Pure Sector 2: Proof

Aims
Students should be able to:
o Set out a clear proof with the correct use of symbols, suchas =, =, =, <, &, 5, "

e Understand that many examples can be useful in looking for structure, but they do
not constitute a proof.

A proof is a logical argument for a mathematical statement. It shows that something must be
either true or false.

Proof questions can look a bit terrifying. There are several techniques that can be used to
aid the process. This section looks at a few but a starting point should be to get a feel of the
problem and then establish a technique to be used.

Initially
Before starting there a few things to be aware of that will come in handy when trying to prove
various problems.

In all of the following statements, n is any integer.

Any even number can be written as 2n —i.e. 2 x something.

This can be extended to multiples of other numbers too — e.g. to prove
something is a multiple of 5, show that it can be written as 5 x something.

Any odd number can be written as 2n + 1 (i.e. 2 x something + 1) or 2n — 1 (i.e. 2 X
something - 1).

Consecutive numbers can be writtenas n, n+ 1, n + 2, etc.
Consecutive even numbers can be written as 2n, 2n + 2, 2n + 4, etc.
Consecutive odd numbers can be written as 2n + 1, 2n + 3, 2n + 5, etc.

If two numbers are not consecutive then use two different variables such as m and n.
E.g. two even numbers can be written as 2m and 2n.

The sum, difference and product of integers are always integers.

Direct Proof
Sometimes referred to as deductive proof.

In direct proof you rely on statements that are already established, or statements that can be
assumed to be true, to show by deduction that another statement is true or false.

Statements that can be assumed to be true are sometimes known as axioms.
Examples of statements that can be assumed to be true include ‘you can draw a straight line

segment joining any two points’ and ‘you can write all even numbers in the form 2n and all
odd numbers in the form 2n+1 (where n is any integer)’.

To use direct proof:
e Assume that a statement, P, is true.
e Use P to show that another statement, Q, must be true.




Example
Use direct proof to prove that the square of any integer is one more than the product of the
two integers either side of it.

Let the integer be n. Assume that this

. tatement is true.
The two numbers on each side of n are n-1 and n+1 / statement s true

The product of these two numbers is (n-1)(n+1)

Expand brackets
(n-1)(n+1l)=n2-1 «— | togetn?

So n?2=(n-1)(n+l) + 1 <«— Rearrange to show
the required result.

So the square of any integer is one more than the
product of the two integers either side of it.

Example . Need to show that the sum of three
Prove that the sum of any three odd numbers is odd. | ;44 humbers can be written as

(2 xinteger) + 1

Let the three odd numbers be 2a+1, 2b+1 and 2c+1 (they don’t have to be consecutive).

The sum is therefore: Note that 3 has been
(2a+1) + (2b+1) + (2c+1) =2a+2b+2c+3 4 | writtenas 2 +1
2a+2b+2c+2+1
2@+b+c+1)+1
=2n+ 1lwherenisaninteger(a+b+c+1)

So the sum of any three odd numbers is odd.

Example = is the identity symbol and means
Prove that (n + 3)2- (n-2)2=5(2n + 1) that two things are identically equal
to each other for all values.

Take one side of the equation and
manipulate until you get the other side.

Taking the LHS:
(n+3)2-(n-22=(n?+6n+9)-(n2-4n+4)
=n*+6n+9-n2+4n-4)
=10n+5
=5(2n+1) =RHS




Use Direct Proof to answer the following questions:

1 Prove that the number 1 is not a prime number
A PRIME NUMBER , BY DEFINITION , HAS EXACTLY TWo FACTORS :
"1 AND THE NumBe (Tsete *
THE NUMBER L HAS oNLY ONE FACTOR .
co IT s NOT A PRIME NUMBER .
2 Prove that the sum of two odd numbers is always even.
LET THE TWo Obb NuMBeRS BE
2m + | AND 2n+ |
So: el | = |
(2m+1) + (2n+1) = 2m +2n +2
| | , = 2(m+n=+1)
Now: m+hn+1 = k AN INTEGER
g0 THE SUM IS 2K, WHICH (S THE DEFINITION 6F AN
eVeN NUMBER .
3 Prove that the product of two consecutive odd numbers is one less than a multiple of
four.
TWO CONSECUTIVE CED NUMBKRS .
LET THE SMALUER ONE BE 2m + |
THEN THE NEXT oNE IS 2Zm+ 3
so:  (Zm+1)(2m+3) = 4m? 4+ 8m + 3
| = A(m2+2m +1) — 1
NOW: m? 4 2m+1 = Kk, AN INTEGER
So THE PROPULT IS 4k — | , WHICH (S ONE LESS THEns A
MUCTIPLE OF <4,
4 Prove that the mean of three consecutive integers is equal to the middle number.

LET THE CONSE CUTIVE INTEGERS BE , m, M+, m+2
(m) + (m+1) +(m+2)

| ! 3 4
3m +3 p= g(m-l-l) = m-+ |
S [ AR/

THE MEAN

- WHICH IS THE MIDDLE
NUMBER




a Prove that the sum of the squares of two consecutive integers is odd.

TWO CONSECUTIVE INTEGERS = w1 AND M+l

y)
so:! (M* + (m+)* = m*+m? + 2m + !
= Zm3 |+ | 2m | | |1 |
THESE TWO TERMS ARE ODD TERM
So: SuM = EVEN + EVEN ~+ ObD

S0 THE SUM MUST BE opD .

b Prove that the sum of the squares of two consecutive even numbers is always
a multiple of four.

TWo CONSECLUTIVE EVEN NUMBERS ;, 2M  AND 2Zm+2
sa:| [(ZmY* | 4 (2m+2) = 4m?2 + 4m?+ dm+4m + 4

= 8m? + 8m +4
= 4 (2mi+ Zm+ 1)

4 IS A FACTOR OF THIS EXPRESSION

S0 THE SQUARES OF TWO CONSECUTIVE EVEN NUMBERS IS ALWAYS
A MUTIPLE OF 4.

Show that the sum of four consecutive positive integers has both even factors and
odd factors greater than one.

LET THE FOUR GONSECUTIVE POSITIVE INTEGERS BE |
m , m+Ii , Mm+2 AND m+3

S0 (M) + (m+1) + (m+2) + (m+3)

= 4m + &

i

2 (2m+3)
4 A

2lseven 2m+3 Is obb

HENCE THE SUM HAS BOTH OPD Anb BVEN FACTORS , BOTH &REATER
THAN ONE .
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Prove that the square of the sum of any two positive numbers is greater than the sum
of the squares of the numbers.

LET THE TWO NUMBERS BE m AND hn |

(m+n)? = w? + 2mn + n?

= szv-‘- hz) + 2ZmMmn

THIS 1S 2Zmn MORE THAN THE SUM OF THE SQUARES , SINCE ,
IF m AND h ARE ROSITIVE, THEN mMn MUST ALSO BE POSIT\VE,
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Prove that the perimeter of an isosceles right-angled triangle is always greater than
three times the length of one of the equal sides.

LET THE EQUAL SIDE BE LENGTU a
. HYPOTENUSE = \/212'—4—@;
NN
= ayz
THUs THE PERIMETER = 2a + a\/z
Now, since] N2 (D11, [ (20 +aN2 | T 3a

SO THE PERIMETER IS ALWAYS GREATER TH N THREE TIMES
THE LENGTH OF ONE OF THE ERUAL SIDES.

Qa 2

9

a and b are two numbers such that a = b - 2 and the sum and product of a and b are
equal. Prove that neither a nor b is an integer.

s6: | | (bl2) +b

IF THE SUM = THE PRODUCT

THEN : ,
al+ b| F| lab

NOW , . = b—2

1

(b-2)b
- b* - 2b

= | |[2b/42
= | B2i4bl+ 2= ©

G4A)3-|4l(DR)

1 -8
8 | WHICH Is > © So Has Two souwrTlons (REAL)

BUT IS NOT A SQUARE NUMBER
So THE QUADRATIC Does NOT FACTORISE,

Now, b*—4ac

HENCE b CANNOT BE AN INTEZER .

CONSEQUENTLY |, SINCE (A= b =2, NETTHER CAN o,




10 If (5y)2is even for an integer y, prove that y must be even.

1F (3y) Is BvEN , THEN By MUST BE EVEN,

SINCE B 15 OBD, 'Y MUST BE EVEN TO MAKE By EVEN.

Proof by Exhaustion

In this method, you list all the possible cases and test each one to see if the result you want
to prove is true. All cases must be true for proof by exhaustion to work, since a single
counter example would disprove the result.

To use proof by exhaustion:
e List a set of cases that exhausts all possibilities.
e Show the statement is true in each and every case.

Example
Prove, by exhaustion, that p2 + 1 is not divisible by 3,
where p is an integer and 6 < p < 10.

24 . > . .
2 P 37 ! DIVISIbI,\?Oby 3 Write down every possible

7 50 No value of p and calculate p>+1
8 65 No

190 18021 mg \ Show that the statement is

true in each case.

In all cases, p? + 1 is not divisible by 3.

Use Proof by Exhaustion to answer the following questions:

1 Prove that there is exactly one square number and exactly one cube number
between 20 and 30.

NUMBER | SQUARE wiEe
20 No | - NO
21 | NO | NO
28 No , No
23 ‘No - No
24 NO | NO
6| | ||| pes[(2) | | | | |no
20 NO INO | |
27 No | ||| | [yes (33
25 NO NO
29 | | NO - NO
30 NO NO




2 Prove that, for an integer x, (x + 1)*= 3*for 0 < x < 4.
THERE ARE FIVE CASES:
ko | = | [(e41)3 2(3°| = 1|21 | |™euE
xel [ | |G+ Z|3' | =2 823 | mue
xb2 | 1= | [EO3 2(sF| | 2729 | [TRuE
x=3 = (3+1)° 23 > 4327 TRue
x4 | = | | (4+)F =|3F | > |125 (28] | |True
THUS THE STATEMENT IS TRUE,
3 Prove that no square numbers can have a last digit 2, 3, 7 or 8.
LET THE SQUARE NUMBER BE m*
WHERE m = |IOp+k FoR INTEGERS p AND k:O0<£k<3

| {IQP represents all v plas of 10 ; k th-fu L\,d-ﬁ&_s}

IF k=3

IF k=4

I k=5

Ek=G

IF k=7
IF k=8

IF k=95

HENCE ALL SQUARE NUMBERS END IN O,

= = 10p THEN
= M= I10p+] THEN

= m=|0op+2 THEN
> m= lop+3 THeN
> m= Op+a  THEN
=> m=I0p+5 THeN
> m=lop+6 THEN
= | m# IOP-E? T™HeN |
=¥ m=[0p+8& THEN

> m=lop +9 THEN

2 z(lop)? = 100p wWHIcHENDS IN O
m% = (lop +1)%
= 100p™* 4+ 2op + |

-4

WHICH ENDBS IN |

Cl°P+1)
loop? + 4o0p +4

WHICH £rnbsS IN 4

= (lop+3)?
= IOOP + @0p + 9

WHiCH ENDS IN D

- (uc>p+4)’-
= |cop* + 80p + |

WwHicH anbs IN @

= (lop +5)* ,
= 100p? + Icop + 2% ‘

WHICH Bvubs NS

2= (lop+e)?
= 1oop? + 120p + 3%

WwHIcH Bnbs IN &

iz = (40p'+7)2
= 1o0p? + 140p +49

WHICH BNBS INL T

= (lop+8)*?
= loop? + leop + 64

WHICH BNbs IN <

= (lop+9)?
= loop? + |1Bop +8)

WHICH ENDS (N |

,4,5,6 oD,

SO THEY CANNOT HAVE A LAST biGniT 2,3,7 CR &,




Disproof by Counter Example
In this method, a statement can be disproved by finding just one example that does not fit
the statement.

Example
Prove, by counter example, that the statement ‘n> + n + 1 is prime for all integers n’ is false.
Letn=4:
, B N _ Show that the statement is
P+n+l=16+4+1 =21 = 3x7 false for one value of n.

21 has factors 1, 3, 7 and 21, so is not prime.

This disproves the statement ‘n? + n + 1 is prime for all integers n’

Example
Bruce says “the difference between any two consecutive square numbers is always a prime

number”. Prove that Bruce is wrong.

Square numbers are 12, 22, 32, etc.

12and 22 - 1and4 - difference =3 - a prime number

Show that the
statement is false
for one value of n.

22and 32 - 4and9 - difference=5 - a prime number

32 and 42

9 and 16 - difference =7 - a prime number

42 and 52 16 and 25 - difference =9 - NOT a prime number, so Bruce is wrong.

Loads of examples are not a necessity if a counter
example can be spotted earlier.

Give Counter Examples to disprove these statements:

1 The product of two prime numbers is always odd.

FEE 3‘ = G>
WHICH DlsPRoOVES THE STATEMENT

2 When you throw two six-sided dice, the total score shown is always greater than six.

3 WHicH 1s < &

| == = |
AND DISPROVES THE STATEMENT




3 When you subtract one number from another, the answer is always less than the first
number.
3 - (=4) = 3 +4 =17
RN 7 A |3
WHICH DISPROVES THE STATEMENT
4 Five times any number is always greater than that number.
5| x|l [(r2) [ [= [+lo
—1o } —2 | |
WHICH DISPRoVES THE STATEMENT
5 If a > b, then a® > ba.
ExamipLe i la=4| | [B=|3
‘ _ | | a
a > b ad® 7 b
4 73 BUrT 4%=c4 H 3 =81
- WHICH DisPRovES THE STATEMENT
6 The product of three consecutive integers is always divisible by four.

I X 2 x 3 = G  wWHicH IS NOT DIVISIBLE BY 4
WHICH DISPRoVES THE STATEMENT




Another method of proof is that by contradiction, possibly the trickiest of the proofs within this
section.

Proof by Contradiction

To prove a statement by contradiction, you start by saying “assume the statement ... is
not true”. You then show that this would mean that something impossible would have to be
true, which means that the initial assumption has to be wrong, so the original statement must
be true.

Example
Prove the following statement: “If x? is even, then x must be even.”

“If x2 is even, then x must be even”
Assume that the statement is not true.
Therefore there must be an odd number, X, for which x2 is even.
Let x = 2k + 1 (x is odd), where k is an integer.

So: x2 = (2k+1)2 =4k2+4k+1
=2(2k2+2k) +1

Now, 2(2k? + 2K) is even due to the factor of 2, = 2(2k2 + 2k) + 1 is odd
But this is not possible if the statement “x? is even” is true.

This is a contradiction of the assumption that there is an odd number x for which x2 is
even.

So if X2 is even, then x must be even, hence, the original statement is true.

10



Example
Prove that V2 is irrational.

An irrational number is a real number that cannot be written as a fraction %
where a and b are both integers and b # 0.

Here, it can be assumed that a and b have no common factors because
if they did, you could simplify the fraction to get a new a and b.

“y2 is irrational”
Start by assuming that the statement is not true, and that V2 can be written as a rational

number % , with a and b both non-zero integers. Also assume that a and b have no
common factors.

If \/2=% then bv2 =a
Squaring both sides: (bv2)? = a2
= 2b2=a2

So a2 must be even due to the factor of 2.
Now, if a2 is even then a must be even, by previous example.

So, let a = 2k, for some integer k.

Giving: 2b2 = (2k)2
= 2b2 = 4k2
= b2=2k2

Like before, b2 is therefore even due to the factor of 2.
And so if b2 is even then so is b.

As both a and b are even, the assumption that there is a fraction, that, when fully
simplified, can be written as % has been contradicted, as there must be common
factors.

Therefore, V2 cannot be written as a fraction % , So itisirrational.

11



Example
Prove by contradiction that there are infinitely many prime numbers.

“there are infinitely many prime numbers”
Assume that there are a finite number of primes, say n.
Label them: p1, p2, pPs, ..., Pn-1, Pn— SO pn IS the largest prime number.

Now, multiply all these together, and let this number equal P:

(P1)(P2)(P3)(- - )(Pn-1)(Pn) = P
Due to this definition, P is a multiple of every prime number.
Now, consider P + 1, divide P + 1 by p:1 we get:

P+1 _pipPaps--Pn-1Pn t+1
p1 p1

= P2Ps...Pn-1Pn, remainder 1
In fact dividing (P + 1) by any prime number gives a remainder of 1.

So (P + 1) is not divisible by any of the prime numbers, meaning that it must also be a
prime number.

P + 1 is a prime number that is larger than p,, which contradicts the assumption that pn
was the largest prime, so there must be infinitely many prime numbers.

Exercise

1 Prove, by contradiction, that there is no largest multiple of 3.

“ Hhere s no lwges'i" nulhiple of 3"

Assume Hiat Haeve is 3 number x Hhat ' is Hae
lavgest multhple of 3.

Thus can thein be nntten as ¢ X‘T-‘SK)@VSoMeimfe_gwk.
Thani | | X[+H3 | = |Sk/l+3 | |

3 (k 4-0 is also a multhple ofF 3
ond (s I.wge,v%\am X

Thus cowhaducts Hae Uiihial Sssunaption .
So theve cdnnot be & largest multiple of 3.

12



2

Prove that if x2 is odd, then x must be odd.

i x* is odd , then x most be odd”
Assume Hhat Hueve s some evtn number X fov vJLu.cln x? is odd.
Since, x (s even it com be witkewn as |
= 2n fov some iwr'ag!ey n.
‘wiadch is -even dug to Hee
Factov of Z .
This contadiicts #he assumption +Hhat x2 is odd.
So iF %2 is odd , Hon x mwstalso be add.

Them || | XF =1(2n) |3 4n® =] Q(’Zn‘)

3

(a) Prove that the product of a non-zero rational number and an irrational number is
always irrational.

(3) “Hhe poduct of 5 non-zero rational ywmbex EONTI
irvehenal rwmber is al»\ojs ivvahona) -

Assume Hherve (s a | ratonal Winmber % 70 ond an ratienal
nuombev vy such +hat xy s vahonal.

Thas means Hhet x can be wntten o5 X=.% , ."md ixy ‘as Xy & -z—,
whove @, b,c and d dve all M,o'y\—'z'.uo‘(y{.ﬂﬂu/f. | |

ot ._22_._,:_5___ b
se:  xy = (2)y = 'dy‘aa |
'Sthce.bc_av\_dad.;w.ba%\w\. ‘H«ush/\ew%\ai' )/ls
& rvhonal number , which cowtn . JSSUW”)\OM |

Fhat Y. s rrational |

So e gatemont st beMv;J ﬁ | Z 10

(b) Disprove that the product of an irrational number and an irrational number is
always irrational.

(b) To disprove Hee statemont, ild a counter —example
Exanyde : \2 is an ivvatiomal mumber |
Bot { (VEYOVE) |= 2| wididh i vatiaadi |
So He strtement & Glse, |

13




4

Prove that there is no smallest positive rational number.

"theve is no smallest posiive ratonal numbey '

Assome Hrot Have 1§ 3 sinallest positive whional umbey ) x. .

Since X is rehoval it con be wntteas % = -:— 1]

And | sinae o is posrhv.a a and b ave bothh pesiive u/d-Qﬂ&v
“(or ot negative ,iin which casr. e |
frachown coin be swv-{ol,«.ﬁ.zd by ou.kul«.g
’i‘bp&wolbo‘ﬁow‘ by_—i *h:ga*f ad b

|5 4 S poshve).
Thon - EL is slso a posm\/a ratonal rwmbav ond is
+1 i
sallev than x.

Which contraclcts e assuwphow —Hr\a+ X (s the smallest
posthve rahonal numbey . - | |

So theve cannct be & smallest po‘é(?iva lahenal 'rwm.bw- ,

Prove that 1 + v/2 is irrational.

LU 1]+V2 Ts| irratonk ]

Assume that  V+ V2 is ratiensl . | | 0 | ]
Thovefore it canm be wirtten as % Whave a and b 2ve hon-zew
u«-bzﬂ.ws,,.

So: 14Nz P g .=>x/zzj=19-j—r + MBS T

b

r\lc.:wJ since a ond b ove ont (a-!:) 1s.w\u¢+ ,
whaeclh neouns -H«M' \]'5. 1S v o—naf which (s not

."!'LM&FW.L, L 4+\3 nwst ke (watownal.
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(a) Prove by contradiction that if x2 is a multiple of 3, then x must be a multiple of 3.

(@) "W x* is 3 mutiple of 3, Hon X must ke o muihpe of 3
Suppose Hast Heve is & mber X such +hat x2is 2
mvlhple of3but x is not.

IF x Lsmfawl'h'pu&s —PLMW:WMCQ&B—M |

considew ¢
CASE | @ wWhen X = 3k +1,fov sone cAssz wlen X =3k +2 ,fov some |
«vdeﬂwk | | | » wd-eawk
IE X= 3K+ 16 x=3k+2

Hen: x? = (8k+1)? Hon: x2= (Bk+2)*

= o9k*4ok + I | = 9k? 4+ 12k +4

= 3(3k?+2k) +1 | = 3(3k’+4k+|) + 1

So: x2lis no+a nwihple of 3. So: X2 (s not 5 mwwthple of 3.

 Thevefove, b -exh.wshcw\ X2 cannet be a mwthple ofF 3 \F x| is net.
IWhich covdhraolichs the et 28sumphon .. |

So iF X2 s o hwtida of 3 ,Hen X st olso be o mutipleof 3.

(b) Hence prove that V3 is irrational.

(b) VB s irrtional 1
Acsume \[B is rational , so \B = E fov some non- zero ‘ntegons

a ol b +Hat shove |
no cammoh factorvs.

S VE: 2 o bGE-a
| => (b@)’:d"

-
a

& 3b =
| = a% is 3> muthple oF 3. |
Fom pavt (3) , if 02 is @ mwtiple of 3 Hhen a is alsoawl"hpud(-g |
So: let a= 3k fov some u»d‘-&ﬁ.evk
Than: | 3b% = a2 | = 3b? = (3k)?
| %

= 8bf |
| ] ‘ = | b* = 3k?
= b? s 32 mwlhge of 3 |
Agotin flom pavt (3), Huis means thet b is o nwthpla of 3 .
But, it was sssumed that a and b had no common factous .

Thas conivadiction m.wus—H\e:f V3 cannot be watten as o
u«:r&jbv frachon | so \L_S is lmthonJ( |

15




Proofs Can Appear In All Areas of Maths

From power laws and indices:

Worked Example
Show that the difference between 108 and 62! is a multiple of 2.

1018 - g2t

(10 x 10%") - (6 x 6%9)

(2 x5x 10%) - (2 x 3 x 6%)

2[(5 x 10Y) - (3 x 629)]
Which can be written as 2n where n = [(5 x 10%) - (3 x 6%9)]

So 10%® - 621 is a multiple of 2.

To questions on mean, median, mode or range:

Worked Example
The range of a set of positive numbers is 5. Each number in the set is doubled. Show that
the range of the new set of numbers also doubles.

Let the smallest value in the first set of numbers be n.
Then the largest value in this set is n+5 (as the range for this set is 5).

When the numbers are doubled, the smallest value in the new set is 2n and the largest
value is 2(n+5) = 2n+10.

To find the new range, subtract the smallest value from the largest:
(2n + 10) - 2n =10 = 2 x 5, which is double the original range.

Or guestions where you have to use inequalities:

Worked Example
Anna says, “If x >y, then x2 > y2. Is she correct? Explain your answer.

Try some different values for x and y.
x=2,y=l:x>yand x2=4>1=y?
x=5,y=2:x>yand x2=25>4 =y?

At first glance, it seems like she is correct.
But, trying: x=-1,y=-2:x>yBUT x2=1<4=y?

So Anna is wrong as the statement does not hold for all values of x and y.

16



Or even geometric proofs:

Worked Example
Prove that the sum of the exterior angles of a triangle is 360°.

First sketch a triangle with angles a, b and c.

Then the exterior angles are:
180° - a, 180° - b and 180° - ¢

ya Tt

540°-(a+b+¢c)
540° - 180° (as the angles in a
triangle add up to 180°)

So their sum is:
(180° - a) + (180° - b) + (180° - ¢)

360°

Reasoning and Problem-Solving

Strategy: 1 Decide which method of proof to use.
2 Follow the steps of the chosen method.
3 Write a clear conclusion that proves/disproves the statement.

Worked Example
Prove that the sum of the interior angles in any convex quadrilateral is 360°.

“A convex polygon is defined as a polygon with all its interior angles less than 180°.
This means that all the vertices of the polygon will point outwards,
away from the interior of the shape.”

Use direct proof

The sum of the interior angles of any quadrilateral
can be found by breaking the quadrilateral into
two triangles.

The sum of the interior angles of any triangle
equals 180°, and each of the two triangles will
contribute 180° to the total sum of all angles in
the quadrilateral.

Write a clear conclusion

So the interior angle sum of a convex quadrilateral is
the same as the sum of the interior angles of two
triangles, which is 360°.

17



Worked Example
Lauren says that there are exactly three prime numbers between the numbers 15 and 21
(inclusive). Is she correct? Use a suitable method of proof to justify your answer.

NUMBER PRIME

12 mg : ;Ig _ ;Iﬂg gig axd Use proof by exhaustion to check all the
17 Yes — 17 = 1x17 numbers within the range of values

18 No — 18 = 1x18, 2x9, 3x6

19 Yes — 19 = 1x19

20 No — 20 = 1x20, 2x10, 4x5

21 No — 21 = 1x21, 3x7

Write a clear conclusion

There are exactly two prime numbers between 15 and 21, so Lauren is wrong, there are
not three.

Reasoning and Problem-Solving Questions

1 P is a prime number and Q is an odd number

(a) Sue says PQ is even, Liz says that PQ is odd and Graham says PQ could be
either. Who is right? Use a suitable method of proof to justify your answer.

CASE | : P IsEVEN = P=2 , Q& IS Obb NUMBER
so PQ = EVEN x ObD = EVEN

CAGE2 : PISObD , ®Is ObD NUMBER
So PQ = OPbD x ODBD = | ObD

SO GRAHAM IS RIGHT.

(b) Sue now says that P(Q + 1) is always even. Is she correct? Use a suitable
method of proof to justify your answer.

CASEl : PISEVEN = P=R | Q-+ | I1SEVEN
so P(Q+l) = EVEN X EVEN = EVEN

CA6E2 : Pilobb , Q+! Is EveN
so P(Q+1) = ODD X &VEN = BVEN

SUE IS RIGHT.
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Use a suitable method of proof to show whether the following statement is true or

false.
‘Any odd number between 90 and 100 is either a prime number or the

product of only two prime numbers’

9 = | 7[x| 13

93 = 3 x 3l

95 = S |xi |19

197 | IS PRINME _ ,

o5 | | = B x |33 | - 33 Is NoT PRIME

STATEMENT IS FALSE

Use a suitable method of proof to prove that the value of:
9n — 1 is divisible by 8 for1 < n<6

orR 1S NG

n=ll | = 9' - | = 8  WHICH 1S 8 |xl|
n=2 = 9% — | = | 80 '8 x IO
n=3 = 9% — || = 728 8 x 9|
n=4 = ot & I | = @ese0 8 x 820
n:=5 = 9% — | = 59048 8 x 7381
n=6 = of - | = 53| 440 8 X o430

DIVISIBLE BY & PR 1€ NG

73

THE VAWE OF 97—

g

Is it true that ‘all triangles are obtuse’?
Use a suitable method of proof to justify your answer.

A RIaHT — ANGUED TRI ANGAE 1S NGT OBTUSE
AN ERUILATLRAL TRIANGAE [S NOT OBTUSE .
<o T IS NOT TRUE | 7 ALL Tl ANGLES AfRE  OBTUSE |
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5 Prove that the sum of the interior angles of a convex hexagon is 720°.

" A convex hexagon is o G- sided polygenn in which all
nteriov Snales “ve les | Hawn! B2 T

“NOT A CoNVEX
HEXAEON™

A LONVEX HEXAEON CAN BE SPUT INTo <4 TRIANGLES .
SUM OF THE (NTERIOR ANGIES OF A TRIANGLE = 180°
4 x IBOO = 720° .

So THE SUM 6F THE INTKRIOR ANGUIES OF A CoNVEX HEXAEDN = 720°

6 Martin says that ‘all quadrilaterals with equal sides are squares’.
Use a suitable method of proof to show if his statement is true or false.

A RHOMBUS HAS £€quAL SIDES BUT IS NOT A SQUARE.

FALSE | Pt s
Al sidles eqal — net squeve.

1
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Prove that the sum of the interior angles of a convex n-sided polygon is 180(n — 2)°

" A convex pdygm s defbed as & polygoia with sll its interion
‘2994,. 180°% Thus mieans Hhat oll +he vevhices of tle

les less ‘ !
_:ﬁgtn,gv\ﬂ poilct outwards 5 omay fiorma Hae  interior of Het
S ” | |

O &

n=8

A GONVEX Nn-~SIDED PoLYEoN CAN BESPUT INTO n-22 TRIANGLES.
THE SUM OF THE INTKRIOR ANGLES OF A TRIANGLE IS (80, | |

<0, (n—-2) x 186° = 180(n-2)
S0 THE SUM OF THE (NTERIOR ANGLES OF A GNVEX
N-sIbéb poLyaoN 1S 180 (n=-2)7

Use a suitable method of proof to prove or disprove the statement:

8
“If m=n?thenm=n"
2 |
(8% | = (-B) BUT | 5| # -5
FALSE
9 The hypotenuse of a right-angled triangle is (2s + a) cm and one other side is

(2s — a) cm. Use a suitable method of proof to show that the square of the remaining
side is a multiple of eight.

BY PYTHAGORAS THEDRERM :

(25 + )| — |(z2s1a)7 |

((25)’ + 2as + 2as + a?-) - ((’25)2—2015 - 2as 4—.03)
ﬁé + 4as +/a/f—7{7 + 4as —o*

= | 8as
SO THE SQUARE OF TUE REMAINING SIDE (s A MUCTIPLE OF 8.

1
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10 Use a suitable method of proof to show that,
For1<n<5,
1 1 1 1 n

1x2+2x3+3x4 nx(n+1) n+1

| - -
R Nzl izl {~| =
= - Lt 1l 341 4 2
Rt TEE il el el el B
l4.q 1 Lo 4 djli=6w2+) 19 | 2B
R N=3": lx2+2x3+3’<4 gl Y - i v T <.
7 ) 0 0 O O
"'-"2""4f ixz " 2xz2 +3x4_+fx5 TzTeTE Y2
30+4104+5+3 _ 48 _ 4
- Qo o0 5
e hem b L DL LI T L LT ]
Tl Ix2 | 2xB | [ax4| | 4x5 | Bxe
- i b ¢ g e (= =
= 2+\c,"-'.|2.\ 20 = 30
_| oHo+E5E+3Sw2 | [_[ 80 |_| B
| I | [eo] | ] - eo 2
\ | | | n
—1 —_— e = it — = —
So, lx7.+2x3 -‘314+ ¢ nx(n+l) N+

Extension Question

A teacher tells her class that any number is divisible by three if the sum of its digits is
divisible by three. Use a suitable method to prove this result for two-digit numbers.

LET THE 2Z-DlaIT NUMBER B8E X | | |
WITH TENS DlaiT 4 AND UNITS DlalT =z

THeREFORE X = 10y + z
= |9y = [(ylzD] ||

LET THE SUM OF THE DIaITS BE DWISIBLE BY 3
T™MEN (y+z) = 3P

<o ! ' X = 9_)/ + 3P
= |D C3y -+ F’)
HENCE X IS A MUOIPLE OF 3 |
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