd§
(+ banbO (4§
. o5 =1 (#J3 3 -1-34003 -4 203
| #43 7 (L3 -3 e

\

A 3 O’N (m,o!.:-%:'
Jr-1* =€ ot ag® =¥
s _'3: —2\

674"*& +-(’Y’M‘/ i e
(ot ) T ang n—({)(-“— eed

> = B =]
Example 4 2
Angle « is acute ancr = %. Angle f is obtuse and sinff = % Find the value of tan(a + f3).

Double Angle Formulae
Use the addition formulae with B=A4 to find;

sinzd= Sy A A + wAmA = 7 SimAom» A

tan A + banh 2 A

tan2A = 2 ——t» -

| — tanAtah |- an“A

2 _ Z
cos 2A = 60‘)/‘»0{04— g )lVl-A-)lV'LA": VZM A’ Jin A’

The cos2A formula can be written in terms of sin or cos by using sin® A + cos °A = 1

So, c0s24A = (USZA' s (f—-&\DZA') ZMaA - f
Or  cos24 = (! - )W'le') - smA | = Z«J“"ZA‘

3

\h

i



sin24A =2sinAcos A4

cos 24 —sin* 4
Cos2A=4{ 2cos?A-1

1—-2sin?4
These are not
2tanA given in the
taned = 1—tan? 4 formula
booklet.

Example 5
Solve 3cos28 —7cos@ —2=0 for0<8 <360

3(20°6-1) ~Fwf <220 9 o 240
b & -Fuw —S =0
(308 -5 2wt +1) =0

w g = % (NG kovT )

% wh= 5

Example 6
Show that:
a) zcoseczzﬂ ; secﬂa:icjs;_ ~ 2 ~ (
(= / i = = =
LN 2@ Z_jM[}{;V)Qv )img o B

1 B - = KhS

il

b) sin3x = 3sinx —4sin3 x
Lh$ = hw3x

- 5aw(ZL+X~)

= Smlx wx + uplx hnX

= 7 smx i + (I-ZSI%lp)fiwx

= Z[i}f\-)(.((*)tuz )L) + (l -ijwL-t)(_)ftw Yo
ZSWL)(_ - ZSJV’L}')L RS & —*ZSLVE)L,

= Js5mdC - Z{.pv{j e = s

4



Exam Question = AQA C4 Jun 06
4 (a) (1) Express sin2x in terms of sinx and cosx.

(1 mark)

(1) Express cos 2x in terms of cos x. (1 mark)

(b) Show that
SN2y —tanx = tanx cos 2y
for all values of x. (3 marks)

sin 2x — tanx = 0, giving all solutions in degrees in the interval

(¢) Solve the equation =
0°<x<360°. (4 marks)
Y ({) Sm2x = 7 s ud c) buwn X wolx = 0
(1) w2x = Zn'x — | > = O
h) Lis = b Zx > x=(0), 180,
Z tuox (Zantx = 1) 0% 7% = D

7 Sinx (N)'Z/)(_ — tanse Lo B ?U, 2?0{4-)'(){ $30
“ X T 47,037, 225 S

ZSM.Y_UD)Z.. — fr ¢
S 2oL — > ZLHS

i

TIAL

Application to Integration

Example 7
Find [ sin? x dx

wlx = |- 23
> fla®x. = Z(["’(ADLL)

2 fjtvtlx. Ax = leifl — w2y A

i[x, -—JZ—S‘M.ZJLJ + C

» x
X Jivex TRF

~ 4



Example 8
Find [ sin3x cos 3x dx

S 26 = ZS!V\.Q(/\OQ’

:>,."Z$mé)1- = Siu e n 3

= L |
- =L ounbr +C
12

Example 9
Find f6c052§ de

WwZAZ 2wy A~ |
> Bw)ZAfémzAw%
7 65@%@_;’-’_ 3G +3

> Jéw&‘% oA O 13[0109%! L&

:3(5M9 H?r) r C
= 3B £30 + C



a) Express 3sinx + 4 cosx inthe form Rsin(x + «) bl
b) What is the maximum value of the expression 3 sin x + 4 cos x? q
c) What is the smallest positive value of x for which this value occurs?

JL\ KSI“L()C*' OL) E('KW)OL)SM)L i’(ﬁfmol_kvj X
(%\5“&.)‘— 4—(4—)&@)@
> @w%‘—_g o 3swmk +H 4y = Ssim(x +—5—3-l>

Rsin(6 + «a) and R cos( @ + a) form 4 This is useful
Example 10 L when solving

)il

o =4 & 4 [b) —lsomec]
e ‘ 2 -
MZ 31'('4':' = U MAK VAZUE .
i | 3 ) s (24530 = |
e (5)5(3"3“' e =18 ,
Example 11 ¥ & A0 - T3 1=3%6- FEN:. . =36-19

Express cos @ — v/3sin 8 in the form R cos( 0 + @) and hence find its min and max values.

[Low> (9'4’(1) KW)LLMDQ'-' LSawoLJWLQ'

WG - 335G

> ,&w&:( rL VDQ"J}SthEZW)(9’+60>
IL svage =2 43

= MAX VRVE : Z
K*ml l Muy VAZUE @ -2
ol = a3 -’60 _

Example 12
Write 2 cos x — 3 sin x in the form R cos(x + @) and hence solve 2cosx — 3sinx = 3for0 < x < 2m

K(AD(L*POL) = ,/Z-MJ)QLMJL— — K sSingo hmd
Z,W)'JL_ - 3

fre

[y

0-1%
5 Ty ?Jllws(bf%) =5
A 0433 -
[Z,JM.,OL:B f 3 Xt =3 = an (1/!3)
—— = el
L=yt 3 2)3 Ao (0°788) , §-(45, (3%
r )

% ;%ﬂ—‘(%) Z- JL = 4. ?(2 \ .fb’z?

=4 04321 - = | S’ 3




AQA C4 June 10
5 (a) (i) Show that the equation 3 cos2x 4+ 2sinx + 1 = 0 can be written in the form

i oy b
Jsin“x—sinx—2=10 (3 marks)

(i) Hence, given that 3c¢os 2y + 2sinx + | = 0., find the possible values ol sinx.
(2 marks)

(b) (i) Lxpress 3cos2x + 2sin2x in the form Rcos(2x — 2)., where R > 0 and
0° < 2 < 90°, giving o to the nearest 0.1°. (3 marks)

(ii) Hence solve the equation
3cos2x+2sin2x+1=0

for all solutions in the interval 0° < x < 180°, giving x to the nearest 0.1°.
(3 marks)

AQA Specimen Paper 2

5 (a) Determine a sequence of transformations which maps the graph of v =cos# onto the
graph of y =3cos#+ 3sinf

Fully justify your answer.
[6 marks]

5 (b) Hence or otherwise find the least value and greatest value of
4+(3cos @ +3sind)’

Fully justify your answer.
[3 marks]



I

J

|

¢L i B ] ) o e O O O ol
IREEFRRERAEEERN |1&H ~ENEHEEEDFERREN I EANEE NS EENEEEEEN
NN RRRNRANE AF RS SEREEAS
S S S IO e e e sl b el = SR IEEE. SR> ) | I Lo ool g e | S (R I (N O | S|
_ TS M M
| g 2 <40 O O .
T i S B W R N T
P e = = . == SRS SRR R GO SR SRR |‘|{%|u Zlii '_L?\- 7— N «....ﬁfll n.r“]% _ .. =g EES = WS B S N
= ! s e B = = | S~ | . ¢ R NN, (N S5 G S ) O =S (5 =
— & ~n + |Iﬁ[ N -_-n.u _ S |.|.T|.JU|._. -Ml.-- - ] .
| S S =l ItZII ey (WA | (~cal B R R 0 = Tt Tl Ve B | S
. G i |OmU I O O . a B e SN L A N O 1 | ...7h/|.$ . o | S o O el |7
| 1 1y A ~ (% I Y /W ,n//—._ﬁ 1 ha M7 [T o4 Ll
b IR m it ELANED 3 ) ~

e I e T TR T T T T TITTTIIT
e S o S o ..yl| o =5 N =y el ” Sl S SEI L. .i*l.lWi 4 |.._l..|.\.|\hA.|.....ﬂ.H 'l-|4|. S S S ] i
) S _JM4EEH@%V5W f |JJ.Lﬂ”u%w|Uqu; |

il MIM St L ) MM/ ol O G T - P by q e

T, S S _ﬂ..v.a . o S PR |/w(u Ly . H g — S SR G O
e P A Al R T T S B AELEYESEY B ES; ] NS i

| NN < ~ N TN A B8 & \ 3

wm A [H | R i ST T Twdl S Wil wlmu...l_|1 Mq ST 17 17 11
B P . e R B AEEEEEEE -
= = :!,_....Jllll R T 0 ) M, . A I (SN U KO /S5 S I 3 |.__1 11 ! == B et s ICS e B B S

Z gl i.._( ] 1”_.&.1[ lo..” ﬂwm + i I'H.-.- | l__lll.m_ A SRS i Y9

= _ o ) ) 100 S N T N

L+ " Hu.w |

.

AF

2

ARy

i

|

Ak
m*

—

|

|

|

Jiv]

:SML
3y A

i

BEEPLIRantSd

L.y
A |

S|

C4 JOWE LD |

R

ey e

B CRET R RERE SR T T
Tl L .M,lhwlli!ﬁlimllrl,l i N el
A O = S () " ¥ 08— .lIL| B S R W (S U NS (R . I S L -
— — I.||.. SR PSRN (PR T S W SO S a|-J....-lZl e =
{0 N S A i O (O S A 1 0 O O O |
1= 111 ENEEEEE) _ iR S
= 1 2 P S T A 0 . N R i



—_— e — — =1 = —— — e

g
Iﬂidii—'fl-

— k. —

S N S, (S N —_— — i A

L S
oLl A .ﬁll—lﬁ S | 0 ]S WG [ | SO (5805 |

e e e by

—  — e e = e o _—

— ' SN ‘L S S - ————eee e c S S D S — T U N A S .



