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Polynomials

=
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To be able to factorise polynomials and solve equations.
To be able to divided a polynomial by a linear factor

To be able to use the factor theorem.

To be able to sketch polynomial graphs.

A polynomial is an expression involving different powers of x. A quadratic is a polynomial of degree 2 (as
this is the highest power in the expression) and a cubic is a polynomial of degree 3.

Polynomial Terminolqgy

Leading Coefficient
D$gree 5 Constant Term

y= 2x5- 3x4+ 5x3 - 4x2 +¥8
N _ A A A

Leading 5 er Coefficient

5th Order Polynomial
Polynomial of 5th Degree
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Algebraic Division g Be careful when using long
cramge on o e o
Divide x* +7x* —3x—30byx -2
Method 1 r? +t9a 415 Method 2
1)_3 5-:-?3:'*" 3z - 30 C_r3+7ﬂ'i“3af*5ﬂ
_gz"” | -2
QI - 30 17 [
Tqqt ﬂfb’a: = §(x-2) +i{x-2) e5(2-2)
T 5~ i g B xr-2
—“ri“"—:-:ﬁ‘_‘ ;n:‘ +9c + 1S
1
NM - _ I E?.}'t':'. ‘ +15
X 92" | 152
1.
-1 -2:: 18 | -30

Example 2
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Examgle 2

Divide 42 + 13x+ 100 by x 4+ 3

Method 1 ‘;_'!_x‘?_ "-'"ZLI:. 'f' {[_({ | Method 2
5{43)@-&*5 +0x®+13x + 100 M

- 1 b
o +11x ’
_ 1t H3x + 100 ~ 4;1'{’;&515) *_121_@’1*3) f‘ﬁ&*}lﬁq
Tyt =T } # 5

Hzx +;’ﬂ{}7 — f Vo +&9 - %
floet ™

— 47
Lomaindor —
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The Factor Theorem

We can use the Remainder Theorem to find the remainder without using long division. The Factor Theorem
Is just a special case of the Remainder Theorem where if the remainder is 0 we have a factor.

If (x — a) is a factor of the polynomial p(x) then p(a) = 0.

If (bx — @) is a factor of the polynomial p(x) then p (3) = 0.

Example 3

Showthat r—2isafactorof p(x) = x* +x2 = Tx + 2

ket = L p(1§'€8+5{-*34‘+2=ﬂ
:s g JE:H ﬁwr ou must include a statement
J(‘z_i) S ﬁMdfﬂ@[[ ‘l;o qget full ma:"kg in the exam.

k!
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Example 4
Given that (x — 3) is a factor of p(x) = x* + ax® + 3x + 18 find the value of a.
2
p()=0 > a3 +3(3)r8 =0

97 +9q +9 +(8 =0
9q = ~-St

q=-6

Example &

The polynomial g(x)is defined by g(x) = 3x® + cx® — 15x + d. Given that (3x + 1) and (x — 4) are both
factors of g(x). Find the value of ¢ and 4.

A-5)-0 = 38(4) (%) 154 )t =0
“'/a( + ~;—+5‘+0/ =(
—] +C + 5+ l=0

c+9f =-&¢
()0 > 3(649)+16c—ep ol =0
l6c +d = -132

:—89/ d:—cf
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Example &

The polynomial p(x)is given by p(x) = x® — 13x — 12
a) Use the Factor Theorem to show that (x — 4) is a factor of p(x).
b) Express p(x) as a product of three linear factors.

The polynomial p(x)is given by p(x) = 2% — 13x — 12
a) Use the Factor Theorsm to show that (x — 4) is a factor of p(x). ) )
PE)= #-13(4) =12 = 64 -527/2=0 . [x°4) %M)
b) Express p(x) as a product of three linear factors. T
Lo b +3 2,
+ + _ i x Fhe3
* X -4) 23 Fla*-1Bx -1 p{'x)‘ﬁ{f {")( 4

pet = (x-4%) (xc+3) bc+])

— 7 _ B T
“yx t — lox

Example 9 _s_gl:_-_l_'l._
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Example 7

The polynomial p(x) is given by p(x) = 9x* —55x* + 78x — 8
a) Find the value of p(4).
b) Hence express p(x) as the product of three linear factors.

¢) Hence solve the equation h(y) = 9y® — 55y* + 78y — 8.

J) ple) =0
ij };&{Z%MW a4

(x-4) (G2 t#le+1)
f%:)_ oot the ) (2-1)

) y=x > ()= %)) 7457 -8
+78
p(&i) ?JS 5-5"5# 7 g‘- //’/ﬂ)

= h{y)= (- (1) (4-2) ,~
- (959 G- (5g0) (1

s @ factr
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Sketching Cubic Graphs

You will have seen the graphs:

}' = x? - J.' = _1-3
But most cubic graphs are shaped like this:
If the o] If the ¢
cubic has 5] cubic has 2
3 ] x
+ X ® — x3 5
41 -2
the graph | | N _ _ the graph
is this % is this 4
shape 5 shape -
" »
A B | \ /
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Example 8
Sketch the graphs below, showing ALL the points where they cross the coordinate axes
- - A
80 y=x'—0x% 4265 —24 T

ar
¥=(x=2)(x—3)x-4)

X ook x= 12,3, #
1 Interapt Y= - 24 %
+Ve. ﬁwé/"j ”

by y=-rit2i+11x-6
or
y={1-x)x—-3)x+2)

4=0 = a=1,3,-2
X=0 = (‘13*6 K ) 3 -

—ve W
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) y=x34+xP—5x+3
(Hint! Factorise first...}

H: (- 2-1) (%+3)
=0 P> ! (Mce_’) ;)73

September 05, 2018

10
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Example 9 -

Given that the cubic has a factor of x - 2, salve the inequality x* + 2x*- 13x + 10 > 0

3% 22t - R + 10 = (g(_z)(;r"’“ 4L _5_)

= (-2) (xc+5) (- )

;SQ ~>7 —slLx < |

11
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Exam Question
e polynomial Tix} is given by Fiv) =% + 4y — 3,
tiy Use the Factor Theorem to show that v — 1 is a facior of fix). 2 mariks)

Hi) Express Mo inthe form (x — [He" + gre gl where pooand ¢ are i1|[¢g.;r5.-_
2 marks)

tin - Henee show that the equation i) — 0 has exactly one real rool and state its
b idlue

) L()= 1+4-520 . (1) 7 afuctr
:‘9 Gor a0+ -8 = (1) (x%Z +5)

) =1 is g noéF - noed 40 Shows x +L+S hoes
no noed woafs ¢ a=1, b=1,C=5
k. — | -40)(5) <0
’ MC!- ¢ fachor has v wd

Sketching Cubic Graphs Mﬂ?fuﬂl x=1 e 0)0&( reed
ks

F3 nicrkal

12
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plx)= 2%7 4T+ 2¢ -2

(a) Use the factor theorem to prove that x+ 3 is a factor of pl x)

[2 marks]
(b)  Simplify the expression 2x% Z:Eifi 3 .fz_:%
C{) fO( 3) 2(- 5) + 7{ 3) + Q\g( 5) -3 [4 marks]
= - 5 -
) = Qﬁ‘ﬁr N e M Yhawom (2+3) T a lactor

/ b) la’+7a"+2x -3 _ (ac+3) (1oc*+Hc 1)
byt — | @x r)(ﬁxﬂ)

= (c+3) (1=T) (et 1)
M) (ZCC+I)

= (c+3)(oct1)
@J:-f )

13
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(a) The polynomial (x) is defined by f(x)=6x"—11x" +2xr+8

(i) Use the Factor Theorem to show that (3x + 2) is a factor of fix).
[2 marks]

{il) Show that fix) has no other linear factors.
[4 marks]

(b) The polynomial g(x) is defined by g(x) = f(x)—(6x" —2x-4).

Given that (3x+2) is a factor of g(x), express g(x) as a product of three linear factors.
[2 marks]

o= (2 (2) Y7 )+8
)-8 MJB 1) et
T Yapert,

) e e
i }1 s . 4; 2 -
bi"% ’(5) - - o W@/ﬁ‘s §‘

-95-32 L0 -

]0) ﬂ&): @;t-f-z)(ml- Sz +4) —-(zeﬂﬁx-—@irﬁgm
= @m)[ 2z *-Sacrie) - (3r) o -2) |

= (3x12) (1" -5 +4 ~ac +2) RV

- (3x+2) 9oct-72 + 6) | |

_ (30) (B -3)(x - 1)

¢) hix) = Bacer) (2~ 2)(x-2) M}

o o
br® — Szt - 62 (6o ™=5% &)

!

i 5T (=3 22) — XL
— T (3#D (1x73) X

14
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The graphs of y =x* —ax® + band y = cx + d are shown on the diagram.

A

51-"

ﬂ ﬂ
One of the points of intersection of the two graphs is (3, 4)

Find the valuesofa, b, cand d.

Find the values of a, b, cand d

Y= -cm( Lib Y= C,z:+c€

= 9554{:2: +6 = Cg:+0/
g S-axt-cx +bd =0 )

j = 3¢ + |
ﬂtho( WWO{[ i:, ©

Y= - _azgl+b  fem grogh b=

L) K-t

=3 sabfies > A7 -513%0
0.7= 9%

s =

15
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