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Pure Sector 1: Logarithms 
Aims 
 To be able to convert between exponentials and logarithms 
 To know and be able to use the laws of logarithms 
 Solve equations in index form 

 

Exponential functions 

                                                   
Logarithms 
 
 
 
 
 
 
 
 
 
Example 1 
 
Write the following exponentials in logarithmic form: 
 

a. 102 = 100 
 
 
 

b. 𝑎0 = 1 

c. 23 = 8 
 
 
 

d. 𝑎1 = 𝑎 

e. 9
1

2 = 3 
 

f. 2𝑥 = 27 

  
Example 2 
 
Write the following logarithms in exponential form: 
 
a. log3 81 = 4 
 
 
 

b. log7 7 = 1 

c. log8 2 =
1

3
 

 

d. log5 1 = 0 

 
 

 

e. log10 1000 = 3 
 

f. log5 𝑥 = 2 

𝑦 = 2𝑥, 𝑦 = 4𝑥, 𝑦 = 2−𝑥   

are exponential functions 

 The logarithm of 𝑁 to a base 𝑎 is written as 𝑙𝑜𝑔𝑎𝑁 

 The log of a number 𝑁 is the power that the base number is raised by to give 𝑁 
                           𝑁 = 𝑎𝑥       ⇔       𝑥 = log𝑎 𝑁 
      Exponential/index form      Logarithmic form 

 Where the logarithm has no base number the default is base 10.  log 𝑎 means log10 𝑎 
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The Exponential Function and the Natural Logarithm 

 

The exponential function is written as 𝑒𝑥. 

 

This is a particular base that is defined so that the 𝑦 co-ordinate of a point on the curve is the same as the 

gradient of the curve at that point. This is true for every point on the curve 𝑦 = 𝑒𝑥 and will be very useful 

when we start to look at tangents and normal lines of exponential curves (see your differentiation notes 

later). 

 

The natural logarithm is the logarithm with base 𝑒. However, we write ln 𝑥 rather than log𝑒 𝑥 

 

 

 

 

Therefore, using the definition of logarithms 

 

 

 

 
 
Example 3 
 
Simplify/solve each of the following:

 

a) 𝑒𝑥 = 𝑎 
 
 

b) ln 𝑥 = 5 

 
 

c) ln 𝑦 = 𝑥 
 
 

d) 𝑒ln 3 
 

 

e) ln 𝑒2 
 

 

f) ln √𝑒 
 

 

g) ln 𝑒−4 
 
 

h) 𝑒2 ln 5 
 
 

i) 𝑒−3ln 2 
 

 

j) ln 2𝑒−2 

 
Laws of Logarithms 

 

 

 

 

 

 

NB 
To use either of the first two rules, you must make sure that there are no coefficients in front of the 
logarithms 

log𝑎 𝑥 + log𝑎 𝑦 = log𝑎 𝑥𝑦 

log𝑎 𝑥 − log𝑎 𝑦 = log𝑎 (
𝑥

𝑦
) 

log𝑎 𝑥𝑛 = 𝑛 log𝑎 𝑥 

ln 𝑒 = 1 

𝑒ln 𝑥 = 𝑥 = ln 𝑒𝑥 

 

 log𝑒 𝐴   is written as:  ln 𝐴 

𝑦 = 𝑒𝑥       ⇔       𝑥 = ln 𝑦 

 

ln 𝑥 + ln 𝑦 = ln 𝑥𝑦 

ln 𝑥 − ln 𝑦 = ln (
𝑥

𝑦
) 

ln 𝑥𝑛 = 𝑛𝑙𝑛 𝑥 



3 
 

Example 4 

Write the following as a single logarithm: 

a. 2 log3 3 + log3 4 

 

 

 

 

b. 2 log3 3 + 2log3 4 

 

 

c. 4 log10 2 − log10 6 

 

 

d. 3 ln 2 + ln 3 

 

 

 
 
 
Example 5 

Express the following in terms of 𝑙𝑜𝑔𝑎𝑥, 𝑙𝑜𝑔𝑎𝑦 and 𝑙𝑜𝑔𝑎𝑧: 
 
a. 𝑙𝑜𝑔𝑎(𝑥𝑦𝑧) = 
 
 
 
 
 

b. 𝑙𝑜𝑔𝑎 (
𝑥𝑦

𝑧
) = 

c. 𝑙𝑜𝑔𝑎 𝑥√𝑦  = 

 
 
 
 
 
 
 

d. 𝑙𝑜𝑔𝑎 √𝑥𝑦𝑧 = 

Example 6 
 
Write 2 + log𝑎 3 as a single logarithm: 
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Example 7 

 

Given that  3 ln 𝑥 − 4 ln 𝑦 = 1 , express 𝑒 in terms of 𝑥 and 𝑦: 

 
 
 
 
 
 
 
Example 8 

 

Solve the following equations: 

 

a. 4log5 𝑥 = 7.2 
 
 
 
 

b. 2ln 𝑥 = 5 
 
 
 
 

c. 6 log2 3 − log2 𝑥 = 9 
 
 
 
 
 
d. 2 log2(𝑥 + 7) = log2(𝑥 + 5) + 3 
 
 
 
 
 
 

 
 

e. ln(𝑥 + 2) − ln(𝑥 + 1) = 1 
 
 
 
 
 
 
 
 
f. log(𝑥 + 4) = log(6𝑥) − log 18 + log(𝑥 − 1) 
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Exam Questions 

AQA C2 January 2006 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

Edexcel C2 June 2013
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Edexcel C2 January 2013
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Solving Exponential Equations 

 

Example 9 
 
Solve the following equations for 𝑥, giving your answer in exact form where appropriate: 
 

 

a. 5𝑥 = 63 
 
 
 
 
 

b. 𝑒𝑥+1 = 8 
 
 
 
 
 

c. 32−𝑥 = 5𝑥 
 
 
 
 
 
 

d. 3𝑥+1 = 27𝑥−3 
 
 
 
 
 
 
 
 

e. 𝑒4𝑥 > 20 
 
 
 
 
 
 
 
 

f. 3−2𝑥 < 143 
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Polynomials involving Exponentials and Logarithms 

 

Example 10 

 

Solve the following equations: 
 

a. 32𝑥 − 4 × 3𝑥 + 3 = 0   (use the substitution 𝑦 = 3𝑥 ) 
 
 
 
 
 
 
 

b. 52𝑥 − 7 × 5𝑥 + 10 = 0    
 
 
 
 
 
 
 

c. 𝑒2𝑥 − 2𝑒𝑥 − 15 = 0 

 
 
 
 
 
 
 

d. 𝑒𝑥 − 3 − 4𝑒−𝑥 = 0 

 

 

 

 

 

 

 

 

e. (ln 𝑥)2 − 3ln𝑥 + 2 = 0 

 

 

 

 

 

 

 

 

f. 2 ln 𝑥 − 7 +
6

ln 𝑥
= 0 
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Exam Questions 
 
AQA C2 January 2006 
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Challenge
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