Pure Sector 2: Differentiation 2
Aims
« Apply differentiation to find tangents and normal, maxima and minima and stationary points
« |dentify where functions are increasing or decreasing.
« Understand and use the second derivative as the rate of change of gradient;

The equations of the tangent and normal to a curve

W dy . %
As mentioned before, E::i is an expression for

the gradient of a line or curve.
We can use this expression to find the gradient
of the tangent or normal line at certain co-ordinates.

Tangent

The gradient and point P (the point where the
tangent touches the curve) can then be used
to find the equation of the line for the tangent
and/or the normal.

Normal T

ﬂy Points \

* The tangent to a curve touches the curve once (at the point P on the diagram).

= The normal to a curve at a point is the line at right angles to the tangent that passes through the
point where the tangent touches the curve (P).

= The gradient at a point on a curve (found using 2—-—1’ and the co-ordinates of P) is the same as the i ‘ 4
gradient of the tangent at that point. B

=  When two lines are perpendicular (at right angles to each other) the product of their gradients is
-1. This can be used to help you find the gradient of the normal line, if required.

General Method - finding the equation of the line for the tangent
o Differentiate the original function to find the gradient function.

o Substitute the x co-ordinate of the point P into the gradient function to find the gradient of the
tangent at P.

« Use the co-ordinates of P and the gradient of the tangent with y — y;, = m(x — x,) to find the 1 o
equation of the line for the tangent.



Example 1

Find the equation of the tangent to the curve y = x? + 2x + 1 at the point where x = 3.

Step 1- Differentiate the function

99 - 9oc 42
doc

Step 2- Substitute the x co-ordinate into
_ the derivative to find the gradient of the
? } tangent

L3
%_—2(3%2

is not given) using the original equation

Step 3- Find the corresponding y value (if it

=S
=

:3'2 (3)%+ 2(3)+
=\b
= \

Step 4- Substitute into the straight line
equation and simplify if required.

5-—\6=8(:¢—33

Example 2

a) Find the gradient of the tangent of the curve y = x® — 6x + 5 at the point where x = 2

d

BE%:%XZ i

L=

d ~\2

2 -3(2Y-6
¥

b) A curve has equationy = ;—3 + 48x and P(1,49) is a point on the curve. Find the equation of the

tangent to the curve at P.

o dy
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i:".
da (1) T+
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General Method - finding the equation of the line for the normal

 Differentiate the original function to find the gradient function.

e Substitute the x co-ordinate of the point P into the gradient function to find the gradient of the
tangent at P.

« Use the rules of perpendicular lines to find the gradient of the normal at P.

¢ Use the co-ordinates of P and the gradient of the normal to find the equation of the line for the
normal.

Example 3
Find the equation of the normal to the curve y = 6 - 3x — 4x? — x* at the point where x = —1.

| Step 1- Differentiate the

- Ay o
function dil 3 ?)C(— %_I-

Step 2a- Substitute into the |~ = - |
derivative to find the gradient

of the tangent dtﬁ -3 55( 1\ 3( )
g
| Step 2b- Find the gradient of | 2 2 |
the normal TlTesrs
5 T 7N
Step 3- Find the %:Q,_.g(-u,) ~4(-)\ -(-.-)5

corresponding y value (if it is Sk
not given) using the original 3’
equation

Step 4- Substitute into the

straight line equation and
simplify if required.

Example 4
Find the gradient of the normal of the curve y = x? — 2Vx — 4 at the point where x = 4.

—]'.‘IS = L. -
3 -0y i Wit 2 -
dot =1l -Y-4
i:b[ =G

d 4 (y)-(u)E |

5 (ZLL{) (u) j—%: -% (1-q)



Exam Questions
AQA January 2005

2 A curve has equation v — 2 — 63" - 3v +25.

., dv ,
(a) Find —. (3 marks)
dx

-

(by The pomnt P on the curve has coordinates (2. 3).
P' (1) Show that the gradient of the curve at 2 1s 5. (2 marksy

(i1)) Hence find an equation of the normal to the curve at P, expressing your answer in the
form ax + by = ¢, where a, b and ¢ are integers. (3 marks)

0} dy 5.4 ja .t
= oL -1 -3
io);)dz.-—'z Y )2 5e-
(ﬁzgg}%&(z\ -3 3-31-;;.(9&2\
:5. “53‘”5"3("'2

Edexcel C1 January 2013 3“53 -\

-

P | T The curve C has equation
y=2x-8Vx+5, x>0

S s e « o
(1) Find — giving each term in its simplest form. (iﬁ - ’Z - (’{Jﬁ *

dy 3)
. . 1
['he point P on C has x-coordinate equal to y)
(h) Find the equation of the tangent to C at the point P. giving your answer in the torm
v =ax + b, where a and b are constants.
(4)
[he tangent to C at the point @ is parallel to the line with equation 2y — 3v = I8 =0
P{ (<1 Fmd the coordinates ol Q.
' ( (5)
| 57 -8 +
b\ ak x=3 4 )-RY +5
d WE 23 44§
d_;% = 2 -y ( Lﬂ 23 In some questions, like the one above, you are asked to find the point on the
-9 -4 = 5 curve where either the gradient of the tangent is given, or another line
e = 3 : equation is given that is parallel to the tangent at the required point.
\IY 3-2 ""G(I g
5L~ 3-—% = _(9, _b2 The method is similar, but this time we set the expression for % equal to the
2 - given gradient value, and solve this equation to find the x and v co-ordinates
=3 i3 b ) Y
- )-% Lj Tt g of the point where the tangent touches the curve.
= _b 'j: -G +3
There will then be sufficient information to find the equation of the tangent.
O Jer =y :

2 2 ;
2y+b 3'”’“ y=2(9)-8@ +5
3,] L{-I—‘;j &:B = I-% ~ZH ¥
d9 --‘S 3., .29 \j:-q
3 Q(9,-1)



Harder Examples (involving exponentials, trigonometric functions, logarithms and functions raised
to a power)

Recap Example
Differentiate the following:

zzl 3 =p TR b) f(x) = cos5x
Y

2,355 £'a)> -55:n5¢

—&:j—:
) g(x) = In(6 — 2x?) d) y = (x%-9)° "
NE da 37(0) )
-2 dx

199 (x*-aY

You will meet questions where the equation of the curve is not a polynomial. These seem harder but the
key is that the methods to find the equation of the tangent or normal line are the same!

What is different is that you must use the rules from the Differentiation 1 handout when finding %—:’ :

Example 5

The function f(x) = 5sinx — 6x + 7 is defined for all real values of x. Find the equation of the tangent to the
curve y = f(x) at the point x = 0.

© )= Seosae- b Y= S5m0 -40)+7
¢ (0)= 5.6 4=
= - Lj~7--l(oc)
Y1z

Example 6

Find the equation of the normal to the curve y = In(3x — 2) at the point where x = 1, giving your answer in
the formax + by +¢c =0

dy. 3yl
=g
X=| 2



Example 7

Find the equation of the tangent to the curve y = ¢3~* at the point where x = 3, giving your answer in the
formy=mx+c¢

d(ﬁ # ’e?”x j:eg-g :j*|:—(9(-'3\

ax y= e 5'*1‘1*3
Zf"?’ = l 'j:_f +4
dy | o °
oA
Zind)
Fi Example 8
| A curve has equation = m x = 0. Find the equation of the tangent to the curve at point (1, 2).
o= (oc? +31)
dy L
ix,l(&fgﬂx43x) 3-2—%(¢43
at
29 2 (zm 3)( l?+%(r\\
g q
=3 (5)(4)”
b "3 (5)(;;)
| 5
Yy
Example 9

Find the x co-ordinates of the points on the curve y = (2x — 3)? — 12x where the tangents at these points
are parallel to the line y = 12x — 20. =124 -20

d5 2 = 2(2)(2x-3) -12 e

= {21
s 8_1 _2’_{

(/JIUEJ‘E Clj 17
d1

12=8x-) 4
b8

s
il



Exam Questions
Edexcel C3 Jan 2013
1. The curve C has equation
y=02x=3)’
The point P lies on C and has coordinates (w, - 32).
Find

¢
(2) the value of w, =32 = (Zm - 3)
- 22205

|
l= 2w w=3
(b) the equation of the tangent to C at the point P in the form y = mx+c¢. where m and

(2)

¢ are constants. A=z :j+31= 160 (o -4 |
iJii_ 10(22-3) o/ TS (1-3)"  Yr32-ledx -80 (5)
dx o _ 10(-2)* Y=leox - 112
Edexcel C3 June 2010 = 6D
2. A curve C has equation g 3(5—_3901 j_j " (SﬂB:x)
B 5 4=3(5-3)) “F.su.a0
¥ (5-3x)*° ahe 3 t):’5( =} i
=% - 10O%-40
o -\8

The point P on C has x-coordinate 2. Find an equation of the normal to C at P in the form
ax+by+c =0, where a. b and ¢ are integers.

Y-3=18(-2) 93718k 36 (7)
18x - y4-33=0
Edexcel C3 June 2008
1. The pont P lies on the curve with equation
y=4e¥*1,

The yv-coordmate of P1s 8.

(a) Find. in terms of In 2, the x-coordinate of P.
(2)

(b) Find the equation of the tangent to the curve at the point P in the form y = ax + b. where a

and b are exact constants to be found.
=3 UL 4 ) d 23‘-1*\ (4)
2x + | 1
2=¢ x= 2\n2 <z
[nz: 2+ \ :%ezféhz.{)ﬂ
2% =In2 -| ) Semz
A=7In2-4 b

Y *‘EFIQ:@'% MZ-:‘L\)
Y-B=8In2L+B +lbx
Y=1bx -8ln2 +1b



Increasing and decreasing functions

A A function is decreasing
W if the gradient is
negative
A function is dy 0
increasing if the Pl
gradient is positive
d
Yoo T—
dx
B
Example 10
ii | Find the range of values of x for which the function f(x) = x? — 8x — 7 is decreasing
c‘(x): 21’8 % >2x
cohert £'(x) <O > &Y
O »2x-%
Example 11
A curve C has equatlon y= 5—3:'—35 x>0.1Is the curve increasing or decreasing at x = 47
Ej x (:C +:I \ d‘ﬁ '21_._.1 ‘_‘@é
S o s S %
N q 3 ” .
i =4 -+ (g) & 56 . NPy ey
- 2 %
Example 12 : i (:,l)
Prove that the function f(x) = 2 — x* is never mcreg’smg

4 ¢ )= -3

* oobeays patwe 3ot )y negete
-31"<C " decrtiung Gluoys
Example 13

The function f(x) = 5sinx — 6x + 7 is defined for all real values of x.
Prove f(x) is a decreasing function

€ ()= Sasx - b
Scosx < |5 S WSH-6 s negctwe and decreoéifvﬂ
Example 14

Find the range of values of x for which g(x) = x — 3Inx is an increasing function

() =) - 3
g (x) =1 3
where §'f) >0

b



The Second Derivative

If you differentiate a function you get the (first) derivative, if you differentiate again you get the second
derivative.
el 2 P =+ F i)
or
- dy - dz
Y2 ax T dx?
where y is a function of x

The second derivative is the rate of change of the first derivative with respect to x. |H

Example 15
Find the first and second derivatives of the following functions, simplify where possible.

a) y—5x3+2x2+1x--7

i
clﬁ,\gx U 45 d’y

=Ax x4

b) f(x) = 5vx(x + 2x2)
) ©(0)=Soc (v +227)
H = 5($% + 215;)

':S_’I.%HC):;%
L L7 'RCAEISPETT I ?”(:ﬂ)*'gx By L

M=

e) h(x) = In(3x —5) f
h (%) =5( *S\

W (x\--’S (2) (30 - S’)
Q(2-5)*

2

fy y=>5cos 4x
dy _
dg( (ZOSL(\L{’I
d’l
— - -&cosHy
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Stationary points and classification of their nature

1Y
= At the points A and B and C the gradient of the
function is zero, i.e. 2 = 0.
dx
The points where j—i = 0 are called stationary or
X turning points.
/' B
\. A The tangents to the curve at points A and B and €

are horizontal lines parallel to the x axis.

‘ A function could have zero, one or more
stationary points.

(To find the co-ordinates of a stationary point, you must: \

s Find j_i (or f‘(x), depending on the notation you are using)

e State that “At stationary points, j—z =0 (orf'(x) =0)", setj—i = 0 and solve for x. These
solutions are the x co-ordinates of any stationary points

\ e Substitute these values of x into the original equation to find the y co-ordinates.

P4

Example 16
Find the coordinates of any stationary points on the curve f(x) = x® + 3x% — 9x — 10.

E )=+ bx -9
Ptstat.'onorj pcmt €. Pl 2=

O"%x? +€3_‘)(_-C] e i o -
O= (3% -Fx+3) et 227417 +2740
o B A ’:L"f-lq = =1
Example 17

A curve has the equation y = %xz —12lnx + 4
Find the co-ordinates of the stationary point of the curve, giving your answer in exact form.

FOY= 154 307)-40)-16 B(-3)=(3)*,3(-3)*-4(3) 0

.,L;%, = -:g- & = _'_2_ Extension: Sketch the curve,
dx  ° X marking on the stationary point

At Stah'ortwj pois ,g_z -0

O;gi _“;‘CZ' 3:%(52)1‘%“5 +Y f
124y N WAIRT ./
e, 3 (3,10-121n3)
% = Yo = AU-1T1a5

?JLJ:(ZXF 4-q? =10-12 183
b=lr | x5 (3,104‘2%)



There are 3 types of stationary point: maximum (e.g.C), minimum (e.g.4) and points of inflection (e.g.B) m

"‘-\

At a minimum point E (rAt a maximum point
The gradient changes as x increases from The gradient changes as x increases from
negative to zero (at A) to positive. positive to zero (at C) to negative.
This means that the gradient is increasing This means that the gradient is decreasing

d? d-y dz
SO >0 ) \so =<0 )

NB

We will be covering points of inflection in the Differentiation 3 handout.

Example 18
A curve has equation f(x) = x3 + 3x2 —9x — 21

a) Find the coordinates of the 2 stationary points.
b) Determine the nature of each stationary point. iq

&) €' (1) =392 6 -9 ) £ ()= b+ b
&kstabonw ol - F160) =0 ©(2)b LB

Oy= 5> rboe -9 - A rb
Q= 42L-> =1L 0 Kl pridk
0= (f_‘(_ +-?))(9'—' ‘)
M) = 60Y)+ b
?k‘?)\ 5)3 *3(’5)2 R4 E(,):.ﬁ 3 -G(1)-21 = 9 20 mimimum (Jol/\t
-,2-; 3 e 2] =\ 50 .90
=6 (-3.6) - 26
Example 19 (1,~26)
A curve has equation y = e?* — 8x (4
a) Determine % and f;—f as functions of x
b) The curve has a single turning point, P.

i) Find the x co-ordinates of P in an exact form, and show that its y co-ordinate is 4(1 — In 4)
i) Find the value of % at P, and hence deduce the nature of the turning point.

D) V) at burniagpont & '
) D at buen WPortidy . COREP, 12
O=?eb‘*3 d‘?.\j qe'er\?

Jetx=3 ax?
e?.ﬁ'— =4 = q

i =4 (4)
9(.,}(1‘{ ,
2:_111.,\(4 =lb 20 . mnmum Pon

F=lnd
u=g"" =8I
5: emH -y (?.]ﬂl‘)

yrH -4y
B:q(unu)
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Exam Questions
Edexcel C2 January 2013

Ll"‘) PI&’IJP'}. nd _ sl d A {y Ial _djj U
Tl 9O e q@q e o e -0
=™ 0@)4nmt 978 00) Ala? =4e" 90

5 ; 4
I'he curve C has equation y =6—-3x——, x#0

8.
X
cjl'.' Use calculus to bhOW that the curve has a turmng point P when x = v 2
9’ -3 4127 G't =12 )% - 3“—2- (4)
d i m +*26‘_2 - —'3,{‘3 0y +Um"’\jf)°“L
lhl Find the x-coordinate ofthe ullur l‘Hi‘I'lI]'lL.i‘lt’ill'l‘l‘[f_) on the curve.
-0 O==% 4 \?-“ (1
& : = 2 =P SR
(©) Find 42 4% i
dF g = -4 (1
(dr Henee or otherwise. state with jusutication, the nature of cach of these turning points
P and Q. o\'c % ak Q
d ‘ﬁ - ) dl9 -yl BYS (3)
‘4‘6( ) dly - ug(-R)
=i
3 £Q. " Maxmum - -4s )2
OCR C1 June 2014 qh i =Rt E ¥ B O i
8 A curve has equation y = 3x’ -7.r+%_
(i) Venfy that the curve has a statl t when x = 1. 1 5]
dy _ Qx2 7 -2¢°2 gom Iy 7 -201) ‘—g ) i
= NE
(ii) dﬁetem 12 the nature of tlus ?tatloz,zary pom a i [2]
d% < Racady 92 = 150)+4 () %222 50 . nimum
(iii) The tangent to the curve at this statlonar) pomnt meets the y-axis at the pomt Q. Find the coordinates
o +b=0 (- 2
X 3* 30P-10)-2 9 bé)( :
' \j: =
-3 Q.0
AQA C3 June 2006
5 (a) A curve has equation v = ¢ — 10e" + 12x.
fred
(1) Fmd _y d9 (Ze —lOQ 1"2 (2 marks)
L 1k o
(i) Find F %—3% - Ue —l0€1 (1 mark)
(b)  The points P and Q are the stationary points of the curve.
(1) Show that lhe X- Loordlnates of P and Q are given by the solutions of the equation
Hk Sp; d-ij = _(2 ‘-ioe -
ax O e 531 et —5%5e'"+6=0 (I mark)
(11) By using the substitution = = ¢V, or otherwise, show that the x-coordinates of
P and Q are In2 ang In 3. 2=2.3 (3 marks)
s O
7%-521+6:0 (2B)(24-3)=0 e, el 133
n

(i1i) Find the y-coordinates of P and Q, giving eacrl: of your answers in the form

m+ 12 Inn, where m and n are integers.

(3 marks)

(iv) Using the answer to part (a)(ii), determine the nature of each stationary point.

L}

=gugougla 4= 1-E0ulia =620

wiom o i ke VY 117 l&';'zl +l2][{3 I B B o TR T

At G L) K=tz x-|

3 marks)

~[ =N -

=4e"* _1p(3)

AN A AUM



Edexcel C2 June 2013 ' ' H

9. lhe curve with equation

y=2x>-32v(@) + 20, x>0

has a stationary point P. C\)g:{% ?3(_ —-l61 b: |6 ,’3’2_('2) £20

fesaalanbi ) | =
Usc calculus %P’aﬂ O 0= 7% ;1 :(G?Z &4 + 20
(a) to find the coordinates of P, 6 -7 } - _ ¢

P(Y,-28) ©)
@, i x=y

(b) to determine the nature of the stationary point P.

W dly .9 2 3)

o) ....3 =L +3x

at P BT
4%y .9 + %(Lﬂ
Ot =1 % 2 AN
AQA C2 June 2013 ‘Ea % O.
6 A curve has the equation
12 4 2 x
y= = \/T, x>0
X
12 4+ x2
(a) Express —ii in the form 12x? + x9. (3 marks)
* oy (l’l *D(.‘\
dy “1xt vt
(b) (i) Hence find t_y 2 marks) .
dx

0‘5 - Nt 43t 14
(u) I nul an equation ui lhc. normal to the curve at th poml_m]qiln i.l.ll\ B\ h?u =4,

_ -i’Z(Ll) 45((4)1 _ -1 £Bilay <2 =3 _a- N = -7 - e (4 uimfn)
ﬁi‘ * T e 2 q Y -—‘:g!-;u':)“'%‘*
(iii) The curve has a stationary point P. Show that the x-coordinate of P can be written

in the form 2% . where k is a rational number. (3 marks)

ACSP, 89-0
O- 1257% 43
2
1Z 354 R i
x* < nt & 6
FE=D NFn® wyp=gf
OCR C4 June 2013

: 3 ; .. d ; ,
4 The equation of a curve is vy = cos2x + 2sinx. Find 2 and hence find the coordinates of the stationary

dv .
CRT

points on the curve for 0 < x < .

T

d—lj = - LSy +2cosx

ﬂ& SPfa-:%:CJ Lj:CDB% 4-2'31/\% SC:OS% +25m5'%
O=-2Sm2e ' 2cost geb + EwS
O-=-12 (s'ﬂmcosgusi.nxcos:t\ rlcosx -3 =3
0= -2(2sncosx )+ 2eosx =

o 3 (gj_r 3
b ]

UgmaL casx =2LCesk = T,(; ST S

v [ ) —
Smjl_--_z A
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Optimisation Problems

Some problems involve finding the maximum or minimum amount of a quantity (such as volume or surface
area of a shape).

These are solved using a similar approach to stationary points.

Example 20

On a journey, the average speed of a caris ms~1. For v > 5, the cost per km, C pence, of the journey is
modelled by

_ 160 v?

== *1o0

Step 1: Differentiate the expression to find %and set this equal to zero (g = 0 when C is either a maximum
or a minimum)

d€ . _160v* + ¥ O=-160v* s ¥
v 30 50

Step 2: Solve this to find the value of v that gives you the maximum or minimum value of €

66 . v
g 90

V28000 V=20

Step 3: To find the maximum or minimum value of C, substitute the value of v that you've found in step 2
into the original expression for C.

C-l , (¢
20 100
= +.‘% =R+ 4 =1L
Step 4: To determine whether the quantity is a maximum or minimum (or to prove that it's one of them), find

the second derivative and substitute your value of v from step 2 into the resulting second
derivative expression.

If the answer to the second derivative is > 0, the value of € found is a minimum.

If the answer to the second derivative is < 0, the value of € found is a maximum.

dq -3 |
4. 006 4 2

30 L .0
w0 5 o

e & ~
Buo 50 0
Extension: Find the minimum cost of a 250 km journey.

20 T omandmom



Exam Questions
Edexcel C2 January 2011

10. The volume ¥ cm? of a box, of height x cm, is given by
V=4x(5-x), 0<x<5

(a) Find 32 c?_\! = -Bo(5x) +d(S-a)
[ - T (L E L A S Ol o

(b} Hence find the maximum volume of the box.
Vi O=BX*-U0x +4 (25-10% ™) )
d>x 0= Q@2 -U0x +(00O U0 +Ux? O=1222-R0 % +100 0=ba*-U0x+SC
(c) Use calculus to justify that the volume‘:I.hat you found in part (b) is a maximum. O 5_7( -0 7S
dV_ 1o -4o -8 (5-1) “V
dx* AV 16(5) -40-Ho+8(5) O (:t $)(32-5)
AQA C1 January 2013 AT 3> oy U0 ,-qoco mox — X=5,5
|

2 A bird flies from a tree. At time ¢ seconds, lﬁ%: bird’s height, y metres, above
horizontal ground is given by

¢

(a) Find d; (2 marks) *!
dr )

(b) (i) i-md the rate of change of height of the_bird in metres per second when 7= 1,

= W e B e
ac!Eb)__ ?(J) 2(|) == «Qe =g (2 marks)
(ii) Determine. with a reason, whether the bird’s height above the horizontal ground is
increasing or d-.crumng w lu.n r=1. (1 mark)
3.0. . decreosvyy
d_
(©) (i) C};}d the value of E—‘ wh-..n t=2, .2 (2 marks)
3 2 oy 2Byl =
= 2¢%-2 g2 ~3u)-2 =4
(ii) C?vcn lhal v has a stationary value when ¢ = 2, state whether this is a maximum
value or a minimum value. Y>>0 . muimum w lue (1 mark)

AQA C1 January 2006

7 The volume. " m?. of water in a tank at time 7 seconds is given by iﬂ
I’ L‘rf‘ 204 32, fori =0
(a) Find:
dv s 3
=T v 2& ~ St + 6(- (3 marks)
1 u 2
(11) th .= !Ot -4t “’Q) (2 marks)

(b) Find the rate of change of the volume of water in the tank, in m3s~', when = 2.

2 A0 (2) -B(2) +6(2) = U U +1L = (23" (2 marks)

i) Verify that V has a stallonary value when ¢ = 1. (2 marks)
ﬁ CM 2(N-3(N+b=3-%=0 . E]cotmnma
mvim value.

(11) Dt,lt.’l'l'l]ll’lc whether this is a md\unum or min

t C“/__ u 1
a'gz”‘lo(') M) 46

16-24
= =% 20 . MO

(2 marks) . i I'



Harder Optimisation Questions — forming the expression of related quantities

Sometimes you are not given the expression of the quantity that is at a maximum or minimum value.
However, you are given information that you can utilise, alongside your knowledge and understanding of
the quantity (such as volumes of certain shapes) to form the required expression.

You can then proceed with the previous method.

Example 21
i In the right-angled triangle ABC the lengths of AB and BC vary so that sum is always 6 cm.

a) If the length of AB is x cm, write down, in terms of x, the length of BC.
b) Find the maximum area of the triangle.

%C = 6 - ::C Area. of Triangle

l‘:\: b Y ( (9 _1\ Area = -:- * base x perpendicular height
5 2

A= lbb
2

=5 (b -x?) =20 -3 °

%lﬁ: %HDC Ik
4 df
X. - dA.
MoXeium e O
0= s s O
4 =3
Example 22
The diagram shows a container in the shape of an open-topped
cuboid made from a thin metal sheet. The base of the container
measures x cm by 2x cm, the height of the container is h cm
and its volume is 288 cm?.

a) Show that the area of metal sheet used to make the container,
A cm?, is given by

A=2x2+%
x

b) Use calculus to find the minimum value of A.

. oY Volume = length x width x height
c) Prove that your value of 4 is a minimum.

Surface Area = Sum of areas of each face

a) 288:2’h A=2? +2hax +Yha
B h= 188 A=2x?+oht
(=S A= +6(%§§V
A= %o 4 B

L
b} dn o (;\ d'A U 17123573
a-i* > qi BUy ol
. ata=6
M AU, (_L <O ~{ +| 728

dx
B O:L{.'X. -%L)L"l-l m -
5@9 Uy LUb=t? *zls = Q <O . mnmun

2L



Example 23 <
The diagram shows a closed cylindrical container of radius » cm and height h cm. S~——

The external surface area of the container is 54w cm? and the volume of the R

container is V cm? .

Use calculus to find the stationary value of V, and determine whether this stationary

value is a maximum or a minimum value. el

Volume of Cylinder = nr?h

SUr=2mc% +2Lrch
SU=2¢*+2cN

Surface area (closed) = 2nr? + 2nrh

27=%ach V= Tr ¢ (22
3
i L V=T ¢ (27-¢*)

e ven@Tee)
C
g—l:v:'rr (71 -8B

[ T

Statle S0V e
A V= (0) (21-9)
O:W(,ZrT’g(?) o
(17:3(2 \/ﬂﬂ (6\
r?—:.q \/=5 Un

=3
(3};\/ v (—6(\

abt r=3
- R @O _',max;mwnvolu\ﬁ.

i

Q)

r

r



Exam Questions

B! AQAC1June 2012
4 The diagram shows a solid cuboid with sides of lengths xcm, 3xcm and ycm.
i ! Z
6)) 5222 (ar.uj +32 +32y)
32= 2xy T bty
3226+ By
v |6 =32+l y
KX .
3x U) \J= 5113 qi:) = 6-34
= 16'311
= z lé) "31?-) s
The total surface area of the cuboid is 32 cm?. N "o E S
_ ; V=4 -ax?®
(a) (i) Show that 3x- +4v = 16, (2 marks)

4

(ii) Hence show that the volume, ¥ cm”, of the cuboid is given by

Oy 3 .
aV . V=12x—— (2 marks)
—_— = (ot 4
5 42 %:f o
V
(b) Find d— (2 marks)
x
(c) (i) Verihy Ih;t:;l;bsl;ilinn;n} vilue of V' occurs when x = % (2 marks)
o= 2 )
E-} =12 ~¢1{Y =YL -12:0 . Skaktienty
25 7 (3) D
(ii) Find 2 and hence determine whether V7 has a maximum value or a minimum
& | d?\/__s‘qDC at x=4
villue when x = 3 ‘H’,I’z' 2 TR d?v (2 marks)
H =2l oz 4 %\
AQA AS Paper 2 June 2018 Z = 108 - -1 <O." MOX MUWY)
G
11 Rakti makes open-topped cylindrical planters out of thin sheets of galvanised steel.

She bends a rectangle of steel to make an open cylinder and welds the joint. She
then welds this cylinder to the circumference of a circular base.

e oA
o :

- il TN
- e




REICDCS SR L SEYT.ER
h = OO0 L=-%0R 4orr
The planter must have a capacity of 8000 cm?3 £ (ﬂ— 4
"'C‘JOOC‘( ¥ 27

Welding is time consuming, so Rakti wants the total length of weld to be a minimum.

Calculate the radius, r, and height, /, of a planter which requires the minimum total
length of weld.

Fully justify your answers, giving them to an appropriate degree of accuracy.
mlnlmum, : g?_{:‘: O m :Tr(q:;)-z)zh [9 marks]
O:-&;ﬂg@r_g 12T |GQC'>O I -}6&30 h‘ZQ-ZQJSWFCM

s o Znt (=8 33B&m -0 .Rem

= Q.32em
Edexcel C2 January 2012

8.

Figure 3

Figure 3 shows a flowerbed. Its shape is a quarter of a circle of radius x metres with two
equal rectangles attached to it along its radii. Each rectangle has length equal to x metres

and width equal to y metres. Q) (’{ _ Zix—j 4 __I_ X 2
Given that the area of the flowerbed is 4 m”, b = %,x;j I St
(a) show that 675:) 6

16 — 7x’
y=—x DT Tex
8x

(3)

(b) Hence show that the perimeter P metres of the flowerbed is given by the equation
b) P=2oc vy + G2
8
P=—+2x 2 & qu a-?_vrga
* PRI (- B S

ol 2
(¢) Use calculus to find the minimum value of P, oDy §HE TS - TTX
— B —

x 2o 2 (3)
“8 ¥2x -TL iz
(d) Find the width of each rectangle when the perimeter 1? a minimum? ‘
Give your answer to the nearest centimetre. &8 9

) dP. gty ) USHDY ArE)
o b{;‘«{xj + M

mllﬂ'lmum ¢ ..D.I...P:O U-n T-V\j
" e
B q
0=-%1 +2 tj=0.'1\bl(gm

G = 2L.Ubum
wE Y :‘l]cm

(2)

L
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10.

D
Sxcm

C

9x cm
6x cm
g 1 cm
al [ m| [
A B A 4x cm B
Figure 4 Figure 5

Figure 4 shows a closed letter box ABFEHGCD, which is made to be attached to a wall
of a house.

The letter box 1s a right prism of length y cm as shown in Figure 4. The base ABFE of the
prism 15 a rectangle. The total surface area of the six faces of the prism is Scm”.

The cross section ABCD of the letter box 1s a trapezium with edges of lengths DA = 9x cm.
AB = 4x em. BC = 6x cm and CD = 5x cm as shown in Figure 5.

The angle DAB = 90° and the angle ABC = 90°. G\ qem: F’;’a (61 *_q’x) Yt Y

The volume of the letter box is 9600 em® q600-= l?, C{SI)qx_j
" %
(a) Show that QeCO- 20 3
320 -
y=—= \lj
X

(2)

(b) Hence show that the surface area of the letter box, Scm?. is given by
7680 b}z(‘Squﬂ(ﬂ * (Jl-j*q 13 *S:tj +Uxy
v S= o + 24Uy
S=6x* v (30) &
S=00a* + ’(680
= (6)

S =60x" +

(¢) Use caleulus to find the minimum value of S.

(d) TJusufy. by further differentiation. that the value of S you have found 1s a minimum.

| Z
) dS . 0w ~T6E0 d) O-(——§=120+|5‘ Y “

olx
ot J et
o ‘ 9, % 2
mtnamwn.df .o 07l04- 7804 %TSZ:IZQ —HSS()O
80 120y .
X =20 YO . maumum

2L*- b4 ey



