Pure Sector 4: Parametric Equations

Aims
Understand and use the parametric equations of curves.

Be able to convert between Cartesian and parametric forms.

Be able to differentiate functions using the chain rule which are defined parametrically.
Be able to find stationary points, equations of tangent and normal for parametric equations.

Parametric equations are when a relationship between two variables is defined relative to a
parameter. Usually either t or 6.

Task Match these functions to the graphs below.

A. x=20,y=4t||B.x =41, y =4/t

C. x=4cos0. y=4sin0 | | D. x=3cos 0, y= 4sin0)

Converting from parametric to Cartesian form

Example 1
Find a Cartesian equation for each of the following curves:

a) x = 3p?,y = 6p, where p is a parameter.
P =l

xX = 3(8/6)1 e x = 3/:1

b) x =2q?% y = q°, where q is a parameter
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Example 2
Find a Cartesian equation for each of the following curves:

a) x=3cos0,y=2sinf, where @ is a parameter.
cos® = /s §nS = Y2

(%75)" + (5/"’-:)" =i
'xx + 3/":‘. ||

b) x =3 +secl, y=1-tanf, where 6 is a parameter.
T
Scee®S = -3 o+ (I-&)" s (1-3)

Cn@ = 1-yY
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Differentiating Parametric Functions This comes from the chain rule ]

For a Parametric function:

dy
dy _ dt
dx — dx
dt

Example 3
a) Find the gradient at the point p where t = —1, on the curve given parametrically by:
x=t*—t P e
b) Hence find the equation of the normal at the point p.
£ A% e - d& = Stl—lb
(o) Aj/dt=3b_zt Yy = 2t - Y.
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(\0) Hhan t = -, g+ L , ®E= Tk (1'-2)
Y +2 = 34. (og—l)

Parametric Trigonometry

Example 4
A curve is given parametrically by x = 3 — cos 8,y = 2 + secf where 6 is a parameter. i
a) Show —E% = sec? 6 ys=2* (0s©) =
b)  Find the equation of the normal to the curve at 6 == We = - (©020) (sin®)
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(b) whan ©=s, x:=3-7% = e, Y
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A curve is defined by the parametric equations

x=3¢" y=e¢T-¢
(3 marks)

Find the gradient of the curve at the point where ¢ = 0

(@) (i)
(i) Find an equation of the tangent to the curve at the point where 7= 0 (1 mark)
(b) Show that the cartesian equation of the curve can be written in the form
x2 ok
P e
kK x-
where & i1s an integer. (2 marks)
(&) ) dty/d.! = e When £=0, “U/J g getne® 7
e’b 3{3 3
(n) X g,J"o & [ Q/S (’.-3)
e L
(b) ‘)(" qelt i i 5 = fo

and cos . (2 marks)

6 () (i) LExpress sim20 and cos 20 interms of sint
‘at
SIAlO = 25inO ot © Cos LS = 0§ & - §int O

3

, 24 B
. show that sm 20 - " 3% and find the value

£ W 5 : - ) 3

ﬂ (m  Given that 0<0< — and cost) = —

- % 3

3 ol cos2( . 2 marks)

=k N/ £a26 = 2(‘/{) (‘5’) s 28 = C/) ( ) ‘/zs_
(b) A curve has parametric equations

v=dceos 20

.~ 85a28 | _ysin2e .
—— (3 marks)

X = 3sin 2/,

) - dyv . J!,
(1) Find — i terms of 0. =
dy /s"‘ 6 os 20 2 08 2©
. . 3 T ) )
(1) At the point P on the curve, costl = - and 0 < <—_ Find an cquation of the
n -—
(3 marks)

tangent to the curve at the pomt P

x = 3(:.9/“) . n/u_ e q—(-;zzr) . -zzr

Y, = -4 (%)
2 (%)
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Figure 3
Figure 3 shows a sketch of the curve ¢ with parametric equations
s T - Y ~
x=4cos|s + 4 Lo smr. 0<r<2r

(a) Show that
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(b) Show that a cartesian equation of € is
(x+1)P+ay=>

where @ and b are integers to be determined.
X 4y =

(Q) Y4 tos <t+ m/‘) + 7.-5“\‘17-

. 8 =
L% [ceﬂ: s V¢ -5*'&5"‘“?"1 v 2
Y [‘:Ef_ st - 4 &rnt} Lk =
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Parametric Integration

When working with parametric equations, you can use the chain rule so that the variable involved is the

parameter.

Area = fy(x)dx = fy(t)%f—dt

Example 5

The figure shows the curve C, given parametrically by:

16
x =4t—-1, y:t—z, t>0

a) By converting the equation to Cartesian form find the
area of the region R enclosed by the curve, the x axis,

the lines x = 7 and x = 15.

b) Show that the area of R can be written as

tz .
f 64t 2dt
ty

Giving the values of t; and t,.

0

c) Find the value of the integral and hence verify the answer to part a)

cx\ 5= kb~ = 16
Lt = 2+ xel\ 2
s 5w | ( “1
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b) dx - i

dt
Laiwmeks
pe= T X =15
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Example 6
The curve C, is given by the parametric equations
x=Int, y=t++t, 1=e=10

Find the area of the finite region bounded by C, the straight line with the equation x = 1 and x = 2 and the x

axis.
dx _ | Limis o ot [Zlnk
de t t=e' =¢
=g e

B = SQ_ (eeem) (L)
2 \822 [+ 72 de
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Example 7
AN
The curve C, is given by the parametric equations
x =3t+sint, y=2sint, 0<st<m C
R
Find the area of the finite region R bounded by C and the x axis.
- o 3w
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4 & _ B _
T O S t=o X0 ,4y=0
1 Ez , X =37 =0
) ’ Y
S (25&\6)(3*(‘05(\ at
o

(N

Sﬂ_ bsint + 2sintcost dE
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Exam Style

> x

The figure above shows part of the curve C, with parametric equations

x=cos28, y=secl , 0<0<%.

The finite region R is bounded by C. the straight line with equation .t=3|- and the

coordinate axes.
a) Show that the area of R is given by the integral

x

I: 4siné do. (35)

6

b) Evaluate the above integral to find an exact value for R. (2)
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The figure above shows a cycloid €, whose parametric equations are
x=0-sinf., y=l-cosf . for 0<8<2r.
The finite region R is bounded by C and the x axis.

a) Show, with full justification, that the area of R is given by

J.M(l-cosg)z de . (3)

0

b) Hence find the area of R. (7)
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