Aims

Pure Sector 2: Differentiation 3

o Differentiate using the product rule, the quotient rule and the chain rule, including problems
involving rates of change and inverse functions.

¢ Find points of Inflection
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Recap Example 1

Differentiate:
a) y=e"

b) y=(2x—-3)%

c) y =sin(4x)

d) y=3In(x?+4x—1)

e) y=2cos(4x—1)

CosXx

) y=e



Recap Example 2

A curve has equation y=e* —8x and has a single turning point, P.

i) Find the x co-ordinates of P in an exact form, and show that its y co-ordinate is 4(1 — In 4).

2

d°y

i) Find the value of —
dx

at P, and hence deduce the nature of the turning point.

Recap Example 3

A curve has equation y = Vx? + 3x x =0,

a) Find the equation of the tangent to the curve at point (1, 2).

b) Determine whether the curve increasing or decreasing at this point.



Product Rule

= ay _ v,
Ify—uvthendx—udx+vdx
or

It h(x) = f(x)g(x) then Z—z =f0)g' () + f(x)g(x)

Example 5

Find the derivative of:
a) y=x3sinx

b) y=e3*Inx

c) y = 2+/xsinx



Example 6

Find the equation of the tangent to the curve y = e3*cosx when x = 0.

Exam Question

6 A curve has equation y = e**(x? — 4x — 2).
(a) Find the value of the x-coordinate of each of the stationary points of the curve.
(6 marks)

b i ind &y 2 ki
(®) () Fin 2 (2 marks)

(ii) Determine the nature of each of the stationary points of the curve. (2 marks)



The Quotient Rule
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Example 7

Differentiate the following with respect to x.

a)
sinx

y= )

c)
_ 1—x
" In(x + 1)

™~

This is given in the formulae
booklet in this form.




Example 8

2

: =1 _ , . , -
A curve has equationy = oxid’ Find the X coordinates of the stationary points of the curve giving your
X+

answer in the form a+b+/c .

Exam Question

A curve has the equation

.. dy
(a) Find I (3 marks)

. ) T
(b) The point P on the curve has coordinates (;JE).

(1) Show that the equation of the tangent to the curve at P 1s v = 2x. (3 marks)

(11) Find the equation of the normal to the curve at P, giving vour answer in the
form v = mx + c. (3 marks)



Derivative of Other Trigonometric Functions

-

d
y = tanx then d—z =sec?x

d
y = cotx then d—z = —cosec? x

d
y = secx then ﬁ =secxtanx

d
\ y = cosecx then d—z = —cosecx cotx J

~

Example 9

Differentiate with respect to x:

a)

b)

d)

e)

f)

9)

h)

y =tan(3x — 4)

y = sec3x

f(x) = 4x — cosec(2x + 1)

y = 3cot4x

y = 2 cos(4x3 — 5x)

g(x) = tan3 2x

y = sec(3x — x?)

f(x) = cosec[(2x — 1)*]

y = cote3¥

These are given in
the formulae booklet.

“



Exam Questions

7 It is given that y = tan4x.

in4 d
(a) By writing tan4x as 2;2 4"; , use the quotient rule to show that ay =p(l+ tan’ 4x),
where p is a number to be determined. (3 marks)
dz}’ 2 . .
(b) Show that o2 =qv(1 4+ y°), where ¢ is a number to be determined. (5 marks)
6.
- . 2 dy 2
a) Differentiate y = xsec” X —tanx to show i = 2X sec” X tan x
X

b) Hence find the gradient of the curve when x = %



Inverse Functions

Example 10

Differentiate y = 3*

Example 11

oy dx 3
(by (i) Find d—\ when x = 2y7 4+ Iny.
."

']

(1 mark)

(11) Hence find an equation of the tangent to the curve x = 2y’ + Iny at the point

(Z,1).

Example 12

(d) (i) Write the equation y =2cos !(x— 1) in the form x = f(y).

(1) Hence find the value of —~ when y=2.

dv

(3 marks)

(2 marks)

(3 marks)



Mixed exam-style question A

A curve C has equation
3 S
(5-3x) " 3

¥
The point P on C has x-coordinate 2.

Find an equation of the normal to C at P in the form ax+ by + ¢ = 0, where a, b and ¢ are
mntegers.

(7)
Mixed exam-style question B
(i) Giventhaty=2*D goq &
X
(4)
i s dy 1
(11) Given that x = tan y, show that — = 5
dey  1+=x
(5)
Mixed exam-style question C
. . . i . . g
The point P 1s the point on the curve x =2 tan ( ¥+ E] with y-coordinate R
Find an equation of the normal to the curve at P.
(7
Mixed exam-style question D
A curve C has equation
y=eTtanx, x#(2n+ ]}%.
(z) Show that the turning points on C occur where tan x = —|.
(6)

(b) Find an equation of the tangent to C at the point where x = 0.
(2)



Mixed exam-style question E

Find the equation of the tangent to the curve x = cos (2y + 7) at [D, %]

Give your answer in the form y = ax + b, where a and b are constants to be found.

(6)
Mixed exam-style question F
Given that
¥ =sec 3y, O0=y< E?
6
{a) find E in terms of y.
dy
(2)
(b) Hence show that
y__ 1
dr  6x(x-1)F
(4)
d’y
(c) Find an expression for d.x_{ in terms of x. Give your answer in 1ts simplest form.
(4)

Mixed exam-style question G

A curve has equation y = > Find the exact values of the coordinates of the

stationary points of the curve and determine the nature of these stationary points.
[7 marks]



Points of Inflection

Curves can be convex or concave. These descriptions refer to the shape of the curve.
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A curve is convex when % > 0. (When its A curve is concave When — < 0. (When its
gradient is increasing) gradient is decreasing)

Pomts of inflection occur when the curve changes from convex to concave or concave to convex. (| e.
Where — changes between positive and negative or vice versa.) They may or may not be stationary.

A

At a point of |anect|on =0, but not all points Where — = 0 are points of inflection. Investigation either

Qde of the point to see |f the sign of ﬁ is changing needs to be done and that section of the curve musb)
continuous.

Example 13

By sketching the graphs of y,— and mvestlgate and determine the stationary points and/or points of
inflection of y = x3 — 6x3 + 9x + 1.

y=x3-6x3+9x+1
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Example 14

The diagram show part of the graph of y = e *’

T

a) Where is the gradient at its maximum?
b) Where is the gradient at its minimum?
¢) For which values of x is the graph concave?

™
\J




Example 15

A function f is defined by
X

V2x —2
a) Find f'(x)

b) Show that the graph of y = f(x) has exactly one point of inflection.

fo) =



Exam Questions

x

A curve has equation y = xe-

Show that the curve has a single point of inflection and state the exact coordinates of
this point of inflection.

[8 marks]
A curve has equation y =2x cos 3x +(3x° —4)sin 3x
(a) Find 3—1 giving your answer in the form l(}mw2 + n]cos 3x, where m and 1 are integers.
X
[4 marks]

(b) Show that the x-coordinates of the points of inflection of the curve satisfy the equation

2 J—

cot3y = u
Bx

[4 marks]



