Pure Sector 1 : Quadratics

Aims

= Solve quadratic inequalities

* Represent linear and quadratic inequalities such as y > x + 1 and y > ax? + bx + ¢ graphically.
= Calculate the number of roots of a quadratic using the discriminant

= Solve simultaneous equations involving one linear and one quadratic equation

Set Notation

{x:...} the set of all x such that...
U union
n intersection

Quadratic inequalities

Example 1
a) Consider the graph y = x? — 2x — 3 for what values of x is
y<0?
Radls: O=at-2x-3

O=(x-3)=+1)
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b) So for what values of x would x? — 2x — 3 < 0?
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c) What would the answer be using set notation?
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Example 2
a) Find the range of values of x that satisfy x2 + x — 6 < 0 [ You miistdraw s slestohl ]
Xtex-6=0
(x+3)(x-2)=0 \ /
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b) Solve the inequality x? + 8x + 15 >0
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c) Find the values of x such that x? + 2x =11 > 0
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Example 3

Solve the following inequalities

a) x-3)2x+7)<0
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b) x2?=5x—6<0
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c) x*+3x—10=0
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f) 3x+7>4x?
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g) x?—6x—4<0
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h) Find the values for x which satisfy both inequalities x? + 2x > 8 and 3(2x + 1) < 15.
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taphing lnequalides Dotted/dashed lines or curves are

used for < or >.

Example 4
Solid lines or curves are used for
Draw the following inequalities and label the region satisfied sor=.
by all the inequalities.
a) y<2x, ol
x +y <10, |
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b) 2x+y =20,

y=x

c) x+y =20, ; joo---..
3x — 6y > 120, pratah . . .
X 90, .......... 8O it NN :
y>0 5




d) y> 40, P00 T
2x +y <180 s

I

;y ST SNSRI (=SSR O NN S 14, W

e s b s o e e -

?40 10 20 30 40 50 60 70 80 QBY)O
;_10,.- ' A |

._20 -

L7

Example 5

a) Draw the graphs y = x + 5 and y = x2 — 4x + 5 on the same diagram.
b) Shade the region definedby y <x+5andy >x? —4x+5
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Example 6

Draw and label the region the satisfies y > x2 —x —2 and y > 4 + 7x — 2x2.




Roots of a quadratic

(The roots of a quadratic are the x intercepts of the graph (i.e. when y = 0). \
Factorising and the quadratic formula are used to find the roots of a quadratic.

—b+Vb2—4ac
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Recall, ifax? + bx + ¢ = 0then X =
b? — 4ac is called the discriminant
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Example 7

For each of the following quadratic equations:
i.  Find the roots
ii. Sketch the graph
ii. Puty=0 and calculate b? — 4ac

a) y=x*—4x b) y=x2-8x+16
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(Ft)r y=ax®’+bx+c

= If b — 4ac > 0 then there are two distinct (different) real roots. The graph will cross
the x axis twice.

= If b?2 — 4ac < 0 then there are no real roots. The graph will not cross the x axis.

= If b%2 — 4ac = 0 then there are equal roots or one repeated real root. The graph will
touch the x axis i.e. the x axis is a tangent to the curve.

* If b2 — 4ac > 0 then there are real roots (1 or 2). This is a common exam question! )

N

A tangent is a line that intersects the circle/curve once i.e. it touches the circle/curve.




Example 8

How many roots do the following equations have?
a) y=x>—7x+3 Sluac = (F1-LOX3) = 3750 . €wo reul roots
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Example 9

For the following equations determine the values of k for which the equation has equal roots
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The equation x* + 3(k — 2)x + (k + 5) = 0 has two distinct real roots. Find the set of possible values for k.
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Example 11 J/

Given that the quadratic equation (k — 1)x? + 2kx + 7k = 4 has no real roots.

2
a) Show that 6k* — 11k +4 > 0. Ll Lac €O
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b) Find the range of values of k satisfying this inequality.
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Exam question 1

The quadratic equation (k + 1)x? + 4kx+ 9 = 0 has real roots.
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(a) Show that 4k — 9% —9 > 0. (3 marks)
(b) Hence find the possible values of k. (4 marks)
a) 0T K| biuot >0 b) CV

be Ll (16"~ Ll @) 2.0 K=3,-3 \_/’L
C=9Q 6k?t-236K -36 ZQ L i} 3

Lkl-q -q >0

W<-3 ok K>3

Exam question 2 e

The quadratic equation
2k -3)x2+2x+(k=1)=0
where k& is a constant, has real roots.
(a) Show that 2k — 5k +2 <0. (3 marks)
(b) (i) Factorise 2k* — 5k +2. (1 mark)

(i1) Hence, or otherwise, solve the quadratic inequality

22 —5k+2<0 (3 marks)
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Simultaneous equations

Example 12
Solve the following simultaneous equations
x—y=2 2x+y = 10
2x*—=3y*=15 x?+y% =25
1. Rearrange the linear equation x=y+2 ~
to make either x or y the Ej =10 -7

subject.

2. Substitute the equation from
step 1 into the quadratic/circle
equation

2(y+2)2-3y%=15

x24(10-2)2 =25

3. Simplify the equation from
step 2 (you should always
end up with a quadratic in x

200°+4y+4)-3y?2 =15
2y?+8y+8-3y2=15
8y +8—y%2=15

2+ \CO - LOX +L =15
5x? w0 +75 =0

ory) 0=y2—8y+7 »x2 - ¥x + 15=0
4. Solve the quadratic y=-7Dy-1)=0 (x =3 =x=5)=0
yi=d _ g
y=1 X=X x =5
5. Find the corresponding y=7 y=1 Yz10-6  y=10E
coordinates using the x=74+2=9 | x=1+2=3 u= b Y=0
equation in step 1 Or (9,7) Or (3,1) (3, ) (530)
Example 13
Solve the following simultaneous equations
a) x+y=5 :(:5+j b) v = 2x ]
y2+2x=18 ® x2+y2—10x=15 ©
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e) y=2x+6
xyt+x+6= 0@
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':)((’21+6)+9(*6?0 y-3
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Q22 q+«T=x+ 6 =0
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x*+y2=10
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One point of intersection.
The line is tangent to the curve/circle.

Two points of intersection.

No points of intersection.

3:
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KA line and a curve will intersect once, twice or not at all. The quadratic found when solving the \
equations simultaneously (i.e. from step 3) can be used to determine the number of points of
intersection by finding the discriminant.

For ax? +bx+c=0

= If b? — 4ac > 0 then there are two different real roots so two points of intersection.

= If b? — 4ac < 0 then there are no real roots so no points of intersection.

= If b? — 4ac = 0 then there are two equal/repeated real roots so one point of intersection. This
k means the line is a tangent to the curve. )

Exam question 3
Determine the coordinates of the points of intersection of the line y = x + 11 and the curve
y =x%+10x + 19.
(4 marks)

%a xz_,_{(’j.x-dq = 20w 1)
X+ «8 =0

Xz =) b ittt

Y=10 3=3

Exam question 4

The curve C has equation y = x% + 7. The line L has equation y = k(3x+ 1), where k is a
constant.

(a) Show that the x-coordinates of any points of intersection of the line L with the curve C
satisfy the equation

x?—3kx+7—k=0 (1 mark)
(b) The curve C and the line L intersect in two distinct points. Show that
9k* + 4k — 28>0 (3 marks)
(¢) Solve the inequality 9k% + 4k — 28>0. (4 marks)
a) 2 7= U (B +1)

X2 +7 = 2w+ K
~x2%-23xx «+7-« =0
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