6 (a) Given that ¢ "% = 5| find the exact value of x.
[2 marks]

(b) Use integration by parts to find [xc‘”" dx.
' [4 marks]

6 Use the substitution # = 2 4+ Inx to show that

¢ Inx
———— S dr=p+Ing
J1x(2 + Inx)

where p and ¢ are rational numbers.
[7 marks]




Q6 Solution Mark | Total Comment
(a) 1 N
——x=In35 M1
2
X = —2 ln R Al A(F
2
. dv s All 4 terms in this form with 2 and
(b) | ¥=X PR M1 dx
(dx) [ dx attempted
du 1 = oS All correct
( (L\‘) Al
M1 Correct substitution of their terms into
—0.5x —0.5x 4 ~
f: —2xe 7 — J‘*ze (dx) ‘ the parts formula
) i Al
I =2xe " —4e [+¢] oe
4
Qeé Solution Mark | Total Comment
H:”+hl\*:>du:ldr OE
=T - B1 may have x=e"7 efc
M1 clear attempt to get integral all in terms of
« including dx in terms of du
j” _22 du Al correct — condone omission of du if seen
u on later line
j(£+ Eijdn = .—1]111.!+£ dM1
u u- 17
1 2 2
nu +; Al Integration by parts gives _[ =nu+-—-1
1
[ln 3+ %} —[In2+1] dM1 correct substitution of correct limits but
. must have earned previous dM1
1 3
=——+In| - Al
3 + ][ 5 ] 7
Total 7




For this question assume 0 < x < 0.5

(a) Using the product rule, show that if y = [sin,x')(cosx)_l then
1y
& sec? x
dx
. I .
(b) Given that x = Esmu show that
(1 — 4x2)
——— = cot
o cotu
o I .
(c) Use the substitution x = —sinu to find

; Li\'
(1—4x2)7

giving your answer in terms of x.

[3 marks]

[2 marks]

[7 marks]



Qs Solution Mark | Total Comment
(a) dy
()
dx
=sinxx—1x(cosx)™ x—sinx—cosx(cosx)"| M1 Attempt at product rule
Al
sin” x
=7+l
cos” x
—tan’ x +1
5 Al Must see “a middle line’
=sec” x £
AG, all correct and no errors seen
3
(b) 1 A2 .
J(l 4x7) :\/l .sm u M1
2x smu
 cosu
sinu _ _
— cotu Al Must see a middle line
2
(c) dx - Correct expression for
—=0.5cosu oe B1 du
du — or du or dx
dx
l - - -
,f T —55 x 0.5cosu[du] o M1 Replacing all terms in x to all in
(1—4(0.5smu)°) o . .
terms of u, including replacing dx,
but condone omission of du
Al All correct, must see du here or on
later line
=0 5 \ ~ e . .
N j (cos’ )"’ < cosufdu] dM1 Correct use of trig 1dentity
= O.Sj.seczu[dn] dM1 Correct simplification of powers
= 0.5tanu .
Al Using part (a)
2x
[tanu = ———]
NI—4x°
b Al

— \4




Part of a curve is sketched below.

A

Y M

0 / P 0 X

The curve has equation y = (x — 1) e™>*.

(a) The curve has a stationary point M. Show that the x-coordinate of M is i.
[3 marks]

(b) (i) By using integration by parts twice, find

[(,\' — 1 )20—6:: dx

[6 marks]

Use the substitution # = cos2x to find

2 .3
Jcos 2xsin’ 2x dx

[5 marks]




Q7 Solution Mark | Tot Comment
al
@) dy _ s L B
— = 3(x—1e ™ M1 e+ A(x—De™ OE
dx Al o
A=-3
- : - 4 . . .
Equate gradient to 0, hence ~ x= 3 Aleso | 3 | AG be convinced, must see a middle line
(b) (1) u=(x—-1) E —et M1 u and (:—v correct and 4 terms in this form
d\. X
E =2(x-1) v= _ie‘ﬁf Al all correct
dx 6
I = _i( x—1)ye™ + 1 J' (x=1)e™* dx dM1 correct sub of their terms into parts
6 3 formula
J~ (x_l)e_ﬁl dre— (x=1) e 5% 4 J' i e 5%y M1 must be correct but may be seen anywhere
6 6 in solution
__ (x—1) o ox 1 Al
6 36
1 ) s (XD ¢ I
=——(x-1)ye" ——e" ———e " A o
J 6 ( ) 18 108 Al ] OE condone omission of +¢
(a) | Withhold final A1 for verification
(b)(i) | Condone omission of dx throughout
Alt: If a candidate expands (x —1)*> =x* —2x+1, then
, dv . du | . ; .
u=x> —=e®™ —=2x v=-—-e" MIAl uand dv correct and 4 terms in this form
dx dx 6 dx
2y 6x I 5 6 1 6x o .
J Ve Fdy ==l + g J 2xe™ dv dM1 correct sub of their terms into parts formula
J
6x X o 1 . .
J xe ¥dy = — Z e + '[ Z e “dx M1 must be correct but may be seen anywhere in solution
X |
—_Ze 6.t__e 6x Al
6 36
o, 1 5 5 13
J:e F—=x" +—x— ’ ) Al
6 18 108
Q3 Solution Mark | Total Comment
d .
—t =-2sin2x OE B1
fr.l.uz x(1—u”)du M1 Condone omission of du
_ 2 .4
N mJ (” " )d” dM1 Condone omission of brackets and du
1w o’ o
=== 5= (+¢) OE Al Must have seen du on an earlier line where
203 5 all terms are in ‘z” only
5 3
cos’2x  cos” 2X
"o - 6 (+0) OE Al Condone omission of + ¢
5




5 4
3x
dx .

6 Use integration by parts to find the value of J‘
1 Vz.\‘—l

[6 marks]

dx.

I
6 (a) Use integration by parts to find [
' [4 marks]



Q6 Solution Mark | Total Comment
[3x(2x =17 dw
_a. dv 1) dv du
U=>5x @ =(2x-1) M1 u and a0 correct, with Eand jdv
attempted
du 2 05 Al All corr
=" yv="02x-1°" : All correct
(dx) 2
I =3x(2x — 1)0 5 _ j (2x— 1)0-5 %3 (dv) dM1 Correct substitution of their terms into the
parts formula
=3x2x-D)"”-2x-1D" OE Al
s _
[J' 1=(15x3-27)-(3-1) dM1 F(5) — F(1), correct from
1 Ax(2x -1 -BQ2x-D"
=16 Al
6
Q6 Solution Mark | Total Comment
a u=In3x ﬂ = i oe B1 PI by further work
(dx) «x
i — lﬁ y——x ! B1 PI by further work
(dx) x°
J = —i]n3x — J —x ' ! (dx) oe M1 Correct substitution of their terms into
: . the parts formula
= —iln 3x ! (+¢) oe
" N Al




Use the substitution # = 4x — 1 to find the exact value of

1

(5 —2x)(4x — 1)> dx

S
= b —

[7 marks]



Qs Solution Mark | Total Comment
d .. d
Uy oe B1 Correct expression for X or dur or dx
dx dx
[ =4x—1]
oe ! :
4x=u~+1 B1 Correct term 1n kx, where k=1, 2. 4
9—u du . : .
I — X Jux (du) oe M1 Replacing all terms in x to all in terms
- 4 of u, ncluding replacing dx, but
condone omission of du
Al All correct, must see du here or on
next line
1 L
{:8'[9”3 1:3(du)] oe
13 .3 31 | Nt gt
=—(—x%* —=u?) oe ml Correct mtegration from an expression
8 4 7 of the form
1 4 1 4 1
ar® +bu®  or au? +bud +cu’
Limits [\]05 _ [”]1 may be seen earlier B1 Or correctly changing variable back
0.25 0 mnto x
127 3
23
8 4 7
177 ) .
= oe Al allow equivalent fraction
224
Total 7




sin x i
5 (a) By writing tanx as i , use the quotient rule to show that ;— (tanx) = sec? x.
COSX dx
[2 marks]
(b) Use integration by parts to find [x sec? xdx.
. [4 marks]

2 3
7 Use the substitution u = 6 — x2 to find the value of [ !

J1 V6 — x2

answer in the form p+/5 + q\/j, where p and ¢ are rational numbers.

dx, giving your

[7 marks]



a (d}-‘ 0 cos” x+sin’ x . +cos’ x+sin’ x
dv cos’ x ) cos” x
- 1+ tan’ x
T cos x or Tlantx Must see this line
=sec’ x Al , AG: no errors seen and all notation
correct
b Ix sec” xdx
dv )
H=x  ——=sec X
(dx)
du . M1 All 4 terms in this form with % correct
—= v =tanx
dx dv
(d) and | ! attempted
CL\”
v=tanx B1
xtanx fj‘tan x (dx) Al
=xtanx—Insecx+c¢ Al OE (e.g. xtanx + In cosx);
must have constant of integration
Q7 Solution Mark | Total Comment
du
dr —2x or du=-2xd M1 Condone du =2x or du=2xdx
dA,
6—u du L . .
j s X o Al OE correct unsimplified integral in terms
u -2 of u only, with du seen on this line or later
l : iy 5
— _Ej(6::‘”'5 —u™)du m1 Terms in the form j(a w7 +bu®)du
05 135
__1 (6”— _2L) A1F Ft must be in the form cu®® + du®®
5 3
20 Oe (eg allow o~ )
0.5 J- 1.5
(=—6u™+—u")
(Limits [\]f = [”]: )
2
I |: 0.5 1 1.5:'
j.: —6u" +—u
5 3 5
=(-6x2% +%>< 27) = (=6x 5% +%>< 5) ml Correct substitution into expression of
o 3 the form eu®® + fu'?®
and F(2) — F(5). or
ifusing x, F(2) — F(1)
13 16
=3 5-— = V2 AlA1 oe any correct exact form




6.

(1) Find, n its simplest form,

=
c X

(2)

(11) (a) Express 4 ;H(; 3'1)1_)4 in partial fractions.
ey 4)

(b) Hence find
j4y3 +3y - 4dy Vs 1

y2y-1) 2 3)

(111) Use integration by parts to find

4
1
—In(2x)dx
-[1 X

giving your answer in the form @ + »In2, where a and b are constants to be found.

)



Integrates to give +ae ", a#0, 230 Ml
- 5 5 —3x 5 —3x 6
6. (1) de: e d\f:—Ee {+c} . n
© ——e " or _ °  with or without + ¢ | A1
18 18e*
2
) 437 +3y-4 B C
(iD@) | ————=d+—+
,1'(2,1.' -1) J-' (2y-1)
viid=24 :f} A= Their constant term =2 | Bl
41 +3y—4=4v(2y —1) +BQ2y—-1D+Cy Forming a correct identity | Bl
Either
e constant: —4=—-B—=B=4
o 1 4i2BiC 3= 24184+C—=C=_3 Uses their identity in an attempt
o 0 4 B—B_4 to find the value of at least one of | M1
* y=U=—4=-5=8= either their B or their C
. -:i:>1+——4*i( =C=-3
2 2 2
[4y° +3y—-4 4 3 Correct partial fractions.
A SN S N Al
| »(2y-1) _J y Q2y-1) Can be seen anywhere in part (ii) | ~
4
Fb) Integrates to give at least one of either B —s+Ailny OF
Way 1 ) _ » .
4y +3y -4 1 c ' M1
2y —1) J m —+uIn(2y—1) OF yIn(y—31). B#0.C=0
= J.{ 24 i 3 : J(h_- Correct follow through integration for at least two terms AL fi
y Q2y-D from their 4 # 0 or from their B or from their C | ~
3 b ]
=2y tdlny =@y =) e 2y+4lny—2In2y—1) or 2y +4lny—In(y—3) | ,.
2 2 Al
can apply isw
Final A1: Correct bracketing required. Can be simplified or un-simplified, with/without +c 3)
du 1
: [u =In2x) = iz—}
(iii) lJA—m 2Y)dr P N
l —v:A‘_E =y =2x2 J
dx
1 L Ly
ither —=In(2x) — +Ax” In(kx) £ | px? | —
L N Either T In(2x) — +Ax? In(kx) J;n T /{(L\}
=2x?In(2x)— | 2x° ( - ) fdx} : . M1
X = —
) or TAx? In(fx) £ J;m‘ Hdxp, A, k#0
dependent on the previous 1\1*1 mark AM1
1 1 ates - - 17 7. Al on epen
2T In(2x) — 4o Integrates the second term to give 4x2: 420 P
1
2x2 In(2x) — 4x*. simplified or un-simplified | Al
{[’?J_ In(2x)— —1\/_ ] dependent on the first M mark
Some evidence of applying limits of 4 | dM1
')\/_ 41n(8) 4\/_ —( g\ﬁ In(2) _4JI ) and 1 and subtracts the correct way round
{=4In8—-8-2In2+4}=—4+10In2 —4+10In2 | Al cso

(3




3. (1) Given that

3-4x  _ 4 B C
Qx+12(x+3) (Qx+1) Qx+172 (x+3)

(a) find the values of the constants 4. B and C.

“
(b) Hence find

13 —4x I

ax, X > ——

(2x + 1)2(x + 3) 2
&)

(i1) Find
j(c" +1)* dx

(€))

(111) Using the substitution 2 = x, or otherwise, find

J‘% de, x>0
4x + 5x3

“4)



L Atleastone of B=6 or C=1 | Bl
(a) B=6.C=1 - _
Both B=6 and C =1 | BI
13— 4x = AQ2x+1)(x+3) + B(x+3) + C2x+1) 4 1
5~z . Writes down a correct identity
x=—3=25=25C Cc=1 -
! = = and attempts to find the value of | M1
Y——l$13—— 2B >15-25B >B-6 either one of 4 or Bor C
2 2
Either x°:0=24+4C. constant:13=34+3B+C.
x:—4=T74+B+4C or x=0=13=34+3B+C Using a correct identity
leading to 4=-2 tofind 4=-2| o1
[4]
6 1
(b) —+ — -
("Y-i—l) (Y-i— 1) QCx+1) Q2x+1D)" (x+3)
See notes | M1
—2 6(2x+1)"
Doy 82D et (e _
2 (-D(2) Ar least two terms correctly integrated | Alft
0e. Correct answer, o.e. Simplified or un-
{: S +1) = 3Q2x+ 1) + In(x+3) i+ C}} simplified. The con‘ec.t answer must be Al
: stated on one line
Ignore the absence of ‘+ ¢’
[3]
(1) : (e*+1)° Z} e™ +3e™ +3e" +1 e +3e” +3e” + 1. simplified or un-simplified | Bl
At least 3 examples (see notes)
HPIES ASeC NOTES) T i
J l 1 3 of correct ft integration
€+ dy;=—e™ +=e™ +3e" +x {+ ¢} 1o 3,0 ..
l J 3 2 —e" +—e" +3e +x,
. o , , Al
simplified or un-simplified with or without
+e
[3]
1 .
(1) ——dx, x>0, w=x
4x+5x°
, du dx , du 1 -2
,d *—=lor —=3uw'or —=-x 3
. du 1 3u” o » 3u ™ 3x Bl
or 3u’du = dx o.e.
PO +har®
_ Expression of the form J%{dﬁ},
1 2 ( 3u 4 l dar” + 5u
=|—3udu < = - { : M1
J‘4u3+5u ' J‘4u‘+5 J : _ . k=0
: Does not have to include integral sign or du
Can be implied by later working
_ ih1(4“z +5) {+c) (lePen(le?t on th‘e.prevmus M mark IM1
8 +Aln(4u +5); A is a constant; A #0
- E \J
= %h{ 4x* +5 | {+ ¢} Correct answer in x with or without+ ¢ | Al
)

[4]




6.

(1) Given thaty > 0, find

J‘ 3.}’ — 4 d}r
y(3y +2)

()
(11) (a) Use the substitution x = 4sin* & to show that
3 . 3 )
J ( - ] dx = ,1'[ sin“@ dé
0 4-x 0
where A 1s a constant to be determined.
Q)

(b) Hence use integration to find

giving your answer in the form ar + b, where a and b are exact constants.

4)



(1)
Way 1

with correct bracketing,
simplified or un-simplified. Can apply isw.

3y _ - , S tes | M1
713 4 -4 +— 2 = 3y -4 =43Cy+2)+ By Atl eefmlj eg
y3y+2) vy (By+2) t least one o their Al
y=0 > —4=24 > 4=-2 A=-2or their B=9
2 i 2 _ Both their
y=-3 = 6= SB = B=9 A=—2and their B=9 | 2!
Integrates to give at least one of either
4 —+Alny Or Ai — I3y +2) | M1
3y -4 -2 9 ¥ ' Gr+2) '
ﬁd}: —-I-ﬁi_))d‘] A=0,B=0
(By+2 R E) ) -
3 yo 3 At least one term correctly followed through Al f
(o tfrom their 4 or from their B
= —2Iny +3n(3y +2) 7€ | —2Iny +3InGy +2) or 2Iny+3In(y+ %)
| Al cao

[6]




VA

.

Figure 1

1y
Figure 1 shows a sketch of part of the curve with equation y = 4x —xe2 , x > 0

The curve meets the x-axis at the origin O and cuts the x-axis at the point 4.

(a) Find, in terms of In2. the x coordinate of the point 4.
2)
(b) Find
1
j xe2 dx
3)
The finite region R. shown shaded in Figure 1. 1s bounded by the x-axis and the curve with
equation

1
y=4x—-xeZ , x>0

(c) Find, by integration, the exact value for the area of R.
G1ve your answer 1n terms of In2

3)



(a)

(b)

(c)

y:4x—xe%x, x=0
[v=0= dv—xe¥ 0= x(4- e¥)=0 =/

T _______l. ..
Attempts to solve e’ =4 giving x = .

el =4 = x, =42 in terms of +AIn 7 where g >0

1 1 1 1
;.\' =X =X ;X . .
= 2xe? —4e2 {+ (’} 2xe? —4e? o.e. with or without + ¢

2

-{J"‘Hd-\’ } = 2%’ 4x — 2x% or % 0.e.

. 41n2 or In16 or their limits
—4e le

4102 / 1
{J‘ (4x — x e%x) dx } = {2_\'2 - |{ 2x e?
0

2 Lamy) [ L lo)
ad | ) EEC 20y 4 462

Il
T
]
—
=N
=
-
]
-
[E5]
|
]
~
I
E
2
—
(4]
L] —
™~

= (32(In2)* —32(In2) + 16) - (4)

=32(In2)* —32(In2)+ 12 32(In2)* —32(In2)+ 12. see notes




VA Diagram
not to scale

=V

Figure 2

Figure 2 shows a sketch of the curve with equation y = \/( 3—x)(x+1)., 0<x<3

The finite region R, shown shaded in Figure 2. 1s bounded by the curve. the x-axis.
and the y-axis.

(a) Use the substitution x = 1 + 2sin8 to show that

[STE

3
j J3 = x)(x + 1) dx = kJ cos’6do
0 T

where & 1s a constant to be determined.

(b) Hence find. by integration, the exact area of R.



6. (a)

(b)

3
4 =j Gox)x+D) dv . x=14+2sind
,,,,,,,,, L

dx

or k(+a6 + fsin26)

—_——,
w2
o
Y
e ——
8 12l
(e
=}
Y
<
(=N
o
Il
[
[S]
s
+
m‘
=
2
D
L
| =
ol
[N

() T \/5\']_4/7 NG 4z 3 or
<lf[ﬁ— —_’_Z/J.f . > 3
1

d ki -2 . . -
d_; 90088 10 2cos@ or 2cosd used correctly Bl
_______________________________________________________________________ in their working, Canbe implied. |
U./(3—x)(x+l) dx or J‘\/(3+ v —+%) dx E
_ J‘\/(B’_(l + 2506))((1 + 25m8) + 1) 2cos6 {d6) Substitutes for both x and dx, ML
' ) where dx = Adg. Ignoredé
= J’\/(z— 25in@)(2 + 2sin @) 2cosd {d6}
= I,f(4— 4sin’ 19: 2(:039{(19}
""""""""""""" S e T e
= J.,f(474(lfcosg 6) 2cos6 (d6} or J.v‘ﬂrcosgﬁ 2cos6 {d6} Appliescos™@ =1 —sm™ 0 |\ )
I e e e e seemotes |
/ 2 . / 2
_ 4J.c0529d6’. {I(:ﬁr} 4Ic05 6dé or J‘—lcos 6de Al
... Note ddisrequiredhere. |
. : . 1 7
0=1+2sméf or —1=2smé or sm@z—E = H:—%
See notes | Bl
and 3=1+2siné or 2=2sind or snf=1= §==
""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""" (51
’ / S . _ 2
| r coszb‘{dé?} _ I{A} {1+c0526} {db‘} Apphescosza_z‘cgs -1
l_ - 2 to their integral
Integrates to give o€ + fsin26, a =0, £20 |\

Al
€a0 €S0




