
Pure Sector 2: Differentiation 2 
Aims 

 Apply differentiation to find tangents and normal, maxima and minima and stationary points 

 Identify where functions are increasing or decreasing. 

 Understand and use the second derivative as the rate of change of gradient; 

 

 

The equations of the tangent and normal to a curve 

 

As mentioned before, 
𝑑𝑦

𝑑𝑥
 is an expression for  

the gradient of a line or curve. 

We can use this expression to find the gradient  

of the tangent or normal line at certain co-ordinates. 

 

The gradient and point P (the point where the  

tangent touches the curve) can then be used  

to find the equation of the line for the tangent  

and/or the normal. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

General Method – finding the equation of the line for the tangent 

 Differentiate the original function to find the gradient function. 

 

 Substitute the x co-ordinate of the point P into the gradient function to find the gradient of the 

tangent at P. 

 

 Use the co-ordinates of P and the gradient of the tangent with 𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1) to find the 

equation of the line for the tangent. 

 

 

 

 

 

 

P 

Key Points 

 The tangent to a curve touches the curve once (at the point P on the diagram). 
 

 The normal to a curve at a point is the line at right angles to the tangent that passes through the 
point where the tangent touches the curve (P). 

 

 The gradient at a point on a curve (found using 
𝑑𝑦

𝑑𝑥
 and the co-ordinates of P) is the same as the 

gradient of the tangent at that point. 
 
 When two lines are perpendicular (at right angles to each other) the product of their gradients is 

-1. This can be used to help you find the gradient of the normal line, if required. 
 

 



Example 1 

Find the equation of the tangent to the curve 𝑦 = 𝑥2 + 2𝑥 + 1 at the point where 𝑥 = 3. 

Step 1- Differentiate the function  

Step 2- Substitute the x co-ordinate into 

the derivative to find the gradient of the 

tangent 

 

 

 

Step 3- Find the corresponding y value (if it 

is not given) using the original equation 

 

 

Step 4- Substitute into the straight line 

equation and simplify if required. 

 

 

 

 

 

Example 2 

a) Find the gradient of the tangent of the curve 𝑦 = 𝑥3 − 6𝑥 + 5 at the point where 𝑥 = 2 

 

 

 

 

 

 

 

 

 

 

 

 

b) A curve has equation 𝑦 =  
1

𝑥3 + 48𝑥 and  𝑃(1, 49) is a point on the curve. Find the equation of the 

tangent to the curve at 𝑃. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



General Method – finding the equation of the line for the normal 

 

 Differentiate the original function to find the gradient function. 

 Substitute the x co-ordinate of the point P into the gradient function to find the gradient of the 

tangent at P. 

 Use the rules of perpendicular lines to find the gradient of the normal at P. 

 Use the co-ordinates of P and the gradient of the normal to find the equation of the line for the 

normal. 

 

Example 3 

Find the equation of the normal to the curve 𝑦 = 6 – 3𝑥 − 4𝑥2 − 𝑥3 at the point where 𝑥 = −1. 

 

Step 1- Differentiate the 

function 

 

 

Step 2a- Substitute in to the 

derivative to find the gradient 

of the tangent 

 

 

 

Step 2b- Find the gradient of 

the normal 

 

 

Step 3- Find the 

corresponding y value (if it is 

not given) using the original 

equation 

 

Step 4- Substitute into the 

straight line equation and 

simplify if required. 

 

 

Example 4 

Find the gradient of the normal of the curve 𝑦 = 𝑥2 − 2√𝑥 − 4 at the point where 𝑥 = 4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Exam Questions 

AQA January 2005 

 
 

 

 

 

 

 

Edexcel C1 January 2013 

 

 

 

 

 

 

 

 

 

 

In some questions, like the one above, you are asked to find the point on the 
curve where either the gradient of the tangent is given, or another line 
equation is given that is parallel to the tangent at the required point. 
 

The method is similar, but this time we set the expression for 
𝒅𝒚

𝒅𝒙
 equal to the 

given gradient value, and solve this equation to find the 𝑥 and 𝑦 co-ordinates 
of the point where the tangent touches the curve. 
 
There will then be sufficient information to find the equation of the tangent. 



Harder Examples (involving exponentials, trigonometric functions, logarithms and functions raised 

to a power) 

 

Recap Example 

Differentiate the following: 

 a)  𝑦 = 𝑒3𝑥−5      b)  f(𝑥) =  cos 5𝑥 

 

 

 

 c)  g(𝑥) = ln(6 − 2𝑥2)     d)  𝑦 = (𝑥3 − 9)6 

 

 

 

 

 

 

You will meet questions where the equation of the curve is not a polynomial. These seem harder but the 

key is that the methods to find the equation of the tangent or normal line are the same! 

What is different is that you must use the rules from the Differentiation 1 handout when finding 
𝑑𝑦

𝑑𝑥
 . 

 

Example 5 

The function f(𝑥) = 5sin𝑥 − 6𝑥 + 7 is defined for all real values of 𝑥. Find the equation of the tangent to the 
curve 𝑦 = f(𝑥) at the point 𝑥 = 0. 
 

 

 

 

 

 

 

 

 

 

Example 6 

Find the equation of the normal to the curve 𝑦 = ln(3𝑥 − 2) at the point where 𝑥 = 1, giving your answer in 

the form 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 

 

 

 

 

 

 

 

 

 



Example 7 

Find the equation of the tangent to the curve 𝑦 = 𝑒3−𝑥 at the point where 𝑥 = 3, giving your answer in the 

form 𝑦 = 𝑚𝑥 + 𝑐 

 

 

 

 

 

 

 

 

 

 

 

Example 8 

A curve has equation = √𝑥2 + 3𝑥 , 𝑥 ≥ 0 .  Find the equation of the tangent to the curve at point (1, 2). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 9 

Find the 𝑥 co-ordinates of the points on the curve 𝑦 = (2𝑥 − 3)2 − 12𝑥 where the tangents at these points 

are parallel to the line 𝑦 = 12𝑥 − 20. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Exam Questions 

 

Edexcel C3 Jan 2013 

 
 

Edexcel C3 June 2010 

 

Edexcel C3 June 2008 

 

 

 

 

 

 

 

 

 

 

 

 



Increasing and decreasing functions 
 

 
 

Example 10 

Find the range of values of 𝑥 for which the function  𝑓(𝑥) = 𝑥2 − 8𝑥 − 7 is decreasing 
 
 
 
 
 
 
Example 11 

A curve C has equation 𝑦 =
𝑥3+√𝑥

𝑥
     𝑥 > 0. Is the curve increasing or decreasing at 𝑥 = 4? 

 
 
 
 
 
 
Example 12 

Prove that the function 𝑓(𝑥) = 2 − 𝑥3 is never increasing. 
 
 
 
 
 
 
Example 13 
The function 𝑓(𝑥) = 5sin𝑥 − 6𝑥 + 7 is defined for all real values of 𝑥. 
Prove 𝑓(𝑥) is a decreasing function 
 
 
 
 
 
Example 14 
Find the range of values of 𝑥 for which 𝑔(𝑥) = 𝑥 − 3 ln 𝑥 is an increasing function 
 

 

 

 

 

 

A function is 

increasing if the 

gradient is positive  

𝑑𝑦

𝑑𝑥
> 0 

 

A function is decreasing 

if the gradient is 

negative 

𝑑𝑦

𝑑𝑥
< 0 



The Second Derivative 

 

If you differentiate a function you get the (first) derivative, if you differentiate again you get the second 
derivative. 

𝑓(𝑥) → 𝑓′(𝑥) → 𝑓′′(𝑥) 
or 

𝑦 →
𝑑𝑦

𝑑𝑥
→

𝑑2𝑦

𝑑𝑥2
 

where 𝑦 is a function of 𝑥 
 

The second derivative is the rate of change of the first derivative with respect to 𝑥. 

 

Example 15 
Find the first and second derivatives of the following functions, simplify where possible. 

a) 𝑦 = 5𝑥3 + 2𝑥2 +
1

2
𝑥 − 7 

 

 

 

 

b) f(𝑥) = 5√𝑥(𝑥 + 2𝑥2) 

 

 

 

 

 

c) 𝑦 =
4

𝑥4 −
1

3𝑥3 +
7

2𝑥
 

 

 

 

 

 

d) 𝑦 = 3𝑥 − 𝑒5−2𝑥 

 

 

 

 

 

 

e) h(𝑥) = ln(3𝑥 − 5) 

 

 

 

 

 

 

f) 𝑦 = 5 cos 4𝑥 

 

 

 

 

 

 

 



Stationary points and classification of their nature 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Example 16 

Find the coordinates of any stationary points on the curve 𝑓(𝑥) = 𝑥3 + 3𝑥2 − 9𝑥 − 10. 
 
 
 
 
 
 
 
 
 
 
 
 
Example 17 

A curve has the equation 𝑦 =
2

3
𝑥2 − 12 ln 𝑥 + 4 

Find the co-ordinates of the stationary point of the curve, giving your answer in exact form. 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

At the points 𝐴 and 𝐵 and 𝐶 the gradient of the 

function is zero, i.e. 
𝑑𝑦

𝑑𝑥
= 0.  

 

The points where 
𝑑𝑦

𝑑𝑥
= 0 are called stationary or 

turning points.  
 
The tangents to the curve at points 𝐴 and 𝐵 and 𝐶 

are horizontal lines parallel to the 𝑥 axis.  
 
A function could have zero, one or more 
stationary points. 

 

To find the co-ordinates of a stationary point, you must: 

 Find 
𝑑𝑦

𝑑𝑥
 (or f ‘(𝑥), depending on the notation you are using) 

 

 State that “At stationary points, 
𝒅𝒚

𝒅𝒙
= 𝟎  (or 𝐟′(𝒙) = 𝟎)”, set 

𝑑𝑦

𝑑𝑥
 = 0 and solve for 𝒙. These 

solutions are the 𝑥 co-ordinates of any stationary points 
 

 Substitute these values of 𝑥 into the 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 to find the y co-ordinates. 

Extension: Sketch the curve, 

marking on the stationary point 



There are 3 types of stationary point: maximum (e.g.𝐶), minimum (e.g.𝐴) and points of inflection (e.g.𝐵) 

 

 

 

 

 

 

 

 

NB 

We will be covering points of inflection in the Differentiation 3 handout. 

 

Example 18 

A curve has equation 𝑓(𝑥) = 𝑥3 + 3𝑥2 − 9𝑥 − 21 

a) Find the coordinates of the 2 stationary points. 

b) Determine the nature of each stationary point. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 19 

A curve has equation 𝑦 = 𝑒2𝑥 − 8𝑥 

 a) Determine 
𝑑𝑦

𝑑𝑥
 and 

𝑑2𝑦

𝑑𝑥2 as functions of x     

b) The curve has a single turning point, P.   
       i)   Find the 𝑥 co-ordinates of P in an exact form, and show that its 𝑦 co-ordinate is 4(1 − ln 4)  

       ii)  Find the value of 
𝑑2𝑦

𝑑𝑥2 at P, and hence deduce the nature of the turning point. 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

At a maximum point  

The gradient changes as 𝑥 increases from 

positive to zero (at 𝐶) to negative. 
This means that the gradient is decreasing 

so   
𝒅𝟐𝒚

𝒅𝒙𝟐
< 𝟎 

At a minimum point  

The gradient changes as 𝑥 increases from 
negative to zero (at 𝐴) to positive. 
This means that the gradient is increasing 

so   
𝒅𝟐𝒚

𝒅𝒙𝟐
> 𝟎 



Exam Questions 

Edexcel C2 January 2013 

 

OCR C1 June 2014

 
 

 

AQA C3 June 2006 

 



Edexcel C2 June 2013 

 

 

 

AQA C2 June 2013 

 
 

 

 

 

 

OCR C4 June 2013

 

 

 

 

 

 

 



Optimisation Problems 

Some problems involve finding the maximum or minimum amount of a quantity (such as volume or surface 

area of a shape). 

These are solved using a similar approach to stationary points. 

 

Example 20 

On a journey, the average speed of a car is  ms−1. For 𝑣 ≥ 5, the cost per km, 𝐶 pence, of the journey is 

modelled by 

𝐶 =
160

𝑣
+

𝑣2

100
 

 

Step 1: Differentiate the expression to find 
𝑑𝐶

𝑑𝑣
 and set this equal to zero (

𝑑𝐶

𝑑𝑣
= 0 when 𝐶 is either a maximum  

  or a minimum) 

 

 

 

 

Step 2: Solve this to find the value of 𝑣 that gives you the maximum or minimum value of 𝐶 

 

 

 

 

 

Step 3: To find the maximum or minimum value of 𝐶, substitute the value of 𝑣 that you’ve found in step 2  

  into the original expression for 𝐶. 

 

 

 

 

Step 4: To determine whether the quantity is a maximum or minimum (or to prove that it’s one of them), find  

  the second derivative and substitute your value of 𝑣 from step 2 into the resulting second  

  derivative expression.  

 

If the answer to the second derivative is > 0, the value of 𝐶 found is a minimum. 

 

If the answer to the second derivative is < 0, the value of 𝐶 found is a maximum. 

 

 

 

 

 

 

 

 

Extension: Find the minimum cost of a 250 km journey. 

 

 

 

 

 

 

 



Exam Questions 

Edexcel C2 January 2011 

 
 

AQA C1 January 2013 

 
 

AQA C1 January 2006 

 



Harder Optimisation Questions – forming the expression of related quantities 

 

Sometimes you are not given the expression of the quantity that is at a maximum or minimum value. 

However, you are given information that you can utilise, alongside your knowledge and understanding of 

the quantity (such as volumes of certain shapes) to form the required expression. 

You can then proceed with the previous method. 

 

Example 21 
In the right-angled triangle 𝐴𝐵𝐶 the lengths of 𝐴𝐵 and 𝐵𝐶 vary so that sum is always 6 𝑐𝑚. 

a) If the length of 𝐴𝐵 is 𝑥 cm, write down, in terms of 𝑥, the length of 𝐵𝐶.  
b) Find the maximum area of the triangle. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 22 

The diagram shows a container in the shape of an open-topped 

cuboid made from a thin metal sheet. The base of the container 

measures 𝑥 cm by 2𝑥 cm, the height of the container is ℎ cm 

and its volume is 288 cm3. 

a) Show that the area of metal sheet used to make the container, 

𝐴 cm2, is given by 

𝐴 = 2𝑥2 +
864

𝑥
 

b) Use calculus to find the minimum value of 𝐴. 

c) Prove that your value of 𝐴 is a minimum. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝑉𝑜𝑙𝑢𝑚𝑒 = 𝑙𝑒𝑛𝑔𝑡ℎ × 𝑤𝑖𝑑𝑡ℎ × ℎ𝑒𝑖𝑔ℎ𝑡 

𝑆𝑢𝑟𝑓𝑎𝑐𝑒 𝐴𝑟𝑒𝑎 = 𝑆𝑢𝑚 𝑜𝑓 𝑎𝑟𝑒𝑎𝑠 𝑜𝑓 𝑒𝑎𝑐ℎ 𝑓𝑎𝑐𝑒 



Example 23 
The diagram shows a closed cylindrical container of radius 𝑟 cm and height ℎ cm.  

The external surface area of the container is 54𝜋 cm2 and the volume of the  

container is 𝑉 cm3 . 

 

Use calculus to find the stationary value of 𝑉, and determine whether this stationary 

value is a maximum or a minimum value. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝐶𝑦𝑙𝑖𝑛𝑑𝑒𝑟 = 𝜋𝑟2ℎ 

𝑆𝑢𝑟𝑓𝑎𝑐𝑒 𝑎𝑟𝑒𝑎 (𝑐𝑙𝑜𝑠𝑒𝑑) = 2𝜋𝑟2 + 2𝜋𝑟ℎ 



Exam Questions 

AQA C1 June 2012 

 
 

AQA AS Paper 2 June 2018 

 

 



 
 

 

 

Edexcel C2 January 2012 

      

          
 

 

 

 



Edexcel C2 June 2014

 

 


