9 (a)

(b) (i)

Find [ 1 cos (% r) dr.

[3 marks]
Solve the differential equation
‘.L_
S 3x* tcos (E r)
dr 4
given that x =1 when ¢ = 0, giving your answer in terms of « in the form
f(x) = g(7).
[4 marks]

(ii) Find the value of x when 7 = 15, giving your answer to three significant figures.

[2 marks]



Q9 Solution Mark | Total Comment

a — I T

(a) u=t u-cos(4t)

u=1 v= isin G t)
™
[ tcos (I t.) dt
. . (m M1 Basically correct attempt at parts
= t.asin (Z t) + [1. asin (I f) (dt) leading to terms of this form.
4 L m 4 m A1 Correct intermediate result.
=— tsin (Z t) = fsm (Z) (dv)
4 n 16 m A1t 3 |ftona-ie atsin(Zt)+
= — tsin (— t) + —cos (— t) e @ tsm (4 )
T 4 w2 4 , -
a cos(zt)
(b)(i) x 4
priie 3x tcos(z t)
1 T A t tion of variables
Lo n B1 ny correct separation o
f3x4 dx ftcos (4 t) dt including integral signs and ‘dx’ &
‘dt’.
_ 1,3 B1
4 . m 16 m
= —=tsin({—=t)+ —cos(—*¢
(+ ) ™ (4 ) m (4 ) M1 Substitution into required form
seen
i — — ; T T
Using x = 1 when t = 0 correctly to find C px~3 = q tsin (_ I) + 7cOos (_ t)
1 16 M 4
C=—-7—-= or values of individual terms or
implied by correct final line. MO if
candidate thinks terms in t both
give 0.
1 4 16 1 16
o t sin G t) + %Cos (; t) 757—2 At 4 ACF but exact and in the required
©on a d form of f(x) = g(t)-apply ISW if
necessary.

(i) | Using t = 15 to find a value for x M1 Substitution should be seen and
into the candidate’s final answer
for (b)(i) or implied by a correct

‘= 0199 A1 2 final answer.




7 (a)

(b)

Using a suitable substitution, or otherwise, find
¥
[72 dx
) (7 + 2x2?)

Solve the differential equation

dy 3xe?

dv (7 4 2x2)?

given that y =0 when x = 2.

Give your answer in the form y = f(x).

[3 marks]

[6 marks]



u=7+2x? gives % = 4x M1 OE —e.g. du = 4x dx etc.
X 1 1 . k
IW dx = fm du =-— dm1 Integral all in u of the form f“—z du
leading to i%.
— 1 1 _
- 4(7+2x2) (+C) Al OE —e.g. -2 (7 + 2){2) 1
(b) 3
j e“‘-"dy = f—“ dx B1 Correct separation seen and notation
(7 +2x2) including integral signs and dy & dx.
_ 1 _ay
LHS = —ZQ Y Bl
RHS = ————
T T i(7i2x?) B1ft ft on 3 x (a) from a correct integrand
1 3
——e W e— ——— 4 C
4 4(7 + 2x?)
x=2andy=0tofindC (: _l) M1 Used correctly in an expression of the
5
. —4y _ q

_loay—_ 3 1 form pe ™' =——=+C

1€ T 4(7+2x%) s OE Al e

1 3 4 2
= ——In (— + —) R _ Ly (A3
Y 4 7+2x%2 5 Al ACF-e.g. 41n (5(‘7+2.r2)) r

4 43+8x2

Zln (S(HMZ)) etc.




8 (a)

(b)

(c)

(1)

(if)

can be expressed as A(i+ } where 4 and & are

It is given that
) x k—x

1
x(k—x)
positive constants. Find 4 in terms of k.

[2 marks]

A rumour is spreading through a school of 1200 pupils. The rate at which the rumour is
spreading can be modelled by the differential equation

dv x(1200—.\‘)
dt 3600

where x is the number of pupils who have heard the rumour 7 hours after 11.00 am.

By 11.00 am, 300 pupils have heard the rumour. Taking /=0 as 11.00 am, use
integration to solve this differential equation to show that

3',.
e
1200— x

[5 marks]
Use this model to:

find the time of day by which half of the pupils will have heard the rumour, giving your

answer to the nearest 5 minutes
[2 marks]

find x in terms of ¢ and hence find the number of pupils who will have heard the rumour

by 3.00 pm.
[3 marks]



Qs Solution Mark | Total Comment
() A(i-o- 1 )_ 4 (k—x+x) _ A( K ) M1 To compare with Nkl_"
x o k-x) x(k—x) - x(k—x) X (k=)
. . . 1 1 )
Comparing gives Ak = 1 so A=—| M 2 | NMS A = -scores 2/2
ive: =4, 4 = —. / _ _1
Alternative: oD x t= 1=Ak—x)+Ax M1) - 1=4k - A - (A1)
(b) 1 1 1
x(1200—x) = (E + 12 {)0—,\") M1 Separation of x terms into two fractions.
1 1 1 Common multiple needn’t be correct.
)\ J‘T+ 1200—x dx (= BGUOIdt)
A (Inx —In(1200 — x)) A1 A1 Correct log integrations (LHS)
_ ot
=360 (TO
ﬁ (In300 —1In%00) =C - C = ﬁln (%) dM1 Using x = 300 and 7 = 0 to find a value for C
3x
t =3n (1200 — x) A1 5 | AG be convinced
AG!!! - must see some evidence of correct log manipulation before awarding the final A1
t 1 t 1 3x t )
e.g. Inx —In(1200 —x) = 57 In (;) - Inx —In(1200 — x) = 5T In (5) = In (1200_x) = 5 to answer
Alternative Method
dx _ x(1200—x) E _ 3600 - E _ i 1 ; .
dat 3600 7 o x(1200-x) dr 3 (x + 1200—1-) M1 (using (a))
—-t=3Inx A1-3In(1200—-x) Al (+C) then as above for dM1 A1l
(©®) | Usingx =600 ¢ =3ln(—2—) OE | M1 e.g. t=3In3or3.29
sing x = = 3In(Z50 600 g. t= 3.20...
1420 or 2.20(p.m.) A1 2 | NMS: correct time scores 2/2
t
(@) t= 3111( o ) - 2 = M1 OE for RHS - e.p. Vet
1200-x 1200—x
t
1200e3
v = i A1
3+e3
(whent=4) x =670 B1 3 | CAO; not 670.094...
. 3
OE could also include e* = ( ) etc.
1200—x

It is possible to score M1 A0 B1.

Total | 12 | |




(a)

(b)

3x

It is given that 0 = tan™! (7) .

3/.
By writing 0 = tan ! (7\) as 2tan() = 3x, use implicit differentiation to show that

do k

™ = yprTL where k is an integer.
dx X

[3 marks]

Hence solve the differential equation

| Lo dy
Oy(4 + 9,1'2) :—1 = cosec 3y
dx

given that x = 0 when y = % Give your answer in the form g(y) = h(x).
[7 marks]



Q8 Solution Mark | Total Comment
() f =tan~! (%) = 2tan@ = 3x
2 do dx
2 sec 9.a=3 Bl or 2sec?6 =3 —
2
sec20 = 1+ tan?6 = 1 + (3_35) M1 Use of correct identity to get sec?8
2 in terms of x ; condone missing bracket.
dg 3 6 )
ax 2(1+ﬁ) = Ttox? Al 3 | Correctalgebra with k = 6.
¢ —2 is given so be convinced
4+9x
d
(b) 9y(4 + 9x?) d_j:} = cosec 3y
[9ysin3y dy = J'4+%_2 dx B1 ‘Corre’ct sleparation including dyland dx at
ends’ of integrals (do not penalise unless
the dy or dx is directly under the fraction
bar), the integral signs at the ‘front’ and
the integrands. The 9 can be on RHS as é
LHS : partswithu = (9)y and dv = sin 3y M1 M1 for pycos3y + qJ cos3ydy
_z L Al
(9)( S ycos3y + fchSBy dy)
—3ycos3y + sin3y Al If 9 used on the LHS
RHS: % tan™! (3?1) B1ft ft on k from (a) i.e% tan™! (379«:)
_ - e
3ycos3y + sin3y = p tan (2 ) +c
Usingx = 0 and y = gto find c M1 Must have an expression offormgx
psin3y + qycos3y = rtan” ! (7) +c
sinm — 3-%-“’5” =0+c givesc=m and use x=0 and y =§ to find c.
Pl by a correct ft value for c.
. _ 1 -1 3x .
—3ycos3y + sin3y = tan (7) 4+ Al 7 | OE but must be a complete, correct

expression




8 (a)

(b)

(i)

(i)

A pond is initially empty and is then filled gradually with water. After t minutes, the
depth of the water, x metres, satisfies the differential equation

dx V4 -+ 5x
dt - 5(1+1)°

Solve this differential equation to find x in terms of 7.
[7 marks]

Another pond is gradually filling with water. After t minutes, the surface of the water
forms a circle of radius » metres. The rate of change of the radius is inversely
proportional to the area of the surface of the water.

Write down a differential equation, in the variables » and 7 and a constant of

proportionality, which represents how the radius of the surface of the water is
changing with time.

(You are not required to solve your differential equation.)
[3 marks]

When the radius of the pond is 1 metre, the radius is increasing at a rate of
4.5 metres per second. Find the radius of the pond when the radius is increasing at a
rate of (.5 metres per second.

[2 marks]



Qs Solution Mark | Total Comment
(@)(i) J‘ 1 dx = j 1 _dr Bl Correct separation and notation seen on a
N4+ 5x 5 (1 +1) single line somewhere in their solution
1 — 1
9(4-1-5,\‘)3 or b(l-l—f)_l M1 OE C?\;'4+3J.‘ or b(—j
1+t
2 1 2 =
=(4+5x)2 Al OE ;\/44-3)3
D 2
1 1 . 1
—-(1+07  (+C) Al OF ——
S5(1+1)
x=0,r=0 = (C=1 ml Use (01 0) to find a constant
2 1 1. _
7(4+5,\)2:1—€(1+r)1 Al OE
D
1ot Y 1 (4+5t) 4
\7j 1_(l+f) _i Al ACF eg ,\'——( _+ J -
- 4 5 5 200 1+¢ 5
) 7
b)(i dr
(b)) — B1 Seen: allow R for r
dr
1 | .
; M1 —- seen ; allow R for r
e o
dr e . . C
—=— Any constant X including — but not
dr r° Al 3 . . . T
including variable ¢
Must use R or r consistently
ii . e dr - -
(i) di —45=— or 45= ¢ Use — = 4.5 with » =1 to find a value
t 1? ax1” M1 dr
for the constant
_ 45 .
0.5=—-=>r=3 (metres) Al 2
Total 12




h

hcm

Figure 3
A container with a circular cross-section 1s shown in Figure 3.

Initially the container i1s empty. At time ¢ seconds after water begins to flow into the
container, the height of water in the container is 4 cm.

The height of water in the container satisties the differential equation

0<h<35

where k 1s a constant.

When 7 = 16, the height of water in the container is increasing at a rate of 0.6cms™

(a) Find the value of k.
0y

(b) Find the time taken to fill the container with water from empty to a height of 30 cm.

4)
Given that the water flows into the container at a constant rate of 96 7 cm’s™

(¢) find the volume of water in the container when »# = 30
Give your answer 1n cm® to 3 significant figures.

2)



(a) In=16.9"—06 = 06=—— =l r-12 k=12 | Bl
| dt 16+4 |
1)
(b) dh 12 ~ |
h —=——= | (h+Hdh= |12 dt
wayt | @ aea )Y J
2 h+xd s al’ +ph: a. =0 | Ml
1 an=12¢ {+ ¢} Correct integration with a follow through on .
2 their & found in (a). Ignore limits or +¢ Alft
- 30 '
[ B - [12]; ]
L2 )
L 0
dependent on the previous M mark
900 L 120=12T =T = Applies h 7: 30 to an integrated equation of the form IML
2 al* + ph=yt+c: a. 5.y =0 (ccanbe0)
and solves to find a value for the time taken
JI: 5_70 — | T =47.5 (seconds) 475 | Al
U2 ]
4
(c) [d_V B )y . B s 96 (their "47.5"), ._
Way 1 | ar 967 :)_J} Volume = 9677(47.5) where their "47.5" is positive Mi
{=45607 =14325.6625...} = 14300 (cm?®) (3 sf) 14300 | A1 cao

(2)




Diagram not

50cm drawn to scale

Figure 1

A water container 1s made in the shape of a hollow inverted right circular cone with
semi-vertical angle of 30°, as shown in Figure 1. The height of the container 1s 50 cm.

When the depth of the water in the container is hcm, the surface of the water
has radius 7cm and the volume of water 1s Vem’.

1
(a) Show that I =§7th3

1
[ You may assume the formula V = gm‘zh for the volume of a cone.]

(2)
Given that the volume of water 1n the container increases at a constant rate of 200cm?s™,

(b) find the rate of change of the depth of the water, in cm s, when 7 = 15
Give your answer 1n its simplest form 1n terms of 7.

“)



4. (a) L tan30 = » = hitan30 [:> r= h or =2 hl
I | 3 3
or h — tan 60 = 5 = h N h or y— N3 i l Correct use of t_rigonoule‘uy
r tan 60 3 3 J to find r in terms of /2 M1
) or correct use of Pythagoras
r h hsin30 [ h NG 1 EET 2
or - = == or r=——pt to find r~1in terms of A
sin30 sin60 sin 60 l NE) 3 J
. N
or h+r=0Q2r) =r ::h‘
3
R B I
. . 2 Correct proofof V'=—xh” or V==Irx
B TN S , 5 9
V==nr f::>J V==r e~ h=V==xh* ) 1 Al *
-2 : 3B Or shows a;rff or —h*z with some |
reference to V' = in their solution
[2]
(b) dr .
Way 1 dr 200
av 1_, 1,
—=—1h" —xh oe. | Bl
dh 3 3
Either Y d
[dv dh dv | (1 _,,\dh either | their — | x— =200
¢ X —=— =h J—*?OU h ds
ldh dr dr | \3 dr Ml
oY a7 A L& o004 L or 200 + | their — |
ldr dr dn ] dr 10? dir )
When
& 1 [ 200 600 ) dependent on the previous M AM1
h=15. — =200 x — === 0 mark
dr 17015 | 757 2257
dh 8 8 .
—_— (ClllS_l) — | Al cao
dt 37 3T

[4]




6. Given that y =2 when x = —% > solve the differential equation

dy y? ] 1
B — < x < —
dx 3cos?2x 2 2

giving your answer in the form y = f(x).

(6)



dy v 1 1 T
—=— ——<x<—;yv=2 at x=——
dx 3cos"2x 2 2 8
Separates variables as shown
1 1 : imoli ,
oy = _ dr Can be _1111phed_b} Bl
v’ 3cos’ 2x a correct attempt at integration
Ignore the integral signs
1 1
_dy = | =sec®2x dx
A 3
A4 B
t— >+—; 4, B#0 | M1
Vo v
1 1 tan2x ) - :
——== J {+c} +Atan2x | M1
Vv ) Z
' 1 1ftan2x) Al
v 3L 2 )|
- T .
\ Useof xy=——and y=2 inan
I 1 7)) 3 .
——=—tan| 2| —-= | +¢ _ ‘ .. M1
2 6 8)) integrated equation containing a
constanl of integration, e.g. ¢
| 1 1
——=——+4+c=>c=—=
2 6 3
1 I tan(2x) -2
—— = —fan2xy—— = ((—)
vy 6 3 6
—1 6ot 2x [ 1 1]
y=——— 0of y=—— 0of y=————— J——<x<—¢ Al oe.
ltan2x -1 2—tan2x “1+2cot2x | 2
| [6]




m Diagram not

A w drawn to scale
200cm
S
hcm
>
\4 A4

Figure 3

Figure 3 shows a vertical cylindrical tank of height 200 cm containing water.
Water 1s leaking from a hole P on the side of the tank.

At time 7/ minutes after the leaking starts, the height of water in the tank 1s 7 cm.

The height 7 cm of the water in the tank satisfies the differential equation

1
%:k(h—‘))z, 9<h< 200
dr

where k 1s a constant.

Given that, when /# = 130, the height of the water is falling at a rate of 1.1cm per minute,

(a) find the value of k.

@)
Given that the tank was full of water when the leaking started,

(b) solve the differential equation with your value of %, to find the value of  when 7 = 50

(6)



. . U un

Substitutes # =130 and either — = —-1.1 or — = 1.1
(a) ~11=k+(130-9) 0 k=_. i dr dr M1

into the printed equation and rearranges to give & = ...

1 1
so, k=——or —0.1 k=——or —0.1 | Al
10 10
(2]

Separates the variables correctly. dh and df should not be in
®) J & J‘Adr i tions. although this mark can be implied by | B1

o | K 1e wrong positions, although this mark can be implied by

Way 1 V(i =9) later working. Ignore the integral signs.

_1
J‘(h_()) 2dh = J‘ kedt
+1 . _
Integrates ———— to give +u\(h—=9): A. 420 | M1
1 2 ‘(L’ — 9)
(h=9)? 1 1
=kt (+ h-9)? h—9)? s
(%) (+¢) (h - ) =kt or Q = (their &)z, with/without + ¢, Al
(3) (%) ‘

or equivalent, which can be un-simplified or simplified.

Some evidence of applying both
t =0 and & = 200 to changed equation | M1

{1=0.7=2000 | 2,/(200-9) = k(0) + c

containing a constant of integration, e.g. ¢ or 4

L/

T

{ 50 =]

2(];—0) = —0.1t + 24191
,/(30 9) = —0.1r + 24191

dependent on the previous M mark
Applies 1 =50 and their value of ¢ to

their changed equation and rearranges | dM1
to find the value of 7 = ...
‘= 20J191 —204/41 £ = 204191 - 20441 isw | |

or t=148.3430145...

= 148 (minutes) (nearest minute)

or awrt 148




4. The rate of decay of the mass of a particular substance 1s modelled by the differential
equation

dx 5
—=——x, 120
dz 2
where x 1s the mass of the substance measured in grams and 7 is the time measured in days.

Given that x = 60 when =0

(a) solve the differential equation, giving x in terms of 7. You should show all steps in
your working and give your answer 1n its simplest form.

)

(b) Find the time taken for the mass of the substance to decay from 60 grams to 20 grams.
Give your answer to the nearest minute.

3)



(a)

Separates variables as shown. dvand d7 should not

1 S
. —dy = | ——dr be in the wrong positions, though this mark can be | Bl
Wav 1 X 2 . . B . = . .
. implied by later working. Ignore the integral signs.
Integrates both sides to give either +2 5 oy Ml
x
5 .
Inx = —‘Er +c or tk — Tkt (withrespecttor); k.a =0
5 . .
Inx = -5t +c, including "+¢" | Al
{ t=0.x=60 :)} In60=c Finds their ¢ and uses correct algebra
5
5 s 60 to achieve x = 60e 2 oI + — i?
Inx=—=7+In60 = x= 60e * X =3 _ e
2 e’ with no incorrect working seen | Al cso
[4]
: dt 2 . dt 2 2 _
(a) Y __ = o r:I——d.Y Either —=- = or I:I——dx Bl
Way2 | gy Sx Sx dx Sx Sx
Integrates both sides to give N
2 either [=.. or falpr:a=0,p>0|"
t=-—=lhx+c
5 2 . - n,on
t=—_Inx +ec, mcluding +¢° | Al
J
( 2 2 2 - :
{1=0,x=60 :>} c= ;h160 =t= —?]n X+ ;]1160 Finds their cand uses correct algebra
i ‘ s hGO to achieve x = 60e 2 or v — @
5 Y ¥
———r=lnx-In60 = x=00e * or x=— ith no incorrect worki <
2 _— el with no incorrect working seen | A <o
[4]
Substitutes x = 20 mto an equation in the form
5, 5 . y=+) Ty v — + Turtalndx
®) | 20= 606 or In20= —2¢+1n60 of either ¥ = £/¢" £ forx =+ J¢ Ml
2 or +glndx =+ +f Or =+ Alndx + B;
a. i pu.5=0and 3 canbe0
Pl 31 (20) dependent on the previous M mark
B T L 60 ] Uses correct algebra to achieve an equation of the form of
f 1/ ither 7 = 4]11(ﬂ) or 4111(ﬂ) or AIn3or 4h1(l] | dMl
{=04304449 (da}rs)} either 7 = Aln(57) or Aln(Z)or Aln3or Aln(3) oe. or
Note: 7 must be greater than 0 t= A(In20 — In60) or A(In60 — In20) c.e.(4 <ll 2> 0)
= 7=632.8006... = 633(to the nearest minute) ‘ awrt 633 or 10 hours and awrt 33 minutes | Al cso

Note: dMI1 can be implied by ¢ = awrt 0.44 from no incorrect working.




(a) Express _ 2 i partial fractions.
P-2)

)
A team of biologists 1s studying a population of a particular species of animal.

The population 1s modelled by the differential equation

P 1
= P(P-2)cos2t. 120
de 2

where P 1s the population in thousands, and 7 1s the time measured in years since the start
of the study.

Given that P=3 when 7 =0,

(b) solve this differential equation to show that

6

P=———
3_ cgsinlf

()

(c¢) find the time taken for the population to reach 4000 for the first time.

Give your answer 1n years to 3 significant figures.

©)



7. (a)

(b)

(€)

2 4 B

P(P-2) P (P-2)
A B Canbe implied. | M1
A=zbB=l ... Etheone Al
1 |
giving - — q s A
2 S P-2 P See notes. cao, aef | Al
51
E = lJD(J_D —2)cos 2t
de 2
2 dpP cos 2f dt be implied by lat ki B1
= : 7 - working
PP-2) can be implied by later working oe
"""""""""""""""""""""""""""""""""""""""""""""" +A(P-2)x ulnP. |
)):t Oﬂ 1#0 Ml
In(P-2)-InP=—sin2t (+¢) i Ta bl SN
In(P-2)—-InP=—sin2r | Al
{t=0.P=3=} Inl-In3=0+c {:}> c=-In3 or ]11(%)} See notes | M1
In(P-2)-InP= %sin 2t — In3
3(P - .
]n(Lz)} = lsm2!
N O
Starting from an equation of the form
+Aln(P- B+ ulnP =HJsindt +c.
3(P-2) _ e A.pt. 5. K.0 # 0. applies a fully correct method to |y -y
P eliminate their logarithms.
Must have a constant of integration that need
............................................................................... not be evaluated (seenote) |
3(P—2) = Pe™™ 3P _6 = pet¥ A complete method of rearranging to
Lo Lo make P the subject. dM1
gives 3P—Pe’ " =6 = P(3-e )=6 Must have a constant of integration
6 that need not be evaluated (see note)
2 B
(3 — e7™) Correct proof. | Al * cso
{population = 4000 :>_} P=1 States P =4 orappliesP? =4 | M1
L Obtamns + Asm2z7 =Ink or + Asinz =Ink,
1. 3(4-2) 3 .
55111 2t =In 1 =In 5 A %0, k>0where Aand k are numerical | M1
____________________________ e valuesand A canbel]
¢ = 04728700467, anything that rounds to 0.473 Al




